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Abstract— Collision avoidance is essential for robotic systems.
This paper presents a method for designing directional projec-
tion control barrier functions (CBFs) based on differentiable
optimization for second-order robotic systems. The approach
reduces high-order CBFs to first-order ones and estimates
collision risk by examining the intersection of projections
along the relative velocity direction. Under the assumption
that both the target and obstacles are convex polyhedra whose
projections yield convex polygons, a tunable uniform scaling
function, centered at the centroid, is introduced to pad the
convex polygon. The strict convexity of this padded region is
rigorously proven. Using the minimum scaling factor that leads
to intersection between two projected convex polygons, a CBF
is constructed and incorporated into a tracking controller to
ensure collision avoidance. The effectiveness of the proposed
method is validated through simulations with a 2D mobile robot
and a 7-DOF Franka manipulator.

I. INTRODUCTION

With the rapid advancement of robotic technology, the
application scenarios of intelligent robots in industrial [1],
medical, and service fields have expanded, making safety
a critical challenge [2], particularly in areas such as colli-
sion avoidance in dynamic environments and human-robot
interaction safety. To ensure reliable operation of robots in
complex environments, various safety control methods have
been proposed, such as model predictive control (MPC) [3],
reachability analysis [4], and artificial potential fields [5].
However, the computational burden and limited prediction
horizon of MPC restrict its real-time applicability, the high-
dimensional computational complexity of reachability anal-
ysis limits its practical use, and artificial potential fields are
prone to local minima issues. In contrast, control barrier
functions (CBFs) offer a lightweight solution with theoretical
safety guarantees [6]. By constructing forward-invariant safe
sets, CBFs can be efficiently integrated with other control
objectives and have been widely adopted in safety-critical
applications.

Regarding obstacle avoidance methods, existing CBFs
typically rely on Euclidean shortest distances, which are
only applicable to simple convex primitives such as points,
spheres, or capsules. This often results in overly conservative
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safe sets and lacks a clear definition when objects overlap. In
practical applications, complex objects must be approximated
as combinations of multiple simple convex primitives, which
introduces computational redundancy and conservatism. In
[7], a differentiable collision detection framework was pro-
posed for two convex primitives, which solves the minimum
scaling factor by convex optimization. However, because
of the presence of planar and vertex features in convex
primitives, the continuity and differentiability of the solution
remain questionable. Previous works [8], [9] demonstrated
that the minimum scaling factor of a strongly convex scaling
function exhibits continuous differentiability and proposed
a CBF defined using this scaling factor, successfully ap-
plying it to obstacle avoidance tasks. For more general
safety constraints involving arbitrary relative degrees, higher-
order CBFs (HOCBFs) have been introduced [10] and their
robustness has also been investigated [11]. Nevertheless, the
prevailing method of HOCBFs introduces complexity and
potential feasibility issues [12].

Existing CBF designs often focus on local safety opti-
mization at the current moment, exhibiting myopia that may
sacrifice global performance, such as path optimality. For
dynamic and uncertain environments, a common strategy
is the collision cone method[13]. This approach evaluates
collision risk by examining the geometric relationship be-
tween the relative velocity vector and a cone-shaped collision
region, enabling dynamic trajectory adjustment to prevent
collisions. Meanwhile, considering the limitations of steering
or thrust capabilities in system dynamics, effectively avoid-
ing moving obstacles remains challenging. Previous studies
[14], [15] have developed and empirically validated collision
cone CBFs (C3BFs) to facilitate real-time kinematic obstacle
avoidance for nonholonomic ground vehicles. Further ex-
tending this concept, the work [16] applied C3BFs to 3D
scenarios, specifically for unmanned aerial vehicles. Never-
theless, these methods often yield overly conservative safety
sets, primarily because they simplify the ego vehicle as a
point mass and approximate obstacles with circles or spheres.
Inspired by the strengths of differentiable optimization and
the collision cone framework, this work seeks to overcome
these limitations.

Inspired by the above studies, this paper focuses on a
CBFs design method for safety control of second-order
robotic systems, particularly obstacle avoidance between
polyhedra in dynamic environments. The main contributions
of this paper are summarized as follows.

• For second-order robotic systems, a directional pro-
jection CBFs design method based on differentiable
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optimization is proposed. The approach explicitly incor-
porates the geometry of both the robot and obstacles,
enabling collision avoidance in dynamic environments.

• A tunable uniform scaling function with scaling about a
centroid is designed for padding convex polygons, with
its strict convexity rigorously proven.

• The collision risk is assessed by the extent of projection
intersection along the relative velocity direction, ef-
fectively addressing the short-sightedness of traditional
Euclidean distance metrics.

Notations: ∥ · ∥ is the ℓ2 norm of a vector or a matrix,
and (·)† is the pseudoinverse of a matrix. N>0 is the set
of positive integers. I is the identity matrix with proper
dimensions. An extended K∞ function Γ is a continuous
strictly increasing function that maps R to R with Γ(0) = 0.
C1 denotes continuously differentiable and C2 denotes twice
continuously differentiable. For a C1 function h : Rn → R,
its gradient ∇h is a column vector while the partial derivative
∂h
∂x is a row vector. For a C1 function f : Rn → Rm, the
partial derivative ∂f

∂x is an m× n matrix.

II. PRELIMINARIES

A. Control Barrier Function

Consider a control-affine system

ẋ = f(x) + g(x)u, (1)

with f : Rn → Rn and g : Rn → Rn×m being locally
Lipschitz, the states x ∈ X ⊂ Rn, and the control u ∈ U ⊂
Rm.

Let h : X ⊂ Rn → R be a C1 function, and define

C = {x ∈ X | h(x) ≥ 0}, (2a)
∂C = {x ∈ X | h(x) = 0}, (2b)

Int(C) = {x ∈ X | h(x) > 0}, (2c)

where C is the safe set, ∂C is the boundary of C, and Int(C)
is the interior of C. It is assumed that Int(C) ̸= ∅ and
∇h(x) ̸= 0 for x ∈ ∂C. Then, the safety of system (1) is
guaranteed and the set C is called safe set.

Definition 1 (Relative Degree [17]): For a C1 function h :
X → R with respect to system (1), the relative degree is
defined as the minimum number of times h(x) needs to be
differentiated along the system dynamics until the control
input u explicitly appears in the resulting derivative.

When the relative degree of function h(x) is r ∈ N>0,
and the inequality h(x) ≥ 0 is used as a safety constraint,
the definition of CBF for r = 1 is given as follows.

Definition 2 (Control Barrier Function [6]): A C1 func-
tion h : X → R constitutes a CBF if there exists an extended
class K∞ function Γ such that for system (1)

sup
u∈U

[Lfh(x) + Lgh(x)u] ≥ −Γ(h(x)), ∀x ∈ C (3)

where Lfh(·) = ∂h
∂xf(·) denotes the Lie derivative of h with

respect to f . For simplicity, the right-hand side of (3) can
be reduced to −γh(x) with γ > 0.

Given a CBF h, the set of admissible controls is defined
as:

Kcbf (x) = {u ∈ U |Lfh(x) + Lgh(x)u ≥ −Γ(h(x))} . (4)

The control u ∈ Kcbf (x) renders C forward-invariant
provided the initial condition x0 ∈ C.

B. Problem Statement

Consider an second-order nonlinear system{
ẋ1 = x2

ẋ2 = f2(x) + g2(x)u
, (5)

with f2 : R2n → Rn and g2 : R2n → Rn×m being locally
Lipschitz, the states x = (x1, x2)

⊤ ∈ X ⊂ R2n, and the
control u ∈ U ⊂ Rn.

For systems (5), the primary motivation for adopting
HOCBF arises the first derivative of a standard CBF does not
explicitly include control input terms, thus requiring higher-
order differentiation. Now, first-order state derivatives (e.g.,
velocity) are directly incorporated as independent variables
in the CBF formulation.

This paper aims to avoid collisions between polyhedral
objects in dynamic environments and to take evasive actions
in advance within a certain time period before a collision
occurs. The objective is to find a CBF h : X → R , there
exists an extended class K∞ function Γ such that

sup
u∈U

∂h

∂x2
f2(x) +

∂h

∂x2
g2(x)u+

∂h

∂x1
x2

≥ −Γ(h(x)), ∀x ∈ C.

(6)

The set of admissible controls is given by

Kcbf (x) =

u ∈ U

∣∣∣∣∣∣∣∣
sup
u∈U

[ ∂h

∂x2
f2(x) +

∂h

∂x2
g2(x)u

+
∂h

∂x1
x2

]
≥ −Γ(h(x))

 . (7)

The control u ∈ Kcbf (x) renders C forward-invariant
provided the initial condition x0 ∈ C. Evidently, compared
to HOCBF, this CBF requires designing only one class K∞
function.

III. DIFFERENTIABLE OPTIMIZATION

This section introduces differentiable optimization, with
the scaling function redefined to establish its physical sig-
nificance.

Definition 3 (Scaling functions): A class C2 function
FA : Rn → R is termed a scaling function for a non-empty
closed set A ⊂ Rn if

1) A = {z ∈ Rn | FA(z) ≤ α, α ∈ R+};
2) ∃!z0 ∈ Rn such that ∀α > 0,FA(z0) = 0;
3) FA(z) ≥ 0 for all z ∈ Rn.
This definition establishes a concrete connection between

the abstract mathematical functions and the intuitive physical
concept of uniform scaling. The point z0 is designated as
the scaling center of set A, where α = 1 corresponds to the
original size of A, α > 1 represents a uniform scaling up
of A centered at z0, and α < 1 represents a uniform scaling
down of A centered at z0.
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Certain sets possess a natural representation for scaling
functions. For a 2D (or 3D) ball of radius r, the scaling
function is given by FA(z) = (z − z0)

⊤P (z − z0), where
the scaling center z0 corresponds to the ball’s centroid and
P = I/r2. Similarly, the scaling function for an ellipse
(or ellipsoid) can be derived by appropriate selection of the
matrix P . The following revised lemma is introduced:

Lemma 1 ([9]): Given a convex scaling function FA, for
any z such that FA(z) > α (α > 0), ∂FA

∂z (z) ̸= 0.
Let FA and FB be two convex scaling functions associated

with A and B. Assume that the scaling centers of sets A
and B are distinct, i.e., cA ̸= cB , where cA and cB denote
the scaling centers of A and B. The minimum uniform
scaling factor that causes the boundaries of sets A and
B to intersect can be obtained by solving the following
optimization problem [8].

min
z,α

α

s.t. FA(z) ≤ α,

FB(z) ≤ α.

(8)

Let α∗ be the solution to the problem in (8). Fig. 1 presents
two cases of the solution: (a) when α∗ > 1, indicating that
the sets need to be scaled up to intersect; (b) when α∗ <
1, indicating that the sets can be scaled down while still
intersecting. The Lagrangian function of the above problem

(a) α∗ > 1 (b) α∗ < 1

Fig. 1: The minimum scaling optimization problem for two
circular sets A and B. The original sets are depicted in darker
colors, while the scaled sets are shown in lighter colors, with
their intersection highlighted in red. (a) illustrates boundary
intersection after scaling up, while (b) demonstrates bound-
ary intersection after scaling down.

(8) is given as follows:

L(α, z, λA, λB) = α+λA (FA(z)− α)+λB (FB(z)− α) , (9)

where λA and λB are the Lagrange multipliers associated
with the constraints FA(z) ≥ α and FB(z) ≥ α, respec-
tively.

Since the problem is convex and strictly feasible (i.e.,
Slater’s condition holds), the Karush-Kuhn-Tucker (KKT)
conditions are necessary. The optimal primal (α∗, z∗) and
dual (λ∗

A, λ
∗
B) variables satisfy the following KKT condi-

tions:

λ∗
A + λ∗

B = 1, (10a)

λ∗
A

∂FA

∂z
(z∗) + λ∗

B

∂FB

∂z
(z∗) = 0, (10b)

λ∗
A(FA(z

∗)− α∗) = 0, (10c)
λ∗
B(FB(z

∗)− α∗) = 0, (10d)
λ∗
A, λ

∗
B ≥ 0. (10e)

The following revised lemma is introduced:
Lemma 2 ([9]): If FA and FB are both convex and cA ̸=

cB , then λ∗
A, λ

∗
B > 0, FA(z

∗) = FB(z
∗) = α∗, and

∂FA

∂z (z∗) ̸= ∂FB

∂z (z∗).
Assume that the scaling functions FA and FB are also

functions of a parameter vector θ. The following theorem
establishes the continuous differentiability of α∗ with respect
to θ.

Theorem 1 ([9]): Assume that cA ̸= cB , and FA and FB

are also C2 in θ. If FA and FB are both convex w.r.t. z and
one of them is strictly convex w.r.t. z, then α∗ is continuously
differentiable w.r.t. θ

∂α∗

∂θ
(θ) =

∂FA

∂z
(z∗, θ)

∂z∗

∂θ
(θ) +

∂FA

∂θ
(z∗, θ). (11)

∂z∗

∂θ is given by the following equation[
M c
c⊤ 0

]
︸ ︷︷ ︸

N

[
∂z∗

∂θ
∂λ∗

A

∂θ

]
=

[
Ω1

Ω2

]
, (12)

where

M = λ∗
A

∂2FA

∂z2
(z∗, θ) + (1− λ∗

A)
∂2FB

∂z2
(z∗, θ), (13a)

c =
∂FA

∂z
(z∗, θ)⊤ − ∂FB

∂z
(z∗, θ)⊤, (13b)

Ω1 = −λ∗
A

∂2FA

∂z∂θ
(z∗, θ)− (1− λ∗

A)
∂2FB

∂z∂θ
(z∗, θ), (13c)

Ω2 = −∂FA

∂θ
(z∗, θ) +

∂FB

∂θ
(z∗, θ). (13d)

IV. SCALING FUNCTIONS FOR 2D CONVEX
POLYGONS

This section derives a scaling function for 2D convex
polygons. The main idea involves padding the polygon into
a strictly convex set with tunable accuracy, while enabling
uniform scaling.

A. Candidate Scale Functions
In the 2D plane, a convex polygon S with N edges

can be delimited by N linear inequalities corresponding to
each of its edges, i.e., S = {z ∈ R2 | Fz ≤ b} where
F ∈ RN×2 and b ∈ RN . Given the vertex coordinates θ =
[x1, y1, ..., xN , yN ] ∈ R2N of S in a counterclockwise order,
F (θ) and b(θ) can be given by the following expressions [9]:

y2 − y1 x1 − x2

y3 − y2 x2 − x3

...
...

y1 − yN xN − x1


︸ ︷︷ ︸

F (θ)

[
x
y

]
≤


x1y2 − x2y1
x2y3 − x3y2

...
xNy1 − x1yN


︸ ︷︷ ︸

b(θ)

, (14)
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where F (θ) ∈ RN×2 and b(θ) ∈ RN , ∂F
∂θ and ∂b

∂θ exist and
are continuous in θ. Let the i-th row of F and b be Fi and
bi, respectively.

Next, a scaling function F(z) is derived to determine
whether a point z lies inside a polygon uniformly scaled
by factor α.

A polygon is uniformly scaled by α, subject to the
following constraints [7]:

FQT (z − c) ≤ αb, (15)

where the rotation matrix Q ∈ R2×2 transforms between the
world coordinate system and the coordinate system centered
at the polygon’s centroid c.

The centroid of a polygon c = (xc, yc) can be calculated
using the following formulas:

xc =
1

6A

N∑
i=1

(xi + xi+1) (xiyi+1 − xi+1yi) , (16a)

yc =
1

6A

N∑
i=1

(yi + yi+1) (xiyi+1 − xi+1yi) , (16b)

where the signed area A of the polygon is calculated as
A = 1

2

∑N
i=1(xiyi+1 − xi+1yi). If the vertices are ordered

clockwise, A will be negative. If ordered counterclockwise,
A will be positive. Typically, the absolute value |A| is used
for centroid calculations.

Lemma 3: Assume that the vertices θ of the convex poly-
gon S are arranged counterclockwise. If the origin of the
coordinate system in which the vertices are defined lies inside
the polygon, then b > 0 in the inequality (14).

Proof: When the coordinate system is translated such
that its origin coincides with the interior point c = (xc, yc),
the vertex coordinates become x̃i = xi−xc and ỹi = yi−yc
for i = 1, . . . , N . The new coefficients b̃i are defined as:

b̃i = x̃iỹi+1 − x̃i+1ỹi. (17)

Geometrically, b̃i represents twice the signed area of the
triangle formed by points c, vi, and vi+1. The signed
area Ai of triangle (c, vi, vi+1) can be computed using the
determinant formula:

Ai =
1

2

∣∣∣∣∣∣
1 0 0
1 x̃i ỹi
1 x̃i+1 ỹi+1

∣∣∣∣∣∣ = 1

2
(x̃iỹi+1 − x̃i+1ỹi), (18)

which confirms that b̃i = 2Ai.
Since the polygon is convex with vertices ordered coun-

terclockwise and c is an interior point, every triangle
(c, vi, vi+1) is positively oriented. Therefore, each signed
area Ai > 0, implying b̃i > 0 for all i = 1, . . . , N .
Naturally, a candidate scale function is defined as

f(z) = max
i=1,...,N

(
Fi(z − c)

bi

)
, (19)

where the point c represents the centroid of the polygon,
which also serves as the scaling center. Fi and bi are ex-
pressed in a coordinate system centered at the centroid. Since

the centroid lies strictly inside the polygon, by Lemma 3
bi > 0. However, the function (19) is non-differentiable,
which will be addressed in the next subsection.

B. Padding the Polygon Into a Strictly Convex Set

(a) α = 0.65
κ = 5

(b) α = 1.15
κ = 5

(c) α = 2.15
κ = 5

(d) α = 0.55
κ = 15

(e) α = 1.05
κ = 15

(f) α = 2.05
κ = 15

Fig. 2: Padded squares with different α and κ. (a), (d) show
padded-shrunk shapes; (b), (e) show original padded shapes;
(c), (f) show padded-expanded shapes.

The next step is to convert the 2D convex polygon

S = {z ∈ R2 | max
i=1,...,N

(
Fi(z − c)

bi

)
≤ α} (20)

with α > 0, into a strictly convex set. Consider using
LogSumExp to approximate max, resulting in a set

Ss =

{
z ∈ R2

∣∣∣∣∣ 1

κ
ln

(
N∑
i=1

e
κ·Fi(z−c)

bi

)
≤ α

}
(21)

with κ > 0, α > 0. Since Logsumexp [18] is a smooth
upper bound of max, it follows that Ss ⊂ S, which is not
the desired result. In fact, by adding a small positive offset
δ (determined by κ) to α, the new set Ss

∗ satisfies Ss
∗ ⊃ S

where

Ss
∗ =

{
z ∈ R2

∣∣∣∣∣ 1

κ
ln

(
N∑
i=1

e
κ·Fi(z−c)

bi

)
≤ α+ δ

}
(22)

with κ > 0, α > 0, δ > 0.
The scaling function for Ss is defined as

FSs
(z) =

1

κ
ln

(
N∑
i=1

e
κ·Fi(z−c)

bi

)
, (23)

where Ss =
{
z ∈ R2 | FSs

(z) ≤ α, α > 0
}

follows directly
from the definition of Ss.

Theorem 2: Assume that the vertices θ of the convex
polygon S are arranged counterclockwise. If the origin of
the coordinate system in which the vertices are defined lies
inside the polygon, then ∂2FSs

∂z2 (z) > 0, i.e., FSs is strictly
convex w.r.t. z.
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Proof: Strict convexity of FSs
(z) is proven by show-

ing that its Hessian matrix is positive definite. Let U =∑N
i=1 e

κ·Fi(z−c)

bi , U̇ = κ
∑N

i=1
Fi

bi
exp

(
κ · Fi(z−c)

bi

)
, Ü =

κ2
∑N

i=1
F⊤

i ·Fi

b2i
exp

(
κ · Fi(z−c)

bi

)
, the second partial deriva-

tive of FSs
with respect to z is given as follows:

∂2FSs

∂z2
(z) =

U · Ü − U̇⊤ · U̇
κ · U2

. (24)

Since κ · U2 > 0, the Hessian matrix is defined as

H = U · Ü − U̇⊤ · U̇ . (25)

For any non-zero vector d ∈ R2, we have:

d⊤H d = d⊤
[
U · Ü − U̇⊤U̇

]
d. (26)

Let wi = exp
(
κFi(z−c)

bi

)
> 0 and ai =

Fid
bi

. Then,

d⊤Ü d = κ2
N∑
i=1

(Fid)
2

b2i
wi = κ2

N∑
i=1

a2iwi, (27)

d⊤(U̇)⊤U̇ d = (U̇d)2 = κ2

(
N∑
i=1

aiwi

)2

. (28)

Thus, (26) can be changed as:

d⊤H d = κ2

( N∑
k=1

wk

)(
N∑
i=1

a2
iwi

)
−

(
N∑

j=1

ajwj

)2
 . (29)

By the Cauchy-Schwarz inequality [19], it follows that N∑
j=1

ajwj

2

≤

(
N∑

k=1

wk

)(
N∑
i=1

a2iwi

)
, (30)

where inequality holds iff all ai are equal. For a strictly
convex polygon, the edges cannot be all parallel, ∃i, j such
that Fi

bi
̸= λ

Fj

bj
for any λ. Thus, ∀d ̸= 0, ai = Fid

bi
cannot be

constant across all i. Consequently,(
N∑

k=1

wk

)(
N∑
i=1

a2iwi

)
−

 N∑
j=1

ajwj

2

> 0. (31)

Hence, H is positive definite, and FSs
(z) is strictly convex.

As shown in Fig. 2, the precision of the padded shape Ss
∗

can be adjusted through the parameter κ, where increasing
κ results in higher precision while requiring a smaller offset
δ. This method can also be applied to 3D convex polytopes
using the inequalities describing each face of the polytope.

When FA = κ · exp (FSs) and FB = κ · exp
(
FS′

s

)
,

optimization problem (8) is equivalent to

min
z,α′

κ · exp(α)

s.t.FSs(z) ≤ κ · exp(α), FS′
s
(z) ≤ κ · exp(α), (32)

with α′ = κ · exp(α) as α > 1 if Ss ∩ S′
s = ∅. The

constraint FSs
(z) ≤ α (same for FS′

s
(z) ≤ α) can be further

developed into a sum of exponential cones and this can be
efficiently solved by solvers such as splitting conic solver
and embedded conic solver.

V. DIRECTIONAL PROJECTION CONTROL BARRIER
FUNCTIONS

In this section, a innovative directional projection CBFs
construction method is proposed.

Consider two convex polyhedral objects denoted as A and
B, here represented as cuboids for illustration, where A is the
controlled object and B is an obstacle. Consider the system
(1), denote x = [x1, x2]

T , where x1 and x2 denote position
x and velocity v.

Each object defines an additional body-fixed reference
frame with its origin rA ∈ R3 and rB ∈ R3 located at
their respective centroids, referenced to the world coordinate
frame W . The orientation of each object is defined by rota-
tion matrices WRA ∈ R3×3 and WRB ∈ R3×3, which relate
the world reference frame to the body-fixed reference frames.
The velocity of each object’s centroid is considered as the
overall velocity and is measurable. Denote the velocities in
the world coordinate frame as vA ∈ R3 and vB ∈ R3. The
position and velocity of the obstacle relative to the controlled
object are denoted as the relative position xrel ∈ R3 and
relative velocity vrel ∈ R3, where

xrel = rB − rA,

vrel = vB − vA.
(33)

The short-term collision probability is assessed based on
the vector relationship between relative position and relative
velocity. Assuming no collision at the current time:

• When ⟨xrel,vrel⟩
∥xrel∥∥vrel∥ ≤ 0, there is a high probability of

future collision.
• When ⟨xrel,vrel⟩

∥xrel∥∥vrel∥ > 0, collision is unlikely in the
future.

Next, the directional projection along the relative velocity
vector is utilized to further assess collision conditions. Taking
the relative velocity vector as the normal vector, construct
a projection plane passing through the origin of the world
coordinate frame. Both the controlled object and obstacle are
projected onto this plane, resulting in two 2D polygons. For
example, a cuboid projects as either a rectangle or hexagon
depending on its orientation.

The coordinate transformation for the projection process
can be formulated as the following mathematical problem:

Given a point p = (px, py, pz)
⊤ in the world coordinate

frame W and a unit vector v = (a, b, c)⊤, rotate the z-axis
(or y-axis) of frame W to align with v to obtain a new
coordinate frame P . The problem requires computing both
the rotation matrix WRP that transforms coordinates from
P to W and the coordinates p′ of point p expressed in frame
P .

• When c ̸= −1, rotate around the z-axis,

WRP =

 1+c−a2

1+c − ab
1+c a

− ab
1+c

1+c−b2

1+c b

−a −b c

 . (34)

• When c = −1, rotate around the y-axis,
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WRP =


√
1− a2 − ab√

1−a2
− ac√

1−a2

a b c
0 − c√

1−a2

b√
1−a2

 . (35)

And p′ = WR⊤
P · p. Recalling the method in Section IV,

the vertices of the convex polyhedron are projected onto a
2D plane via WRP , connected counterclockwise to form a
convex polygon, padded with the scaling function (23) to
ensure strict convexity, and finally the optimization problem
(32) is solved to determine the minimal uniform scaling
factor α between the two.

This innovative approach avoids projection region inter-
section, leading to directional projection CBFs, formulated
as:

h (x) = α∗ (x)− α0,
⟨xrel,vrel⟩
∥xrel∥∥vrel∥

≤ 0, (36)

where α∗(x) is the solution to the optimization problem (32),
and α0 > 0 is a user-chosen parameter. If the control u is
designed such that h(x) > 0 holds forward in time, then
α∗(x) > α0 > 1 + δ. This means SsA ∩ SsB = ∅ and thus
SA ∩ SB = ∅. In other words, the collision is avoided.

The set C is defined as the set of safe directions for the
relative velocity vector. Given a function h : D ⊆ Rn → R
that satisfies the conditions outlined in Definition 1 on C, it
follows that a Lipschitz continuous control policy obtained
from the corresponding quadratic program (QP) guarantees
collision avoidance with the obstacle, even if the reference
control signal uref would otherwise lead to a collision. The
physical meaning of the safety set C can be demonstrated
through proof by contradiction.

The proposition ”if the projection regions do not in-
tersect, then collision does not occur” is equivalent to
its contrapositive ”if collision occurs, then the projection
regions intersect”. Now suppose there exist non-intersecting
projection regions where collision occurs. A collision implies
intersection in 3D space, which must result in intersecting
projections onto any plane. This contradicts our assumption,
thus proving the original proposition.

To ensure that the initial state of the obstacle avoidance
process lies within the interior of the safe set C, consider
designing α0 as

α0 = e−τ ·dmin + δ, (37)

where dmin ≥ 0 denotes the minimum distance between
the two polyhedrons, and τ > 0 represents a user-chosen
parameter. When a0 < 1+ δ (which is equivalent to dmin >
0), it means that no collision occurs. If the polyhedrons is
padded to strict convexity using a similar scaling function
(23), then the derivative of dmin with respect to time t
exists. In practice, dα0

dt can be obtained through numerical
differentiation:

dα0

dt
=

α0(t+∆)− α0(t)

∆
, (38)

where ∆ is a tiny increment.
The next theorem proves that ∇xh ̸= 0 for h(x) = 0.

Theorem 3: For a CBF h defined in (36) with α0 =

e−τ ·dmin + δ. If h(x) = 0, then ∇xh =
[

∂h
∂x1

, ∂h
∂x2

]⊤
̸= 0.

Proof: When h(x) = 0, we have

α∗(x) = α0 > αdesired + δ. (39)

Thus, SA ∩ SB = ∅ (after αdesired-scaling). If ∇xh = 0,
since ∂α0

∂x2
= 0, then ∇x2α

∗ = ∇x2h, no infinitesimally small
change in x2 exists that can change α∗. This is impossible
because when cA ̸= cB , there always exists an infinitesimal
translation of x2 that will change the value of α∗. Hence,
∇xh ̸= 0 must be hold.

By Theorem 1, the derivative of h with respect to t yields

dh

dt
=

(
∂FA

∂z
· ∂z

∂x2
+

∂FA

∂x2

)
· f2(x)

+

(
∂FA

∂z
· ∂z

∂x2
+

∂FA

∂x2

)
· g2(x)u

+

(
∂FA

∂z
· ∂z

∂x1
+

∂FA

∂x1

)
· x2 − α̇0,

(40)

where ∂z
∂x1

and ∂z
∂x2

are given by the equation (12). Then the
set of admissible controls is following:

Kcbf (x) =

{
u ∈ U

∣∣∣∣ dhdt ≥ −Γ(h(x))

}
. (41)

VI. SIMULATION STUDIES

This section demonstrates the effectiveness of the pro-
posed method. First, the performance of the approach is
illustrated through a simulated mobile robot scenario. Subse-
quently, the method is applied to a 7-DOF robotic arm, and
its performance is validated in simulation.

A. Simulation 1: Obstacle Avoidance of Mobile Robot

Consider the unicycle model for a wheeled mobile robot
given by ẋ = v cos θ, ẏ = v sin θ, v̇ = u2, θ̇ = u1, where
x, y denote the location, θ is the heading angle, v denotes the
linear speed, and u1, u2 are the two control inputs (turning
speed and forward acceleration).

The initial setup is illustrated in Fig. 3 (a), where the red
rectangle (3m × 2m) represents the mobile robot, and the
blue rectangle (3m × 2m) and green rectangle (3m × 2m)
represents the obstacles. Assuming the velocity direction is
parallel to the longer side of the rectangle, the tracking
trajectory for the mobile robot is a straight line with a
heading angle of 45 degree. The robotic initial velocity
is (0, 0)⊤ m/s, while the obstacles move with constant
velocity (0.5,−0.2)⊤m/s and along a circular arc (initial
velocity (−0.1,−0.2)⊤m/s, angular velocity −0.07 rad/s),
respectively.

This problem occurs in 2D space, where the projection
process along the relative velocity direction simplifies to the
projection of polygons onto line segments. The computation
of scaling factors for two line segments is straightforward
and does not require solving an optimization problem :

α =
2d

L1 + L2
, (42)
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(a) t = 0 s (b) t = 4 s

(c) t = 8 s (d) t = 14 s

Fig. 3: Obstacle avoidance of mobile robot. The black dashed
line denotes the tracking trajectory, and the red solid line the
actual trajectory. (a) Initial positions of the mobile robot and
obstacles. (b)-(d) Relative positions between the mobile robot
and obstacles at different time instants.

(a) Values of h (b) Minimum distance

Fig. 4: Obstacle avoidance of mobile robot. (a) Values of the
CBF h. (b) Minimum distance between the mobile robot and
obstacles. d1min

is the minimum distance between the mobile
robot and the blue obstacle, and d2min

is the minimum
distance to the red obstacle.

where d is the distance between the centers of the two line
segments, and L1 and L2 are the lengths of the two line
segments, respectively. The perception range of the mobile
robot was simulated as the triggering condition for the CBF
constraint, satisfying: ⟨xrel,vrel⟩

∥xrel∥∥vrel∥ ≤ 0.
Fig. 3 (b)–(d) show the relative positions between the

mobile robot and obstacles at different time instants, demon-
strating the entire obstacle avoidance process. It is evident
that the mobile robot initiated an obstacle avoidance maneu-
ver some time before the collision occurred. The values of
the CBF h defined in (36) are presented in Fig. 4 (a). As
expected, h ≥ 0 holds throughout the simulation, ensuring
collision avoidance. Considering the non-intuitive physical
interpretation of the defined CBF, the minimum distance

(a) t = 0 s (b) t = 1.2 s

(c) t = 3 s (d) Tracking trajectory

Fig. 5: Obstacle avoidance of Franka arm’s end-effector. (a)
Initial positions of the Franka arm and obstacle. (b) Relative
positions between the Franka arm and obstacle at time t =
1.2s. (c) Actual trajectory. (e) Tracking trajectory.

(a) Values of h (b) Minimum distance

Fig. 6: Obstacle avoidance of Franka arm’s end-effector. (a)
Values of the CBF h. (b) Minimum distance between the
Franka arm’s end-effector and obstacle.

between the mobile robot and obstacles was computed as
a reference (Fig. 4 (b)), where dmin ≥ 0 is maintained.

B. Simulation 2: Obstacle Avoidance of Franka Arm’s End-
effector

To verify the efficacy of the proposed method, a simu-
lation is conducted on a virtual Franka Emika manipulator
with 7 DOF in the open-source robot simulation software
Coppeliasim.

Consider the scenario shown in Fig. 5, where the target
is the green cuboid block(0.16m× 0.08m× 0.06m) grasped
by the robotic arm’s end-effector and the obstacle is the red
cubic block(0.12m×0.12m×0.12m). The experimental task
involves controlling the robotic arm to make the green block
follow a specified trajectory while avoiding the obstacle. The
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nominal controller for the robotic arm is backstepping control

τ = M(q) · [− (1 + k1k2) eq − (k1 + k2) eq̇

+ q̈d] + C(q, q̇) +G(q),
(43)

where k1, k2 > 0 are tunable control parameters. The joint
torques are then transformed into end-effector wrenches by
F = (J†

b )
⊤τ , and our CBF constraints are applied in

Cartesian space:

F = Mx(q)ẍ+ Cx(q, q̇) +Gx(q), (44)

where Mx(q) ∈ Rn×n represents the Cartesian mass matrix,
Cx(q, q̇) ∈ Rn represents the Coriolis and centrifugal vector
in Cartesian space, and G(q) ∈ Rn represents the gravity
vector in Cartesian space. Finally, redundant degrees of
freedom are scheduled through null-space projection

τ∗ = J⊤ · F∗ +
(
I− J†J

)
· τ. (45)

where F∗ is the CBF-QP-compensated force. Additionally,
if point p is a vertex of the polygon A, we have:

Bp = BRE · Ep+ BpE,

dBp

dx
= [I − [BRE · Bp]×],

(46)

where B represents the base coordinate frame, E represents
the end-effector coordinate frame, and [·]× is the skew-
symmetric matrix of a vector.

The initial joint angles of the robotic arm are q0 =
(0, −45◦, 0, −135◦, 0, 90◦, 45◦)T, and the initial position
of the obstacle center is pobs = (0.2, 0.19, 0.48)T (see Fig. 5
(a)). Fig. 5 (b) shows the relative positions between the target
and obstacle at time 1.2s during collision avoidance, where
no collision occurs. Fig. 5 (c) displays the complete trajectory
of the target center from a top view perspective, while Fig. 5
(d) shows the tracking trajectory (a circular arc with radius
r = 0.3m) without CBF constraints, which intersects the
obstacle region. The values of h are shown in Fig. 6 (a) and
the minimum distance are shown in Fig. 6 (b). As shown
in Fig. 6, both h ≥ 0 and dmin ≥ 0 hold throughout the
simulation, ensuring collision avoidance and verifying a safe
operational margin, respectively.

VII. CONCLUSIONS

For second-order robotic systems, a directional projection
CBFs design method based on differentiable optimization is
proposed to avoid collisions with various shapes of static
and dynamic obstacles, particularly polyhedra. Inspired by
the human eye’s obstacle avoidance mechanism, potential
collisions are proactively detected by projecting perspectives
along the relative velocity direction. Specifically, tunable uni-
form scaling functions are employed to pad convex polygons
with versions of various sizes, achieving higher accuracy
compared to using one or multiple circles for padding. The
method has been successfully validated on a 2D mobile robot
and a 7-DOF Franka manipulator. Future work will consider
interference factors in practical applications, particularly
relative velocity perturbations, as well as improving real-time
computational efficiency.
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Paris, France: l’École Royale Polytechnique, 1821.

2044


