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Abstract— New developments in robotics have allowed robots
to become very small, and capable of completing tasks humans
cannot. Current robots capable of achieving this are physically
limited in how small they can be without compromising on
other aspects such as sensing, strength, or complexity. Thus, we
strive to understand how we can more compactly map complex
mechanical outputs to a low number of mechanical inputs. This
paper presents a novel design for a hyper-redundant robot,
capable of passive multiplexing. This is achieved using bistable
joints at each link, with each link having a different bistable
moment in order to establish priority when multiplexing. In
doing so, this simple mechanism is able to achieve individual
joint control, and reach a variety of complex configurations.
To demonstrate the proposed robot, we construct an eleven
linked mechanism and four linked mechanism, in which we
demonstrate multiplexing, as well as high positional accuracy.
By simulating the mechanism, we also quantify a geometric
relationship between individual links and the overall robot’s
workspace.

I. INTRODUCTION

There are many robots for working in cluttered environ-
ments such as remote pipe inspection, surgical robots and
machine inspection [1], [2], [3]. Two common types of robots
in this category are continuum and hyper-redundant robots.
Often inspired by biological systems like elephant trunks
[4], octopus tentacles [5], or snakes [6], both continuum and
hyper-redundant robots can be described as high aspect ratio
robots that resemble a serial chain of 2D or 3D revolute
joints. Continuum robots consist of an elastic structure that
is deformed by actuators such as pneumatics or cables at
the base of the robot, forming a smooth, curved structure
designated as infinite Degrees of Freedom (DOF). Hyper-
redundant robots are mechanically similar to serial robot
arms, but instead contain many rigid links, with each link
being very short and self contained.

Traditional serial robot arms often contain seven DOF in
order to achieve a large dextrous workspace; however as
obstacles are introduced, this dextrous workspace shrinks
due to potential collisions. Continuum and hyper-redundant
robots with many more DOF, achieve a larger dextrous
workspace while in the presence of obstacles [7], [8], [4].

Both of these types of robots however also have fundamen-
tal limitations. Continuum robots, while being designated as
having infinite DOF, have DOF that are often constrained
due to underactuation, making the number of independent
DOF proportional to the number of actuators controlling it.
Typically robots have two to three sections, with each section
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able to achieve a different smooth curve shape [9], [10]. The
natural elastic structure of continuum robots also means that
they deform easily under loads, part of the reason why actu-
ators are often kept at the base of continuum robots. Hyper-
redundant robots who have individual joint control of a large
or arbitrary number of degrees of freedom such as modular
robots suffer from strength and space concerns, since the
usual inclusion of a motor in each segment makes for heavier,
bulkier links [11], [12]. This limits how small these robots
can get, as well as how many links they can include, before
the robot cannot support its own weight. Thus, there is a
need for serial chain robots capable of higher articulation
than continuum robots, and that are more miniaturizable and
scalable than hyper-redundant and modular robots.

In this work, we propose a new type of serially linked
hyper-redundant robot, which utilizes multistability enabled
passive multiplexing to achieve complex curvatures, and n?
unique configurations. Each link is bistable, meaning it can
be at one of two angles when at rest, with the states of all
of the links being driven by four tendons. The system is
underactuated; any number of links can be driven by four
cables, similar to a continuum robot. However by leveraging
multistability the robot is able to perform passive multiplex-
ing and adjust joints individually. In doing so, the proposed
robot is highly articulated and contains no electronics within
the links, making it lighter weight and easy to miniaturize.

A. Related Work

High DOF, serial chain robots are not new, with many
variations of continuum robots and hyper redundant robots
developed previously including tendon driven robots [13],
[14], [15] which can wrap around objects but lack individual
joint control. In digital electronics, time division multiplexing
is the process of transmitting multiple digital signals over
the same channel [16]. This strategy can also be applied
to mechanisms. Cheng et al. utilized granular jamming to
increase and decrease the stiffness of different sections of
the robot to create multiplexing [17]. Bishop et al. proposed
a shape memory alloy based clutch mechanism to lock cables
in certain sections [18]. These solutions however require
independent actuation mechanisms to act as mechanical
switches for the demultiplexing process, limiting miniaturiza-
tion and scaling poorly as the number of individual sections
that are multiplexed increases.

Digital robots, which are robots whose actuators only
have two stable states, are also related. Chirikjian et al. pro-
posed a hyper-actuated, truss-based robots where each truss
is a prismatic, bistable actuator such as a solenoid [19].
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Fig. 1: Schematics showing the function of the proposed n-DOF, multi-stable robot. A: The overall design of the robot. B: Diagram of
how the four tendons T4, T, T3, and T} are routed. C: The two states of a bistable module, and the forces and moments that determine
its state. D: An example actuation strategy for moving from one state to another E: the mechanism navigates through tight areas.

Because this robot is hyper-actuated, the scaling of this
mechanism becomes much more complex as the number of
links increases, and due to the length restrictions of bistable
prismatic joints the workspace is relatively small compared
to the arm length [20]. Russo et al. utilized electromagnets
to demonstrate a novel binary actuator capable of moving in
3D with high accuracy[21]. However doing so still requires
n independent electromagnets for n independent states of the
actuator, limiting miniaturization and scaling.

B. Overview

We seek to better understand the question: “How can
we more compactly map complex mechanical outputs to a
low number of mechanical inputs?” Being able to map a
low number of inputs to a high number of outputs with as
little hardware as possible is key to enabling highly scalable,
high DOF serial robots. In this work, we have developed a
novel n-DOF (large DOF), multi-stable underactuated hyper-
redundant robot capable of achieving complex curvatures,
and 2" unique configurations, enabling it to navigate in
constrained workspaces with very few actuators (Fig. 1).
This is achieved by serially chaining bistable rotary joints,
with each link containing a set of pulleys and tendons
connecting through each link. Similar to a conventional
cable driven continuum or hyper-redundant robot, pulling
the tendons individually allows for the proposed robot to
change shape; however the inclusion of bistable joints B; acts
as passive mechanical switches, performing the demuxing
process based on the maximum bistable moment of the
switch. Mechanical signals are transmitted via the applied
tension in the four tendons, T4, 15, T3, T4. In order for the
state of the joint, the moment applied by the tendons need to
satisfy one the following inequalities, depending on which
state it is in:

(MTI - MT2) + (MT3 - MT4) > méa'X(MBi (0)) )]

(MT1 - MTz) + (MT3 - MT4) <- mgX(MBi (0)> 2

By varying the maximum bistable moment of each joint,
the joint with the lowest max bistable moment that satisfies
the switching criteria changes states first, then the joint
with the next lowest max bistable moment that satisfies
the switching criteria, and so on. This establishes a prede-
termined demultiplexing order without the need for active
components. By chaining multiple actuation signals together,
more complex configurations can be reached. Because each
link is driven by the same set of tendons, the number of
actuators is thus highly scalable, with only the bistable
moment increasing with the number of links. Furthermore,
once tension is released from the tendons, the multi-stability
of the links ensures that the robot maintains its shape. This
allows the shape of the mechanism to continually change
without needing to return to a neutral position, enabling it
to achieve complex curvatures like a hyper redundant robot.

II. DESIGN
A. Bistable Mechanism

There are several important characteristics associated with
the moment-angle behavior of the bistable beam: the an-
gular range, the angle between two stable states 6, the
maximum bistable moment M,,,., and the angle ), at
which the maximum bistable moment exists. 6 affects the
maximum curvature and workspace of the mechanism, while
the maximum bistable moment designates which joints move
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Fig. 2: A diagram of the proposed bistable mechanism A: embedded

in the link. B: bistable beam model with original length Lo and

compressed span L. The beam’s buckling modes (in purple) dictate
the bistable states of the pivot.
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Fig. 3: Modeling the moment angle behavior of the bistable beam mechanism with different geometric parameters A: Analytical model,
numerical model, and experiments for six parameter sets, varying amplitude B and thickness T. The width of the beam is 7 mm, and
the span of the buckled beam is 10 mm. B: Experimental setup, with bistable mechanism outlined in orange. C: diagram of parameters.
model results differ slightly due to differences in boundary conditions.

first in the implementation of passive multiplexing. The last
parameter ), is involved with multiplexing joints, as the
closer 0, is to 0, the less a given joint moves when it is not
being multiplexed. This is a key part of what enables passive
multiplexing to work, as each joint should ideally only move
when the moment due to the tension in the cable is equal to
the max moment, allowing only one joint to move at a time
if all of the maximum moments are different.

In order to mechanically generate the bistable behavior
in the rotary joints, we use a fixed-pinned buckled bistable
beam mechanism (Fig. 2) [22]. The mechanism is created
by connecting thin strips of laser cut polycarbonate to slits
in a resin printed housing, and a spring steel shaft forms
the pinned end of the buckled beams. By pre-compressing
the beams during assembly, the beams buckle into the first
buckling mode as depicted in Fig. 2. By applying a rotational
moment to the rotary joint, the buckled beams snap from
its initial buckling state to the opposite buckling state. The
thickness, number of beams, and length of beams is varied in
order to control the bistable moment and angle of the rotary
joints.

In order to better understand the relationship between the
listed parameters and the behavior of the mechanism, we start
with an analytical model by using the Euler Bernoulli beam
model of a fixed pinned beam subjected to compressive load
P, and associated general solution [23].

d*y d?y
ET e + P e =0 3)

y(z) = Acos(kz) + Bsin(kz) + Cx + D @)

We apply the boundary conditions of a fixed-pinned beam
(y(0) = ¢'(0) = y(L) = y'(L) = 0) to the general solution
to find a condition for k, where L is the compressed length
of the beam.

tan(kL) = kL 5)

Solving for k gets us the following values, corresponding
to the first, second and third buckling modes: kL =
1427, koL = 2.46m,ksL = 3.47w. Next, we define the
initial shape of the beam yo(x), and the arbitrary shape of
the beam, y(x) based on the first buckling mode, and the
superposition of the first and second buckling mode plus an
added error correction term, respectively [24],

y(z) = a1(—k1 L cos(k12) + sin(krz) + k1 (L — x))
+as(—koL cos(kox) + sin(kaz) + ko(L — )  (6)
+az(1 — (L —22)/L)*)(z/L)
yo(x) = B(—kiLcos(kyx) + sin(k1z) + ki (L — z)) (7)

where B is proportional to the amplitude of the beam. We
calculate the constants associated with the arbitrary shape
of the beam, ay, as, and ag by solving for the minimum
potential energy of the beam. We then calculate the total
potential energy of the beam in terms of the bending energy
Up, work done by the applied moment U,;, and compressive
energy Uc which can be expressed as,

Uiot =Up +Upn + Uc ()
L d2y 2

Uy =M (% 10

M= - d:r( 0) (10)
Ebt(s - LO)

Y

Lo
3—/ 1/1—!— dy da:

where b is the width of the beam, t is the thickness of the
beam, and M is the applied moment. By taking the derivative
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of the total potential energy with respect to a1, as, and as and
setting it to 0, we solve for constants and find the different
possible solutions for the shape of the beam.

AUyot(a1, a2, a3)

=0
da1
dUtot(alaGZaafi)
—_— =2 =0 12
das (12)
AUyot(a1, a2, a3) —0

da3

These solutions are then filtered based on the angle and
potential energy in order to find the actual solution.

We verify the analytical model using both a numerical
model and physical tests. For the numerical model, we
simulate the bistable beam using finite element analysis
(Abaqus [25]). The beam is generated parametrically and
assigned a fixed and radial boundary condition, where the
geometry remains rigid for a short distance from the pivot but
can still rotate. A radial boundary condition is used instead
of a pinned one because the beam must be attached at the
pinned end to actuate the rotary hinge, making the radial
condition more accurate. The transition between stable states
is simulated quasi-statically to distinguish between possible
solutions near snap-through.

We then physically test the bistable behavior using a
quasistatic materials testing machine (Instron 5564, 2.5 N
load cell) and a jig that holds the rotary joint. The linear
motion of the machine (60 mm/min) is converted to rotation
through a pin-and-slot mechanism until the beam snaps from
one buckling mode to the other. Tests are performed for
different values of B (B = 0.2,0.3,0.4) to study how the
initial shape affects the moment—angle behavior. Each beam
has a 10 mm span, and two beams are tested simultaneously
to reduce load-cell noise.

Comparing the analytical, numerical, and physical results
in Fig. 3, all models show the same general trend: the
moment increases with angle, becomes negative, then returns
to zero, and the reverse path mirrors this behavior. This indi-
cates bistability, with two equilibrium points—the zero-angle
state and the maximum-angle state. All three models agree
within 10° on the angular range, and the maximum moments
are similar. Small differences arise mainly from how the
membrane attaches to the housing: the analytical and numer-
ical models use rigid connections, while the physical setup
uses a transition fit that changes the boundary conditions. We
also observe that the maximum moment in the numerical
and physical models occurs nearer the initial state, while
the analytical model predicts it closer to the next state;
this difference results from using a pinned versus a radial
boundary condition. The steeper moment curve near the
initial state in the numerical and physical tests is beneficial,
since it ensures that under cable tension, only one joint
moves at a time.

The relationships between amplitude B, thickness T,
and moment-angle behavior are also clear. Increasing B
increases the angular range 6 and the maximum moment, as
a larger amplitude produces a longer, more stressed beam.

Fig. 4: Tendon routing of the bistable pivot joints for tendons 77,
T5, T3, and T4. The end configuration of each tendon is depicted,
and organized based on color. Tendons are driven by pulleys and
motors in the circular base of the robot in light blue.

Increasing thickness raises the maximum moment while
keeping the angular range unchanged, consistent with the
cubic dependence of the second moment of area on thickness.
These relationships allow us to tune the bistable joint’s
mechanical behavior so that passive multiplexing with many
links is achievable.

B. Tendon Driven Actuation and Kinematics

In order to actuate the multistable, serially linked n-DOF
structure, we can connect m tendons 71;, ¢ = 1,...,m
to the end of the structure, and actuate them using pulleys
at the base of the robot. When a given tendon is actuated,
the resulting joint that changes first is the joint with the
lowest maximum bistable moment that satisfies either Eq. (1)
or Eq. (2), depending on the initial state of the joint. The
resulting motion depends on the tendon routing geometry:
the actuation direction is determined by the routing path,
while the number of modules that switch depends on the
total tendon displacement. For example, in Fig. 4 the four
tendons are strung through different paths through the rotary
joints via pulleys in each joint and connect to pulleys at
the base of the robot. Of the four tendons, two are routed
directly along the outside of the mechanism, and two snaked
down the middle of the mechanism. Each tendon enables
a distinct set of motions, with the outer tendons turning
the joints all clockwise or counterclockwise, and the inner
tendons alternating the direction in which each joint rotates
between clockwise and counterclockwise.

We can more precisely express these states and actions
through bitwise operations, where a given state of the mecha-
nism S is represented as a n-bit binary vector, where the state
of each joint is represented by a bit, being either 1 or 0, with
the least significant bit representing the endmost joint and the
most significant bit representing the joint closest to the base.
We can also express the state reached by fully actuating a
given tendon T as S¢pq,;, Which would also be a n bit binary
vector. In order to implement forward kinematics, we can
introduce the following equation:

St+1 = St S 5(St S Send,i7 Alz) (13)
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where the function § outputs a n bit binary vector whose
1 bits indicate the bits that will change from time t to
t + 1, based on the change in length of tendon T;, Al; and
the bits that can change, S © Scpnq,:, Where @ is the logic
XOR operator. In order to convert from state \S; to cartesian
coordinates r;, we can use the following geometric equation:

cos() 1
i =1i—1+1 SZTL((bZ) 7¢ = Tbl [erange(st - 5)]
0

(14)

where ¢ is a n-dimensional vector representing the link
orientations in the inertial frame, and TbI maps the joint
angles in the body frame to the inertial frame.

Due to the unique actuation strategy and high number
of possible degrees of freedom, inverse kinematics for the
proposed digital hyper-redundant mechanism offers a unique
set of challenges. We can move from arbitrary states S;
to Sges quite easily by recursively changing the lowest
prioritized bits that do not match those of Sy, until S; equals
Sdes» which has a time complexity of O(n). However when
searching for the desired configuration Sg.s, The configu-
ration space contains 2" discrete states, making brute force
exploration and other traditional methods perform poorly as
the number of joints increases. Lees et al. proposed a com-
binatorial approach that allows for no more than % actuators
to be changed at a time, making the time complexity of path
planning O(n*) [26]. Ebert-Uphoff et al. proposed a tree
search algorithm and uses a workspace density metric in
order to maximize the redundancy remaining to reach the
goal with O(n) complexity [27]. However, because of the
fixed sequential ordering of the mechanism the system is
not commutative, meaning actuating two different tendons
can result in two different end configurations depending on
the order in which the actions are carried out. We can take
advantage of this by taking a similar approach to [26] by
limiting our search to configurations that actuate only one of
the m different tendons, which reduces the search space to
mn, or O(mn). If we want to sequentially actuate only k
of the m actuators, the search space becomes (mn)(mn —
1)*~1 ~ (mn)¥, so searching this has a polynomial time
complexity of O(mFn*) for large values of n. Thus for
k < n, the scaling of search methods improves drastically.

I1I. EXPERIMENTS
A. Workspace and Scaling

By adjusting robot design parameters such as link length
and number of joints, both the workspace and its spatial den-
sity can change significantly. To characterize these effects,
we relate the geometric parameters of each link, € and [, to
two global workspace parameters: Rs, the outer workspace
radius, and s, the robot’s maximum wrap angle. These
quantities describe the reachable region of the mechanism.
A wrap angle ¥ < 27 limits the robot from curling inward
toward its center, while 1) > 27 allows higher curvature but
requires an over-wrapping constraint to avoid self-collision.
The number of links also affects the workspace, as more
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Fig. 5: Simulated results relating the robot’s workspace area (in
mm) and geometric parameters max wrap angle ,,xs, number of
links Nyinks. A: Spatial density of the workspace (in mm) increases
as the number of links increases, number of points increases then
decreases. B: the workspace has an inner radius if ¥,,ks < 27 but
is more sparsely populated if 1,ks > 27. The number of actions
needed to reach a given point decreases with the number of links.

joints increase the number of distinct configurations and thus
the spatial density. The parameters are related through:

l 0
ks = N arcsin [ cos ()] (15)
r 4
sin? (Z)
l if N is odd
wks = 16
Rk 1 cos? (i) N2 (16)
lcos (§) N if N is even

We evaluate the impact of these parameters by simulating
the robot’s workspace (Python). Given its discrete nature, its
workspace can be mapped to a graph of its configuration
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Fig. 6: Passive multiplexing test on four pivot joints. A: Initial state
of plot C, with AprilTags detected. B: plot of angle of each pivot
joint with respect to time when moving from curled to the right to
curled to the left, then back to the right. C: plot of angle of each
pivot joint with respect to time when moving from zig zagging to
the right to zig zagging to the left. during both tests, tendons were
operated by hand, and tension released after every joint change.

space, where each node is a different configuration, and
vertices are the different actions possible by actuating the
different tendons. An obstacle is included in the workspace
in order to assess its ability to reach areas otherwise difficult
for traditional serial manipulators to reach. The primary
parameters that are varied are v (m, 27, 37), and the number
of links N (8,16,32). The simulation was limited by the
number of vertices in the graph that are traversed (5, 3, 2).

As seen in Fig. 5, the workspace has a clear relation-
ship between i) and N, with the number of links being
logarithmically related to the normalized discrete distance
between positions, and the workspace having an inner radius
when 1) < 27. By increasing the number of links, not only
are there exponentially more distinct, discrete configurations,
but by keeping the reach constant the link length [ and
angular range theta decreases, decreasing the distance the
end effector moves when a single link is changed. Because
of this the workspace spatial density is also unaffected by
1. As the number of links increases, the number of vertices
needed to traverse to a given point decreases. This may
seem counter intuitive since having more joints means more
DOF to control. However by having more links, the number
of links that can change when a single tendon is actuated
increases, creating more possible configurations achievable
from actuating a single tendon.

When controlling the number of vertices traversed, the
spatial density of the workspace changes with respect to IV,
as well as now v, with ¢ > 27 having a lower spatial density.
This is due to the possibility of self collision when ¢ > 2,
limiting the number of vertices from a given configuration.
As a result, while the spatial density is independent of v, the
amount of vertices traversed to reach a given point is higher
for larger values of ).

B. Passive Multiplexing

To validate the performance of the mechanism, we tested
both the bistable enabled passive multiplexing and the po-
sitional accuracy of the mechanism. We assembled four
bistable rotary joints in series. Each bistable module has a
different bistable moment (73 = 1 N mm, 7 = 2 N mm,
71 =3 N mm, 79 =4 N mm) in order to enable the rotary
joints to actuate non-uniformly, with the lowest actuating
first. Next, the joints were attached to a test stand, and the
tendons actuated manually to move the joints. This test is
run for both the outer and inner sets of tendons. In each
test one of the tendons is pulled until the end configuration
is reached, then pulled by the opposing tendon back to its
original position. The tendons are pulled slowly enough to
ensure there are no inertial effects, and the position of each
joint is tracked using Apriltags connected to every joint [28].

As seen in Fig. 6, both tests indicate that the use of
bistable joints enables passive multiplexing, with both tests
showing the joints changing one at a time, and staying near
430 degrees when idle. During both tests, any joint that
would later move shifted by ~ 10° while other joints were
moving, since the moment due to the tendon is applied at
all joints. In the test of the inner tendons, joint O shifts
close to the +30 position around 4 seconds, when joint 1
is supposed to be multiplexed, and then drops back to -
30. This is due to increased friction on the inner tendons
due to their zig-zagging path, which causes a higher loss in
tension between joint 0 and joint 1; however as tension is
released when joint 1 finishes moving, joint O returns to its
original equilibrium position due to the applied moment of
the bistable mechanism.

C. Positional Accuracy

We tested the positional accuracy of the mechanism by
actuating the mechanism into different distinct positions
and characterizing the error between the desired and actual
position of each joint. This was achieved by assembling
11 bistable rotary joints in series. Similar to the previous
experiment, each bistable module has a different bistable
moment (790 = 1 N mm, 79 = 2 N mm, 7¢ = 3 N mm,
77 =4 Nmm, 7¢ = 10 N mm, 75 = 15 N mm, 74 =
20 N mm, 73 =25 N mm, 75 = 30 N mm , 7; = 35 N mm,
and 75 = 40 N mm). These moments were chosen in order
to minimize the largest moment, while still being able to
switch joints individually in the proper order. Eight different
configurations were chosen to be tested for accuracy (four
for the end configurations of each tendon, and four random
configurations), and each configuration was tested four times.
During each test. The configuration of the mechanism was
recorded using AprilTags connected to each joint, which was
then compared to the ideal behavior shape, where the joints
are at either positive or negative 30 degrees. From this, we
calculate both the error for every joint with respect to the
predicted configuration, and the standard deviation between
tests.

As shown in Fig. 7, the error between the predicted
and real joint position grows linearly with the joint num-
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Fig. 7: Positional accuracy for an eleven jointed mechanism. A:
all configurations tested, with the predicted configuration in solid
lines and actual configuration in dashed lines. B: average error and
standard deviation of error between the predicted and real joint
locations versus joint number across all configurations and tests.

ber. Slight changes in angle at joints closer to the base
of the mechanism cause larger displacements for points
further away from the pivot point (i.e., at the end of the
mechanism). We also notice that in most configurations the
standard deviation of error across different tests is an order
of magnitude smaller than the average error. This seems to
indicate that the mechanism is more precise than accurate,
and that the positional error is more likely due to slight
differences between the predicted angular range 6 of the
bistable mechanism and the actual angular range 6. This
is also visible in the plot of all the different configurations
tested. Additionally, the standard deviation is much higher
for joints 10-13 when compared to joints 1-9. This is likely
attributed to the change in bistable membrane thickness,
since based off of our previous characterization, achieving
a bistable moment in the 1 N mm-5 N mm range means
the bistable membrane needs to be thinner than those in the
10 N mm-40 N mm range, increasing the relative error.

IV. DISCUSSION

While the design of the mechanism allows for an arbitrar-
ily large number of links, in practice there are practical limits
that limit the number. For our implementation, we achieved
a maximum of 11 links, with more than this resulting in
joints not actuating in the proper order. This is due to two
main factors: friction and the moment range. Friction has
a large impact on joint movement due to the change in
angle the tendons experience when passing through each
joint resulting in a loss in tension. This primarily affects the
two middle tendons, since they experience the highest change
of angle in each joint, ranging between 38° and 98°. We can
approximate the loss in tension for the i" link 7; based on
the capstan equation or a simplified coulomb friction model
dependent on whether the tendon is slipping on the pulley
or the pulley slipping on the axle, respectively.

T‘i = Tappliede_uvi (17)
"4 Tafla sin($) -t
T, =T, l‘d(. (18)
! WPEEEN P — ropta sin(£)

Where r is the radius of the pulley, r, is the radius of the
axle, p is the coefficent of friction between the tendon and
the pulley, u,, is the coefficient of friction between the pulley
and the axle, and ¢ is the wrap angle of the tendon around
the pulley. Based on both of these equations the tension
approaches 0 as the number of links increases, creating a
limit to how many links can be added as the endmost link
needs enough tension to be able to switch states. This is all
proportional to the tension applied, however, meaning that if
the bistable moment of the joints closer to the base is higher
than the moment generated by the applied tension required in
order to reach the resulting tension at the end, then the joints
will actuate in proper order. This means that the maximum
number of achievable joints is based on both the rate of decay
in friction and the range of achievable moments. We can
more precisely describe this with the following inequalities:

max(Mp, 0) > max(Mp,,,(6)y  (19)
mgaX(MBn 9) > mGaX(MBO @)y" (20)
et¥ if tendon slips .

1= <7:szgz SE@%) if pulley slips @D

where (15) refers to the moment relationship between the
max moment two neighboring joints, (16) refers to the
moment range, and v is the rate of decay based on (13)
and (14). We also express both as inequalities to ensure that
joints are actuated sequentially.

Based on the stated inequalities, we know that the moment
range is a limiting factor in how many links can be added. For
our implementation, the minimum and maximum moments
are 1 N mm and 40 N mm. The current design of the bistable
mechanism is limited in the max number of membranes that
can be added and how thick they can be, since the membranes
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need to be spaced apart to avoid self-collision. Because this
design only uses two thicknesses of polycarbonate and a
maximum four membranes per module, the range in resulting
moments is limited. This, compounded with the effects of
friction, results in a maximum of 11 links. Because most of
these restrictions are material-based, improvements on the
number of possible links can be made by changing materials,
and/or using multiple materials to have a wider range of
elastic moduli for the membranes, and lower friction in the
pulleys.

V. CONCLUSIONS AND FUTURE WORK

In this paper, we have proposed, characterized, and val-
idated a novel multistable hyper-redundant robot, capable
of passive multiplexing. This is possible due to the use of
bistable pivot joints that use a polycarbonate membrane to
generate the bistable effect. By varying the bistable moment
of the different pivot joints, we establish a priority in which
joint should move first. This enables the robot to perform
more complex shape change, including contouring around
different surfaces, grasping objects, and navigating around
cluttered areas. The system also has the potential to be
extremely miniaturizable, with no electrical components on
the links meaning that the only thing that needs to be shrunk
is the bistable mechanism, whose only moving part is the
pivot point.

While this work focuses primarily on the design of the
mechanism, there is a lot of potential future work on this
mechanism in order to better control and understand it.
Given its complex dynamics and multistable nature, common
control methods become complicated and any Jacobian based
path planning does not work, offering a unique problem in
order to optimally control it. Additionally, further work on
characterizing and improving the tension decay and bistable
moment range of the links is important to increasing the
possible number of links.
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