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Abstract— This research introduces two efficient methods to
estimate the collision risk of planned trajectories in autonomous
driving under uncertain driving conditions. Deterministic col-
lision checks of planned trajectories are often inaccurate or
overly conservative, as noisy perception, localization errors,
and uncertain predictions of other traffic participants introduce
significant uncertainty into the planning process. This paper
presents two semi-analytic methods to compute the collision
probability of planned trajectories with arbitrary convex obsta-
cles. The first approach evaluates the probability of spatial over-
lap between an autonomous vehicle and surrounding obstacles,
while the second estimates the collision probability based on
stochastic boundary crossings. Both formulations incorporate
full state uncertainties, including position, orientation and
velocity, and achieve high accuracy at computational costs
suitable for real-time planning. Simulation studies verify that
the proposed methods closely match Monte Carlo results while
providing significant runtime advantages, enabling their use in
risk-aware trajectory planning. The collision estimation meth-
ods are available as open-source software: https://github.
com/TUM-AVS/Collision-Probability-Estimation

Index Terms— Autonomous vehicles, trajectory planning,
collision probability, risk estimation.

I. INTRODUCTION

In autonomous driving, continuous collision checking is
necessary for safe and collision-free motion planning [1]. In
each planning cycle, planned trajectories must be checked
against potential future collisions with surrounding obsta-
cles [2]. Therefore, the autonomous vehicle (AV) needs to
carefully perceive, track, and predict the behavior of nearby
vehicles. However, the accuracy of the environment model
and own state estimation is limited by noisy and incomplete
sensor data and localization errors. Furthermore, predicting
the future behavior of other traffic participants remains
difficult. These uncertainties propagate into the planning
process, such that deterministic collision checks, e.g., based
on hierarchical bounding volumes [3], [4] are not reasonably
applicable for online motion planning in autonomous driving.

Therefore, planning and control strategies must assess the
likelihood of collisions, while accounting for the prevail-
ing uncertainties to minimize both the risk to the safety
of surrounding traffic and the AV’s own reliable opera-
tion [5] [6]. A principled approach to achieving collision
awareness entails incorporating risk metrics into decision-
making, allowing the planner to explicitly trade off safety
against performance. One potential strategy is to calculate
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Fig. 1. Exemplary scenario with large state uncertainties for the obstacle
vehicle (blue) and small ones for the AV (orange), illustrating the necessity
of a probabilistic collision risk measure in motion planning.

the collision probability along a trajectory as the probability
of spatial overlap at each time step [7]. Alternatively, the
likelihood of colliding with an obstacle’s boundary over a
certain period of time can be determined [8].

This paper presents two methods to efficiently and accu-
rately estimate the expected collision risk of planned tra-
jectories for an AV under uncertain conditions. We propose
two semi-analytic strategies to assess the collision probability
based on probabilistic predictions of surrounding obstacles,
incorporating full state uncertainties. Our findings indicate
that both methods are capable of correctly forecasting the
collision probability under appealing computation times.

II. RELATED WORK

In the context of autonomous driving, two paradigms
for addressing the risk of collisions along trajectories can
be identified [9]: Worst-case approaches are designed to
prevent the most severe safety violations, thereby ensuring
a high level of safety. However, these approaches often
result in overly conservative, impractical driving behaviors.
Such formulations are often derived from bounding volumes,
including spheres [10], ellipsoids [11], and oriented bounding
boxes [12]. Additional safety margins around the obstacles
account for measurement errors [4], [13]. Subsequently,
reachability analysis is performed to obtain collision-free
driving corridors [14]–[17]. However, in the worst case, the
AV is subject to the freezing robot problem, which occurs
when no collision-free driving corridor can be identified [18].
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Conversely, risk-aware techniques explicitly account for
the distribution of possible outcomes, aiming to balance
efficiency and safety. The objective of risk-aware planning is
to enable autonomous vehicles to interact safely and intelli-
gently with their environment while allowing a certain level
of risk. In many cases, the evaluation of planned trajectories
is conducted by means of criticality measures, including
time-to-collision (TTC) or proportion of stopping distance
(PSD) [19], [20]. However, these metrics assume a deter-
ministic and simplified one-dimensional collision problem.
As such, their results may differ significantly from the real
values due to ignored uncertainties, leading to unexpected
collisions [21].

Other authors propose barrier functions centered around
the midpoint of obstacles to incorporate risk awareness.
They calculate a distance-dependent risk value, but neglect
the shape of the obstacle [9], [22]. These barrier func-
tions can incorporate positional uncertainties by defining a
probability-dependent threshold value, but remain an esti-
mated value [23], [24].

An alternative approach involves calculating the probabil-
ity of collision as the percentage of spatial overlap between
the ego vehicle and an obstacle, whose position is assumed
to be uncertain and can be described by a probability density
function (PDF). The collision probability is then incorporated
into motion planning as a risk constraint [25], [26]. Typically,
the ego vehicle’s position and the relative orientation between
the ego and obstacles are assumed to be deterministic. The
percentage of spatial overlap can generally be obtained
by means of Monte Carlo sampling [7], [27]. However,
this method is computationally expensive and therefore
not applicable in real-time for autonomous driving [21].
Consequently, the calculation of collision probability must
be performed in a more efficient manner, for instance, by
integrating the positional PDF over the collision domain.
However, for arbitrarily shaped objects, these integrals often
lack analytic solutions. Some authors have thus proposed
simplifications, such as the use of robots approximated as
points [28], [29], (multiple) spheres [30]–[32], or rectangles
with deterministic orientation [33].

All previously presented approaches are derived under the
assumption of statistical independence between states of an
obstacle at different time steps. However, since this assump-
tion does not hold for predicted trajectories, the collision
probability of planned trajectories cannot be accumulated
over time as a total collision risk [34]. Consequently, a
common approach for evaluating the collision probability
along a trajectory or a certain time horizon is to use the
maximum risk value over that period [19], [35]. Alterna-
tively, a survival probability is proposed in [22], that uses
the spatial overlap and utilizes a truncation approximation
to model the temporal dependency of the collision risk. The
authors of [8] derive an alternative approach centered on the
calculation of boundary crossing probabilities in stochastic
vector processes. However, their method does not account
for orientation distributions or moving ego vehicles, and it
provides only an approximate solution.

A. Contributions
In this paper, we address the precise prediction of the

collision risk for future trajectories to enable AVs to plan
efficiently and safely in a risk-aware manner under uncertain
conditions.

• We derive two exact mathematical formulations to
calculate the collision probability between arbitrary
convex-shaped obstacles.

• Both methods are capable of coping with uncertain
conditions prevalent in the AV software stack by incor-
porating uncertainties about the pose, orientation, and
velocity of surrounding obstacles.

• Our approaches demonstrate compelling computational
performance, making them applicable to time-limited
computing applications in autonomous vehicles.

III. METHODOLOGY

In this section, we state both semi-analytic formulations
for calculating the collision probability. First, we derive
a method based on spatial overlap in section III-A. Sub-
sequently, we introduce an alternative formulation based
on the probability of boundary crossings in section III-
B. We consider the general motion planning problem for
an AV operating in dynamic traffic environments. At each
time step t, the planner generates a candidate trajectory
ζi(t) = {(xτ

e ,v
τ
e ), τ ∈ [t, t+ T ]} over a finite planning

horizon T . The trajectory is represented as a sequence of
states xτ

e = (xτ
e , y

τ
e , θ

τ
e ) and velocities vτ

e = (vτx,e, v
τ
y,e),

where the states comprise the position of the vehicle center
(xτ

e , y
τ
e ) and the vehicle heading θτe . In practice, a motion

planner evaluates candidate trajectories according to a cost
functional that typically balances smoothness, progress, and
safety. The optimal trajectory is then executed for a short
time increment ∆t before replanning in a receding hori-
zon fashion [36]. The collision probability derived below
serves as a quantitative safety metric for evaluating the
risk of a planned trajectory. To assess the likelihood of
a collision along a specific trajectory, the future motion
of surrounding traffic participants must be predicted. We
assume that a probabilistic prediction of surrounding vehicles
is available, e.g., through a preceding prediction module. Due
to perception noise, state estimation errors, and the inherent
uncertainty in forecasting the behavior of traffic participants,
the predicted states and velocities of obstacles are subject to
aleatoric and epistemic uncertainty. Accordingly, we model
the predicted states and velocities of each obstacle by a time-
dependent PDF po(τ) = p(xτ

o ,v
τ
e ). Similarly, the ego vehicle

trajectory may be subject to uncertainty due to localization
errors that are potentially not negligible, sensor noise, as
well as process disturbances pe(τ) = p(xτ

e ,v
τ
e ). While

state and velocity uncertainties within a single agent may
be correlated, we assume independence between the ego
vehicle and obstacle distributions. This is to say, pe and po
are statistically independent because ego uncertainty mainly
stems from localization and process noise, whereas obstacle
uncertainty arises from perception errors and behavioral
prediction uncertainty.
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Fig. 2. Combined collision volume of the ego AV (orange) and an obstacle
vehicle (blue). Vehicles are approximated as rectangles. The ellipses over
the blue vehicle illustrate the combined positional covariance Σx

A. Probability of Spatial Overlap

As the following calculations are valid for all time steps,
the time index τ will be omitted in the following chapter
to enhance readability. The probability of a collision at any
given time step can be interpreted as the probability of spatial
overlap, given that a collision is defined as the intersection
of the ego’s occupancy and that of an external obstacle [8].
After marginalizing out the velocity components, the pose
distributions of the ego and obstacle are obtained as

pxj
=

∫
p

j
dv, j ∈ {o, e}. (1)

The probability of spatial overlap can then be expressed as
an integral over the joint pose distributions,

Pc =

∫∫
Ic(xe,xo)pxepxo dxo dxe, (2)

where the indicator function Ic describes whether the occu-
pied regions intersect,

Ic(xe,xo) =

{
1 Occ(xe) ∩ Occ(xo) ̸= ∅
0 else.

(3)

Because the indicator function introduces a discontinuity, a
direct analytic solution of eq. (2) is, in most cases, not possi-
ble. A more tractable formulation is obtained by considering
the relative pose between the ego vehicle and an obstacle
x = xo − xe. The probability density of x follows from
convolving the two marginal pose densities, px = pxe ∗ pxo .
In the event that both uncertainties are modeled as multi-
variate normal distributions pi ∼ N (µi,Σi) , i ∈ {xo,xe},
the convolution has a closed-form solution, which is again
Gaussian,

px ∼N (µx,Σx)

with
µx = µxo

− µxe
, Σx = Σxo

+Σxe
.

(4)
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Fig. 3. The orientation-dependent collision polyhedron. It is the same
scenario as in fig. 2 but with an orientation variance of σ2

θ = 0.01 rad2. The
third dimension illustrates the change in the shape of the collision volume.
The distribution on the right indicates the PDF of the relative orientation θ.

Substituting the relative formulation, eq. (2) reduces to
integrating px over a combined collision volume Ω,

Pc =

∫∫∫
Ω

px(x, y, θ) dx dy dθ. (5)

The resulting value corresponds to the probability that the
obstacle’s center lies within the collision volume spanned
around the ego vehicle. When the orientational variance is
neglected, the collision volume is defined by the Minkowski
sum of the shapes of the colliding obstacles Ω = Se⊕So. In
a birds-eye view representation, this is equivalent to the trace
of the obstacle center swept around the hull of the ego vehicle
as illustrated in fig. 2. For any combination of two convex
polygons, the collision volume is again a convex polygon,
and it can be efficiently calculated by merging the edges
based on their orientation with respect to the origin [37].
For collision checking in autonomous driving, where road
users such as vehicles or bicycles are often approximated as
rectangles, the calculation of the Minkowski sum simplifies
to the sum of the oriented and signed half-lengths and
-widths of one shape with respect to the other.

If the relative orientation between the ego AV and the
obstacle is not deterministic, the collision volume is not
fixed, but depends on the marginal orientation distribution,
Ω = Ω(pθ), resulting in a polyhedron as shown in fig. 3. With
conditioning on the orientation, integral (5) can be rewritten
as

Pc =

∫
θ

( ∫
y(θ)

∫
x(θ)

px(x, y | θ) dx dy
)
pθ dθ. (6)

Thus far, no assumptions have been made about the
shape of the distribution. Since they might have corre-
lated components and could be elongated, e.g., through ro-
tated anisotropic distributions, we perform Cholesky whiten-
ing [38] to transform the relative pose and the collision
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Fig. 4. The collision volume from the scenario illustrated in fig. 2 after
whitening transformation.

volume to be isotropic and centered around the midpoint
of the obstacle,

x̂ = Wx(x− µx), (7)

Σ̂x = WxΣxWx
T = I. (8)

W is a transformation matrix such that Wx
TWx = Σ−1

and can, for example, be obtained by Cholesky decomposi-
tion of the inverse covariance Σx

−1 = LLT as W = LT .
By whitening, all directions become independent and share
the same uniform variance µi = 0, σi = 1, i ∈ {x̂, ŷ, θ̂}
(compare fig. 4), making the solution procedure numerically
more stable and efficient without altering the final result. For
a fixed θ and a convex and whitened collision volume with
N sides, the inner integral in eq. (6) can now be written as

Pc(x̂ | θ̂) =
N∑

n=1

xh,n(θ̂)∫
x̂=xl,n(θ̂)

px̂(x̂)
(yh,n(x̂,θ̂)∫

ŷ=0

pŷ(ŷ) dŷ
)
dx̂, (9)

where the sequential integration limits xl,n, xh,n are the
x̂-coordinates of the N corners of the collision volume at
a given relative orientation θ̂ in anti-clockwise direction
and ŷh,n is defined by their connecting line ŷh,n(x̂, θ̂) =
mn(θ̂)x̂+ bn(θ̂). Evaluating the inner integral, the formula-
tion reduces to one dimension,

Pc(x̂ | θ̂) =
N∑

n=1

xh,n(θ̂)∫
x̂=xl,n(θ̂)

px̂(x̂)

(
Fŷ(yh,n)−Fŷ(0)

)
dx̂, (10)

with Fŷ being the cumulative distribution function of pŷ .
This expression can be solved numerically very efficiently.
Assuming a multivariate Gaussian distribution, the probabil-
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Fig. 5. Illustration of the normal velocity for the boundary crossing rate
along the segment 1− 2 of the collision volume.

ity of spatial overlap for one time step becomes

Pc(x̂ | θ̂) =
N∑

n=1

1√
8π

xh,n(θ̂)∫
x̂=xl,n(θ̂)

exp

(
−x̂2

2

)
erf

(
yh,n√

2

)
dx̂,

with

yh,n = mn(θ̂)x̂+ bn(θ̂).

(11)

For additional consideration of the orientation uncertainty,
one now needs to solve the outer integral in eq. (6),

Pc =

∫
θ̂

pθ̂(θ̂)Pc(x̂ | θ̂) dθ̂, (12)

which again can be solved effectively by numerical inte-
gration. This expression yields the probability of partial
overlap at a given time step under position and orientation
uncertainties. To evaluate the collision risk along a trajectory,
one can either take the maximum value Pc = maxτ∈T {P τ

c },
or, if temporal independence of the states is assumed, the
total collision probability over a trajectory with a planning
horizon of T is

Pc = 1−
T∏

τ=0

(1− P τ
c ). (13)

B. Boundary Crossing Probability

In the preceding chapter, we presented a methodology for
calculating the probability of collision between an ego AV
and an obstacle by estimating the spatial overlap between
them. However, real-world collisions are better characterized
by vehicles impacting each other, resulting in the structural
intrusion of the chassis of the other vehicles from the front,
rear, or sides. In order to accurately reflect this behavior,
we present a formulation for the calculation of the collision
probability based on stochastic boundary crossing processes,
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(a) Scenario 1 without orientation uncer-
tainty: Obstacle vehicle approaches the ego
AV from the front left

y

x

(b) Scenario 1 with orientation uncertainty:
The different collision boundaries indicate
the uncertainties in the relative orientation

y

x

(c) Scenario 2 without orientation uncer-
tainty: Obstacle vehicle approaches the ego
AV with offset from the side

y

x

(d) Scenario 2 with orientation uncertainty:
The different collision boundaries indicate
the uncertainties in the relative orientation

Fig. 6. Considered collision scenarios. The drawn trajectories are sampled using a constant velocity model and an Extended Kalman Filter. Gray ones
collide, while the green ones are collision-free. The black trajectory denotes the mean. The ellipses over the obstacle vehicle illustrate the positional
variance.

as proposed in [8]. The number of boundary crossings of
a particle within a given time interval is equivalent to the
integration of the boundary crossing rate over this interval.
Analogously, the probability of boundary crossings is defined
as the time integral over the crossing probability rate Ṗbc,

Pc =

∫ T

τ=t

Ṗbc dτ. (14)

For collision checking, the probability rate of boundary
crossings is derived in detail in [8]. With a state and velocity
distribution p(x,v) at the center point of an obstacle, the
collision probability rate is defined as the expected velocity
pointing into the collision volume, while the center is located
at the boundary of the collision volume,

Ṗbc =−
∫∫

x∈∂Ω,
vn≤0

vnp(x,v) dx dv. (15)

The value vn = nT(x)v denotes the velocity component
normal to the volume boundary ∂Ω. By making use of the
conditional distribution of the velocity and after marginaliz-
ing the tangential velocity, we can rewrite eq. (15) as

Ṗbc =−
∫

x∈∂Ω

(∫
vn≤0

vnp(vn | x) dvn
)
px(x) dx

=

∫
x∈∂Ω

(
E
[
v−n | x

])
px(x) dx.

(16)

The inner integral thereby yields the expected inward normal
velocity along the boundary and is given by the truncated
mean of the distribution cropped at vn = 0, which for a
Gaussian has an analytic solution,

E
[
v−n | x

]
= −µvn|x F

(
−z

)
+ σvn|x p

(
z
)
,

with

z =
µvn|x

σvn|x
,

µvn|x = nT
(
µv +ΣvxΣ

−1
x (x− µx)

)
,

σ2
vn|x = nT

(
Σv −ΣvxΣ

−1
x Σxv

)
n.

(17)

As for the overlap probability, we can decompose the polyg-
onal collision volume into N linear edges, parametrized as
xn(s) = (1−s)xl,i+sxh,i. We can thus rewrite the boundary
integral as the sum of one-dimensional integrals along the
edges,

Ṗbc =−
N∑
i=1

1∫
s=0

E
[
v−n | xi(s)

]
p
(
xi(s)

)
ℓids, (18)

with the edge length ℓi as the Jacobian for the variable
change. This expression can again be efficiently solved using
numerical integration schemes. For the boundary crossing
rate, the distributions do not benefit from whitening, since
it relies on evaluating 1D line integrals rather than volume
integrals used in the spatial overlap calculation, and is
therefore not performed in this method. For the integration of
orientation uncertainties, one can proceed as in section III-
A and first condition the probability rate on the orientation
Ṗbc(x | θ), followed by an integration along the third
dimension of the orientation-dependent polyhedron.

IV. EXPERIMENTS & RESULTS

In this section, we first demonstrate the functionality
of the proposed methods using Monte Carlo simulation,
followed by an application study as trajectory evaluation in
a sampling-based motion planner. Numerical integrations are
done with Gauss-Legendre quadrature with 51 interpolation
points.

A. Comparison with Monte Carlo Sampling

We consider two scenarios with a prediction horizon of
T = 3 s each, once with orientation uncertainty and once
without (see fig. 6). In the first scenario, the obstacle vehicle
approaches the ego AV from the front left at a constant
velocity, resulting in a collision probability of nearly 100%.
In the second scenario, the other vehicle approaches the ego
AV with a slight offset from the side at higher velocities. This
scenario results in a collision probability of approximately
60%. The exact simulation data are shown in Table I.

We first evaluate the collision probability using five differ-
ent approaches. To evaluate the spatial overlap probability,
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Fig. 7. Collision probability without orientation uncertainties

TABLE I
INITIAL MEAN AND VARIANCE OF THE SIMULATED EGO AND

OBSTACLES, EACH IN THE GLOBAL COORDINATE SYSTEM.

Value Ego AV Obs. scenario 1 Obs. scenario 2

µ0
x in m (0, 0) (5.5, 5.5) (−1.5, 6)

Σ0
x in m2

[
0.12 0

0 0.052

] [
0.22 0

0 0.12

] [
0.22 0

0 0.12

]
µ0
v in ms−1 0 1.4 3.25

σ0
v in ms−1 0.1 0.1 0.1

θ0 in rad 0 −π/4 −3π/8

σ0
θ in rad 0/0.1 0/0.1 0/0.1

we perform Monte Carlo sampling for each state along the
predicted trajectory independently and calculate the propor-
tion of collided samples per timestep (MC State Sampling).
Second, we calculate the probability of spatial overlap at each
time step using eq. (12), and third, we evaluate the collision
probability under the assumption of temporal independence,
as described by eq. (13). To compare the probability of
boundary penetrations (eq. (14)), we sample complete trajec-
tories using Monte Carlo (MC Traj. Sampling). A trajectory
contributes to the collision probability only after the collision
time step. In both sampling-based methods, we sample 25000
states and trajectories, respectively. In fig. 7, the resulting
collision probabilities are plotted over time for both scenarios
when the orientation uncertainties are neglected. For the
colliding scenario (scenario 1), all approaches predict a
collision probability of 1. However, it can be observed that
the assumption of independent states does not reflect reality,
leading to an excessively conservative collision probability,
which is more than 0.5 s earlier at 100% than the other
methods. All other approaches yield similar results with an
increasing collision probability between 1.5 s and 2.5 s. Only
the trajectory sampling approach stands out to some extent
as it ascends earlier, but with a slightly lower slope. In
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(Scen. 1) Boundary Crossing (Scen. 2)

Fig. 8. Collision probability with orientation uncertainties

the second scenario in fig. 7, where a collision probability
of approximately 60% can be observed, the independence
assumption again significantly overestimates the collision
risk. Spatial overlap yields a maximum collision probability
of 53% after ca. 0.8 s and then decreases towards the end of
the time period, when the obstacle vehicle has already passed
the rear of the ego AV. The tendency matches state sampling
but predicts a minimal increase in the maximum collision
probability. In contrast, the boundary crossing probability ini-
tially rises similarly to the overlap probability, but continues
to increase as the obstacle vehicle drives along the collision
volume. It correctly matches the collision probability of the
trajectory sampling approach and thus captures the temporal
dependencies arising from the probabilistic normal velocity
along the boundary.

In fig. 8, the collision probabilities for the scenarios
including orientation uncertainties are illustrated. The over-
all tendencies are identical to the first case. The spatial
overlap calculation again overestimates the probability by
approximately 10% in the second scenario, whereas the
boundary crossing probability aligns well with the collision
probabilities of the sampled trajectories. However, when
including the orientation in the analysis, the overall collision
probability in the second scenario increases from 60%
to 66%, highlighting the necessity to include orientation
deviations in the collision analysis, since small changes in
the initial orientation of predictions can result in significantly
different collision probabilities.

Next, we compare the runtime of our proposed methods.
For trajectory evaluation in motion planning for autonomous
driving, it is important to achieve fast calculation times. In ta-
ble II, we list the mean computation times on a 12th Gen Intel
Core i7 processor. Both proposed methods are significantly
faster than the sampling-based approaches. The computation
times for our overlap probability implementation are lower
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t = 0 s
t = 1 s

t = 0 s t = 1 s

(a) Planning without residual risk. Potentially colliding trajectories are filtered out,
resulting in an end of the simulation after 1.2 s since no collision-free trajectories
are found.

t = 0 s
t = 1 s

t = 0 s t = 1 s

(b) Planning with probability based collision estimation. The Planner can select
trajectories with residual risk.

Fig. 9. Simulated cut-in scenario. The ego AV is the orange vehicle, while all blue ones are controlled by the simulation. The occupancies show the final
trajectories. The highlighted occupancy illustrates in both images the final time step of the conservative approach after 1.2 s.

than those for the boundary crossing rate. However, both
remain below 0.1 s and 0.01 s with and without orientation,
respectively.

TABLE II
RUNTIME ANALYSIS OF THE COLLISION PROBABILITY ALONG THE

COMPLETE TRAJECTORY IN s.

Method Without Orientation With Orientation

MC State Sampling 0.3 10.3
Spatial Overlap 0.001 0.02
MC Traj. Sampling 1.9 2.5
Boundary Crossing 0.003 0.09

B. Application Example in an Analytic Motion Planner

Finally, we integrate our proposed collision probability
calculations into a sampling-based motion planning frame-
work [36] and simulate a critical cut in maneuver. In each
iteration, the planner evaluates 600 sampled trajectories. The
predicted collision risk is thereby incorporated into the cost
function to select the trajectory with the lowest risk. As
a comparison, we use a conservative collision check that
filters out all trajectories that intersect the oriented bounding
box covering the 3σ region around the predicted obstacle
location, avoiding any risk in the planning process. The
uncertainties are forecasted along the obstacle trajectory
using a Kalman Filter assuming a symmetric pose variance
of σx = σy = 0.3m and a velocity variation of σv =
0.15m s−1. In fig. 9, we show the resulting final paths. For
the situation where all collision risk is avoided (fig. 9a),
the planner is only able to plan for 1.2 s. Afterwards, it
does not find any collision-free trajectory. In contrast, by
allowing some residual risk, the planner is able to solve the
situation by selecting a potentially riskier trajectory, which
decelerates the car strongly enough to eventually avoid the
rear-end collision (fig. 9b). The same results can be obtained
using both proposed methods, maximum spatial overlap and
boundary crossing probability.

Since our proposed collision prediction formulations can
be easily vectorized, the computation time per trajectory

batch remains small, with approximately 0.08 s for the over-
lap probability and 0.15 s for the boundary penetrations.

V. DISCUSSION

Our results demonstrate the effectiveness of both proposed
methods for collision risk prediction under uncertainty. The
semi-analytic formulation of the spatial overlap probability
closely matches estimates obtained from Monte Carlo state
sampling, while the boundary crossing formulation aligns
well with collision probabilities derived from full trajectory
sampling. Furthermore, the experiments proved that assum-
ing independence of states along a trajectory leads to overly
conservative and unrealistic risk estimates, since predicted
states are inherently correlated over time. While the spatial
overlap formulation provides an efficient collision probability
metric, it does not fully capture the physical nature of real-
world collisions. In motion planning, temporal dependencies
must be considered when ultimately assessing the safety of
planned trajectories. In this regard, the boundary crossing
formulation offers a more realistic representation of collision
events by explicitly modeling the stochastic inward normal
velocity along the collision boundary. Although this approach
incurs slightly higher computational cost, it more accurately
reflects the underlying collision dynamics.

The experiments also indicate that incorporating orienta-
tional uncertainty can be critical for reliable risk estimation.
Even small deviations in the predicted heading of an ob-
stacle can noticeably increase the collision probability. We
showed in an exemplary edge case scenario that the collision
probability can increase significantly from 60% to 66%.
Neglecting orientation uncertainty may therefore lead to
systematic underestimation of risk in certain configurations.

VI. CONCLUSION AND FUTURE OUTLOOK

This paper presents two efficient methods for the accurate
prediction of the collision risk along planned trajectories
for autonomous driving. Both methods consider prevailing
state uncertainties arising from sensor and prediction in-
accuracies. A fast estimate can be obtained by computing
the probability of spatial overlap, while a more accurate
method based on boundary crossing rates yields more precise
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results. The findings also highlight the necessity to include
obstacle orientations in the collision risk calculation, as even
small deviations in the detected heading can yield significant
differences in the estimated collision probability.

Future research will extend the framework beyond Gaus-
sian assumptions to better capture real-world sensor noise
and prediction errors. As the mathematical formulations are
distribution-agnostic, they remain valid for other probability
distributions as well. In addition, both methods will be
tested under real-world driving conditions to further validate
robustness and efficiency.
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