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Analytical Stiffness Formulation and Interpretation for
Six-DOF Tensegrity Joints Using Screw Theory

Robbie Monke!, and Vishesh Vikas!

Abstract—Compliant mechanisms, e.g., tensegrities, in-
herently exhibit nonlinear behavior, wherein the stiffness
matrix, evaluated at a specific configuration, characterizes
the instantaneous relationship between applied forces and
resulting displacements. For traditional robot joints, the
stiffness matrix is defined using Cartesian and Euler
angle parameters. This representation is convenient when
the joints display translation or single degree of rotation
behavior, e.g., revolute or prismatic joints. However, it faces
parameterization issues in modeling higher degree of free-
dom joints due to singularities and lack of uniqueness. Lie
groups and screw theory representations provide a minimal
and intrinsic representation of the rigid body motion. This
representation is well suited for tensegrity joints which
combine tensile and compressive members and behave
as six degree-of-freedom joints. A key challenge in this
context is that computing the stiffness matrix necessitates
differentiating the transformation matrix (exponential of a
screw matrix, i.e., Lie Group) with respect to the screw
(Lie algebra), a task that is highly nontrivial. This work
derives an analytical formulation of the stiffness matrix for
six degree-of-freedom tensegrity joints using screw theory
representation, including a closed-form expression for the
derivative of the transformation matrix with respect to
its screw coordinates. The analytical results are validated
against numerical differentiation with agreement to within
numerical precision while achieving approximately three
times faster computation speeds. Additionally, simulation
of the tensegrity subvertebrae was performed applying
compressive and rotational loading conditions, confirming
accuracy to analytical derivative predictions with errors
below 1% and reducing the computation time by a factor of
3. The paper further interprets the stiffness matrix through
block-form, column-wise, and row-wise representations,
providing additional physical insight into the translational,
rotational, and coupled stiffness contributions. These con-
tributions establish an efficient framework for the stiffness
analysis and lay the foundation for future integration of
screw theory methods into Euler-Lagrange dynamics for
higher degree-of-freedom robot joints including tensegrity
joints.

Index Terms—Kinematics, tensegrity mechanisms, 6-
DOF joint, stiffness Matrix, Lie group, Lie algebra, com-
pliant joints

I. INTRODUCTION

Tensegrity structures are pre-stressed systems that syn-
ergistically combine tensile elements and compressive
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rigid components to maintain the mechanism’s struc-
tural integrity. These structures have been found to
have many benefits in comparison to traditional robot
mechanisms due to their compliant nature, packability,
impact resistance, and high strength-to-weight ratios [1]—
[4]. These features make them attractive for applications
in space robotics, robotic manipulation, and biomechan-
ical systems. Consequently, researchers have developed
tensegrity joints that mimic traditional rigid robot joints.
For example, Lessard et al. developed an actuated two
DOF tensegrity elbow joint [5]. Hao et al. created a
two DOF joint for applications of ultrasound robotic
manipulators [6], [7]. Chen et al. proposed a design
methodology for a three DOF joint that was validated
through simulation and experimental results [8]. How-
ever, modeling the kinematics and dynamics of these
systems is challenging due to the antagonistic interaction
between their compressive and tensile members.

The stiffness matrix of tensegrity systems allows
insight into the structural response of the system to
changes in its morphology, actuation, or external loads.
For example, Hao et al. used the stiffness matrix to
apply dynamic stiffness control to a manipulator end-
effector joint [6], [7]. Zhang et al. developed a form-
finding method by iteratively calculating the stiffness
matrix and the corresponding nodal positions of the
structure until the equilibrium configuration was con-
firmed [9]. Savin et al. proposed an algorithm to develop
the desired compliance using convex optimization of the
stiffness matrix [10]. Stiffness matrices for tensegrity
systems are traditionally calculated using the equations
of equilibrium for the external forces at each of the
nodes of the structure and then differentiating these
forces with respect to movement of the nodes [11],
[12]. This formulation can be seen implemented on a
tensegrity joint specifically in the two DOF joint by Hao
et al. [6], [7]. While this approach allows for a simple
and intuitive visualization of stiffness of the system,
issues arise when modeling joints of higher degrees of
freedom. In higher degree-of-freedom joints, the Euler
angles become poorly parameterized as they are non-
unique and order dependent.

Screw theory provides a more robust mathematical
framework by representing motion and forces as twists
and wrenches along a screw axis. Unlike Cartesian and

5908



Euler formulations, screw theory explicitly represents the
translation and rotation of the motion through geometric
approach, avoids parameterization issues, and provides
a compact representation to be used in kinematics and
dynamics [13]-[15]. These benefits make it well suited
to be used for tensegrity joints, where multiple degrees
of freedom must be modeled consistently. The use of
screw theory allows for proper characterization of the
movement, stiffness, and forces of the system, resulting
in improved design and control of tensegrity joints.

In addition to its utility for the kinematical represen-
tation, the integration of screw theory in Euler-Lagrange
dynamics provides a consistent framework where the
generalized coordinates correspond to the screw rep-
resentation of the rigid body motion [16]. However,
when modeling higher degree of freedom joints using
Euler-Lagrange dynamics, the solution will require the
differentiation of the exponential of the skew symmetric
matrix, &, with respect to the generalized coordinates,
the screw £. This mathematical step is highly non-trivial
to obtain, and to the best of the authors’ knowledge an
analytical solution has not been shown in literature.

Contributions: Here, we derive an analytical solution
for the stiffness matrix of a tensegrity joint using a
screw theory-based modeling framework. In the process,
a closed-form solution for the derivative of the trans-
formation matrix with respect to its screw coordinates
is developed. This finding provides the foundation for
future work in screw theory dynamics formulations. The
results given by the derivations were validated through
two methodologies. First, the analytical solutions were
confirmed by comparison to the numerical differentiation
methods, which shows full agreement for 10000 con-
figuration states. The computational time is compared
between the analytical and numerical solutions, showing
the analytical solutions to be approximately 3 times
faster than the numerical counterparts. Additionally, the
calculated stiffness matrix is compared with that calcu-
lated using energy-minimization form-finding method to
simulate the response of a tensegrity joint to perturbation
forces.

The paper is structured as follows: Section II presents
the screw theory based modeling framework used. Sec-
tion III outlines the closed-form solution of the stiff-
ness matrix derivation. Section IV shows the analytical
solution of the derivative of the transformation matrix
with respect to its screw coordinates. Section V pro-
vides insight into multiple physical interpretations of
the structure of the stiffness matrix. Finally, Section VI
presents the comparisons of closed form solutions with
the numerical differentiation and simulation results.

II. MODELING FRAMEWORK

The tensegrity mechanism discussed here is composed
of two curved rigid links connected by twelve strings.
The relative motion between the two links is represented
by a screw motion, & € R®. The corresponding homo-
geneous transformation relating coordinate systems {2}
to {1} fixed on the two links is

T(¢) = exp(€) € SE(3), &= m R6x1
& "‘?3 _8)3 idjl Z; (1)
£= e wy 0 s € 5¢(3)

0 0 0 0

where the operator A : R®*! — s¢(3). The reader may
refer to Murray et al. [13] for details of the notation
adopted in this paper. For transformations involving
rotations with constant velocity over time, § = |w| is
the magnitude of motion, the unit vector u = w/60 € R3
defines the direction of the screw axis, while v € R3
determines its spatial location of the axis of rotation and
pitch of the screw motion. Geometrically, the transforma-
tion corresponds to a rotation of magnitude 6 about the
screw axis along w passing through a point p together
with a translation of magnitude h6 along u. Here, p
can be obtained from v = —&p + hw. A geometric
interpretation is illustrated in Fig. 1 and

exp(@) G(O)v
T({)_{ pO() (1)

exp(@) = I + %ea + (1;7209)@2
G(0) = <1 e ;2‘39)0 L ¢ 935")02) @)

} , st 0=|w| (2)

3)

where sg, cp correspond to sin 6. cos 6 respectively. In
case of pure translation

T = [(I) 11)] , Where £ = {2] ©)

We use the modeling framework introduced by Woods
et al. for modeling the mechanism [17]. The key geomet-
ric and kinematic relationships are summarized here for
completeness, as they form the basis for the analytical
stiffness derivation developed in this work. Each mech-
anism consists of four node points, defined in the local
body frame, where strings are attached, Fig. 2. Let the
number of nodes and string connections be N,, = 4 and
N, = 12, respectively. Define the node matrix

P = [Pa, Py, Pes Pa) € RV, (6)
where p; = [p], 1}T € R**! is the homogeneous
representation of node p; € R3*1,
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Fig. 1. Screw coordinate representation of the relative displacement
between sub-vertebrae {1} and {2}. The transformation T'(§) =
exp(€) corresponds to a finite screw motion with & = [wT vT]|T
where 4 = w/0 defines the screw axis and 6 determines the motion
magnitude. The origin of {2} traces the associated screw trajectory
shown.

5

The connectivity between the nodes and strings is
described by a matrix C; € {0,1}¥»*Ne for each sub-
vertebra, where entry C;[j, k] = 1 if string k is connected
to node j, and zero otherwise.

Fig. 2. Tensegrity mechanism comprising (a) the four node interaction
points A, B, C, and D, and (b) the two curved links attached by 12
connection strings. The coordinate systems {1} and {2} are related
by the screw &. [17]

The string displacement matrix is defined as
S = PCy —T(§)PCy,
5; =coli(S) =P —T(&)P;. i = s
where S € R**Ne; j-th column of S 5, is the displace-
ment vector of the j-th string; and [; is the instantaneous

length of the string
Each string exhibits piecewise compliance modeled as

(7

0 I <lo;
kil —los)
Fj\bj T t0.5) loi < 1 < L
fi= I 0. <t <lmaxj (g
k; (lmax’j — lO,j) I =1 )
I, j = lmax,j
j

where k; is the linear stiffness, [y ; is the free length,
and lyayx ; is the maximum extension of string j.

The resulting forces in the strings and wrench acting
on the mechanism is

Nc ZNC f
F = Fist. F;= j=14J fi=fis;
; J J Z;V:cl 7if) J iSi
9

where r; is the position vector to the attachment point
of string j, and A : R®*! — 50(3) in this scenario
(also used previously for se(3) map). For clarity, Tab. I
summarizes the primary notation used throughout the
analytical derivations.

TABLE I
SUMMARY OF NOTATION

Rigid Body Kinematics

& =[w? vT]T  Screw coordinates

w ER3 Rotation vector
v e RS Translational component of screw
0= ||| Rotation magnitude
© RS — se(3) or R3X1 — 50(3)
T(&) € SE(3) Homogeneous transformation matrix
G(0) Left Jacobian of SO(3)

Tensegrity Geometry
s String direction/displacement vector
L =|s;ll Length of string j
lo Rest length of string
T; Position vector of string attachment

Forces and Wrenches
£ Scalar elastic force in string j
fi=Tfjsj Vector force applied by string j
F; Body wrench from string j
F Total body wrench

Analytical Derivations
K =0F/o¢ Joint stiffness matrix
oT /o0& Transformation derivative tensor

III. DERIVATION OF THE STIFFNESS MATRIX

The stiffness matrix K € R6%6 of a tensegrity
joint characterizes how small perturbations in the screw
coordinates & produce changes in the body wrench F.

S~ 075 055 _ 1120 25
88‘7‘ o€ T 8Sj 8£

Conceptually, this derivative measures how a perturba-
tion in joint configuration propagates through the string
geometry and alters the resulting body wrench. Each
string j contributes a wrench: where s; is the string
direction vector and f; is the scalar elastic force. This
expression separates the stiffness into two effects of
how : (i) string forces change with string displacement,
capturing the local stiffness of an individual string,
and (ii) how string displacements change with joint

OF
K= % = (10)

Jj=1
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Fig. 3. (left) Front and (right) Back view of the tensegrity sub-vertebra with compressive members and tensile connection strings.

configuration. Using (7), (8) and considering the string
to be in the elastic region.

of; 2y — 1; Li—1
i j i (11)
Os; 8T(€)
o~ o P

Therefore, the stiffness matrix is fully determined once
the derivative of the transformation matrix with respect
to its screw coordinates is known.

IV. DERIVATIVE OF THE TRANSFORMATION MATRIX

The derivative 9T/0€ is a 4 x 4 x 6 tensor whose
first three components correspond to w and the last three
to wv. Structurally, each slice of this tensor describes
how a small perturbation in one component of the screw
modifies the rigid-body transformation.

A. Derivative with Respect to Rotation Parameters
Using (2), (3), and (4),

T [ep@ 0G0
Wi

Here, the derivative of the rotation matrix with respect to
its screw coordinates admits the closed-form expression
derived by Gallego and Yezzi [18]

3egp(a) _ 1;209 <ein +wel — QWi;wT>
wi
cow  sp s wiw
(2 2)er 3 s

13)

where e; = col;(I) is the i-th standard basis vector.
The derivative of the translation component requires
differentiating the left Jacobian (4)

GO)=T+b0)w + 6(0)@2,
b(e)zl—cosﬁ _9—51119-

(14)
92 c(0) 93

where

Hence,
w+b 0w
8% 8 &ul Ow;
~ (15)
C: +w o
8&)1 ow; )
where
00 oWwlw 1 wTaw_&
(9wi h &ul h \/wTw awl B 0 ’ (16)
@_ 0sg + 2co — 2 @_ 3sg — Ocg — 20
00 03 '00 04
The matrices 35;/8% = e; are constant skew-
symmetric basis matrices. Therefore,
d(G(9)v) _ 0G(0) v, a7
8&)1 &ui

yielding a fully analytical closed-form expression for the
translation derivative.

B. Derivative with Respect to Translation Parameters

For the translation elements v of the screw &

or {o coli(G(H))} .

g 00 (18)

Together, these expressions provide a complete ana-
Iytical characterization of how infinitesimal screw per-
turbations modify rigid-body motion in SFE(3). This
closed-form derivative enables direct computation of the
stiffness matrix without resorting to numerical differen-
tiation.

The MATLAB implementation used to compute the
analytical derivatives and evaluate the stiffness matrix
given in this work is available as open-source code at:
https://github.com/robbiemonke/StiffnessMatrix/tree/main
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V. PHYSICAL INTERPRETATION OF THE STIFFNESS
MATRIX

Although Eq. (10) provides the analytical expression
for the stiffness matrix, additional physical insight can
be obtained by examining its structure. As the screw
coordinates and body wrench each contain rotational
and translational components, the stiffness matrix allows
for multiple useful interpretations that highlight how
perturbations in the joint’s configuration produce forces
and moments in the mechanism.

A. Block Form Interpretation

Since the screw coordinates are given by & =
[w? vT]T and the resulting body wrench by F =
[fT mT]T, the stiffness matrix K = 0F/0¢ can be

expressed in block form as

Ky,

Koo (19)

K [ Kfv]’

where each matrix block is of 3 x 3 dimension. This
decomposition provides a useful physical interpretation
of the stiffness of the joint. The block K, represents
translational stiffness, relating translational perturbations
of the joint to the resulting forces, while K, represents
rotational stiffness, relating rotational perturbations to
the resulting moments. The off-diagonal blocks capture
coupled stiffness behavior: Ky, describes forces gen-
erated by rotational perturbations, while kK, describes
moments generated by translational perturbations.

For tensegrity joints, these coupling terms are partic-
ularly significant because the tensile members transmit
forces at distributed points in directions varying with
time that simultaneously influence both translation and
rotation. As a result, the stiffness matrix often exhibits
strong off-diagonal structure, reflecting the inherently
coupled mechanics of the mechanism.

Fig. 4 illustrates how the magnitude of each stiffness
block varies as the joint evolves through an extensional
displacement from its equilibrium configuration. The
Frobenius norm of each block provides a quantification
of the stiffness of each component. In this example, the
translational stiffness block K, stays relatively con-
stant throughout the displacement, while the rotational
stiffness K, gradually decreases as the joint moves
away from the equilibrium position. The two coupling
blocks, Ky, and K,,, remain non-zero highlighting the
inherent coupling between the translation and rotation of
the tensegrity structure.

B. Column Form Interpretation

The stiffness matrix can also be interpreted column-
wise as

K = [K}'wl K]:LUQ K}-uig K]:vl K}-’Uz K]:’Ug,]

3. Variation of Stiffness Blocks Over Extensional Displacement

N
3
T
3
£

N
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-
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T

Block Magnitude (Frobenius Norm)

-

05 . I . . . I
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Extensional Displacement Amplitude [cm]

Fig. 4. Variation of the Frobenius norm of the stiffness matrix during
an extensional displacement of the tensegrity joint. The block K,
corresponds to a translational stiffness, Ky to a rotational stiffness,
while K¢, and K, represent the translation and rotation coupling.

where each column is a 6 X 1 vector representing
the wrench generated by a perturbation in a specific
screw coordinate. In this form, the ¢-th column describes
how the body wrench changes given the corresponding
screw coordinate &; is perturbed. The magnitude of each
column thereby defines which screw coordinate change
produces the largest wrench back towards the joint’s
equilibrium position. This can be interpreted as the screw
coordinate stiffness of the joint.

2 g\(rench Gain per Screw Coordinate Over Extensional Displacement

w.

£ E
w N

N< =

<
w

08— T

0.4

0 0.5 1 1.5 2 2.5 3
Extensional Displacement Amplitude [cm]

Fig. 5. Magnitude of each stiffness matrix column during an exten-
sional displacement of the tensegrity joint.

Fig. 5 illustrates how the magnitude of each column
of the stiffness matrix varies as the joint extends. At the
equilibrium position, the columns corresponding to the
rotational coordinates demonstrate the largest magnitude.

5912



This indicates that small rotational perturbations will
result in the largest restoring wrench. However, over
the course of the extensional displacement, the decrease
in the wrench gain from the rotational components
demonstrates how the directional stiffness of the joint
evolves with the configuration change.

C. Row Form Interpretation

The stiffness matrix can be interpreted row-wise as

(20)

where each row is a 1 x 6 vector describing how a
particular component of the body wrench varies with
changes in the screw coordinates. In this form, the j-th
row represents the sensitivity of the wrench component
J; to perturbations in each component of the screw
coordinate. This interpretation shows which motions
most strongly influence a particular force or moment
component. This allows for identification of how screw
coordinate perturbations contribute to specific internal
loading directions of the tensegrity joint.

VI. RESULTS AND DISCUSSION

To validate the analytical expressions for the derivative
of the transformation matrix, 7' = exp({) in (12), (18),
and the stiffness matrix, K in (10), they were compared
against numerical differentiation using the central finite-
difference method.

Let f denote either the transformation matrix, T'(£€),
or the wrench, F(&). Given a perturbation vector €
with only the i component as nonzero, the numerical
derivative with respect to & was computed as

of  _flEte-fE—¢
5‘& num 2 €; '
With the magnitude of the perturbation, ¢;, set to 105,

the relative error between the true analytical solution and
the numerical differentiation is

1)

Hagana aénumH

relative error = (22)
of
85 ana|| g
where gg and -+ are the analytical and nu-

merical derivatives, respectlvely [| - ||7 symbolizes the
Frobenius norm [19].

Using the energy minimization approach, 10000 stable
configurations were found by randomizing the applied
wrench to the joint and finding the corresponding min-

imum energy configuration screws. From these 10000

TABLE II
COMPUTATIONAL COST (AVG OF 10000 CONFIGURATIONS)

Solution Type | dexp(€)/0¢ | Stiffness Matrix
Analytical 0.0843ms 0.3104ms
Numerical 0.2944ms 0.8394ms

samples, the mean relative error for the stiffness ma-
trix and derivative of the transformation matrix were
calculated. The negligibly small values, 4.4333 x 10710
and 2.4180 x 10719, respectively, demonstrate agreement
to numerical precision and confirm that the results are
identical.

Furthermore, the time to solve both the analytical
solution and numerical differentiation was compared to
demonstrate a benefit of the closed-form solution. The
speed of the solver is particularly important in this
application because of the ramifications in the ability
to perform real-time control and state estimation of the
tensegrity systems, e.g., manipulators. Both the numeri-
cal solution and the analytical solution were calculated
using MATLAB 2024b and a computer with an Intel
Xeon CPU ES5-1650 v4 @ 3.60GHz and 64 GB RAM.
The results tabulated in Tab. II show that the analytical
solutions were approximately 3 times faster than their
numerical counterparts, reducing average computation
time from 0.2944ms, 0.8394ms to 0.0843ms, 0.3104ms
for the transformation matrix derivative and stiffness ma-
trix calculations, respectively for 10000 stable configura-
tions. This computational advantage becomes even more
significant when stiffness must be evaluated dynamically
for multiple manipulator modules instead of a single
module, where the cost of numerical differentiation can
become prohibitive.

To further validate the derivation of the stiffness ma-
trix, simulations were performed on the described mech-
anism where an external force was applied, the screw
corresponding to the minimal energy state was found,
and the corresponding body wrench was determined.
Additionally, the screw and body wrench corresponding
to the no load minimal energy state was found. When
the screw and the body wrench of these two states were
compared, the change in the screw of the system and the
corresponding change in the body wrench were deter-
mined. Thereafter, the expected change in the wrench is
calculated from the product of the stiffness matrix at the
no load minimal energy state K and the change of screw.
The simulated change in the body wrench and the change
determined by the stiffness matrix were compared.

Two different perturbation forces were simulated to
verify the response given by the stiffness matrix. A force
was applied along the y-axis of the center of mass of the
primitive to demonstrate the response to pure compres-
sion of the tensegrity joint, Fig. 6. The body wrench
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TABLE III
BODY WRENCH RESPONSES FROM STIFFNESS MATRIX AND X, Y, AND Z PERTURBATION FORCES AT A2

Wrench responses to force at A2
Force direction Body Wrench Relative Absolute Error
X [0.0031 —0.0073 0.0017 0.0053 0.0045 0.0025} T 0.26%
y [0.0003 0.0035 —0.0018 —0.0015 70.0013]T 0.64%
z [0.0076 0.0035 —0.0070 0.0060 0.0015 0.0025} T 0.50%

External Force

Fig. 6. Simulated response to compression of tensegrity sub-vertebrae.

response given by the stiffness matrix to the load was
found to be 6 = [0 0.0011 0 0 0 0]". The
comparison of the body wrench response found using
simulation and the stiffness matrix for the compression
load resulted in a relative absolute error of 0.17%.
The compression test represents the simpler of the two
loading scenarios in which translational displacement of
the joint is observed independently of any rotational
motion. This example provides an intuitive baseline for
understanding the translational stiffness behavior of the
tensegrity structure.

In addition to the compressive test, loads were applied
in the X, y, and z directions respectively at node A2 to
simulate the rotational response of the tensegrity joint;
see Fig. 7. The body wrench responses given by the
stiffness matrix to the load as well as the relative absolute
error of the simulation can be found in Tab. III. Here,
the relative errors in the three canonical directions are
0.26%, 0.64% and 0.50%. In contrast to the compression
test, these rotational perturbations excite both the rota-
tional and translation-rotation coupling, giving a more
complete view of the joint behavior predicted by the
stiffness matrix.

VII. CONCLUSION AND FUTURE WORKS

This work presented an analytical formulation for the
stiffness matrix of tensegrity joints using a screw theory-
based framework. By performing this derivation with
respect to the screw coordinates, we derived a closed-
form stiffness matrix that avoids the singularities and
non-uniqueness associated with the Euler angle param-
eterizations. One key contribution of this work is the
analytical solution of the derivative of the transformation
matrix with respect to its screw coordinates, the screw
&. This formulation has not been seen in literature to
this point. In addition to the analytical derivation, the
stiffness matrix is interpreted in block, column, and row
forms to expose its underlying physical structure. These
representations clarify the translational, rotational, and
coupled stiffness effects, and show how configuration
perturbations map to the resulting wrench components.

The formulations proposed were validated through
two approaches. First, comparisons with numerical dif-
ferentiation showed agreement to within numerical pre-
cision, while computational times of 10000 different
configurations show the analytical solution to be ap-
proximately 3 times faster than the numerical solution.
Second, simulations of a tensegrity sub-vertebrae under
compressive and rotational loads confirmed the stiffness
matrix’s ability to accurately predict the body wrench
response of the system, with corresponding errors below
1%. Combined, these results verify the correctness, effi-
ciency, and utility of the derived closed-form solutions.

Future work will focus include experimental validation
will be performed on tensegrity joints to compare the
solution to results under real-world conditions. Addition-
ally, extension of the solution from single mechanism
to multi-body tensegrity mechanisms will be explored.
Second, compliance design of tensegrity sub-vertebrae
will be performed to control the response of the joint
to the expected perturbation forces to be applied to
it. Finally, by extending the results of the derivative
of the transformation matrix with respect to its screw
coordinates into Euler-Lagrange dynamics, we look to
develop a unified framework for the modeling of higher
DOF tensegrity joints where all parameterizations are
expressed consistently in screw coordinates.
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Fig. 7. Simulated response of tensegrity sub-vertebrae to perturbation forces at connection node: (left) force applied along x-axis, (middle)
force applied along y-axis, and (right) force applied along z-axis
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