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Trajectory Optimization Through Mixed-Integer Optimization of Contact
Dynamics for Switching End Effector Locomotion
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Abstract— Trajectory optimizers for legged robots typically
assume a single end effector on each leg, often a foot or wheel,
without switching to another. Robots employing point-modeled
end effectors, compared to those with wheeled end effectors,
often benefit in adaptability and maneuverability but at the cost
of higher energy expenditure and lower speed. While current
hardware supports switching between these two end-effector
types, existing research has largely focused on maintaining
stability during switching, with little attention to determining
when each type is most effective. To our knowledge, this paper
introduces the first framework that simultaneously optimizes
both trajectories and end-effector contact dynamics through
mixed-integer optimization. We validate our approach by solv-
ing and executing trajectories with a whole-body controller
in Gazebo across a variety of terrains, including ramps and
stepping stones. The results show that our framework not only
handles diverse terrains but also exploits contact dynamics to
reduce cost of transport and increase speed compared to foot-
only locomotion.

I. INTRODUCTION

Legged robots have emerged as promising platforms for
mobility and manipulation in complex, unstructured envi-
ronments. Their performance, however, can be heavily influ-
enced by the design of the End Effector (EE) interacting with
the terrain. The EE dynamics affect locomotion efficiency,
stability, and adaptability, yet no single design provides an
ideal solution across all conditions. As a result, design and
selection of optimal EE as well as identifying and leveraging
the strengths of different EE types remains an open challenge
in legged robotics.

For legged robots, two dominant paradigms exist: point-
contact feet [1], [2] and wheeled EEs [3], [4]. Point-contact
feet offer versatility, agility, and simpler low-dimensional
control, particularly on irregular or cluttered terrain [5]. By
contrast, wheels excel on flat or moderately structured sur-
faces, where rolling contact provides significant reductions
in cost of transport [3]. In practice, many real-world envi-
ronments contain both structured and unstructured regions,
making it difficult for a robot limited to a single end-effector
type to achieve both efficiency and adaptability.

This observation has motivated initial explorations into
hybrid or reconfigurable systems [6], including mechanisms
that allow switching between wheels and feet. For exam-
ple, [7] introduced a parallel switching mechanism with a
state-machine controller. [8] introduced a design to quickly
change contact dynamics by changing the knee configuration.
However, while these works demonstrate the feasibility of
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Fig. 1: Simulated Quadruped with Switching Wheel-feet EEs

switching, little research has addressed how to plan motion
that fully exploits both modalities and optimizes across
their distinct contact dynamics. [9] permits wheel or feet
end effectors but only with a linear relationship between
dynamics, actuated wheel speed in this case, and is not
generalizable to other end effectors. [10] optimizes foot
contact time to show that linear variables associated with
discrete variables can be optimized in real-time. This does
not optimize the discrete variable directly making it unfit for
EE optimization. This gap motivates the approach presented
in this paper.

Switching between EEs is inherently a discrete problem,
since each EE either contributes its contact dynamics or
does not. In contrast, the dominant model-based approaches
for legged robots rely on trajectory optimization, which is
formulated as a continuous process that drives the system
from an initial state to a desired state. While most solutions
use a nonlinear trajectory optimizer over a limited time
horizon in a framework known as model predictive control
(MPC) [11], these nonlinear optimizers are generally not
tractable for handling discrete mode-switching in real time.
Instead, trajectory optimization approaches based on mixed-
integer formulations have emerged as a way to incorporate
discrete variables, such as contact decisions, directly into the
optimization process [12], [13].

[14] first introduced the problem as a footstep-planning
formulation, where goal distance, footstep distance, and total
number of contacts are weighted to generate a plan that
progresses toward the goal while remaining constrained to
distinct steppable regions. [15], [16] extend the mixed-integer
footstep planning approach by integrating it with nonlinear
MPC. However, this decoupled strategy—separating footstep
planning from body dynamics—can be problematic, as a
fixed footstep plan may lead to failure when the system
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dynamics change due to external factors. [13] instead extends
[14] by optimizing the footstep plan jointly with the body
dynamics, enabling simultaneous gait and motion planning.

However, for switching EEs, the contact type and timing
highly influences the body dynamics and cannot be decou-
pled as simply as fixed contact dynamics. Therefore, we build
on the framework introduced in [12] to optimize both contact
timing and contact dynamics, enabling robot traversal that is
explicitly informed by how EEs interact with the terrain.

The main contribution of this paper is the formulation
of a mixed-integer quadratically constrained control prob-
lem (MIQCCP) that optimizes end-effector selection and
gait based on the interaction of each EE with the terrain.
To our knowledge, this is the first trajectory optimization
framework that enables locomotion informed by changing
contact dynamics for legged robots equipped with switching
EEs. In addition, we extend existing whole-body controllers
(WBC) and state-estimation frameworks to support the ro-
bust execution of the planned trajectories. Together, these
developments allow robots with switchable EEs to select
contact dynamics in accordance with desired behaviors. We
validate the proposed methodology in Gazebo simulation on
the Unitree Gol across a variety of terrains.

The rest of the paper is organized as follows. Section II
presents a novel method of trajectory optimization through
EE optimization followed by WBC in Section III. Section
IV covers the results of our experimental simulations with a
modified Unitree Gol and Section V concludes the paper.

II. SIMULTANEOUS TRAJECTORY AND EE OPTIMIZATION

In this section we introduce our trajectory optimizer for
exploiting contact dynamics through the switching of EEs.

A. Linear Centroidal Dynamics

We begin with introducing the system inputs and decision
variables for the movement of the robot’s Center of Mass
(CoM) as a floating base. As in [12], we decouple the EE
states from the state of the body’s CoM and discard the leg
joints to allow for a more linear representation of dynamics.
The dynamics of the body state are therefore expressed as

Ny
mi&zmg—i—Z)\l—i—fl, @))
=1
which is then discretely integrated using midpoint Euler
integration across Nj knot points where each knot point &
contains the robot’s current state and inputs. Variables are
transcribed as written in TABLE 1.

B. Gait and Swing Trajectory

Next, we introduce our binary swing matrix that allows
the optimization of the movement of legs to stably apply
force to the CoM while following its trajectory. Rather than
the footstep plan model from [14], we use a binary swing
matrix S € {0, 1}V*Ni where S ; means that leg | swings
during knot group j. The swing trajectories are then given by
a quintic spline in the lateral directions and a septic spline in
the vertical. These splines constrain the starting and ending

TABLE I: Variables in Trajectory Optimization

Center of mass in the world frame
Center of mass orientation

End-effector positions in the world frame
Contact forces

Frictional forces at leg [

Number of legs and knots in trajectory
Number of regions and EE types
Number of swing knot groups

The upper bound of 6 from leg I.

x = [z1,x2, 23]T

6 = [61,62,03]"

P = [p1,1, P20, p3,1) 7
A=A, A2, A3, T
£, =[f1,0, f2.1, f3,0] 7
Ny, N

Ny, Ne

N

UT = [Ul-:rlv Ul-f_zv Ul-,'-:s}T
U, = [Uz,_pUz?szzTB]T

The lower bound of § from leg I.

acceleration to 0, allow the starting and ending velocities to
be taken into account when the EE is a wheel, and allow the
footsteps to be optimized. This is accomplished through the
swing matrix by relating the footstep at the beginning of the
swing phase to the footstep at the end of the swing phase
according to a spline modeled by

N
St)=>_ait', 2)

Ga =g, (3)

g = [p(),V(),O,pf7Vf,0]T, (4)

8s = [p07v07Oapf7vf70ap1/270]T7 (5)
ko

Sij=1= pz,sz(p—y>, (6)

where p is the number of knots per knot grouping j, =
is the implication operator used to constrain other variables
according to binary variables using big-M format, and A is
a precomputed matrix that linearly relates the EE’s starting
position pg, starting velocity vy, landing position py, and
landing velocity vy as in subsection II-D. a, denotes the
vector of desired starting and ending positions, velocities,
and accelerations for a quintic spline and a, adds the desired
swing height and zero velocity at the swing apex. b(t)
then defines the parametric curve that models the spline
from the lifting position to the ending position where ¢
is the percentage time of the total swing phase duration.
The implication notably leaves the positions of the starting
and landing footsteps unconstrained, allowing them to be
optimized passively rather than as part of a footstep plan.
Additionally, because force cannot be applied on the terrain
during a swing, the implication

Sij=1= Nx=0 Vk=[pj,p(i+1), D

is also applied to ensure the plan does permit the application
of force during the swing phase. Fig. 2 visualizes how the
binary matrix constrains a foot trajectory.

T

S=[0, 1,0,0, 1, 1, 1]

Fig. 2: Swing Matrix Effects on Locomotion for One Leg
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C. Angular Centroidal Dynamics

Here we introduce the method we employ for convexly
minimizing angular acceleration. The angular dynamics are
more complex, as they are typically nonlinear, represented
in the form

Ny

I0=> (x—p)x A, (8)

=1

where I is the mass-moment matrix. However, this bilinear
relationship is notably non-convex and significantly increases
computation time for mixed-integer problems. [17] intro-
duces a difference of convex functions decomposition that
allows an upper bound on angular momentum, U™, and
a lower bound, U™, to lie on the bilinear manifold that
is revealed in the expansion of eq. (8) that includes the
upper and lower bounds in the cost function of the trajectory
optimizer such that at every timestep the solver aims to find

> Z(Uﬂ —-U ) =14

=1

(©))
It can then be observed that this allows the angular accel-
eration to be tracked. This does not, however, necessarily
allow the angular acceleration to be minimized because while
min_p,;),», UT+U7; and ming_p,y, 5, UT;—U™; occur
at the same set (x — p;), A\, MiN(x_p,),», Zfﬁl Ut +U~,;
and ming,_p,)x, Sor; Ut — U™ do not. [12] avoids the
divergence from optimal angular acceleration that can occur
when performing complex actions by limiting the robot to
simple actions. While approaches such as [18]’s McCormick
Envelopes and [9]’s ZMP constraints may be more accurate,
they are also computationally more expensive. Instead, this
work leverages mixed-integer programming to develop a
heuristic that optimizes the CoM towards the centroid of
the foot contact locations during swing phases, allowing
for the execution of more complex motions that are more
recoverable by the WBC. The centroid of the foot contacts
can be expressed as the sum of all the foot locations divided
by the total number of feet in contact. In mixed integer form,
this is expressed as

min

N;
Ut +U,
(x=P0) A lz_; e

S;; =0 = vk =Pk (10)
Sij=1 = vk =0, (11)

N; N
Zslvj:n — Ckzw (12)

=1 (Ni—n)”

where vy, € R? represents the vertex of the foot contact
polygon for leg I, ck represents the centroid of the foot con-
tact polygon, and where eq. (12) is modeled by decomposing

Fig. 3: Contact Polygon Centroid and CoM Displacement

the swing sum into binary variables

N; N;
D Sui=) lsi, (13)
=1 =1
N
> sii=1, (14)
=1
81,5 = 1l = cp = 7Vk (15)

(N = 1)’

where s; ; represents an auxiliary binary variable that, when
multiplied by [, is equal to 1 only when [ legs are swinging.
Fig. 3 demonstrates the displacement between the centroid
and the position of the CoM that is minimized to allow the
WBC to better control angular acceleration.

D. Region Assignment and Contact Dynamics

We introduce the binary dynamics matrix that allows for
the optimization of contact dynamics based on terrain and
EE interaction. To optimize over contact dynamics, we first
encode the contact dynamics in the binary matrix D €
{0, 1} NixNixNexNe where N, is the number of safe regions
and N, is the number of EEs being optimized over. We first
restrict the ability to switch EEs exclusively to swing phases
to limit unmodeled interference of a switching mechanism.
This is modeled with a single implication that forces the
dynamics of a leg [/ to remain the same when the leg has not
swung and remain optimizable when the leg is swinging,
expressed as

S;,; =0 = Dyjre=Djj_1re Vi>1, (16)

We constrain that all legs must have exactly one set of EE
dynamics at a given time by

N, N
ZZDIJ,T‘,@ = 1 v] = [I’N]]7l = [17Nl] (17)

r=1t=1

The effects that contact dynamics have on EE motion,
contact forces, safe region assignment, and body dynamics
are explored in sections II-D.1-1I-D.4 and written simply as

Slvj = O&Dl,j,'r',e =1 = D(Ta 6), (18)

where D(r, e) are the set of dynamics and constraints that
arise from the interaction between region r and EE type t as
applied to leg [ during knot segment j.

1959



[0,0,1],[0,0,17]

D = [ ) b ) ) ) b
Fig. 4: The Dynamics Matrix Effects on Locomotion with
One Region, One Leg, and Two EE Types

1) End Effector Motion: The motion of an EE can be
modeled based on the terrain and the EE type. For a
foot, motion is undesirable as it is generally unstable and
represents the applied forces are not entirely transferred to
the body. Therefore we constrain

Vk = [pg, p(j + 1)),

which models that a foot is in the same position at knot point
k as it was at knot point k¥ — 1 when e = 1 represents the
leg has a footed contact and e = 2 represents the leg has
a wheeled contact. Assuming wheels may move freely in
the rolling direction, corresponding with the robot’s forward
direction, so we constrain

D(r,1) < Pr = Pk-1 (19)

k
D(r,2) « P1s = Pros + / %, ()
k—1

D(r,2) < P2,k = P2,k—1- 2D

where @ corresponds to the forward body velocity. This con-
straint therefore models that the forward direction position
of the EE at knot k changes according the integration of the
body velocity. Fig. 4 demonstrates how the dynamics matrix
constrains EE types.

2) Region Assignment: Because we are not optimizing a
footstep plan, we need another method to force footsteps onto
a safe convex plane. We accomplish this by constraining the
EE at all times to lie on the convex plane r by

D(r,1) «+ A;p < by, (22)
as in [14]. This assumption no longer holds true for wheels
which can cross continuous convex planes. By grouping all
continuous convex planes into (., we can then model the
rolling region assignment as

D(r,2) « [ Ap <b,,
n€Cr

(23)

and allow wheels to cross the continuous convex planes that
compose (.. The union of the convex planes is optimized
using binary variables z, € {0,1} and big-M formulation as

A,p<b,+ Mz, (24)
¢
d oz <(¢-1 (25)
n=1

Fig. 5 shows the effects of the dynamics matrix’s region
assignment for a single leg and a single EE type.

EXTER

Fig. 5: The Dynamics Matrix Effects on Locomotion with
Three Regions, One Leg, and One EE Type
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Fig. 6: Friction Cone and Frictional Force for Legs vs Wheel

3) Contact Forces: Given a convex plane r with surface
normal 7 and a basis defined by vectors # and b where we
arbitrarily determine £ to be in the wheel’s rolling direction,
we can constrain the applied forces to lie within linearized
friction cones of both point feet and wheels based on the
coefficient of friction. Using [19]’s representation, we model
friction by

A-n>0
N < g g (A7)
bl <y y (A 2)

= F(r,e), (26)

reb

where 1, ; 7 is the friction between the material associated
with plane r and the material associated with EE e in the
direction ¢ while Pt b is the same interaction but in the
orthogonal direction. "This can then be made optimizable by

D(r,e) + F(re). 27

It can be observed that these constraints adequately model
the acceptable reaction forces for a convex plane that could
be applied without slipping. Moreover, because the rolling
friction of a wheel is significantly smaller in the rolling
direction, the reaction forces are constrained such that the
body will accelerate as the wheel rolls down a slope and
remain stationary relative to the body on flat terrain. Fig. 6
demonstrates the difference in friction cones between the two
EE types.

4) Rolling Friction: Assuming the same basis ¢ defines
the rolling direction, frictional forces along # will decelerate
the body if the EE is a wheel. This can be modeled in the
dynamic matrix by

D(r,1) « £ =0, (28)
A7 n
D(T, 2) — fl = Hr2 HﬁHztv (29)
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constraining the rolling frictional force to be none for feet
and the coefficient of friction magnitude of the reaction
force projected onto the surface normal and mapped onto the
rolling direction. This models the mapping of Fy, = uFy
into 3d vector space.

E. Reachability Constraints

Here, we explain how to keep EEs within executable
distances of the body. Reachability constraints relate EEs
to the location and orientation of the body. Reachability
of a kinematic chain is difficult to compute, especially as
it relates to the body and the other legs. Because of this
and because the relationship is nonconvex, we represent
reachability using a simplified representation as in [14].
Finding it suitable for our purposes and because there are
already so many indicator constraints that slow the solver,
we omit the piecewise representations of sine and cosine in
favor of the inscription of the reachable circle by

(x—p)” <(x—p) < (x—p)¥, (30)
where (x — p;)~ represents the lower bound of the distance
between the body and the EE and (x — p;)™ represents
the upper bound. These constraints allow the feet to move
freely while swinging but not exceed reasonably reachable
configurations.

F. Trajectory Optimization

With the above constraints, we build the cost function that
defines our trajectory optimization as

Ni, Ny Nj
O+ ok +ws Y Y Sih  GD
k=1

1=0 j=0

min
%\, Ut,U-,S

where ®(z,5;) draws the final solution to the desired state
Zop; as defined by

O = |:|X_Xd||Qz:| ’ (32)

16— 0allQ,

where z, represents the desired ending value of state wv.
[lv]|q, represents the weighted squared L-2 norm expressed
T N; N; . e .
as v’ Quu. wsy ;g j—0S1,7J encourages the minimiza-
tion of steps by penalizing swings directly. Later steps
are penalized more heavily which encourages solutions that
bring the footsteps to their final states more quickly. The
running cost

o(k) = [XkllQ. + [ AellQx+
wU+U: +wy-U, + ||xk — cillg., (33)

minimizes the body acceleration X, the applied contact
force ), the contribution of each EE to angular dynamics
U™ +U~, and the divergence from the foot contact polygon
xi — Ck. Q. allows for a tunable constant that weights how
strictly a generated trajectory adheres to the centroid of the
foot contacts.

ITI. WHOLE BODY CONTROL AND STATE ESTIMATION

This work introduces a novel wheel-footed WBC extend-
ing [4], [20]-[22] that allows for execution of both footed
and wheeled trajectories according to the dynamics plan
output by the trajectory optimizer. As in [13], we correct
the relationship between the desired state x4, x4, X and the
measured state x,x through a PD controller as

2y = %4+ K. (24 —2) + D (24 — 2) , (34)
where z = [x,0]7. We also add a PD controller for the
rolling wheel’s reference acceleration through

W, = Ky (Wg — W) + Dy (Wg — W), (35)
and the swing foot reference acceleration

§ =Ks(sq—s)+ Ds (84 —8) . (36)

Expanding on [22], we model the equations of motion as

Mg +h =87+ I/ + I\ (37)

Where J? e R %647 ig the Jacobian matrix of the feet
contacts, Jg € R7wx(6+n) ig the Jacobian of the wheeled
contacts, and where n ¢ is the number of footed contacts and
N4 18 the number of wheeled contacts.

We then aim to solve for u* = [§*, \*,7*]7 where §* €
R3M: represents the vector optimized of joint accelerations,
\* € R3Nt represents the vector of optimized contact forces,
and 7* € R3Nt represents the vector of optimized joint
torques. We solved for these inputs as a quadratic program
by

u” = argmin ||z — Z,||g.+ (38)
u=[q,A, 7|7
||quq + Jq - WT||Qw+
[[Jswd + Jswd — 8:[|q.
s.t.
(Dynamics) M¢+h =S7+J A+ J7A,
(39)
(Stationary feet) J;q+J;q=0, (40)
(Fixed wheel) J.q; + Juwiqr = 0, 41)
(Friction cone) PyA, <r, P <r, (42)
(Torque Limits) 7 <7 <7, 43)

where J,,, is the portion of the Jacobian that applies in
the rolling direction and J,,; is the portion that does not.
As in [22] we then encode these costs and constraints for
optimization in the form ||Gu — go||, Au=b, Cu < d.
While WBC converts trajectories into torques which are
then executed, state estimation informs the robot of its
current state for WBC to optimize. State estimators such
as [23] rely on the change in position, as calculated by
the forward leg kinematics, of the EEs for the correction
step of an extended Kalman filter. Without a change of the
EEs in the body frame, the correction step corrects away its
forward velocity. To amend this we added the approximation
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Fig. 7: Experimental Setups: Different Terrains for Testing

of robot’s body velocity to the EE velocity in the body frame
when it was a wheel in the form

Cx=(x—p)+ Wy, (44)

where W € R3*M and W; = [1,0,0]7 when the EE is a
wheel and [0, 0,0]” when the EE is a foot. This allows the
state estimation to have the benefits of correction from leg
odometry and understand its motion while rolling.

IV. EXPERIMENTAL RESULTS

Our approach was validated on the Unitree Gol quadruped
robot by performing simulations in Gazebo multi-robot sim-
ulator version 11.15.1 using the Open Dynamics Engine with
an artificial 9 millisecond delay between commanded torques
and simulated actuation. The switching mechanism was
modeled as nearly instant during the swing phase with light
wheels that effect leg inertia. We employ Gurobi version 12
as the mixed-integer optimizer. All computation benchmarks
are performed on an Intel Core Ultra 7 115H processor. The
method was tested on a variety of terrains as shown in Fig. 7.

A. End Effector and Gait Selection

We demonstrate in our experiments the ability to optimize
gait and EE selection to minimize the associated cost func-
tions and remain within region limits. Our proposed method
allows the robot to traverse multiple terrains according to the
interactions of the EEs with the terrain.

1) Flat Ground without Friction: On flat ground, our
method demonstrates the ability to minimize swings, contact
force, and time to reach goal position by optimizing walking
in favor of wheels. Starting with feet, the optimizer switches
all legs to wheels early in the trajectory, minimizing contact
force. Once the rolling has brought the robot to its goal
state, one leg is returned to a foot to bring the robot to a
stop, minimizing swing phases. The three wheeled EEs also
experimentally improve the robot’s ability to adjust its posi-
tion toward the goal state through the WBC, with the single
foot serving as a base to correct for unplanned differences
in rolling velocity. Fig. 8 shows the gait diagram for a 4.5
second trajectory on flat ground with green representing the
foot contact and orange representing the wheel contact.

= =
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1 1.5 2 25 3 3.5 4 4.5
Time (s)

Fig. 8: Gait and EE Selection on Flat Ground with no Friction
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Fig. 9: Gait and EE Selection on Flat Ground with Friction
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Fig. 10: Gait and EE Selection on a Downward Ramp
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Fig. 11: Gait and EE Selection on an Upward Ramp
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Fig. 12: Gait and EE Selection across Stepping Stones

2) Flat Ground with Friction: On the flat ground with
friction, we were able to validate both our friction model
and its effects on the ability to minimize swings. The gradual
decrease in velocity due to friction while rolling requires the
robot to make more footed contacts to generate more force
through a push leg. Fig. 9 demonstrates this by showing more
foot contacts relative to Fig. 8 throughout the trajectory while
most contacts remain wheels.

3) Downward Ramp: It would be expected that a contact
dynamics optimizer would prefer the use of passive wheels
on terrain that is slanted downward because it allows the ef-
fortless continued rolling, even with rolling friction modeled.
Our results agree with this expectation. The robot approaches
the ramp, switches to wheels to roll down the ramp, and then
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—(ii) Position with Optimizable Contact and No Friction
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Fig. 13: Desired Trajectory on Flat Ground for Fixed Dynam-
ics and Optimizable Dynamics (with and without Friction).

switches back at the end of the ramp to come to a complete
stop using a foot. Fig. 10 demonstrates the behavior when the
wheels are able to roll across the convex planes belonging
to the same continuous group as in eq. (23). Without the
grouping of convex planes, the gait would be forced to
execute a swing phase to cross from the platform to the ramp.

4) Upward Ramp: Unlike the downward ramp, it cannot
be expected passive wheels would be optimal on an upward
ramp because wheels cannot apply force up the ramp. Our
results confirm this expectation but also show that it is
optimal in some cases, particularly at the beginning of the
ramp, to use a combination of feet and wheels to gain speed
and switch to all feet once wheels lose forward velocity.
Fig. 11 demonstrates an trajectory where this is seen.

5) Stepping Stones: For the stepping stones, the con-
tacting wheels would roll onto the gap because they move
with the body’s velocity. Therefore, the optimizer selects
to use feet on the areas where rollable space is limited to
prevent wheels from rolling into unpermitted terrain. This
is demonstrated in Fig. 12 which shows the gait across the
stepping stones spaced 20cm apart. The robot’s maximum
stepping distance is 50cm.

B. Trajectory Generation and Speed

A key advantage of wheels over feet is their potential for
faster locomotion through extended rolling contact, which
reduces the need for frequent stepping discontinuities (see
Fig. 8 for example). We evaluate our framework’s ability
to exploit this advantage in gait generation under three flat-
ground conditions: (i) non-optimizable EEs restricted to feet,
(ii) optimizable EEs without friction modeling (Fig. 8), and
(iii) optimizable EEs with friction modeling Fig. 9. All cases
are assigned the same unreachable goal state and optimize
a trajectory over 4.5 seconds. Fig. 13 shows the resulting
trajectories. We find that, regardless of friction modeling,
our method exploits the speed advantage of wheels: in
4.5 seconds, the foot-only robot covers 1.43 m, whereas
with feet and wheels it reaches 2.5 m with friction and
3.4 m without friction. This indicates that the robot with
wheels reached average speeds of 0.56 m/s (74% faster) with
friction modeled and 0.76 m/s (137% faster) without friction,
compared to 0.32 m/s for foot-only locomotion.

C. Cost of Transport

One of the major constraints of legged robots is their
power consumption. Previous works have demonstrated the

TABLE II: Average Computation Time without Friction or
Multi-Region Constraint

Seconds Terrain N Ne N;j  Computation Time (s)

1.5 Flat 1 1 5 0.714

3 Flat 1 1 10 4.637
1.5 Flat 1 2 5 1.723
3 Flat 1 2 10 673.58
1.5 Down Ramp 3 1 5 0.977

3 Down Ramp 3 1 10 204.37
1.5 Down Ramp 3 2 5 3.887

ability of wheel-legged robots to decrease power consump-
tion often using cost of transport, a unitless measure of
performance, as a surrogate. We employ the method from
[3] to calculate the cost of transport. Our measurements
on flat ground demonstrate that, through minimization of
contact forces and CoM accelerations, our optimizer is able
to select EEs that minimize cost of transport. For a 9-
second trajectory on flat ground, our optimizer selects EEs
and gaits that yield a cost of transport of 0.105. Under the
same conditions, but with optimization restricted to feet, the
cost of transport increases to 0.237. This corresponds to a
55.7% reduction (/2.3x improvement). Thus, our method,
which minimizes applied force, also achieves lower cost of
transport. We opt not to compare this against other methods
because no methods we know of are capable of optimizing
contact dynamics to generate these types of gates.

D. Computation Benchmarking

We ran experiments across a variety of terrains and mea-
sured computation times. TABLE II reports results for flat
and downhill terrains without rolling friction or multi-region
constraints. As expected, because mixed-integer optimization
is NP-hard, computation time increases significantly with
the number of binary variables V., N., and N;. Addi-
tional experiments revealed further increases in computa-
tion time when rolling friction or multi-region constraints
were included.

Although our method demonstrated robustness across dif-
ferent terrains, the resulting computation times present chal-
lenges for deployment in an MPC context, where trajectories
must be recalculated rapidly. However, as shown in the
first row of TABLE II, our method computed a 1.5-second
trajectory with five swing slots in 0.714 seconds, suggesting
that for certain tasks, such as flat-terrain locomotion, our
approach may still be feasible within an MPC framework.
Nonetheless, the results demonstrate that our method can ex-
plicitly handle switching contact dynamics which cannot be
executed using traditional nonlinear optimization methods.

V. CONCLUSIONS

We introduced and evaluated a novel mixed-integer opti-
mization framework that simultaneously optimizes trajecto-
ries and contact dynamics, enabling robots to generate gaits
that strategically exploit terrain interactions. To our knowl-
edge, this is the first optimization approach to integrate end-
effector selection into trajectory generation. We validated our
approach through a variety of terrains. Experiments across
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flat ground, slopes, and stepping-stone terrains demonstrated
the robustness and versatility of the optimizer, which consis-
tently selected effective end-effector combinations to ensure
stable execution. On flat ground, our framework leveraged
the speed advantage of wheels: robots with switching end
effector showed 74% increase in speed with friction modeled
and 137% increase without friction, compared to the robot
speed for foot-only locomotion. In addition, our method
achieved a 57% reduction in cost of transport compared to
conventional legged locomotion, underscoring its potential
for improved energy efficiency. Although computational de-
mands increased in more complex terrains due to the need
to manage binary contact switches, this trade-off reflects the
richer modeling of contact dynamics that traditional non-
linear trajectory optimization methods cannot capture.

In future work, we aim to extend our framework to hard-
ware implementation, addressing hardware design consider-
ations and execution of optimized trajectories on a physical
quadruped. Our current formulation limits wheel motion to
a single direction, typically aligned with the body angle,
but angle approximations in [14] may enable more complex
turning motions with fixed-angle or actuated-angle wheels.
Another avenue for improvement is to use the trajectories
generated and realized by the WBC as baselines for learning-
based methods, where our method could address exploration
limitations. Recent studies, such as [24] highlight the promise
of neural networks for solving mixed-integer programming
problems, while [25] proposes warm-start strategies to reduce
solve times. Our results on linear trajectories, where up to
five swing segments can be generated in under 500 mil-
liseconds, suggest that extending this approach toward real-
time MPC may be feasible even without learning methods.
Finally, consistent with [12], we recognize the need for more
accurate and quick convex formulations of angular dynamics
and intend to explore this in future work.
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