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Abstract—The optimization of flexure-based planar parallel
robots with traditional methods demands significant computa-
tional resources due to the coupling of kinematic and structural
effects. This work presents a decoupled optimization approach,
in which the geometry of the manipulator is optimized for
workspace via a kinematic model approach. A novel approach is
presented via a modified Moore boundary following algorithm
which provides for an efficient calculation of the workspace.
With this approach, the optimal kinematic design parameters,
namely the leg ratio and initial orientation of the end effector
are determined and presented for a number of cases described
by the combination of joint angle constraints.

I. Introduction
Mesoscale robotics is an evolving field of research with the

intent to design cost-effective and mass producible robots for
small-scale manipulation. At small-scales, a sufficiently large
range of motion, accuracy, and speed of operation are the
three crucial performance objectives to attain a functional
robot for applications in alignment of micro-optics elements
[1], microassembly [2], and microsurgery [3], [4]. Parallel
robots exhibit these characteristics due to their closed-loop
structure which improves the mechanical stiffness of the
system and allows actuators to be located at the base which
reduces the inertia of the robot and results in higher accuracy,
speed, acceleration, and load carrying capacity [4]–[6].

However, parallel robots cannot be directly miniaturized
as traditional joints impose challenges in the and introduce
undesirable phenomena such as wear, backlash, noise, and
friction at small scales [7]. A possible solution is the use of
compliant mechanisms which allow for a monolithic structure
that removes the need for assembly, and eliminates friction
and backlash, increasing the precision and reliability of the
system. However, the trade-offs are a limited range of motion,
parasitic rotation, and reduced load-bearing capacity [8].

To improve the performance of mesoscale parallel robots,
piezoelectric bimorph benders can be employed [4], [6]
due to their high resolution [9], large bandwidth [10], and
favorable scaling properties [11]. With these advantages
comes the drawback, a limited range of motion, which is
addressed by a compliant transmission mechanism that yields
±30◦ of rotational motion [10]. For this work, a robot that
is monolithically fabricated via additive manufacturing (see
Fig. 1) is investigated which offers the advantages of design
freedom, rapid prototyping, and cost effectiveness [12], [13].

1Annamalai Karuppiah (anna0904@yorku.ca) and Ryan Orszulik
(ryan.orszulik@lassonde.yorku.ca) are with the Department of Earth and
Space Science and Engineering, York University, Toronto, Canada. This work
was supported by the Natural Sciences and Engineering Research Council of
Canada.

Fig. 1: A prototype of the 3RRR parallel robot fabricated via
additive manufacturing next to a Canadian penny (diameter =
19.05 mm).

To maximize the performance of the robot, the design should
be optimized for three performance objectives. However, only
the flexure properties are typically optimized for workspace
[14], [15] while the effect of joint angle constraints are not
considered. When the full design was optimized, the focus
was on the dynamic performance of the robot within a pre-
determined target workspace [16]. This work focuses on the
first performance objective: large range of motion. The overall
system has not yet been optimized specifically in terms of the
kinematic parameters of the structure (e.g., leg ratio) has not
been considered while considering angle limitations imposed
by piezoelectric actuators and compliant joints.

Typically finite element models or the pseudo-rigid body
model is used to optimize the design due to the nonlinear nature
of compliant mechanisms. However, this yields an optimization
problem with a high number of design variables which is
complex and requires large computational power. To address
this, the paper investigates the kinematic structure of a flexure-
based parallel robot in order to allow the optimization of the
workspace of the robot to be decoupled to a kinematic and then
finite element model problem. This is desirable as it reduces
the number of variables that must be considered in the finite
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element optimization of the structure to that of the flexure
stiffnesses via their geometric parameters (allowing for each
flexure to take on a different stiffness) while the kinematic
parameters such as leg ratio and initial orientation of the end
effector can be considered separately. Here, a kinematic model
based optimization is considered for two parameters, namely
the leg ratio and initial end effector orientation for a fixed
end effector size and robot footprint. The kinematic model
sufficiently approximates flexure-based joints as the flexure
lengths are significantly smaller than the rigid body lengths
(see Fig. 1) hence, the flexure can be modeled as a revolute
joint located at the center of the flexure [8] with rotational
limits.

This paper studies the 3RRR planar parallel robot which
consists of three limbs, each with three links and three revolute
joints arranged in plane connecting the fixed base to the moving
end-effector (see Fig. 2). The manipulator has three degrees of
freedom, namely translation in X- and Y-axis, and rotation
about the Z-axis. Every 3RRR manipulator has an associated
workspace volume [17] defined by these parameters with units
of millimeters squared degrees (mm2 · deg).

The optimal design that maximizes the workspace volume
was found to have a leg ratio of one for a 3RRR when active
and passive joints have an unlimited range of motion [17]. An
optimal kinematic design while considering active and passive
joint angle limits that only maximizes the effective regular
workspace (a workspace that encloses a regular geometrical
object, e.g., a square, a circle, a cube, or a sphere) for
varying end effector size and robot footprint is presented in
[18]. Therefore, the total workspace (i.e., workspace volume)
optimization problem should be revisited to find an optimal
kinematic design while accounting for active and passive
joint angle limits to achieve the first performance objective.
To identify the optimal kinematic design that maximizes the
workspace volume, the workspace for a given design has
to be calculated accurately and efficiently. The workspace
calculation methods were summarized and categorized into
geometrical, numerical, and discretization-based [19].

The geometrical method is implemented by establishing a
geometrical object for each limb of the manipulator. Geomet-
rical objects include a set of concentric circles, spheres, or
cylinders that depend on the types of joints in the manipulator.
This approach is fast and reliable and it provides a minimal
representation of the workspace volume in a geometric form
[19]. This method was investigated via an analytical imple-
mentation [17]. However, the main drawback of this method
is, it is difficult to consider kinematic constraints [19].

The numerical method is executed by devising algebraic
equations and using numerical solution techniques to compute
the workspace boundaries. Some examples of this method
are, the Jacobian based [20], tangent vector based [21],
optimization [22], zero velocity based [23], [24], interval
analysis [25], and stratified layer based [26] approaches. The
major drawback of employing numerical methods for this work
is the complexity involved in the analysis due to the possibility
of non-convex workspace polygons.

In discretization-based methods, each point of a grid is

tested for the workspace condition. The workspace condition
is defined by whether a point is a singularity and if the pose
is within the allowable active and passive joint angle limits.
Typically, the choice of the grid is a box grid [27] in Cartesian
coordinates while polar grids can also be used [19]. While
discretization-based methods easily allow the consideration of
constraints, the approach is computationally intensive. That is
the accuracy of the workspace depends on the granularity of
the grid and the computational time scales exponentially with
the step size [19]. A few examples of this approach include the
workspace quantization of a seven degrees-of-freedom parallel
robot [28], a serial-parallel hybrid leg [27], and a Delta robot
[29] while accounting for joint angle limits.

Therefore, the methods of workspace analysis can be ranked
in the increasing order of both versatility and computational
cost as follows; geometrical methods offer little to no flexibility
but provide a fast, accurate, and minimal representation of
the workspace volume, while numerical methods allow one
to consider most of the constraints with minimal demand
on computational resources, however the process of intro-
ducing new constraints is rather difficult due to the need
to derive complex algebraic equations. Lastly, discretization
offers significant freedom and ease of adoption but with
a significant requirement for computational resources and
runtime to produce a sufficiently accurate analysis.

Hence a novel method that incorporates constraints and
remains easy to adopt therefore leveraging the benefits of
both numerical and discretization-based methods is proposed
in this work. The discretization-based approach is adopted
and instead of evaluating every single Cartesian point, the
workspace boundary is directly evaluated with the Moore
boundary tracing algorithm [30] to address the large demand
on computational resources and runtime. This enables the
optimization study to search through a large design space to
identify the optimal parameters that maximizes the workspace
volume.

II. Workspace Calculation Methodology
Boundary/ border following algorithms are vital in the

digital image processing field for feature extraction of grayscale
images [30]. It is used to derive a sequence of coordinates
or chain codes between a connected set of 1-pixels and a
connected set of 0-pixels [31].

Here, the Moore algorithm is employed for the workspace
boundary determination problem with certain modifications.
The pixels are replaced with Cartesian points (𝑥, 𝑦) and a 1-
pixel is defined as a workspace point and a 0-pixel is defined
as a point outside the workspace. For a given end effector
orientation 𝜙 the planar workspace slab of the manipulator in
(𝑥, 𝑦) is calculated and this is repeated for all discrete end
effector orientations. The logic behind the approach is to start
at a known workspace point (𝑥, 𝑦, 𝜙) on the boundary as the
center point of a 3×3 grid and search the 8 neighboring points
that are at located at a desired distance (in this work 50 µm)
to identify the next workspace point. The iteration terminates
when the search point reaches the initial workspace point. Since
this approach directly operates on kinematic equations it can
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Fig. 2: Kinematic diagram of a symmetric 3RRR manipulator.

be extended to analyze workspaces of 4-, 5-, and 6- DOF
manipulators.

In this work, the manipulator is designed for no specific task,
hence it is assumed to be symmetric [17]. The architecture of
a symmetric manipulator is characterized by leg ratio 𝑙𝑟 =

𝑙1
𝑙2

(see Fig. 2) and initial end effector (EE) orientation 𝜙𝑖𝑛𝑖 . The
leg ratio is the ratio between the first link 𝑙1 and second link 𝑙2 of
a limb. A point in the three-degree-of-freedom space (𝑥, 𝑦, 𝜙)
qualifies as a workspace point if the active and passive joint
angles at this configuration are within the desired joint angle
limits and if the manipulator configuration is non-singular.

With this workspace calculation method, a search is per-
formed on a piece-wise continuous grid of plausible architec-
ture paramaters, leg ratio and initial end effector orientation to
optimize the workspace volume subject to active and passive
joint angle limits. Consequently, the active and passive joint
angles need to be calculated which is performed by establishing
the kinematics of the manipulator. The kinematics of a parallel
robot are categorized into inverse (IK) and forward kinematics
(FK) [5]. For parallel robots the IK is known to have closed-
form solutions and the FK is typically solved numerically. As
a result in this work IK is employed as it can be solved easily.

To derive IK, first, the geometry of the manipulator has to
be defined (see Fig. 2), which is given by points 𝑃, 𝑄, 𝑅 that
correspond to the active joints, 𝐷, 𝐸 , 𝐹 that correspond to the
first passive joint in the three limbs, 𝐴, 𝐵, 𝐶 that correspond
to the second passive joint or the vertices of the end effector
and 𝑀 which is the midpoint of the end effector. The length of
the first, second and third links of all three limbs are denoted
by 𝑙1, 𝑙2, and 𝑙3 due to the symmetric nature. The active joints
𝑃, 𝑄, 𝑅 form an equilateral triangle △𝑃𝑄𝑅 which is known
as the robot footprint. The points 𝐴, 𝐵, 𝐶 form an equilateral
triangle △𝐴𝐵𝐶 which is defined as the end effector (EE) with
a median of length 𝑙3. The length of the side of △𝐴𝐵𝐶 is given
by ℎ. The active joint angle 𝜃𝑖 is established and limited by the
piezoelectric actuators and the transmission, 𝜓𝑖 is the first, and
𝜙 is the second passive joint angle limited by the compliant
flexures for the 𝑖𝑡ℎ limb where 𝑖 = 1, 2, 3, for the 3RRR.

A. Inverse Kinematics
Inverse kinematics calculates the active joint angles denoted

as 𝜃1, 𝜃2, 𝜃3 for the desired midpoint position 𝑥𝑚, 𝑦𝑚 and
orientation angle 𝜙.

1) Active Joint Angle Calculation: The angle of the 𝑖𝑡ℎ

active joint 𝜃𝑖 can be calculated as

𝜃𝑖 = 2 arctan
−𝑒1 ±

√︃
𝑒2
𝑖1 + 𝑒2

𝑖2 − 𝑒2
𝑖3

𝑒𝑖3 − 𝑒𝑖2
(1)

where 𝑒1, 𝑒2, 𝑒3 for limb 1 are given by

𝑒11 = 2𝑦𝑃𝑙1 − 2𝑦𝐴𝑙1
𝑒12 = 2𝑥𝑃𝑙1 − 2𝑥𝐴𝑙1
𝑒13 = 𝑥2

𝐴 + 𝑦2
𝐴 + 𝑥2

𝑃 + 𝑦2
𝑃 + 𝑙21 − 𝑙22 − 2𝑥𝐴𝑥𝑃 − 2𝑦𝐴𝑦𝑃

(2)

for limb 2 are given by

𝑒21 = 2𝑦𝑄𝑙1 − 2𝑦𝐴𝑙1 − 2𝑙1ℎ sin 𝜙

𝑒22 = 2𝑥𝑄𝑙1 − 2𝑥𝐴𝑙1 − 2𝑙1ℎ cos 𝜙
𝑒23 = 𝑥2

𝐴 + 𝑦2
𝐴 + 𝑥2

𝑄 + 𝑦2
𝑄 + ℎ2 + 𝑙21 − 𝑙22 − 2𝑥𝐴𝑥𝑄 − 2𝑦𝐴𝑦𝑄

+ 2𝑥𝐴ℎ cos 𝜙 + 2𝑦𝐴ℎ sin 𝜙 − 2𝑥𝑄ℎ cos 𝜙 − 2𝑦𝑄ℎ sin 𝜙
(3)

and for limb 3 are given by

𝑒31 = 2𝑦𝑅𝑙1 − 2𝑦𝐴𝑙1 − 2𝑙1ℎ sin
(
𝜙 + 𝜋

3

)
𝑒32 = 2𝑥𝑅𝑙1 − 2𝑥𝐴𝑙1 − 2𝑙1ℎ cos

(
𝜙 + 𝜋

3

)
𝑒33 = 𝑥2

𝐴 + 𝑦2
𝐴 + 𝑥2

𝑅 + 𝑦2
𝑅 + ℎ2 + 𝑙21 − 𝑙22 − 2𝑥𝐴𝑥𝑅 − 2𝑦𝐴𝑦𝑅

+ 2𝑥𝐴ℎ cos
(
𝜙 + 𝜋

3

)
+ 2𝑦𝐴ℎ sin

(
𝜙 + 𝜋

3

)
− 2𝑥𝑅ℎ cos

(
𝜙 + 𝜋

3

)
− 2𝑦𝑅ℎ sin

(
𝜙 + 𝜋

3

)
(4)

in which 𝑥𝑃 , 𝑦𝑃 is the coordinate of point 𝑃 (and similarly for
other points 𝑄, 𝑅, and 𝐴).

With the kinematics, the home configuration of a given ar-
chitecture is characterized by the IK solutions that correspond
to the unactuated case, where the EE point 𝑀 is located at
the centroid of the robot footprint △𝑃𝑄𝑅. This IK solution is
stored as the initial active joint angles 𝜃𝑖𝑖𝑛𝑖 . The IK solution
from the home configuration for any non-zero Cartesian and EE
rotation x = [Δ𝑥,Δ𝑦,Δ𝜙]𝑇 is treated as the active joint angle
solution 𝜃𝑖𝑠𝑜𝑙 . The active joint angle rotation is then defined as
Δ𝜃𝑖 = (𝜃𝑖𝑠𝑜𝑙 − 𝜃𝑖𝑖𝑛𝑖 ).

Note that Eq. (1) yields 8 sets of solutions. Only two sets of
solutions result in a symmetric manipulator, namely, when the
± is + or − for all 𝜃𝑖 . In this work, the choice is − for all 𝜃𝑖
due to the initial configuration chosen for the robot. With the
active joint angles calculated, the first passive joint angles can
now be calculated.

2) First Passive Joint Angle Calculation: The angle of the
𝑖𝑡ℎ first passive joint 𝜓𝑖 can be calculated as

𝜓1 = arctan
(
𝑦𝐴 − 𝑦𝑃 − 𝑙1 sin 𝜃1
𝑥𝐴 − 𝑥𝑃 − 𝑙1 cos 𝜃1

)
− 𝜃1 (5)

𝜓2 = arctan
(
𝑦𝐴 − 𝑦𝑄 − 𝑙1 sin 𝜃2 + ℎ sin 𝜙

𝑥𝐴 − 𝑥𝑄 − 𝑙1 cos 𝜃2 + ℎ cos 𝜙

)
− 𝜃2 (6)
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𝜓3 = arctan

(
𝑦𝐴 − 𝑦𝑅 − 𝑙1 sin 𝜃3 + ℎ sin

(
𝜙 + 𝜋

3
)

𝑥𝐴 − 𝑥𝑅 − 𝑙1 cos 𝜃3 + ℎ cos
(
𝜙 + 𝜋

3
) ) − 𝜃3 (7)

Similar to the active joint angle rotation calculation, the passive
joint angle rotation is defined as Δ𝜓𝑖 = (𝜓𝑖𝑠𝑜𝑙 − 𝜓𝑖𝑖𝑛𝑖 ). The
kinematics of the manipulator is fully known, hence singular
configurations can be easily identified.

B. Singularity Analysis
A robot configuration is characterized by active joint angle

rotation,Δ𝜃𝑖 , passive joint angle rotation,Δ𝜓𝑖 , EE translational
displacement, Δ𝑥, Δ𝑦, and EE rotation Δ𝜙 from the home
configuration of a given architecture. Singular configurations
occur when the Jacobian matrix becomes rank deficient
[32]. The manipulator system Jacobian matrix 𝐽, which is
configuration dependent, can be separated into two matrices,
one corresponding to the IK Jacobian, 𝐽𝑞 and the other to the
FK Jacobian, 𝐽𝑥 [33]. The Jacobian matrices are derived via
the time derivatives of the vector-loop closure equations [5].
Hence the Jacobian matrices establish a relationship between
the joint velocities and the EE velocities as follows

𝐽𝑞 ¤q = 𝐽𝑥 ¤x (8)

where ¤q = [ ¤𝜃1, ¤𝜃2, ¤𝜃3]𝑇 is the active joint velocities, and ¤x =

[ ¤𝑥𝑚, ¤𝑦𝑚, ¤𝜙]𝑇 is the translational and rotational velocity of the
EE. Since the 3RRR is a fully actuated manipulator, the forward
and inverse Jacobian are square 3 × 3 matrices, defined as

𝐽𝑞 =


𝑎1𝑥𝑏1𝑦 − 𝑎1𝑦𝑏1𝑥 0 0

0 𝑎2𝑥𝑏2𝑦 − 𝑎2𝑦𝑏2𝑥 0
0 0 𝑎3𝑥𝑏3𝑦 − 𝑎3𝑦𝑏3𝑥


(9)

𝐽𝑥 =


𝑏1𝑥 𝑏1𝑦 𝑒1𝑥𝑏1𝑦 − 𝑒1𝑦𝑏1𝑥
𝑏2𝑥 𝑏2𝑦 𝑒2𝑥𝑏2𝑦 − 𝑒2𝑦𝑏2𝑥
𝑏3𝑥 𝑏3𝑦 𝑒3𝑥𝑏3𝑦 − 𝑒3𝑦𝑏3𝑥

 (10)

where a𝑖 , b𝑖 , and e𝑖 denote the vectors of the first, second, and
third link of the 𝑖𝑡ℎ limb. The a𝑖 vector originates at 𝑃, 𝑄, or
𝑅 and goes to 𝐷, 𝐸 , or 𝐹 corresponding to 𝑖𝑡ℎ limb. Similarly
vector b𝑖 originates at 𝐷, 𝐸 , or 𝐹 and goes to 𝐴, 𝐵, or 𝐶. The
vector e𝑖 originates at M and goes to 𝐴, 𝐵, or 𝐶.

The rank deficiency is identified by checking if the inverse
Jacobian is singular, det(𝐽𝑞) = 0 resulting in a type 1 or IK
singularity. Similarly if det(𝐽𝑥) = 0, a type 2 or FK singularity
occurs, and if both Jacobians are singular det(𝐽𝑞) = 0 and
det(𝐽𝑥) = 0, a type 3 or combined singularity is observed [5].

Hence, the tools to qualify a workspace point have been
defined. With this, the workspace boundary for a given
EE orientation 𝜙, referred to as a workspace slab shall be
established.

C. Workspace Slab Definition
A workspace slab is defined as the planar workspace

boundary in Cartesian coordinates for a fixed EE orientation
𝜙. The planar workspace boundary (see Fig. 3a) is defined by
the maximum achievable displacements along the X- and Y-
axis, Δ𝑥 and Δ𝑦. Consequently, for a given architecture defined
by leg ratio 𝑙𝑟 and initial EE orientation 𝜙𝑖𝑛𝑖 , and for a given

(a)

(b)
(c)

(d)

Fig. 3: Generation of a single workspace slab via (a) an ex-
haustive box grid search approach and (b) the modified Moore
boundary following search approach. Computed workspace
volume results for (c) architecture with 𝑙𝑟 = 1 and 𝜙𝑖𝑛𝑖 = 0◦,
results in a joint angle limited workspace volume of 12816.67
mm2 · deg and for (d) architecture with 𝑙𝑟 = 1 and 𝜙𝑖𝑛𝑖 = 50◦,
yields a joint angle limited workspace volume of 15607.04
mm2 · deg.

EE rotation Δ𝜙, a workspace slab is generated if and only
if the EE rotation is within the allowable EE rotation limits
Δ𝜙𝑚𝑖𝑛 ≤ Δ𝜙 ≤ Δ𝜙𝑚𝑎𝑥 , where Δ𝜙𝑚𝑖𝑛 and Δ𝜙𝑚𝑎𝑥 are the
minimum and maximum EE rotation limits. Additionally for
each slab, a point qualifies as a workspace point if and only
if the active and passive joint angle rotations are within the
specified joint angle rotation limits Δ𝜃𝑚𝑖𝑛 ≤ Δ𝜃𝑖 ≤ Δ𝜃𝑚𝑎𝑥 and
Δ𝜓𝑚𝑖𝑛 ≤ Δ𝜓𝑖 ≤ Δ𝜓𝑚𝑎𝑥 , and the configuration is non-singular
det(𝐽𝑞) ≠ 0 and det(𝐽𝑥) ≠ 0.

Note that this Moore algorithm only considers external
singularities since the determinants are checked solely around
the boundary. A modified implementation accounts for internal
isolated IK singularities by checking if a motor point (𝑃,𝑄, or
𝑅) is in the workspace polygon and subtracting the singular
region area from the workspace slab area. For an architecture
with a leg ratio of one and an initial EE orientation of 0◦, the
exhaustive grid search (see Fig. 3a) and the modified Moore
boundary following search (see Fig. 3b) results are compared
for an identical search grid setup. The exhaustive grid search
requires a post-processing step, namely, polygon fitting where
the convex hull of the points are identified. However, the
Moore approach directly calculates the boundary and is able to
accurately identify non-convex polygons [30]. The workspace
area of the slab from both approaches are identical at 1171.53
mm2, while the modified Moore approach is 50 times faster.

Generating and arranging these workspace slabs for varying
EE rotations yield the workspace volume of the 3RRR
manipulator.
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D. Workspace Volume Definition

The workspace volume 𝑊 was introduced to represent the
total workspace of the robot in all three-degree-of-freedom
in millimeters squared degrees or millimeters squared radians
[17]. The workspace volume can be defined via the discrete
integration of workspace slabs with Simpson’s rule. In [17]
the workspace slabs are discretized along the EE orientation
direction 𝜙 from 0◦ to 360◦. This definition is modified here
to introduce the initial EE orientation 𝜙𝑖𝑛𝑖 and EE rotation Δ𝜙

parameters by altering the discretization limits to [-180◦,180◦].
The modified workspace volume is defined as

𝑊 =

∫ 𝜋

−𝜋

𝐴(𝜙)𝑑𝜙 ≈ 𝛿𝜙

3
[𝐴0 + 4𝐴1 + 2𝐴2

+ · · · + 4𝐴2𝑛−1 + 𝐴2𝑛]
(11)

where

𝐴 𝑗 = 𝐴(𝜙𝑖𝑛𝑖 + 𝑗𝛿𝜙), 𝛿𝜙 =
𝜋

𝑛
, 𝑗 = −𝑛, . . . , 0 . . . , 𝑛 (12)

and 𝐴 𝑗 is the area of the workspace slab for 𝜙 = 𝜙𝑖𝑛𝑖 + 𝜙 𝑗 =

𝜙𝑖𝑛𝑖 + 𝑗𝛿𝜙 = Δ𝜙. Similar to the modified Moore algorithm
setup for workspace slab, 𝑛 can be understood as the angular
discretization parameter, which is chosen to be 𝜋 or 180◦ for
this implementation, thus the EE rotation is discretized into
1◦ slabs. Therefore, for a given architecture, the workspace
volume is evaluated by generating workspace slabs for all
discretized EE rotations.

The maximization of this workspace volume definition is
the objective of this optimization to identify the best possible
architecture subject to joint angle constraints.

III. 3RRR Architecture Optimization

Traditionally, the architecture of the 3RRR manipulator has
been defined only by leg ratio as the joints enjoy full freedom
of motion. Hence previous work focused on identifying an
optimal leg ratio. However, here it is shown that a new
parameter, the initial end effector orientation 𝜙𝑖𝑛𝑖 emerges
when joint angle constraints are considered.

To demonstrate the importance of 𝜙𝑖𝑛𝑖 , an arbitrary set of
symmetric joint angle rotation limits are chosen, |Δ𝜃𝑖 | ≤ 30◦,
|Δ𝜓𝑖 | ≤ 45◦, and |Δ𝜙| ≤ 45◦. For these limits, two architectures
with identical leg ratio and varying initial EE orientation are
investigated to determine if the initial EE orientation affects
the computed workspace volume. As shown in Fig. 3c and
Fig. 3d, varying the initial EE orientation by 50◦ results in an
increase in workspace volume of more than 2500 mm2 · deg,
from 12816.67 mm2 ·deg to 15607.04 mm2 ·deg. This indicates
that the initial EE orientation should be considered as a design
parameter for the general problem of optimizing the workspace
volume of a 3RRR manipulator under joint angle constraints.
Hence, the design space for the optimization problem is defined
by the leg ratio and the initial EE orientation.

A. Optimization Problem
The optimization problem to maximize the workspace

volume of the 3RRR manipulator is formulated as

maximize 𝑊 (𝑙𝑟 , 𝜙𝑖𝑛𝑖)
subject to Δ𝜃𝑚𝑖𝑛 ≤ Δ𝜃𝑖 ≤ Δ𝜃𝑚𝑎𝑥

Δ𝜓𝑚𝑖𝑛 ≤ Δ𝜓𝑖 ≤ Δ𝜓𝑚𝑎𝑥

Δ𝜙𝑚𝑖𝑛 ≤ Δ𝜙 ≤ Δ𝜙𝑚𝑎𝑥

(13)

Thus, the problem is to identify the optimal architecture
(leg ratio 𝑙𝑟 =

𝑙1
𝑙2

and initial EE orientation 𝜙𝑖𝑛𝑖) under a
given set of joint angle rotation constraints, namely, active
joint angle rotation limits [Δ𝜃𝑚𝑖𝑛, Δ𝜃𝑚𝑎𝑥], first passive joint
angle rotation limits [Δ𝜓𝑚𝑖𝑛, Δ𝜓𝑚𝑎𝑥] and second passive
joint angle rotation limits [Δ𝜙𝑚𝑖𝑛, Δ𝜙𝑚𝑎𝑥]. This optimization
problem is solved for a given robot footprint, end effector
size, and total limb length resulting in geometric constraints,
|PQ| = |QR| = |RP| = 32 mm, 𝑙3 = 4.25 mm, and
𝑙1 + 𝑙2 = 32 mm (see Fig. 2). The optimization problem
is solved with a search by evaluating the workspace volume
on the search space 𝑙𝑟 = [0.5, 0.6, . . . , 2.5] and 𝜙𝑖𝑛𝑖 =

[−180◦,−179◦, . . . , 0, . . . , 179◦, 180◦]. Hence, at each node
in the search grid, that is, for a given leg ratio and initial EE
orientation, the workspace volume is generated by computing
individual workspace polygon slabs discretely for all EE ori-
entations in the region, 𝜙𝑖𝑛𝑖 −Δ𝜙𝑚𝑖𝑛 ≤ 𝜙 ≤ 𝜙𝑖𝑛𝑖 +Δ𝜙𝑚𝑎𝑥 . For
example, if 𝜙𝑖𝑛𝑖 = 0◦, and Δ𝜙𝑚𝑖𝑛 = −45◦ and Δ𝜙𝑚𝑎𝑥 = 45◦
(with increments of 1◦), 91 workspace polygon slabs will be
generated (see Fig. 3c) and the total workspace volume is
calculated with Eq. (11). Parallel computing is leveraged to
search the vast search space efficiently.

To properly characterize the significance of joint angle
rotation limits on the optimal architecture parameters, one joint
angle rotation limit is symmetrically (i.e., Δ𝜃𝑚𝑖𝑛 = −Δ𝜃𝑚𝑎𝑥 ,
Δ𝜓𝑚𝑖𝑛 = −Δ𝜓𝑚𝑎𝑥 , and Δ𝜙𝑚𝑖𝑛 = −Δ𝜙𝑚𝑎𝑥 ) varied at a time
for 15◦ increments in the range [0◦, 180◦] while the other two
joint angle rotation limits remain unconstrained. This is done
as the active, first, and second passive joint angle limits would
be determined for a flexure-based parallel robot by the stress
for a particular flexure design and the yield strength of the
flexure material.

B. Results and Discussion
The workspace volume against active joint angle rotation

limits for optimal architectures is presented in Fig. 4a, against
first passive joint angle rotation limits in Fig. 4b, and against
second passive joint angle rotation limits in Fig. 4c. Note that
for the first and second case, for each limit, 2606420 workspace
slabs were generated and analyzed to determine the optimal
architectures. The common trend observed among the three
plots is the increase in workspace volume as the joint angle
rotation limit is increased, as expected since an increase in the
joint angle rotation limit results in a larger allowable motion
of the link.

1) Varying Active Joint Angle Rotation Limits With Un-
constrained First and Second Passive Joints: First, for small
active joint angle rotation limits, the optimal leg ratio starts
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(a) (b)

(c) (d)

(e) (f)

(g)

Fig. 4: Architecture optimization results. (a) Workspace vol-
ume versus active joint angle rotation limits. (b) Workspace
volume versus first passive joint angle rotation limits. (c)
Workspace volume versus second passive joint angle limits.
Optimal architecture surface, (d) for active joint angle rotation
limits, |Δ𝜃𝑖 | ≤ 30◦, (e) for first passive joint angle rotation
limits, |Δ𝜓𝑖 | ≤ 30◦, (f) for second passive joint angle rotation
limits, |Δ𝜙| ≤ 30◦, and (g) for unconstrained joint angles.

at 1.8 and approaches the optimal solution of 1 for an
unconstrained active joint [17] as presented in Fig. 4a. A clear
trend could not be established for the workspace volume versus
initial EE orientation relationship. The expected cause is due
to the fact that the optimal setup for a given set of joint angle
limits is characterized by a single numerical maximum for
workspace volume. However, observing Fig. 4d indicates that
multiple local maxima exist along a line of optimal leg ratio.
That is, more than one architecture with identical leg ratio but
different initial EE orientations emerge as optimal solutions.
For certain combinations of joint angle rotation limits, the
optimal architecture based on the numerical maximum results
in physical crossover between links and the EE. Since the
flexure-based parallel robot is fabricated monolithically, a
coplanar design is adopted, that is the links and EE are
fabricated in the same plane. Therefore, the architecture that
maximizes the computed workspace volume and does not
portray a physical crossover is chosen as the optimal and

feasible setup.
Second, as the active joint angle limits approach 180◦, the

significance of initial EE orientation decreases. This local trend
is evident when observing the workspace volume versus the
architecture search grid results for symmetric active joint angle
limits of 30◦ (see Fig. 4d) and for unconstrained active joint
angles (see Fig. 4g). As seen in Fig. 4d, two local maxima
are seen for the general optimization problem gradually
approaching a single global solution for the unconstrained case
as shown in Fig. 4g. Specifically, for small joint angle limits
two or more workspace volume peaks are observed, and as the
joint angle limits increases, the peaks combine to yield a single
optimal solution.

Lastly, the workspace volume gradually increases and attains
a peak when the angles are unconstrained as shown in Fig. 4a.
Additionally, active joint angle rotation limits result in the
largest variation in the optimal architecture parameters from
𝑙𝑟 = 1.8, 𝜙𝑖𝑛𝑖 = −130◦ for |Δ𝜃𝑖 | ≤ 15◦ to 𝑙𝑟 = 1, for all 𝜙𝑖𝑛𝑖 for
|Δ𝜃𝑖 | unconstrained, which implies that the active joint angle
limits are, unsurprisingly, the most significant.

The optimal solution for active joint angle rotation limits of
|Δ𝜃𝑖 | ≤ 30◦ is 𝑙𝑟 = 1.6 and 𝜙𝑖𝑛𝑖 = −28◦ is depicted in Fig. 5a
and the optimal solution of 𝑙𝑟 = 1 and 𝜙𝑖𝑛𝑖 = 0◦ from [17] is
depicted in Fig. 5c. Note that, in [17], 𝜙𝑖𝑛𝑖 was not considered
as an architecture parameter as the joints were unconstrained,
and as stated above, for the unconstrained case any 𝜙𝑖𝑛𝑖 is
an optimal setup with 𝑙𝑟 = 1 and can be chosen as 0◦ for
convenience with the reference solution with 𝑙𝑟 = 1.

For the setup in Fig. 5a, the first links are significantly longer
than the second links due to the active joint angle rotation
constraint imposed. The active joint angle rotation limits are
counteracted by the large first link length, therefore maintaining
a large first link stroke. The computed workspace volume for the
optimal setups from this work and with the reference solution is
shown in Fig. 6a. Numerically, the optimal setup from this work
yielded almost double the computed workspace volume with
𝑙𝑟 = 1.6 and 𝜙𝑖𝑛𝑖 = −28◦ (see Fig. 5a) which resulted in 𝑊 =

71055.75 mm2 ·deg and the reference solution architecture with
𝑙𝑟 = 1 and 𝜙𝑖𝑛𝑖 = 0◦ (see Fig. 5c) resulted in 𝑊 = 37200.46
mm2 ·deg. Visually, the workspace slabs of the optimal solution
found here encompasses the reference solution as shown in
Fig. 6a.

2) Varying First Passive Joint Angle Rotation Limits With
Unconstrained Active, and Second Passive Joints: The opti-
mal leg ratio in this case does not vary from one however the
initial EE orientation varies as seen in Fig. 4b. Hence the leg
ratio does not depend on first passive joint angle rotation limits
from the results. Furthermore, unlike the active joint angle
rotation limit case, the workspace volume peaks at first passive
joint angle rotation limits of 90◦ and remains consistent for
limits above this as shown in Fig. 4b.

Locally, for symmetric first passive joint angle rotation limits
of 30◦ (see Fig. 4e), two exact optimal solutions always emerge
for all the considered limits, unlike the active joint angle limit
case where more than two solutions emerge and the number of
solutions varies with the limits. Note that these solutions have
the same leg ratio but symmetric initial EE orientation values.
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(a) (b)

(c) (d)

Fig. 5: Depiction of the optimal kinematic architecture for (a)
active joint angle rotation limits of |Δ𝜃𝑖 | ≤ 30◦ and other two
joints unlimited, with 𝑙𝑟 = 1.6 and 𝜙𝑖𝑛𝑖 = −28◦, (b) first passive
joint angle rotation limits of |Δ𝜓𝑖 | ≤ 30◦ and other two joints
unlimited, with 𝑙𝑟 = 1 and 𝜙𝑖𝑛𝑖 = 78◦, (c) reference solution
or second passive joint angle rotation limits of |Δ𝜙 | ≤ 30◦ and
other two joints unlimited, with 𝑙𝑟 = 1 and 𝜙𝑖𝑛𝑖 = 0◦, and (d) is
the final design when all three joint angle rotations are limited
to ±30◦, resulting in 𝑙𝑟 = 1.2 and 𝜙𝑖𝑛𝑖 = 9◦.

That is the peaks in Fig. 4e are symmetric about 𝜙𝑖𝑛𝑖 = 0◦.
For small joint angle limits, the optimal solutions are closer
to 𝜙𝑖𝑛𝑖 = 0◦ and gradually spread out towards either end of
the Y-axis (initial EE orientation) (for an example see Fig. 4e)
until the symmetric joint angle limit is at 105◦. As the limit
approaches the unconstrained case, the surface unfolds into a
single global solution which is shown in Fig. 4g.

The optimal kinematic architecture solution for the first
passive joint angle rotation limit of |Δ𝜓𝑖 | ≤ 30◦ is 𝑙𝑟 = 1
and 𝜙𝑖𝑛𝑖 = 78◦ and is presented in Fig. 5b which is compared
against the reference solution architecture depicted in Fig. 5c.
The comparison is made by observing the workspace volume
as shown in Fig. 6b. Numerically, the optimal setup found here
yielded a computed workspace volume of𝑊 = 33664.47 mm2 ·
deg in comparison to the workspace volume of the reference
solution of𝑊 = 21493.19 mm2 ·deg. Importantly, note that the
reference solution allows EE rotations of Δ𝜙 = [−123◦, 123◦]
while the optimal setup found here can manipulate across the
full range of EE rotations Δ𝜙 = [−180◦, 180◦] as shown in
Fig. 6b.

3) Varying Second Passive Joint Angle Rotation Limits
With Unconstrained Active, and First Passive joints: The
second passive joint angle rotation limit appears to be the least
relevant with regards to the optimal architecture. As shown
in Fig. 4c, the optimal architecture remains consistent for all
tested joint angles at a leg ratio of 1 and an initial EE orientation
of 0◦. Additionally, the workspace volume gradually increases

(a) (b) (c) (d)

Fig. 6: Comparison of computed workspace volume of the
reference solution versus the optimal architecture found here:
(a) with active joint angle rotation limits of |Δ𝜃𝑖 | ≤ 30◦ and
other two joints unlimited, (b) with first passive joint angle
rotation limits of |Δ𝜓𝑖 | ≤ 30◦ and other two joints unlimited,
(c) with second passive joint angle rotation limits of |Δ𝜙| ≤ 30◦
and other two joints unlimited, and (d) with all three joint angle
rotations limited to ±30◦.

and peaks at the unconstrained case as shown in Fig.4c.
Upon closer inspection of Fig. 4f, only a single optimal

solution emerges for all tested rotation limits. The surface
presented in Fig. 4f is consistently maintained throughout all
joint angle rotation limits until the last unconstrained case
which results in Fig. 4g. The optimal kinematic architecture
solution for second passive joint angle rotation limit of
|Δ𝜙| ≤ 30◦ is identical to the reference solution with 𝑙𝑟 = 1 and
𝜙𝑖𝑛𝑖 = 0◦ as depicted in Fig. 5c. Consequently, the computed
workspace volume is identical at 𝑊 = 68595.17 mm2 · deg as
shown in Fig. 6c.

Thus, from the variation seen in the optimal architecture
parameters and the gain in workspace volume, the active joint
angle rotation limits emerge as the most significant constraint
in this study.

4) Implementation for a Flexure-Based Parallel Robot:
The active joint angle rotation is limited by the achievable
rotation with the piezoelectric actuator through the compliant
transmission to ±30◦ [10]. The other two constraints, namely
the first and second passive joint angle rotation limits are
assumed to be identical to the active joint angle rotation limits
for this study as an assumption.

Therefore, the optimization problem is solved for a flexure-
based parallel robot, in which, the joint angle rotation con-
straints are limited to Δ𝜃𝑚𝑖𝑛 = Δ𝜓𝑚𝑖𝑛 = Δ𝜙𝑚𝑖𝑛 = −30◦
and Δ𝜃𝑚𝑎𝑥 = Δ𝜓𝑚𝑎𝑥 = Δ𝜙𝑚𝑎𝑥 = 30◦. The workspace
optimization generates 440420 workspace slabs and produces
an optimal architecture with 𝑙𝑟 = 1.2 and 𝜙𝑖𝑛𝑖 = 9◦ with
a computed workspace volume of 9191.08 mm2 · deg. The
workspace volume is compared against the reference solution
which yields a workspace volume of 8342.29 mm2 · deg as
shown in Fig. 6d. Hence, an improvement of approximately
850 mm2 · deg is observed in the workspace volume from this
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optimization framework for a flexure-based parallel robot.

IV. Conclusion
Parallel robots with flexure joints result in significantly

reduced rotations of the robot joints. In particular driving the
robot through a flexure-based transmission mechanism with
piezoelectric actuators. This necessitates optimizing the robot
structure to achieve the largest total workspace. Here, a novel
and efficient planar workspace evaluation method based on a
modified Moore boundary following algorithm is presented.

The joint angle rotation limits imposed revealed that the
initial EE orientation has to be considered as a design parameter
for the optimization of the workspace volume. With this, the
manipulator architecture is optimized through a search on leg
ratio and initial EE orientation while considering active and
passive joint angle limits. The joint angle limits, in order
of relevance to the optimal architecture parameters are, the
active joint angle limits, followed by the first passive joint
angle limits, and lastly the second passive joint angle limits.
This conclusion is adopted for a flexure-based parallel robot
by assuming identical limits for all three joints and the final
optimal architecture of a 3RRR flexure-based parallel robot
was determined to have a leg ratio of 1.2, an initial EE
orientation of 9◦ with an increase in workspace volume of
850 mm2 · deg over the reference solution.

Future works, includes better characterizing the relationship
between joint angle rotation limits and optimal architecture pa-
rameters, optimizing on the tradeoff against natural frequency,
and alternative performance metrics.
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