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Statistical Contraction for Chance-Constrained Trajectory Optimization
of Non-Gaussian Stochastic Systems

Rihan Aaron D’Silva and Hiroyasu Tsukamoto

Abstract— We present a distribution-free approach to robust
trajectory optimization and control of discrete-time, nonlinear,
and non-Gaussian stochastic systems, with closed-loop guaran-
tees on chance constraint satisfaction. Our framework employs
conformal inference to generate coverage-based confidence
sets for the closed-loop dynamics around arbitrary reference
trajectories under uncertainty. It thereby constructs a joint
nonconformity score to quantify both the validity of contraction
(i.e., incremental stability) conditions and the impact of external
stochastic disturbance on the closed-loop dynamics, without any
distributional assumptions. Via appropriate constraint tight-
ening, chance constraints can be reformulated into tractable,
statistically valid deterministic constraints on the reference
trajectories. This enables a formal pathway to certify the
performance of learning-based motion planners and controllers,
such as those with neural contraction metrics, in safety-critical
real-world applications. Notably, our statistical guarantees are
non-diverging and can be computed with finite samples of the
underlying uncertainty, without overly conservative structural
priors. We demonstrate our approach in meotion planning
problems for designing safe, dynamically feasible trajectories
in both numerical simulations and hardware experiments.

I. INTRODUCTION

Generating interpretable, high-performance motion plans
for dynamical systems under unstructured uncertainties is
central to their deployment in safety-critical applications. As
the scope and scale of the tasks entrusted to these systems
have expanded significantly in recent years, such planning
problems have become increasingly nonlinear and stochastic,
with the underlying uncertainties often non-Gaussian. Con-
sequently, data-driven and learning-based approaches have
been widely pursued as promising alternatives to classical
formulations. As the gap between their empirical perfor-
mance and theoretical guarantees continues to widen, we take
a step back and establish a statistically rigorous, closed-loop
perspective to address this challenge.

Among classical model-based approaches, chance-
constrained programming [1] provides a natural framework
for handling system uncertainties in motion planning. It
operates through relaxing hard constraints into probabilistic
counterparts that hold with high confidence, yielding less
conservative solutions. Since nominal chance constraints are
generally nonconvex and often computationally intractable,
they may be reformulated into tractable deterministic
problems by introducing distributional assumptions or
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Fig. 1: Illustration of our proposed approach. Given a finite dataset D,
of non-Gaussian disturbance samples, from predictions of the control
contraction metrics M, tracking policy 7 (-) for contraction rate A, we infer
high probability chance constraint satisfaction guarantees for safe motion
planning. Code :

approximations of underlying uncertainty. For example,
existing methods consider additive Gaussian noise [2],
[3], which allows propagation of the uncertainty through
linear dynamics in closed form, leading to deterministic
relaxations of chance constraints.

Alternatively, distributionally robust approaches seek con-
straint satisfaction across a family of probability distributions
belonging to an ambiguity set. Such a set is commonly
defined via moment specifications [4] or via distributional
metrics [5], [6]. However, extending these ideas beyond
linear settings becomes challenging, since uncertainty or
ambiguity sets cannot, in general, be propagated analytically
through nonlinear dynamics. Several ideas have been pro-
posed to address this issue, e.g., through linearization [7],
[8], polynomial chaos expansions [9], or learning-based
methods [10], [11]. These methods propagate statistical in-
formation through approximated dynamics, albeit at the cost
of strict probabilistic guarantees.

Sampling-based approaches address this challenge from a
different angle, pursuing formal a priori guarantees achiev-
able purely through data. The scenario approach bypasses
explicit distributional modeling by enforcing constraints di-
rectly on a finite set of sampled realizations or scenar-
ios [12], [13]. It enables statistically valid inference of
probabilistic certificates on constraint satisfaction. Sample
average approximation methods aim to, instead, approximate
chance constraints using the empirical distribution over the
samples [14]. Another line of work is conformal inference,
also known as conformal prediction (CP) [15]-[17], which
has recently gained attention in control theory as a pow-
erful, yet relatively light-weight tool for distribution-free
uncertainty quantification associated with point or time-series
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predictions. Given a predictor and a negatively oriented score
function to measure the predictor’s performance, it exploits
the rank statistics of the score to construct a high-confidence
bound on the prediction error. CP and its variants have
been employed in chance-constrained optimization [18] and
a variety of planning and control settings [19]. This includes,
but is not limited to, safe planning in unknown dynamic en-
vironments [20], [21], deterministic robustification of model-
based controllers [22]-[24], uncertainty-aware planning with
diffusion models [25], data-driven state estimation [26],
prediction region construction for linear systems with non-
Gaussian noise [27], conformally robust Lyapunov and bar-
rier function synthesis [28], and deterministic contraction-
based planning and control [29].

However, streamlined methods that exploit CP to alleviate
distribution mismatches in closed-loop trajectory planning
of nonlinear, non-Gaussian stochastic systems remain un-
derexplored. While there are a few related efforts in con-
traction theory, they often operate under restrictive assump-
tions. For example, extreme value theory-informed collision
checking [30] provides statistical safety with a contracting
controller but only under bounded perturbations. Stochastic
contraction-based predictive control [31] provides probabilis-
tic reachability but requires an upper bound on the norm of
the noise covariance.

This work investigates how the distribution-free concepts
in CP can be integrated with the strong structural guaran-
tees of contraction-based robust motion planning [32]-[37].
We specifically consider discrete-time nonlinear stochastic
systems, where the uncertainty may be non-Gaussian. We
leverage a CP-based constraint tightening method to define,
for each uncertainty sample, a joint nonconformity score
that quantifies both the predicted distributional mismatch and
the incremental stability violations of a learned contraction
metric and its associated controller. We show that this
approach offers a statistically rigorous characterization of
how far the system’s true trajectory may deviate from the ref-
erence trajectory only with finite data samples. This thereby
offers a non-diverging, closed-loop guarantee of generating
provably safe and dynamically feasible motion plans. Here,
chance constraints are reformulated into their deterministic
counterparts, agnostic to how the distribution is predicted
or how the metric is constructed, with no strong structural
priors. Unlike the scenario-based approach, the problem size
does not grow with the number of data samples. We validate
the performance of our approach through numerical simula-
tions with the Dubins Car and hardware experiments with
the Crazyflie drone, both under non-Gaussian uncertainty.
The results indicate that it indeed achieves the closed-loop
satisfaction of constraints at the desired probability level.

Notation : The set I, ;) denotes the collection of integers
in {a,b} and I, denotes the set of non-negative integers.
We will use bold face letters x = {xg,z1,...,2y},u =
{ug, u1,...,un—1} and w = {wg, w1, ..., wy_1} to denote
the state, control and disturbance trajectories over a time
horizon N € N. Quantile;_,(P) denotes the (1 — a)th
quantile of the distribution P. For A, B € R"*™, we use

A > B to denote positive semi-definiteness of A — B.
For z € R", we let ||z| denote the Euclidean norm and
lz]|ar :== V&T Mz to denote the weighted norm with respect
to a positive definite matrix M. For a matrix A € Rixn,
A; denotes the ith row of A and for a vector b € R"”,
b; denotes the ith element of b. For two sets A and B,
A®B ={a+b|a€ Abe B} denotes the Minkowski
set addition over the sets. The smallest eigen value of a
symmetric matrix M is denoted by Apin (). We use the bar
accent (X,u) to denote nominal dynamics and hat notation
a to denote learned components.

II. PROBLEM SETUP & PRELIMINARIES

We consider a class of discrete-time nonlinear systems
with additive stochastic process noise, given by,

i1 = f(@p, ur) + D(xp)ws (N

where x;, € R, up, € R™ and w, € R™ are the state,
controls and process noise at time £ € I, respectively. Here
f is a known smooth function and D : R — R"=*"w jg g
known state-dependent matrix function.

Assumption 1: The process noise w consists of i.i.d sam-
ples from an unknown zero mean probability distribution Q,
that is, wy, ~ Q and E[wy] = 0 for all k € I>¢. A disturbance
dataset is available, given by D,, = {w®, w® ... w&-1}
for K € N, where each w9 represents samples of process
noise over the time horizon NN, with w;j ) ~ Q for all k €
Ijo,n—1)- The support of distribution Q can be unbounded.

Given an initial condition zy = x(0), we aim to drive the
system (1) to a target region Xy C R™= over a time horizon
N € N, while satisfying state constraints X C R™ and
minimizing given step cost ¢(-) and final cost c¢g(-). This
problem can be formulated as a chance-constrained optimal
control problem, given by,

Problem 1:

N-1
min E|cp(zy) + Z c(xp, ug)
x,u
k=0
sit. g1 = f(Tr, ur) + D(wg)wy
Pr(zpeX)>1—p
Pr(zy € Xn)>1—p
xo = x(0)
where p € (0,1) denotes the maximum allowed probability
of constraint violation. Problem 1 is generally intractable
due to nonconvex distributional constraints on the uncertain
states. A tractable deterministic reformulation of the problem
becomes challenging since the distribution Q is not explicitly
known, on top of the difficulties in propagating this uncer-
tainty through the nonlinear dynamics. To tackle this, we will
first restrict the controls to time-parametrized state feedback
policy ux = m(xx) and then consider chance constraint
satisfaction for the closed-loop dynamics,

ke H[O,Nfl]
kel no (2a)

(2b)

Try1 = Pr(Th, k) + D(2))wy 3

where ¢, (z,k) = f(x,m(z)) denotes the vector field of
the nominal closed-loop dynamics.
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Our approach makes use of the disturbance dataset D, and
is based on contraction theory and finite sample guarantees
associated with statistical inference. It designs a suitable
policy mx(+) which is a feasible solution to Problem 1; that
is, the closed-loop state xj, in (3) satisfies constraints xj € X
and zn € Xy with a confidence of at least (1 — p). We now
briefly introduce the necessary preliminaries.

Closed-loop Contraction: Contraction theory offers a set
of tools to analyze and control the incremental stability of
nonlinear system trajectories with respect to each other [32].

Consider the nominal closed-loop dynamics, xx+1 =
or(xk, k). Let Ff, == W denote the Jacobian matrix of
©x, and T'(ay, by,) denote the set of piecewise-smooth curves
¢: s €[0,1] —» R connecting ay, to by for some ay, by, €
R™, with ¢(0) = aj, and ¢(1) = by. For a square matrix
function ©(z,k) € R™ "™ and uniformly positive definite
matrix function M (xz, k) := O(x, k) O(x, k) € R"*", the
Riemann energy for defining the distance between ay and by
is given by [33],

L oe(s) c(s
2] pae(s), iy 242

Lemma 1 establishes conditions for uniform incremental
stability for the nominal closed-loop system [32], [38].

Lemma 1: Consider a uniformly bounded matrix func-
tion My = M(z,k), ie, mI = M, =< ml for some
m > m > 0. If F] My 1F, < AMj with A € [0,1)
holds for all z € R"™ and k& € I, then the energy
E(x1 k,22,%) decreases exponentially over the flow of the
nominal closed-loop system and satisfies the decay condi-
tion E(or(1k, k), ox(x2k,k)) < AE(z1k,%2%), Where
(1,5, %2,;) denotes any pair of the solution trajectories.
The nominal closed-loop system is then said to be globally
contracting with rate \.

Challenges in Metric Synthesis: Control Contraction
Metric (CCM) [33] establishes conditions for the existence
of a feedback tracking controller such that the closed-loop
system is contracting with a given rate. The search for
a suitable CCM and corresponding differential feedback
gain requires solving infinite-dimensional linear matrix in-
equalities, which are often solved using finite-dimensional
approximations with restrictive assumptions, e.g., sum-of-
squares relaxation [33], [39]. A tracking controller is then
constructed by computing the geodesics with respect to the
calculated CCM. Existing methods propose neural network
parameterizations of a contraction metric and its tracking
controller [40], [41]. However, the quality of such learned
components depends on their structural priors and training,
and thus remains primarily empirical. Verifying the validity,
in terms of satisfying conditions for incremental stability,
becomes crucial for their trustworthy usage.

Conformal Prediction (CP): CP is a statistical tool
for uncertainty quantification that leverages rank statistics
of exchangeable random variables. It uses nonconformity
scores to construct prediction intervals that are valid up
to the user-defined probability level while being distribu-
tion agnostic [19], [42]. CP is also model-agnostic in na-

E(ag,bx) = min ds. (4)

CEF(ak,bk) 0

ture and holds out when the nonconformity scores result
from a function composition, e.g., a neural network. Let
S, §E) §EHD be a collection of (K + 1) nonconfor-
mity scores, where § = {S™,...,S¥)} are scores drawn
from the calibration distribution and S+ corresponds to
the test sample. In robotic applications, the assumption of
exchangeability can be too restrictive for inference on the
test sample, due to possible distribution shifts with respect to
the calibration dataset. This paper thus employs a CP variant
called Weighted Conformal Prediction (W-CP) [17], which
relaxes exchangeability by reweighting calibration samples
to better match the test distribution. Let {w;}, be a set of
positive weights with @; € [0,1] for all j € I}; ). Define
the weighted quantile as,

K
G1—a(8) = Quantile; _, (Z Widge) + wooéoo>

i=1

where @; = w; /(31 @i +1), Woo = 1/(X1, @;+1) and
d, denotes the point mass probability at a € RU{—o0, +-00}.

Lemma 2: [17] Let dry(P1,P2) be the total variation
distance between distributions Py and P5. For any o € (0, 1),

Pr(SE < qi_a(8) >1—a

where @ = o + Zfil w;dry(8,8;). Here § = § U S*K+D
and §; is the set 8 with scores S and S**" swapped for
eachi=1,---, K, and Pr denotes the marginal probability
measure over randomness in draws of the scores in 8.

Remark 1: The vanilla CP guarantee from [42] is obtained
for exchangeable scores by setting w; = --- = W = 1. As-
suming w1 S < .- <@ S K > [(1—a)(K +1)],
one can pick ¢1—(8) = w;, SV where j, = [(1—a)(K+
1)]. The weights are chosen so as to minimize the coverage
gap Zf{zl w;dtv (8, 8;) with higher weights assigned to data
points that resemble the test distribution more closely [17],
[22].

ITI. UNCERTAINTY QUANTIFICATION & CONTRACTION

We aim to construct the following confidence sets for the
closed-loop system (3) under a suitable policy 7(-), with
finite samples of the noise distribution D,,.

Definition 1: Let x € R"* be a random vector and M
be a positive definite matrix. For p € R, B%(u, M) =
{Z | ||Z — pllar-1 < 1} is an ellipsoidal confidence set of
probability level 6 € (0,1) for z if Pr (z € B (u, M)) > 6.

We call the state and control trajectory pair (X,1) as a
target trajectory if they are forward complete solutions of
the nominal dynamics Zyy1 = f(Zg,ux) in (1). Let us
consider neural network predictions for a state-independent
CCM M, and the tracking policy #(-,Z, ), trained to
make the nominal closed-loop system controlled by u; =
#(xg, Ty, Ug) contracting with rate A € [0,1) under the
metric defined through M;,. We will consider the target
tracking feedback policy ux = mg(xk) = 7(xg, Tk, k),
thereby reformulating Problem 1 into a deterministic search
over the space of target trajectories (X,1). Here, we aim
to quantify the epistemic uncertainty associated with these
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learned components and their contribution to the uncer-
tainty of the closed-loop dynamics, along with the effect
of stochastic noise during deployment. We will perform a
calibration step to evaluate the controller 7 over random
tracking scenarios in the presence of noise characterized by
the disturbance dataset D,,. This will be used to show that
for a suitable choice of nonconformity score, we can obtain
meaningful predictive inference on the confidence set of the
closed-loop state in (1) over the time horizon via Lemma 2.
First, we make the following assumption,

Assumption 2: #t(z,x,u) =u ¥V € R™ and u € R,
This assumption ensures that the target trajectory (X, Q) is a
valid solution to the nominal closed loop system. Let M, =
@Z@k and define,

Av(xk,tfk,’l]k) = max{O, —)\Hék(l’k — i’k)H

+ HékJrl (s (z1) — 2 (Tx)) H}

where ¢z(x) = f(xg, #(zk, Tk, Ur)). Note that under a
state-independent and time indexed metric defined through
M, the geodesic is equivalent to a straight line connecting
the two points and the Riemann energy E(:vk,fk) in (4)
reduces to to the weighted norm ||z, — . Hence, given
(Zk, Ur), equation (5) denotes the res1duals of the decay
condition in (1) at time k. Let €2 denote the distribution of NV
length state and control target trajectories with initial state
Zo = x(0). By taking a random sample (X, a%’) ~ Q for
every j-th sample w® from dataset D,,, one can generate K
distinct closed-loop realizations x’ of the system (1) under

the feedback policy uy, = #(zy, 2y, af), ie.,

Sy = 1 @ a0 + Dl

with initial state 2§’ = x(0) for all j € Iy ). Now for each
J €11,k and k € I3 ), define the nonconformity score as
follows,

(6)

and collect the scores 8, := {S}’ )}szl. This will be our cal-
ibration dataset at time k. Note that the nonconformity score
defined in equation (6) maps a target trajectory (X, a®)
and noise realization w') to a positive real number. Hence,
the calibration distribution can be identified with (£, QV).
Let up = #(zg, 2y ™, @ ") denote the control pol-
icy during deployment. The corresponding target trajectory
(x5 @E) ~ E is obtained by solving Problem 1, as to
be described in Section IV, and not known apriori. Here, =
denotes the distribution of target trajectories that are feasible
solutions to the proposed optimization problem. We propose
the following result for the test score S,(ck“) obtained from
the test distribution (=, QV).

Theorem 1: Suppose that the Assumptions 1 and 2 hold.
Consider a sample target trajectory (X,u) ~ Z. Let w;
denote the normalized welghts for Jj € Ip k. Suppose

also that the coverage gap Z o wszv(Sk,Sk i) 1s upper

k-1
o) . ; G =) =) > (N,
Sy = E A (Av(x/ LB, u) + HQHID(%J Jw;’
i=0

bounded by §, where 0 < 6§ < & for some § € (0,1) and
for all k € Ij; nj. Then B'~%(z), W},) is a confidence set
with probability level (1 — d) for the state xy in (1) at time
k € Ij;,n) under the feedback policy uy = 7(w, Tk, Ug),
where Wy, := C2M, " and Cy, = q;_;,5(8k).

Proof: Define V;, = V(.Z‘k,i‘k) = H(:)k(xk — jk)H
Then we have,

Vi1 = Hék+1($k+1 - ik+1)H
< Hékﬂ(%(m) - fk+1)H + HékﬂD(xk)wkH

) .
< \Vj, + Av(xk,i’k, ftk) -+ H@k_;,_lD(JZk)wkH

k
< )\k+1% + Z (AV(-Th-i'mai) + H(:)HlD(xl)wz ) )\
i=0
(6)
S
Note that Vi = |[z), — Zx| ;, and Vo = 0 by construction.

Evaluate the quantile C;, = ¢;_;,5(8k) (see Remark 1)
for each k € 1Ij; n) . Applying Lemma 2 and taking the
complement, we obtain,

K
Pr(Vp > Cy) <9 Z idrv(8k, Sk.i) < 6.
Taking a complement again gives the desired claim. [ ]

Remark 2: Note that W), = C’,ka_ 1 dictates the size
and shape of the prediction set of zj, analogous to that of
covariance in Gaussian-based [43] methods. Our approach,
as in existing contraction-based methods (§4.2, [39]) allows
us to control the associated conservativeness up to a certain
degree by an appropriate design choice of contraction metric
bounds m,m and the contraction rate A\ in equation (5).

Remark 3: Lemma 2 provides a way to handle the loss of
exchangeability caused by distribution shift between simu-
lated rollouts and real-world deployment. To generalize the
setup in Lemma 2, D,, may be constructed using samples
from an approximate noise distribution Q instead of the
actual noise distribution Q (see Section V-B). In such cases,
the application of Lemma 2 and subsequently Theorem 1
will assume the gap between the calibration distribution
(©2,9N) and the unknown test distribution (2, Q") can be
sufficiently controlled by the weights. We could also update
0 of Lemma 2 using adaptive CP [44].

Although we do not consider closed-loop control con-
straints in our approach, we can obtain such guarantees by
imposing some structure on the learned controller 7, as we
show in the following result.

Corollary 1: Let B'=%(Z;, W},) be a confidence set for
at probability level (1 — ¢). Suppose up = 7(xk, Tk, Uk) =
k(xzk, Ty)+uy and Assumption 2 holds, i.e., k(x,z) = 0 for
all z € R" . If k(-) is Lipschitz with Lipschitz constant L,
then B~ (iy, Z),) is a confidence set for uy, at probability

level (1 —§), where Z, = #‘;_1)1
min k
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Proof: We have the following,
lur — arll = k(e Zo)ll = [[k(2k, Zk) — k(Zk, Z) |
@k — kaW,gl
Anin (W)

From Definition 1, we get ||z — j:k||W{1 < 1 with prob-
ability at least (1 — &), which implies, Pr(|lus — x| <

< Llzp — 2| < L

——L___) > 1 — 4. Then the result follows also from
Vi (W) T ’
Definition 1. ]

IV. DETERMINISTIC REFORMULATION

We will use confidence sets constructed using Theorem 1
to reformulate chance-constraints in (2a), (2b) into determin-
istic constraints on the target trajectory (X,u) via suitable
constraint tightening. Essentially, we aim to find a tightened
state constraint set X, such that X, OB (T, W) C X for
all k € Ijp nj, whereby restricting 7 € Xj, ensures x € X
with probability at least (1 — d) . We will use the approach
from [7] to construct suitable convex over approximations of
the set X§ for particular classes of sets X.

Let X be defined by polytopic and non-convex obstacle
avoidance constraints on the state, X = Xpoty N Xfree, Where
Xpoty = {z € R | Az < b}, A € R b e Rl and
Xfree = R\ UL, 0;. Here O; C R™ i € I}y ;) are closed
convex sets representing J obstacles. First, we split the joint
chance constraints Pr(zs € Xpoly N Xgree) > 1 —p into single
chance-constraints using the Bonferroni inequality [9] with
equal risk allocation accordingly,

Pr(zr € Xpoy) >1—D @)
Pr(zk € Xgee) > 1—p (3

where p = p/2. The above result is obtained by apply-

ing Boole’s inequality over the complement of the event
T € Xpoly N Xfree- Let BIP(zy, Wy) be a confidence set
for xj;, with probability level (1 — p). Then the polytopic
chance constraint may be conservatively reformulated as [
deterministic constraints [7],

Here the inequality condition in (9) is the robust counter
part to the condition A;xy < b; over the confidence set
B1=P(4y, W) [45]. For the obstacle avoidance constraints,
we will use the signed distance function d; : X — R that
returns the shortest distance from point xj to the boundary
00; of the set O; [7]. It is defined as,

i) = inf flan — ]l = inf i~ 2]

where d;(z) > 0 = x5 ¢ O;. Define,
T — I
dy(x)
Then, we can conservatively reformulate obstacle avoidance
chance constraint (8) into J deterministic constraints as,

(8) < di(Tk) —\/n] Win; 20, i€l g

, Z; = argmin ||z —y||.
yed0;

ni(z) =

(10)

For more details, refer [7]. Let Xy = {a | Hz <
h,H € R™"= h € R"}. The deterministic reformulation
of (2b) then follows the same approach as in (9) with a
confidence set of probability level (1 — p), which here gives
r deterministic constraints.

Now consider the following relaxed deterministic refor-
mulation of Problem 1 for some 6 € (0, 1).

Problem 2:

N—-1
min cp(Tn) + Y o(Fx, )
e k=0

st Zpyr = f(@r@n), k€ lgn
Ay + k(O] Aill yyr < biy i €Ty k€ T vy
di(Zk) = Mk (O)|Inillpy-1 2 0, i € Iy 1, k € I vy
Hian + () Hillyy s < hiv i€ Iy

Tg = X(O)
where, 7;(9) = ql_é(Sk) and 7(d) = q1-s(8n). We then
have the following rezsult,

Theorem 2: Let (x*,u*) be the solution to Problem 2 for

d € (0,1), if it exists. Suppose that Assumptions 1 and 2
hold and let the coverage gap be upper bounded by ¢ for all
k € Tjo,n)- Then the control policy uy, = 7 (xy, ), uy) is a
feasible solution to Problem 1 if § = p — 2.

Proof: For each k € Iy y_q), set Wy, = ﬁk(5)2M,;1

and Wy = n(6)>My". From Theorem 1, Blfg";(x;, W)
and B'7079(x%,Wy) are confidence sets for xy, k €
Tjo,~v—1)» and z v in system (1), respectively, under the policy
up = 7(zg, xf,up). Since x*,u* satisfies the tightened
constraints in Problem 2, from (9) and (10), we get Pr(z;, €
X) >1—6—25 = 1 — p thus satisfying constraint (2a).
Similarly, we obtain Pr(zy € Xy) > 1-6—0 = 1—p+0 >
1 — p, which satisfies (2b). |

We note that Theorem 2 quantifies the effect of stochastic
noise, the quality of predicted contraction metrics and con-
troller, and the conservativeness demanded by the coverage
gap between the calibration and test distributions, in one
unified way. Under the assumption of the coverage gap bound
5, it provides a suitable method to ensure chance-constraint
satisfaction up to the desired probability level when using
the learned controller 7. In Section V, we validate the same
through both numerical and hardware experiments. We note
that, practically, it is not possible to know the coverage gap
bound 0 a priori, making our guarantees of the a posteriori
type [18]. To address this, one may update the upper bound
by means of verification or re-estimate the quantile online
using adaptive CP [24].

V. CASE STUDIES

We present our approach with the Dubins car model in
numerical simulation and with the Crazyflie quadcopter in
the real world. The code for all experiments is made available
at . In both experi-
ments, we show that the confidence sets constructed using
our approach from finite noise samples are valid up to
the prescribed probability level, and the proposed chance

9715



constraints are satisfied. We remark that the main goal
of this section is the empirical validation of the formal
guarantees established by our theorems, rather than demon-
strating the superiority of our approach over all existing data-
driven/learning-based motion planning and control methods.
For example, even in the case of a poorly learned control
policy with a suboptimally designed contraction metric, our
theorems still provide a means to formally quantify their
performance without relying on structural or distributional
priors. For this reason, we compare against only a limited set
of existing approaches in the following. These serve solely to
illustrate our claims within the constraints of the page limit.

We leverage a neural network parameterized CCM
M (z;0,,) and its controller 7(z, z*,u*;0,) from the imple-
mentation in [41], which satisfies Assumption 2 by design.
We consider M, = M = M (x(0); 6,,,) as the predicted ma-
trices for approximately constructing contraction metrics for
all k& € Ty, n). The discrete-time contraction rate A € [0, 1)
is obtained from the chosen continuous time counterpart
v > 0 in [41] using A = /(1 — 2yAt)(m/m) [37], where
At denotes the sampling rate for the discrete-time system.
We note that the quantiles 7j;(0) quickly converge to 7(d)
in a few time steps in both experiments for our choices
of X. Hence, we conservatively set 7;(d) = n(d) for all
k € I, n—1, which, along with the choice of constant
contraction metric, results in confidence sets of the same
size over the time horizon. We consider step cost and final
cost as c(xy, ux) = uj Ruy and cp = 0, respectively, where
R is some positive definite weight matrix. The optimization
in Problem 2 is posed and solved using the CasADi inter-
face [46] with the NLP solver IPOPT [47].

Choice of €: For both experiments, we follow the
approach from [41] to sample suitable target trajectories.
We first parametrize the target control trajectory U as a
linear combination of fixed sinusoidal basis functions with a
predefined set of frequencies. We then sample i.i.d. reference
control trajectories by randomly sampling the weight for each
frequency component from a normal distribution. The initial
state T is set to x(0). We then generate the corresponding
target state trajectory X by propagating T, through the
nominal dynamics Zy11 = f(Zg, Uk).

In both simulation and hardware experiments, the distri-
bution shift between the calibrated and test distributions was
minimal and well-accommodated by the slight conservative-
ness associated with our method. Therefore, using vanilla CP
with § = p gave us satisfactory results. For online motion
planning, one may consider receding horizon alternatives of
our approach and experiments.

A. Numerical Simulations

We consider the Dubin’s car model from [41] with 4 state
variables x := [p, py, 0, v] where p,, p, are the positions, 0
is the heading angle and v is the velocity. The control inputs
are u := |w, a], where w and a are angular velocity and linear
acceleration respectively. The dynamics is given by © =
f(z,u) = [vcos(),vsin(d),w,a]". We discretize this via a
zero-order hold on the controls and add noise w to obtain the

discrete-time dynamics g1 = xp + Atf(xk, ux) + Dwg.

We will consider the following two cases,

(i) Uniform noise wy ~ Ulwmin, Wmax] over the hyper-
box defined by wmi, = [~0/5,—0/5,—0,—c]T and
Wmax = [0/5,0/5,0,0]". We set 0 = 0.15 and D =
diag([1,1,1,1]).

(ii) Zero mean 3-component Gaussian mixture noise with
density Zle YN (i, ;) with g = —0.5 - Ly, po =
0-1y4,p3 = 0.5-14,%; = (0.05)%- 1 for i = 1,2,3,
P1,3 = 0.1,49 = 0.8 and D = diag([0,0,1,1]),
where 1, = [1,1,1,1]T. Here N is the multivariate
Gaussian density.

The noise parameters are chosen so as to cater to the prob-
lem dimensions. We consider the motion planning problem
from [9], with x(0) = [0,0.4,0,0]T, goal region loosely
centered at x(N) = [10,0.4,0,0]" and collision avoidance
with a wall and obstacle given by Xyoy = {py | py < 2}
and obstacle O = {py y | ||Pe,y — Pobs|| < 1.2} respectively,
where py. = [Py Dyl s Pobs = [0,5]T. We set R = 0.1 1,
failure probability 6 = p = 0.1, sampling rate At = 0.05 and
time horizon to N = 200 steps. We set m = 0.5, = 10 and
~v = 1, which corresponds to a discrete-time contraction rate
of A\ = 0.21. The disturbance dataset D,, is constructed with
K = 20 by sampling from the respective noise distributions.
The quantile 7(§) comes to 0.301 and 0.574 for cases (i)
and (ii), respectively. We solve Problem 2 to get (x*,u*),
which takes on average 1.67 seconds, and run 200 closed-
loop realizations under policy uy = 7 (g, x5, u}), as shown
in Figure 2, to verify satisfaction of chance constraints. We
note that all chance constraints are satisfied at the failure
probability level p = 0.1. In particular, the empirical failure
probabilities obtained are maxy{Pr(z; ¢ X)} = 0% for
case (i) and maxy{Pr(z) ¢ X)} = 1.5% for case (ii).

10 4

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 é 3
Y Y
Fig. 2: Closed-loop realizations for the Dubin’s car system with our
approach (shown on the left) and linearization approach with Gaussian
approximation of noise and LQR feedback (shown on the right). Case (i)
Uniform noise and Case (ii) Gaussian mixture noise are shown in green
and blue, respectively. The corresponding target trajectory x* is shown in
dashed white lines, and the respective confidence sets are shown in orange.

We compare our approach to the linearization baseline
from [7], [8], shown in Figure 2, with Gaussian approx-
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imation of the noise and a linear quadratic regulator (LQR)
feedback policy. The Gaussian distribution is characterized
by MLE estimates of the mean and covariance from samples
of the respective non-Gaussian noise distributions, and the
LQR feedback gain is computed using linearized closed-loop
dynamics at each state. The uncertainty of the corresponding
closed-loop state at time k is characterized as a Gaussian
gk ~ N(ug, Xg), where py, Xy are obtained by mean and
covariance propagation through the linearized dynamics. We

use constraint tightening based on ellipsoidal confidence sets
2

B2 (g, X2 (1 — B)Xy) for zy, [7], where X2 (1 — «)
denotes the (1 — a)-th quantile of the X? distribution with
n, degrees of freedom. Solving this tightened problem
takes on average 103.8 seconds. From Figure 2, we see
that Gaussian-based methods perform poorly in accurately
capturing the uncertainty associated with the state over the
time horizon. The empirical failure probabilities obtained are
maxy{Pr(zy ¢ X)} = 10% for case (i) and maxy{Pr(xy ¢
X)} = 20.5% for case (ii). This can be attributed to
heavier tail characteristics in the noise and nonlinearity in
the dynamics.

B. Hardware Experiments

We implement our approach on the drone
for safe motion planning through a static cluttered en-
vironment. We consider the quadcopter model and con-
troller implementation from [39], [41]. Consider state
r = [Pm,Py,Pz,Pm,Py,pz,f, ¢303¢]T’ where the pOSi'
tions pg,py,p. are expressed in the inertial world frame
of the drone, ¢,6,1¢ represent Euler angles as per the
XYZ rotation sequence, both defined according to the
North-East-Down frame convention. Here, f is the net
mass-normalized force by the motors. Control inputs are
chosen as u = [f, gi),é,i/}}T. The system dynamics are
given by & = [pg, Py, Pz, —fsin(0), f cos(0)sin(p), g —
fcos(8) cos(¢), f,6,0,4]", where g = 9.81. The con-
traction metric defined through M and the corresponding
tracking controller 7 are obtained for m = 0.5,m = 25
and v = 0.8. We deploy the controller offboard on the
Crazyflie at 100Hz, with motion capture feeding
pose estimates onto Crazyflie’s internal EKF. We remark
that the controller 7 requires only a single forward pass
to compute control input, and hence can even be deployed
onboard the Crazyflie firmware. At each sampling instant,
throttle and angle setpoints computed from 7 are passed onto
the low-level built-in PID controller onboard the Crazyflie
firmware. First, thrust and angle setpoints [f., ¢.,6.] are
obtained by integrating over the control input. The respective
throttle command 7. is computed using f. via an itera-
tive proportional feedback update on the previous throttle
value [39], which allows us to bypass the complex thrust to
throttle mapping. The gain of this thrust controller is set to
K, = 400. The low-level controller, which is assumed to
run at a higher rate, takes in throttle and angle setpoints and
computes the downstream motor PWM commands.

We consider the problem of collision-free motion planning
for the Crazyflie drone over a time period of 7.5 seconds

3.0
2.5
[2.0
[1.5Y
[1.0
[0.5
[0.0

—0.50.0 0.5 l.g)( 152025

Fig. 3: Left: Closed-loop realizations of the Crazyflie drone using our
approach. The 3D confidence set B~ (2, 7(8)2M 1) for the positions is
shown in green. Right: One iteration of Crazyflie trajectory in the cluttered
environment.

in a test arena cluttered with obstacles. We set the failure
probability level to § = p = 0.1 and R = 0.01 - I. The
obstacles are posed as cylindrical bodies for formulating
the optimization problem, as shown in Figure 3. The yaw
remains uncontrolled in our experiments. To construct the
disturbance dataset D,,, sampling from the unknown test
distribution, that is, by collecting the flight data over the
time horizon for K > [(1—p)(K +1)] runs, is not practical
and generalizable. Instead, we consider a Gaussian MLE
estimate of the non-gaussian process noise, calculated using
the formula wy = xgy1 — for(zk, ux) from arbitrary trial
runs of the Crazyflie drone, and sample from it to generate
the calibration dataset D,, with K = 20. Here fpr denotes
the discretized dynamics similar to that in Section V-A with
D = I. We confirm that the MLE estimate is approximately
zero mean. Setting At = 0.01 seconds, A = 0.14 and using
approach from Sections III and IV, we get n(6) = 0.08. We
solve Problem 2 by warm starting solver with a sample state
trajectory in the obstacle free region, and deploy the control
policy ug = 7t(zx, x5, uj) over the time horizon. We run the
tracking policy for 15 iterations, as shown in Figure 3. We
observe that the drone stays within the defined confidence
sets throughout the time horizon in all iterations, which
implies that it achieves the prescribed chance constraint.

VI. CONCLUSION

In this work, we proposed a novel method for chance-
constrained trajectory optimization and control for nonlinear
systems subject to non-Gaussian stochastic uncertainty. It
quantifies distribution mismatch and system contraction via
finite samples of the uncertainty with minimal distributional
and structural assumptions. Using conformal prediction and
contraction theory, we established formal guarantees for
chance-constraint tightening, enabling deterministic planning
with rigorous performance assurances. For example, our
approach can ensure safety under non-Gaussian uncertainty
even when learned representations of contraction metrics are
employed, thereby bridging the gap in providing strict guar-
antees for learning-based motion planning. We validated our
approach with both simulation and hardware experiments,
showing that it achieves the posed chance constraints up to
the desired probability level, without being too conservative.
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