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Abstract— Level set methods underpin modern safety tech-
niques such as control barrier functions (CBFs), while also
serving as implicit surface representations for geometric shapes
via distance fields. Inspired by these two paradigms, we propose
a unified framework where the implicit surface itself acts as
a CBF. We leverage Gaussian process (GP) implicit surface
(GPIS) to represent the safety boundaries, using safety samples
which are derived from sensor measurements to condition
the GP. The GP posterior mean defines the implicit safety
surface (safety belief), while the posterior variance provides a
robust safety margin. Although GPs have favorable properties
such as uncertainty estimation and analytical tractability, they
scale cubically with data. To alleviate this issue, we develop a
sparse solution called sparse Gaussian CBFs. To the best of our
knowledge, GPIS have not been explicitly used to synthesize
CBFs. We validate the approach on collision avoidance tasks in
two settings: a simulated 7-DOF manipulator operating around
the Stanford bunny, and a quadrotor navigating in 3D around a
physical chair. In both cases, Gaussian CBFs (with and without
sparsity) enable safe interaction and collision-free execution of
trajectories that would otherwise intersect the objects. The ex-
periment video link is: https://youtu.be/1XjaU3ulOVE.

I. INTRODUCTION

Safety-critical robotic systems are rapidly expanding

across domains such as medicine, agriculture, warehouses,

disaster response, and defense, where dependability is crucial

since failures can endanger lives and cause major economic

loss. Control barrier functions (CBFs), a level-set approach

to enforcing safety [1], have been demonstrated on legged

robots [2], [3], aerial vehicles [4], [5], manipulators [6].

CBFs guarantee forward invariance of a prescribed safe set

using three elements: a candidate scalar function, a nominal

system model, and a nominal control input. The candidate’s

0-superlevel set defines the CBF, from which quadratic

program (QP) constraints rectify the nominal input into a safe

control. However, most CBFs are hand-crafted from domain

knowledge and heuristics, which is often infeasible in many

real-world applications. This motivates our goal of achieving

safe control for dynamical systems, particularly robots, by

constructing CBFs through a data-driven approach.

Data-driven approaches for constructing CBFs are actively

pursued. Expert demonstrations of state and control trajec-

tories have been used to generate CBFs [7], but relying on

such demonstrations is impractical in unseen environments,
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and these methods lack hardware validation. Neural certifi-

cates have also been proposed [8], [9], providing formal

correctness guarantees to learning-based controllers, yet they

remain limited to offline training and simulation. Episodic

learning has been applied to update controllers under safety

constraints [10], but the focus was on modeling system

uncertainty rather than constructing CBFs. Support vector

machines have been used to characterize CBFs from sensor

data [11], though they require carefully tuned weights and

were demonstrated only in 2D simulation. CBFs have also

been constructed directly from point cloud observations

using geometric robot-envelope models [12]. Gaussian pro-

cesses (GPs) have been used to synthesize CBFs directly

from data [13]. Other studies involved using Bayesian meta-

learning for fast adaptation across environments in simulation

[14], and a LiDAR-based GP-CBF for 2D navigation of

unicycle robots [15]. In contrast to [12], [13], [14], [15], we

characterize safe implicit surfaces in 3D using GPs, introduce

sparse Gaussian CBFs to reduce complexity while retaining

safety guarantees, and provide hardware results in 3D.

To construct CBFs in 3D from data, we draw on signed

distance functions (SDFs) as implicit surface representations.

An SDF determines whether a point x ∈ Ω lies inside

or outside the set, and has been shown to be a natural

representation for navigation and planning [16]. SDFs have

also been used to construct CBFs with memory [17], though

only with 2D sensing and in simulation. In contrast, we

employ Gaussian processes (GPs) to form GP implicit sur-

faces (GPIS) [18], which have been studied for surface

representation, navigation, shape estimation, and grasping

[19], [20], [21], [22]. To the best of our knowledge, GPIS has

not been explicitly used to synthesize CBFs. Motivated by

SDFs for surface representation and CBFs for safe control,

we propose a unified framework that directly infers implicit

surfaces while enforcing safety control.

In summary, our major contributions are the following:

• We introduce a unified approach for implicit surface

representation and safe control, where a GPIS serves as

the candidate CBF. To our knowledge, GPIS have not

previously been used for synthesizing safe control.

• We develop sparse Gaussian CBFs, which retain the un-

certainty estimation and analytical tractability of Gaus-

sian CBFs while reducing computational complexity.

• We validate the approach in both simulation and hard-

ware: a 7-DOF robotic manipulator and a quadrotor

platform. We believe this is the first work to demonstrate

collision avoidance based safe control through implicit

surface based CBFs on hardware.
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II. BACKGROUND PRELIMINARIES

We model safety for a dynamical system using GPs as

smooth surfaces, combining CBFs and GPIS to design prob-

abilistic implicit surfaces. Below, we briefly review CBFs,

GPs, and implicit surfaces (see [23], [24], [25] for details).

A. Control Barrier Function

Consider a general control affine dynamical system,

ẋ = f(x) + g(x)u, (1)

where x(t) ∈ R
n is the state and u(t) ∈ R

m is the control

input, f : Rn → R
n and g : Rn → R

n×m are assumed to be

locally Lipschitz continuous. Let safety for (1) be encoded

as the superlevel set S of a smooth function h : Rn → R as,

S = {x ∈ R
n | h(x) ≥ 0}. (2)

Definition 1 (Control Barrier Function [23]). The function

h(x) : R
n → R is defined as a control barrier function

(CBF), if there exists an extended class-κ function α (α(0) =
0 and strictly increasing) such that for any x ∈ S ,

sup
u∈Rm

Lfh(x) + Lgh(x)u+ α(h(x)) ≥ 0, (3)

where Lfh(x) =
∂h
∂xf(x) and Lgh(x) =

∂h
∂xg(x) are the Lie

derivatives of h(x) along f(x) and g(x) respectively.

B. Implicit Surfaces

An implicit surface represents the shape of a volumetric

object in n-dimensional Euclidean space via a function that

determines whether a point belongs to the object. Formally,

it is defined as the 0-level set (isosurface) of a real-valued

implicit function fis : R
n → R for x ∈ R

n:

fis(x)







> 0, x outside the surface

= 0, x on the surface .

< 0, x inside the surface

(4)

The 0-level set f−1
is (0) of an implicit function fis defines

a surface S ⊂ R
n, which in our case represents the safety

boundary. Conversely, for any surface S in R
n, there exists

a function fis : Rn → R such that f−1
is (0) = S (Prop. 2

in [26]). Hence, given samples on S , one can construct fis.
We approximate the implicit surface of a volumetric object

in d = 3 (d ≤ n) using a GP regressor, referred to in the

literature as a Gaussian Process Implicit Surface (GPIS).

C. Gaussian Process Regression

GP regression is a well established nonparametric ap-

proach which relies on kernels for solving non-linear regres-

sion tasks. Kernels provide a notion of similarity between

pairs of input points, xi,xj ∈ R
n. A popular kernel is the

squared exponential (SE) kernel given by,

k(xi,xj)= σ2
f exp

(

− (xi − xj)
⊤L−2(xi − xj)

2

)

+δijσ
2
y, (5)

where δij = 1 if i = j and 0 otherwise, l ∈ R
n is the

characteristic length scale, with L = diag(l) ∈ R
n×n. The

signal scale and observation noise are σ2
f and σ2

y respectively.

Volumetric Object Safety Samples Sparse Gaussian CBFSparse Samples

Fig. 1: The safety surface of a volumetric object of interest

is modeled as a sparse Gaussian CBF using safety samples.

Together, these parameters constitute the SE kernel’s hyper-

parameters, Θ = {L, σ2
f , σ

2
y}. These hyperparameters for a

dataset can be optimized by maximizing the log marginal

likelihood using quasi-Newton methods [24].

We are interested in constructing an implicit surface,

which will later be our safety function of interest, for which

we will carefully design scalar targets y in Section IV-A.

Given a set of N data points, with input vectors x ∈ R
n,

and scalar targets y ∈ R, we compose the dataset DN =
{XN ,yN}, where XN = {xi}Ni=1 and yN = {yi}Ni=1.

GPs can compute the posterior mean and variance for an

arbitrary deterministic query point x∗ ∈ R
n, by conditioning

on previous measurements. The posterior mean µ ∈ R and

variance σ2 ∈ R are [24],

µ(x∗) = k(x∗)
⊤ K

−1
yN , (6)

σ2(x∗) = k(x∗,x∗)− k(x∗)
⊤ K

−1
k(x∗), (7)

where k(x∗) =
[
k(x1,x∗), . . . , k(xN ,x∗)

]⊤ ∈ R
N is

the covariance vector between XN and x∗, K ∈ R
N×N ,

with entries [k](i,j) = k(xi,xj), i, j ∈ {1, . . . , N}, is the

covariance matrix between pairs of input points in XN , and

k(x∗,x∗) ∈ R is the prior covariance.

III. PROBLEM STATEMENT

Given a dynamical system (1) and a 3D object, our goal

is to recover the object’s surface using GPs and perform

collision avoidance through safe control. The surface is

learned from on- and off-surface points derived from sensor

data, which we term safety samples (Fig. 1), and these

samples define the Gaussian CBF.

Assumption 1. We assume access to sensor data providing

surface points and normals of the object.

This assumption is reasonable, since many sensing modal-

ities (e.g., laser, haptic, or vision-based) provide point clouds

and surface normals [21].

Remark 1. Safety surface is modeled in d = 3 (Euclidean

space) while the system state x ∈ R
n with d ≤ n, the (n−d)

free dimensions can be set to zero during GP training.

fis(x)
︸ ︷︷ ︸

Implicit Surface

= hsgp(x)
︸ ︷︷ ︸

Sparse Gaussian CBF

:= hb(x)
︸ ︷︷ ︸

Safety Belief

+ hu(x)
︸ ︷︷ ︸

Safety Margin

. (8)

The sparse Gaussian CBF provides an implicit surface

approximation of a volumetric object. Because this surface is

data-driven, it is necessary to include a safety margin in the

safety function estimate, especially when exploiting sparsity,

where uncertainty must be addressed. The safety belief
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denotes the best estimate of system safety (or the implicit

surface), while the safety margin captures uncertainty in the

estimate, increasing in regions with limited data.

Problem 1. Given system (1) and online measurements of

the system state x∗, synthesize hsgp(x) to model an implicit

surface with a safety belief and associated safety uncertainty,

conditioned on past safety samples and observations for a

volumetric object in the dataset, DN = {XN ,yN}, where

XN={xi}Ni=1 and yN={yi}Ni=1, such that system (1) is safe.

Given a nominal controller, the system may not be safe

under its influence. Hence, we want to modify the nominal

input using the synthesized hsgp(x) to achieve safety.

Assumption 2. We assume a nominal control input unom

exists that drives system (1) state x to a desired state xdes.

Problem 2. Given system (1), the synthesized hsgp(x) with

safe set S , and nominal control input unom ∈ R
m, rectify

the control input urect ∈ R
m ensuring system (1) is safe.

However, designing urect with a nonparametric CBF is

difficult, since Lie derivatives are ill-posed without assump-

tions. We address this by using a kernel representation to

encode both the safety belief and its margin.

IV. PROPOSED METHODOLOGY

Here, we present our approach to approximate the GPIS

fis with a sparse Gaussian CBF hsgp(x). GPs are preferable

to models such as neural networks, polynomial chaos, or

radial basis functions because their Bayesian nonparamet-

ric formulation provides flexible priors and closed-form

probabilistic posterior estimates. Moreover, GPs naturally

yield uncertainty through posterior variance, whereas neural

networks require careful design to capture uncertainty [27].

A. Data Processing

Given Ns sensor measurements in an n-dimensional Eu-

clidean space, P ∈ R
Ns×n×R

Ns×n denotes the set of point

cloud data and corresponding surface normals. The point

cloud gives the on-surface points, while off-surface points,

both external and internal, are generated using the surface

normals; collectively called safety samples,

Ωext := { x+ | fis(x+) > 0}
Ω0 := { x0 | fis(x0) = 0} .

Ωint := { x− | fis(x−) < 0}
Since only the point cloud coordinates and surface normals

in P are available, we construct the sets Ω0, Ωext, and Ωint.

• Ω0 is formed by taking N0 points from the point cloud

P (N0 ≤ Ns), each labeled with 0, i.e., yN0
= {0}N0

i=1.

• Ωext is formed by taking N+ synthetic points (N+ <
N0) along the surface normals with a fixed offset.

• Ωint is formed by creating N− points (N− ≤ N+) in

the opposite normal direction.

• Targets are +1 for Ωext and −1 for Ωint, creating the

labels, yN+ = {+1}N+

i=1 and yN−
= {−1}N−

i=1.

• The GP training set is XN=[x⊤
0 ,x

⊤
+,x

⊤
−]

⊤∈ R
N×n with

labels yN=[yN0
,yN+

,yN−
]⊤, where N=N0+N++N−.

B. Sparse Gaussian Control Barrier Function

We use a GP prior on the desired safety function, hsgp ∼
GP(0, k(x,x′)) where the inputs and targets to the GP are

XN and yN as discussed above. By using the GP prior, we

fully specify the candidate safety function, unlike [28] where

only the posterior variance was modeled by GP. Additionally,

we also present a sparse approximation to our approach.

Assumption 3. The safe set is nonempty with at least one

data point, the initial state x(0) and associated safety value

hsgp(x(0)) ∈ R≥0, to synthesize hsgp.

We assume that the system begins in an initial compact

safe set. Safety for hsgp is encoded as,

S = {x ∈ R
n | hsgp(x) ≥ 0}, (9)

∂S = {x ∈ R
n | hsgp(x) = 0}. (10)

Despite GPs being very powerful regressors, as the dataset

grows larger, they become computationally intractable. GP

prediction complexity has a cost of O(N3). Even if one

stores the covariance matrix to save costs, the complexity

per test case is O(N) for predictive mean and O(N2) for

predictive variance. Hence, many sparse approximations of

GPs have been developed to reduce the complexity cost while

retaining accuracy [29], [30], [31]. We focus on the variant

called Sparse Pseudo-Input Gaussian Process (SPGP) [30].

Here, we simply present its mean and variance:

µ(x∗) = k⊤
M (x∗) Q

−1
M KMN

(
ΛN + σ2

yIN
)−1

yN (11)

σ2(x∗) = k(x∗,x∗)− k⊤
M (x∗)PMkM (x∗), (12)

where kM (x∗)=
[
k(x1,x∗), . . . , k(xM ,x∗)

]⊤∈ R
M is the

covariance between XM and x∗, QM = K⊤
NM

(
ΛN +

σ2
yIN

)−1
KNM + KM ∈ R

M×M , ΛN = diag
[
KN −

KNM K −1
M KMN

]
∈ R

N×N is a diagonal matrix,

KM ∈ R
M×M is the covariance between pairs of pseudo-

inputs XM , PM = K −1
M − Q −1

M , and
[
KNM

]

(i,j)
=

k(xi,xj), i ∈ {1, ..., N}, j ∈ {1, ...,M} is the covariance

matrix between XN and XM . Computation cost for QM

is dominated by the inversion operation which is O(M2N)
[30]. By precomputing the inverse, the cost per test case

is O(M) and O(M2) for predictive mean and variance

respectively. We can jointly optimize for the kernel hyperpa-

rameters, Θ, and pseudo-inputs, XM , by maximizing the log

marginal likelihood using quasi-Newton gradient methods:

log p(y | X,X) =
−N log(2π) + log |KN |+ yNK

−1

N yN

2
(13)

We propose the following sparse Gaussian CBF hsgp(x)
which models both the safety belief and associated margin

using the sparse predictive mean (11) and variance (12),

hsgp(x) := µ(x) + σ2(x)

= k⊤
M (x)QMNyN

︸ ︷︷ ︸

safety belief

+ k(x,x)− k⊤
M (x)PMkM (x)

︸ ︷︷ ︸

safety margin

,

(14)
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where QMN = Q−1
M KMN

(
ΛN + σ2

yIN
)−1 ∈ R

M×N . As

can be seen from the formulation above, we fully realize

the safety function using GPs, as well as exploit sparsity, to

model any arbitrary volumetric object in an n-dimensional

Euclidean space while addressing safety. The admissible

control space for the sparse Gaussian CBF ensures that

the system (1) remains forward invariant in the safe set

characterized by hsgp (Theorem 1 in [23]).

Remark 2. Sparse Gaussian CBFs offer several advantages

for modeling implicit surfaces with safety considerations.

First, sensor data directly informs the safety function, en-

abling data-driven surfaces rather than hand-crafted candi-

dates. Second, GPs yield posterior variance, providing prin-

cipled uncertainty estimates for predictions. Third, sparsity

ensures real-time feasibility when handling large datasets.

C. Lie Derivatives of Sparse Gaussian CBF

To achieve safe control using sparse Gaussian CBFs, we

require the necessary Lie derivatives for ensuring forward

invariance in the safe set. A key advantage of using GPs

is the use of kernel representations. This makes it easy to

compute the partial derivatives in closed-form analytically

for the safety belief and margin using (11), (12). The partial

derivative of (14) with respect to x at a query point x∗ is,

∂hsgp(x)

∂x

∣
∣
∣
∣
x∗

=
∂µ(x)

∂x

∣
∣
∣
∣
x∗

+
∂σ2(x)

∂x

∣
∣
∣
∣
x∗

=

(

y⊤
NQNM − 2k⊤

M (x∗)PM

)
∂kM (x)

∂x

∣
∣
∣
∣
x∗

, (15)

where QMN and PM are defined in (14). The derivative of

the SE kernel (5) in (15) is given by,

∂kM(i)(x)

∂x

∣
∣
∣
∣
x∗

= (x(i) − x∗)
⊤ k(x(i),x∗)L

−2, (16)

where k(i) is the ith element of kM (x), and (16) is the

ith row of
∂kM (x)

∂x ∈ R
M×n. Now, we can compute the Lie

derivatives of hsgp(x) by taking its time derivative as follows,

ḣsgp(x) =
∂hsgp(x)

∂x
f(x) +

∂hsgp(x)

∂x
g(x)u

= Lfhsgp(x) + Lghsgp(x)u, (17)

where (15) is used to get Lfhsgp(x) and Lghsgp(x).

D. Safe Control using Sparse Gaussian CBF

Given unom and xdes outside the safe set S , the sys-

tem would exit S and violate safety. To ensure forward

invariance, unom is rectified by solving an online QP with

constraints from the Lie derivatives in (17) [23]:

Sparse Gaussian CBF QP: Input modification

urect = argmin
u∈Rm

1

2

∥
∥u− unom

∥
∥
2

subject to (18)

Lfhsgp(x) + Lghsgp(x)u+ α(hsgp(x)) ≥ 0,

where urect is the rectified control input. This guarantees

forward invariance of the system within the safe set S . The

procedure for generating the safe control input using the

synthesized CBF is summarized in Algorithm 1.

Algorithm 1 Sparse Gaussian CBF Synthesis & Safe Control

Input:

SYSTEM (1) & NOMINAL INPUT unom

GP PRIOR hsgp(x) ∼ GP(0, k(x,x′))
DATASET DN & number of pseudo-points M

1: procedure SAFECONTROL

2: INITIALIZE DM = {XM ,yM} randomly from DN

3: OPTIMIZE hsgp(XN ,yN ;XM ,yM ) using (13)

4: SYNTHESIZE hsgp(XN ,yN ) using (14)

5: COMPUTE
∂hsgp(x)

∂x using (15) & (16)

6: SETUP QP constraint using (1) & (17)

7: RECTIFY unom using (18)

return urect

A subset of DN is first sampled to initialize the pseudo-

dataset DM . Hyperparameters and pseudo-inputs are opti-

mized in step 3, followed by the synthesis of the sparse

Gaussian CBF in step 4, which defines the safety surface

for control. The corresponding derivatives are computed in

steps 5–6 to construct the QP constraint, and the nominal

control input is rectified in step 7.

Remark 3. Owing to its nonparametric nature, the sparse

Gaussian CBF can be treated as a black-box model for

control synthesis, allowing Algorithm 1 to operate without

requiring an explicit reformulation of the Lie derivatives.

Unlike traditional CBFs, where altering the function changes

the derivative form, Gaussian CBFs preserve the same

structure, with their characterization depending only on the

data and the dynamical system.

V. TEST CASE I : MANIPULATOR SIMULATION

We apply Gaussian CBFs, with and without sparsity, to

control a 7-DOF robot manipulator in simulation. Such

manipulators are widely used in warehouses, manufacturing,

and medicine, where safe manipulation is essential.

A. Stanford Bunny Implicit Surface Modeling

We model the Stanford bunny surface as the safe set

boundary using both full and sparse GPs. The bunny, a

Fig. 2: The Stanford bunny defines the safe set boundary

via Gaussian CBFs: (left) point cloud with surface normals,

(middle) Gaussian CBF, (right) sparse Gaussian CBF.
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standard 3D graphics test model, provides a complex non-

convex geometry for safety evaluation. From 34,817 data

points, we down-sampled to 3,500 and scaled the model to

a 0.45m× 0.45m× 0.55m cuboid.

1) Offline Training: The safety function is synthesized as

the implicit surface of the bunny, with the Gaussian CBF

formulation given in Section V-C. Training was performed

with the gpml toolbox [32] on an Intel i7-9800X CPU

(16 GB RAM, 4.4 GHz). For the Gaussian CBF, 2,178
surface points and normals were sampled, giving an average

training time of 14.15s. The sparse Gaussian CBF used one-

fifth of these as pseudo-points, reducing training time to

9.46s. Online training is described in Section V-D. Figure

2 shows the 0-isosurfaces: the Gaussian CBF captures fine

facial contours, while the sparse variant preserves shape with

less detail, showing the accuracy–speed trade-off.

2) Evaluation Metric: We quantify the modeling perfor-

mance using the Chamfer distance, a symmetric metric that

measures the distance between two point clouds P1 and P2

sampled from the surfaces.

dch(P1,P2)=
∑

x∈P1

argmin
y∈P2

∥
∥x− y

∥
∥+

∑

y∈P2

argmin
x∈P1

∥
∥y − x

∥
∥(19)

We compute the Chamfer distance between the bunny

point cloud Pbunny and the 0-isosurfaces of hgp and hsgp, ob-

taining dch(Pbunny,Pgp) = 0.011 and dch(Pbunny,Psgp) =
0.042. These values indicate good surface approximation,

with the GP capturing finer detail than the sparse model.

B. Robot Manipulator Kinematics

We control a 7-DOF manipulator’s end-effector around

complex volumetric objects (e.g., the bunny) using kinematic

control with direct joint-velocity inputs. The dynamics are

q̇ = u, unom = q̇ref , (20)

where q ∈ R
7 are the joint positions and u ∈ R

7 the control

inputs. Reference velocities are obtained by interpolating the

end-effector’s homogeneous transformation matrix between

initial and desired poses. We simulate the Kinova Gen3 ma-

nipulator in MATLAB’s Robotic Systems Toolbox, creating

trajectories that pass through the bunny. The synthesized

CBFs and reference trajectories are shown in Figure 3.

C. Safe Kinematic Control Synthesis for Manipulator

We rectify the nominal joint-velocity control to enforce

safety while the manipulator tracks its reference trajectory

around the bunny without collision. Safety is ensured using

Gaussian CBFs (with and without sparsity) trained to repre-

sent the bunny’s implicit surface. Each candidate CBF is

h(·)(x) = µ(x) + 4σ2(x), (21)

ḣ(·)(x) =
∂h(·)(x)

∂x

∂x

∂q
q̇ =

∂h(·)(x)

∂x
J(q)q̇ , (22)

where h(·)(x)’s 0-isosurface is the bunny, J(q) : R7 → R
3×7

is the manipulator Jacobian, and
∂h(·)(x)

∂x is computed from

Fig. 3: The reference trajectory passes through the bunny’s

back and ear regions for both synthesized CBFs without (left)

and with (right) sparsity.

(15) (sparse GP) or (6)–(7) (regular GP). The QP safety

constraint is,

∂h(·)(x)

∂x
J(q)

︸ ︷︷ ︸

Lgh(·)(x)

q̇
︸︷︷︸

u

≥ −k0h(·)(x). (23)

With the Lie derivatives, and the decision variable, u = q̇,

appearing linearly in the inequality (23), we can rectify the

nominal control, unom = q̇ref , using the QP in (18).

D. Simulation Scenario : Proximal Sensing of the Bunny

In practice, robots must sense obstacles and avoid colli-

sions online. However, training and generating the implicit

surfaces offline is too slow; instead, we learn Gaussian CBF

implicit surfaces directly from local data in real time.

Assumption 4. The proximal sensor can sense samples

within its field-of-view (FOV) and scanning range, and

provide the point cloud locations and surface normals.

1) Proximal Sensing: We equip the manipulator’s end-

effector with a sensor, modeled as a 3D LiDAR using a

spherical cone configuration (110◦ FOV, 0.8m range). A

sample is detected if it is within the FOV and scanning range.

2) Online Training & Rectification: The rectified control

law is applied for both the Gaussian CBFs (Fig. 3). The

manipulator follows the reference trajectory when safe, but

relaxes tracking near the bunny to avoid collisions. Gaussian

CBFs are trained online as samples arrive from local sensing:

a local dataset is created if ≥ 100 points are detected, where

half the points are used as pseudo-inputs for sparse GP. The

full GP formed 48 datasets with an average training time

of 124ms, while the sparse GP formed 53 datasets with

52ms. Figure 4 also shows the time plots of the CBFs, which

are always non-negative, indicating no safety violations.

The average per-query inference time at the end-effector is

approximately 5ms for both models.

3) Discussion: Figure 5 shows four simulation instances

for both the synthesized CBFs. As expected, Gaussian CBF

yields finer isosurfaces than the sparse variant. For example,

Gaussian CBF captures the bunny’s neck and ear more

precisely than the sparse Gaussian CBF. Yet the sparse model

still delineates the safety boundary and prevents collisions.
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Fig. 4: The training times per local dataset are shown for both

the CBFs (top). The time plots (bottom) are non-negative,

indicating no safety violations occurred.

Fig. 5: (Left) Gaussian CBFs trained online from local point

cloud samples (white discs). (Right) Sparse Gaussian CBFs

using pseudo-inputs (black discs) with local data; both show

0-isosurfaces modeling the bunny surface.

Notice that the data-driven generation of the CBFs is not

limited to convex or connected surfaces. Disconnected iso-

surfaces can also be modeled using GPs.

VI. TEST CASE II : 3D QUADROTOR HARDWARE

We next validate our method on a hardware quadrotor, a

challenging platform due to its nonlinear, inherently unstable

dynamics. We construct implicit surfaces as Gaussian CBFs

from sensed data and apply them for safe control, ensuring

collision avoidance around a chair.

A. Experimental Hardware Overview

We use the Crazyflie 2.1, a 27g open-source quadrotor

with a 15g payload limit. Due to its limited payload limit,

it is unsuitable for any onboard depth sensing; thus, we

generate Gaussian CBF surfaces offline. State estimation runs

onboard aided with the help of an external infrared posi-

tioning system, which requires line-of-sight. For collision-

avoidance experiments we use an IKEA ADDE chair, chosen

for its large backrest gap with multiple holes, enabling state

estimation even when flying beneath or behind it (otherwise

the lighthouse signal is occluded). GP training (with and

without sparsity) and control rectification are executed on

the same ground station as discussed in V-A.

B. Chair Implicit Surface Modeling

We first model the static chair for hardware experiments.

As the Crazyflie cannot carry a depth or 3D LiDAR sensor,

we use virtual point cloud data. The chair’s OBJ file is

processed in MeshLab to extract 10,000 point and surface

normal samples. We train a GP with the Matérn kernel (a

generalization of the SE kernel) using ν = 3/2:

kν=3/2(xi,xj) = σ2
f

(
1 + t

)
exp

(
− t

)
+ δijσ

2
ω, (24)

where t =
√
3 ∥ xi−xj∥

l ∈ R≥0, xi,xj ∈ R
n, i, j ∈

{1, . . . , N}, N is the number of samples, and σf ∈ R,

l ∈ R, σω are signal variance, length scale, and signal

noise hyperparameters respectively. Unlike the SE kernel,

which assumes infinite smoothness and may be unrealistic for

physical phenomena, the Matérn class allows explicit control

of smoothness and better captures real-world structures [33].

We downsample the chair’s point cloud to 2,201 points and

use one-third as pseudo-inputs for the sparse GP. Training

times were 4.8s for GP and 2.72s for the sparse GP, with 15
iterations of optimization defined in (13).

We use the same CBF candidate as (21). Figure 6 shows

the point cloud with surface normals and the GP-based

implicit surfaces used as Gaussian CBFs. Gaps smaller than

0.05m are ignored since the quadrotor cannot pass through

them. The resulting Chamfer distances using (19) between

Pchair and Pgp/Psgp are 0.078m and 0.0952m, respectively.

C. Matérn Kernel and Partial Derivatives

Here, we provide the equations of Matérn kernel’s Jaco-

bian and Hessian for parameter ν = 3/2. The first and second

Fig. 6: The chair is modeled as the safe set boundary with

Gaussian CBFs: (left) point cloud and surface normals for

training, (middle) GP and (right) sparse GP implicit surface.
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order partial derivatives of t in (24) with respect to x at a

query point x∗ are,

∂t(x)

∂x

∣
∣
∣
∣
x∗

=

√
3

l

(x∗ − x)⊤

∥x∗ − x∥ , (25)

∂2t(x)

∂x2

∣
∣
∣
∣
x∗

=

√
3

l

I

∥x∗ − x∥ −
√
3

l

(x∗ − x)(x∗ − x)⊤

∥x∗ − x∥3 , (26)

where
∂t(x)
∂x ∈ R

1×n,
∂2t(x)
∂x2 ∈ R

n×n, and I ∈ R
n×n is the

identity matrix. The kernel’s Jacobian and Hessian in (24)

with respect to x at a query point x∗ are,

∂k(x)

∂x

∣
∣
∣
∣
x∗

= −σ2
f t exp(−t)

∂t(x)

∂x

∣
∣
∣
∣
x∗

, (27)

∂2k(x)

∂x2

∣
∣
∣
∣
x∗

= −σ2
f t exp(−t)

∂2t(x)

∂x2

∣
∣
∣
∣
x∗

+ σ2
f (t− 1) exp(−t)

∂t(x)

∂x

⊤∣∣
∣
∣
x∗

∂t(x)

∂x

∣
∣
∣
∣
x∗

, (28)

where (25) and (26) are substituted.

D. Safe Control Synthesis for Quadrotor

We use thrust-attitude setpoints to control the Crazyflie

[34]. We use the same second-order integrator and rectifica-

tion process as [35]. The relative degree for the second-order

integrator is ρ = 2. Hence, the associated Lie derivatives for

the Gaussian CBF (with and without sparsity) in (21) are,

Lfh(·)(x) =
(
∇µ(x)−∇σ2(x)

)⊤
f(x),

L2
fh(·)(x) = α⊤f(x) + β⊤f(x), (29)

LgLfh(·)(x) = α⊤g(x) + β⊤g(x),

where ∇µ(x) = ∂µ(x)
∂x

⊤
and ∇σ2(x) = ∂σ2(x)

∂x

⊤
are

the gradients of GP mean and variance (with and without

sparsity), ∇f(x) = ∂f(x)
∂x is the Jacobian of f(x), α =

f(x)⊤
(
Hµ(x)−Hσ2(x)

)
, and β =

(
∇µ(x)−∇σ2(x)

)⊤ ·
∇f(x). The corresponding Hessians of both Gaussian and

sparse Gaussian CBFs, Hµ(x) and Hσ2(x), are:

Hµgp/sgp
(x) =

∑

i

aigp/sgp
∂2k(i)(x)

∂x2
,

Hσ2
gp/sgp

(x) = −2Agp/sgp − 2
∑

i

bigp/sgp(x)
∂2k(i)(x)

∂x2
,

where aigp and aisgp are the ith entries of y⊤
NK

−1∈ R
1×N

andy⊤
N

(
Q−1

M KMN

(
ΛN + σ2

yIN
)−1)⊤∈R

1×M, respectively.

bigp(x) and bisgp(x) are the ith entries of k(x)⊤K
−1∈ R

1×N

and kM (x)⊤
(
K −1

M −Q −1
M

)
∈ R

1×M , respectively. Agp =

∇k(x)K
−1∇k(x)⊤ ∈ R

N×N , Asgp = ∇kM (x)
(
K−1

M −
Q−1

M

)
∇kM (x)⊤ ∈ R

M×M , ∇k(x) = ∂k(x)
∂x

⊤
∈ R

n×N ,

∇kM (x) = ∂k(x)
∂x

⊤
∈ R

n×M , and
∂2k(i)(x)

∂x2 is the partial

derivative of (16) with respect to x. Since the relative

degree is 2, we adopt higher-order CBFs, in particular the

exponential CBF [1], [36]. Using the Lie derivatives in (29),

we can design a QP of the form (18) to yield rectified control

inputs that guarantee forward invariance of the safe set.

E. Scenario: Safe Autonomous Navigation

In this scenario, the Crazyflie was commanded to follow

unsafe reference trajectories that passed through the chair.

The goal was to track the reference while ensuring safety by

preventing collisions. We synthesized the CBFs across three

separate runs, each using a different unsafe reference tra-

jectory. The references were generated by specifying a final

desired position, with the thrust-attitude controller computing

the desired setpoint at every sampling step. Gaussian CBF

rectification was applied at 50Hz.

We evaluated three unsafe reference trajectories for the

Crazyflie: (i) flying diagonally through the chair legs, (ii)

flying straight through the front-left and rear-left legs, and

(iii) flying directly through the chair’s headrest. These sce-

narios enforced reference paths that would naturally result in

collisions, providing diverse and challenging conditions for

assessing the effectiveness of Gaussian and sparse Gaussian

CBFs in ensuring safe navigation.

Figure 7 shows the flights, CBF temporal plots, and

average per-iteration compute times. In all three runs, the

quadrotor relaxed trajectory tracking when near the chair to

maintain safety, avoiding collisions. The hgp and hsgp traces

are nonnegative, and the average inference time was 11ms
for Gaussian CBF and about 6.5ms for the sparse variant.

VII. CONCLUSION

In summary, we used Gaussian CBFs to construct safe

implicit surfaces, where the surface of a volumetric object is

defined as the boundary of the safe set. We presented sparse

Gaussian CBFs to take advantage of reduced computational

complexity from O(N3) to O(M2N) (N is number of train-

ing points, M is number of pseudo-inputs). We presented

two robotic test cases, first, in simulation for a 7-DOF ma-

nipulator, and second, for a hardware quadrotor. For the first

study, we estimated the Stanford bunny’s safety boundary as

Gaussian CBFs (with and without sparsity), where the safe

implicit surface was the bunny’s surface. We demonstrated

safe proximal sensing without collision on the manipulator

in simulation. For the quadrotor, we demonstrated safe 3D

navigation on the Crazyflie hardware around a physical IKEA

ADDE chair, using its OBJ model to extract point cloud and

surface normal data. Even when reference trajectories were

unsafe and would have intersected the chair, the Gaussian

CBF ensured collision-free autonomous flight in all trials.
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