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Abstract— Achieving a natural, human-like heel to toe gait
on flat-foot humanoids is a challenging task, as their typical
parallel foot walking pattern limits step length and appears
unnatural. To address this, we present a hierarchical control
framework guided by a four-state Finite State Machine with
mixed time and event based transitions. The controller manages
near-singular knee extension using a 5-DoF damped least
squares inverse kinematics task for the swing leg. A key innova-
tion is a late-swing ankle policy based on the shank-to-vertical
angle, which allows a natural heel strike to emerge and adapt
to walking speed. A real-time whole-body controller based
on quadratic programming, incorporating the robot’s full-
body dynamics, realizes these motions while satisfying contact
constraints. In simulation, our method achieves significantly
longer steps with maintained stability and reduced stance knee
effort, reaching a maximum step length of 72 cm (39.6% of the
robot’s height), which is comparable to that of a human.

I. INTRODUCTION

Humanoid locomotion has made significant progress in
achieving stable walking, yet replicating the natural human
gait remains a challenging task. This lack of naturalness is
evident in several characteristic aspects of humanoid walk-
ing. The most prominent problem is a gait with continuously
bent knees, where the legs never fully extend. This posture,
strategy to avoid kinematic singularities, is also a primary
cause of high energy consumption [1]. Furthermore, as
shown in Fig. 1(a), the swing leg is typically maintained in
a horizontal posture relative to the ground. While effective
for ensuring stability, these strategies create a fundamentally
restrictive gait. The resulting motion is not only visibly
unnatural but also limits the robot’s ability to take long
strides. Such a restrictive gait directly prevents it from
matching the performance of a typical human, whose step
length can reach up to 40% of their body height [2].

In contrast, human walking follows a heel to toe pattern
in which the foot first contacts the ground with the heel,
then moves into a foot-flat stance before concluding with
a toe off [3] as illustrated in Fig. 1(b). This rolling motion
is key to achieving long, efficient strides. To replicate this
natural gait, several studies have investigated walking on
humanoids that incorporate actuated toe joints. WABIAN,
for example, was retrofitted with an active toe joint and
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(a) Flat-foot walking (b) Heel to toe walking

Fig. 1. Flat-foot and heel to toe walking (a) Flat-foot walking with the
swing foot kept nearly horizontal to the ground. (b) Heel to toe walking
with heel strike and heel off, enabling longer steps.

controlled through inverse kinematics (IK) to realize heel
to toe transitions and step lengths up to 50cm [4]. Likewise,
simulation studies on Atlas used an active toe joint combined
with quadratic-programming (QP) based dynamic control
to realize heel to toe walking with 50cm steps [5]. These
modifications not only extended step length but also lowered
energy consumption during walking [6], [7]. However, such
solutions require actuated toe joints and are therefore not
applicable to the majority of humanoids that feature flat
foot. Furthermore, their reliance on predefined joint angle
trajectories prevents adaptation to varying walking speeds,
resulting in rigid and unnatural gait. This is particularly
problematic because most humanoids [8]–[13] feature flat,
rectangular foot without toe joints for structural simplicity.
For these robots, reproducing heel strike and toe off remains
challenging. [14] presents a hybrid approach that enables
underactuated heel off and toe support by coordinating
virtual force control on the stance leg and foot placement
on the swing leg, structuring the gait into three phases.
However, omitting friction cone force constraints, which
can compromise stability, and models each leg with only
3 degrees of freedom (DOF), oversimplifying the robot’s
kinematics. More recently, [15] divides heel to toe walking
into a four state finite state machine (FSM) that relies on time
based transitions. Joint angles are computed through QP and
then tracked with IK. However, the segmented phases do not
fully capture human gait, and the use of fixed timing and IK
without dynamic consistency often results in discontinuous,
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contact-inconsistent motion. [16] employs a passivity-based
whole body controller to generate a heel-off motion and
achieves step lengths of about 55 cm (31.6 % of its height).
Because the gait omits a heel strike phase it remains less
natural and is limited to a slow 1.5 s step cycle.

To address these limitations, this paper presents a new
hierarchical framework for achieving a natural heel to toe
gait on flat foot humanoids. Our approach is guided by a
four-state FSM that integrates both time based and event
triggered transitions to better reflect human gait characteris-
tics. At the high level, a swing leg controller uses damped
least squares (DLS) IK to avoid singularity issues, while
ankle policy based on the shank-to-vertical angle allows a
natural heel strike to emerge as walking speed increases.
At the low level, a real-time whole-body controller enforces
appropriate contact constraints for each gait phase. Through
this framework, we demonstrate a smoother, more human-
like gait with significantly longer steps and reduced knee
effort.

In the sections that follow, Section II establishes a kine-
matic upper bound on step length under heel to toe rollover.
Section III then introduces the FSM that blends time and
event based transitions. Section IV presents a DLS swing-
leg inverse kinematics to handle knee stretch and explains
the ankle-pitch joint command strategy. Section V details
the QP whole-body controller with phase-specific contact
constraints. Section VI presents simulation results, and Sec-
tion VII summarizes our findings.

II. KINEMATIC ADVANTAGES OF HEEL TO TOE WALKING
OVER FLAT-FOOT WALKING

This section derives a kinematic upper bound on the
maximum step length for flat-foot walking and heel to toe
walking, under the same pelvis height h. Fig. 2 illustrates a
planar 3-link leg (thigh ℓ1, shank ℓ2).

(a) Flat-foot walking: When the foot remains parallel
to the ground, the ankle acts as a fixed pivot. At full
knee extension (overall leg length ℓ1 + ℓ2), the horizontal
projection from pelvis to contact is

xflat =
√

(ℓ1 + ℓ2)2 − h2, 0 < h < ℓ1 + ℓ2, (1)

so the symmetric maximum step length is

Lflat
max = 2

√
(ℓ1 + ℓ2)2 − h2. (2)

(b) Heel to toe walking: During heel to toe walking the
supporting foot rotates about a moving pivot. Unlike flat-
foot gait the foot can keep a nonzero pitch so the ground
pivot shifts with the foot. Let ℓt and ℓh be the ankle-to-
pivot distances on the toe and heel sides. With the knee fully
extended the pelvis to pivot horizontal projections are

xt =

√
(ℓ1 + ℓ2)2 −

(
h− ℓt sin θ1

)2
xh =

√
(ℓ1 + ℓ2)2 −

(
h− ℓh sin θ2

)2
.

(3)

and the maximum step length becomes

Lheel–toe
max = xt + xh. (4)

(a) Flat-foot walking (b) Heel to toe walking

Fig. 2. Maximum step length with and without heel to toe rollover
(planar 3-link model). (a) Flat-foot walking with rotation about the ankle,
which limits Lflat

max. (b) Heel to toe rollover where heel-rise angles θ1 and
θ2 move the ground-contact location forward from the heel edge by xh

toward the toe edge by xt, increasing Lheel-toe
max .

For heel rise angles θ1, θ2 ∈ [0, π
2 ],

Lheel–toe
max = xt + xh ≥ 2

√
(ℓ1 + ℓ2)2 − h2 = Lflat

max. (5)

with strict inequality whenever at least one of θ1, θ2
is nonzero. Therefore Lheel–toe

max increases monotonically
as θ1 and θ2 increase over the practical range (where
ℓt sin θ1, ℓh sin θ2 < h), and it reduces continuously to (2)
when θ1 = θ2 = 0.

III. FLAT FOOT HUMANOID’S GAIT CYCLE ANALYSIS

We introduce a FSM for implementing a heel to toe
walking on flat foot humanoid systems. We then detail each
contact state and explain the transition mechanisms triggered
by time and by events.

A. Flat foot humanoid FSM for Heel to Toe walking

In conventional flat foot walking, the foot remains parallel
to the ground throughout the gait cycle, preventing natural
heel to toe transitions. To further achieve a human-like gait,
we subdivide the walking cycle into four state FSM for the
contact phase.

i) Heel Strike(=Toe off): This phase marks the initial
ground contact of the swinging foot’s heel. Concur-
rently, the support foot has already completed its heel
contact phase and initiates a heel rise.

ii) Loading Response: Following Heel strike, the transition
from heel contact to sole contact occurs through a nat-
ural roll over process. During this phase, the supporting
foot achieves toe contact, just before entering its swing
phase.

iii) Midstance: The support foot maintains complete plantar
contact with the ground to securely stabilize the body’s
weight. Concurrently, the swinging foot advances to
prepare for the subsequent step.

iv) Heel Off: After Midstance, the support foot undergoes
a gradual heel lift off. This critical phase of natural roll
over facilitates the smooth transition of the support foot
into the swing phase.
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ⅰ) Heel strike ⅱ) Loading response
(Foot flat)

ⅲ) Midstance ⅳ) Heel off ⅰ) Toe off

Double support Single support

Left foot

Right foot

Fig. 3. Finite State Machine for flat foot humanoid heel to toe walking. The diagram includes four contact states— Heel Strike(Toe off), Loading
Response, Midstance, and Heel Off. Transitions are driven by a combination of predefined timings and kinematic events to replicate the natural human
gait cycle.

B. Gait Phase Transition Timing and Trigger Mechanisms

To implement natural gait transitions similar to human
walking, our system combines the FSM with both time based
and event based triggers. (Loading response) → (Midstance)
and (Heel off) → (Toe off) follow the footstep planner’s
schedule. All other transitions are driven by dedicated trig-
gers described below. We employ two types of transition
mechanisms. The first is (Heel strike) → (Loading response)
and it is time based. In human gait Heel strike and the
subsequent Loading response occur at the start of double
support and swing begins shortly after [3]. To reflect this
timing, our planner allocates 80% of the predetermined dou-
ble stance duration to the Heel strike phase and the remaining
20% to the Loading response phase. The second transition
occurs when the robot moves from (Midstance) → (Heel
off). We trigger this event as soon as the CoM has passed
the front edge of the support foot. Passing this boundary
shows that the robot’s weight has shifted forward enough to
lift the heel. This event based approach enables the system
to promptly adapt to changes in the walking environment
or speed, thereby enabling more flexible FSM transitions.
Such an event based trigger mechanism effectively captures
the dynamic characteristics of the gait cycle, contributing
significantly to the implementation of natural gait transitions
compared to a purely time based method.

C. Knee Stretch in the FSM

We focus on knee stretch that can arise in both the
stance and swing legs within the FSM. First, after Loading
response, when the supporting foot initiates swing, the knee
of that foot may become nearly fully extended, which can
lead to a singularity issue. Second, during Heel off, as the
body progresses in the direction of motion, the supporting
leg’s knee also straightens, which can lead to a singularity
issue. In optimization, such singular conditions can result in
no feasible solution, which in turn can cause the robot to
diverge. In the following section, we introduce our heel to
toe whole body control that addresses these issues.

Heel strikeHeel off

Fig. 4. Swing foot trajectory from Heel off to Heel strike phase. The
path is generated via cubic spline interpolation through predefined midpoint,
and end waypoints.

IV. SWING FOOT TRAJECTORY AND DAMPED LEAST
SQUARES IK FOR HEEL TO TOE WALKING

A. Swing Foot Trajectory in the Heel Frame

To generate the task-space reference we parameterize the
swing motion at the heel frame rather than the foot center
(Fig. 4). Let ph(t) ∈ R3 be the heel position and let
θxz(t) ∈ R2 collect roll and yaw (pitch is intentionally left
unconstrained by the 5-DoF task). The trajectory is a cubic
spline through start, mid, and end waypoints:

pmid
h =


1
2

(
pcur
h,x + pend

h,x

)
1
2

(
pcur
h,y + pend

h,y

)
pcur
h,z + hsw

 . (6)

where hsw > 0 is the prescribed swing height. On level
ground we set

pend
h,z = 0, (7)

and choose roll and yaw waypoints to keep the foot neutral
about both axes:

θcur
xz = xz

(
Rh(ts)

)
, θmid

xz = 0, θend
xz = 0, (8)

where ts and tf denote the swing start and touch-down times,
respectively, and the function xz(·) extracts the roll and yaw
angles from the rotation matrix Rh. Each component of
(ph(t),θxz(t)) and (ṗh(t), θ̇xz(t)) is obtained from a cubic
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Fig. 5. Flat landing preparation in late swing. Negative SVA predicts
a flat landing.

Fig. 6. Heel strike preparation in late swing. Positive SVA triggers
heel-first landing.

spline that enforces position and velocity continuity at the
waypoints. We use the measured heel velocity at lift-off and
impose zero terminal velocity at touch-down.

ṗh(ts) = ṗcur
h , ṗh(tf ) = 0. (9)

This heel frame parameterization has two practical advan-
tages: (i) Setting the mid-swing height pmid

h,z = pcur
h,z + hsw

ensures adequate toe clearance throughout swing without
explicitly computing a heel-rise angle. (ii) On flat terrain,
setting pend

h,z = 0 yields a flat-foot landing without estimating
a heel-strike angle.

B. Ankle-Pitch Command for Heel to Toe Gait

Swing-foot Cartesian task uses only five DoFs, we com-
mand the remaining DoF (ankle pitch) in joint space. Let the
elapsed swing time be

tsw := t− ts ∈ [0, Tsw], Tsw := tf − ts,

and let the onset of late swing be tlate := αTsw with α ≈
0.67. This value is chosen from normative gait timing and
corresponds to the terminal–swing phase of normal gait [3].

Early swing (0 ≤ tsw < tlate): The ankle is biased
toward neutral to reduce toe drag and match human swing
posture:

qdap(t) = 0. (10)

Late swing (tsw ≥ tlate): We decide ahead of time using
the Shank-to-Vertical Angle (SVA), defined as the angle
between the shank (tibia) axis and the global vertical. Near
late swing, we compare the forward knee position pknee,x(t)
with the desired ankle–contact point on the foot sole pdACP,x.
The sign of SVA is predicted by

sgn
(
qSVA

)
= sgn

(
pdACP,x − pknee,x

)
. (11)

When the step length is short or the knee remains markedly
bent, it is often the case that pknee,x > pdACP,x, yielding
qSVA < 0; in this case a heel strike would be unnatural and
the foot should land flat (see Fig. 5). For a flat landing the
foot is parallel to the ground when

qhip + qknee + qankle = 0, (12)

which yields the ankle-pitch reference

qdap = −(qhip + qknee). (13)

Conversely, when the planned step is sufficiently long so
that pdACP,x > pknee,x, we obtain qSVA > 0; the shank is
tipped forward and a heel strike is kinematically appropriate
(see Fig. 6). In this case we prescribe a near neutral, slightly
dorsiflexed ankle angle at initial contact by setting

qdap = K, (14)

with K ≈ 0.1 rad (≈ 6◦ dorsiflexion), consistent with
normative ankle posture at heel strike in human gait [17]. In
practice, this fixed setpoint naturally produces a heel strike,
and no explicit specification or tuning of the heel–ground
strike angle is required. The ankle-pitch acceleration com-
mand is generated by a joint acceleration PD law:

q̈ cmd
ap = Kap,p

(
qdap − qap

)
+Kap,d

(
0− q̇ap

)
. (15)

C. Swing-Foot IK with Damped Least Squares

As discussed in Sec. III-C, large step lengths tend to
push the swing leg toward full knee extension, where the
swing-leg Jacobian becomes ill-conditioned and a full 6-DoF
Cartesian task loses authority. To keep tracking robust in
these configurations, we regulate the swing foot with a 5-DoF
Cartesian task (position + roll/yaw) using acceleration-level
DLS-IK. Let the desired Cartesian acceleration be

Ẍ
ref

sw,5 =
[(
p̈ref
sw

)⊤ (
ω̇ref

sw

)⊤]⊤ , (16)

with p̈ref
sw ∈ R3 and ω̇ref

sw ∈ R2 constructed exactly as in

p̈ref
sw = p̈d

h +Kp(p
d
h − ph) +Kd(ṗ

d
h − ṗh), (17)

ω̇ref
sw = ω̇d

h +Kp log(R
d
hR

T
h ) +Kd(ω

d
h − ωh). (18)

Rh is the current heel frame’s orientation matrices. The
gains Kp and Kd are the proportional and derivative feed-
back gains, while the operator log(·) computes the matrix
logarithm. p̈d

h and ω̇d
h are taken from the spline’s analytic

derivative. We regulate only roll and yaw in orientation,
leaving pitch free. Define

S5 =

[
I3 0

0 Exz

]
, Exz =

[
1 0 0
0 0 1

]
. (19)

With the swing-leg Jacobian J sw ∈ R6×6 and its time
derivative J̇ sw, define the 5-DoF task reduction:

J sw,5 = S5 J sw, J̇ sw,5 = S5 J̇ sw. (20)

The desired swing joint acceleration is then

q̈ sw
d =

(
J sw,5

)#λ
(
Ẍ

ref

sw,5 − J̇ sw,5 ξ̇sw

)
, (21)
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Footstep 
planner

Swing foot 
Inverse Kinematics
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Whole body controlHeel to Toe FSM

Humanoid Inverse 
Dynamics

SVA based Heel 
strike decision

• Swing leg
• CoM
• Upper body
• Regulation

Task

• Base dynamics
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• Contact motion
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Proposed Swing leg IK
Proposed Heel to Toe WBC

Fig. 7. Overview of the proposed hierarchical heel to toe walking
framework. The system consists of a high-level swing leg IK module with an
SVA-based landing policy and a low-level QP-based whole body controller.

Sole contact Heel contact Toe contact

Fig. 8. Three contact types that can occur in flat foot. {C} denotes the
contact frame, and the orange circle indicates the contact point.

where ξ̇sw ∈ R6 denotes the joint velocity vector of the
swing leg. The damped least squares pseudoinverse is defined
as (

J sw,5

)#λ = J⊤
sw,5

(
J sw,5J

⊤
sw,5 + λ2I5

)−1

. (22)

V. QP-BASED HEEL TO TOE WALKING WHOLE BODY
CONTROLLER

In this section, we describe a whole body controller(WBC)
that utilizes quadratic programming. The controller imple-
ments the FSM defined in Section III to achieve human-
like walking in flat foot humanoids. The overall architecture
of the proposed control framework is illustrated in Fig. 7,
showcasing the hierarchical integration of the swing leg IK
and the QP-based WBC.

A. QP Variables for Contact Scenarios

To solve the QP problem, we must define the decision
variables, which vary according to the number of ground
contacts determined by our FSM. Fig. 8 illustrates the clas-
sification of contact cases generated by the FSM employed
in this study. There are three distinct contact scenarios in
total. In the case of a sole contact, a surface contact is
established, which requires solving for four force vectors f
(one for each vertex). For the heel contact and toe contact
cases, a line contact occurs, and only two force vectors f
are solved. Therefore, the decision variables used for WBC
are as follows.

X =

[
ξ̈

fnc

]
. (23)

where ξ̈ ∈ R6+n denotes the joint accelerations. fnc
rep-

resents the contact force, with nc indicating the number of
contact forces to be solved. Additionally, f refers to the force
components fx, fy and fz

B. Task Formulation for QP Based Heel to Toe Walking

We present the multiple tasks and constraints required to
implement a WBC for heel to toe walking using QP.

1) CoM tracking: We regulate the CoM position and base
orientation with a force-based formulation built on a Single
Rigid Body Dynamics approximation. We define the cost
function for CoM control as follows:

LCoM = ∥ACoMX −
[
fref µref

]T ∥2WCoM
, (24)

where the matrix ACoM is given by

ACoM =

[
03×(6+n) I · · · I
03×(6+n) S(r1) · · · S(rnc

)

]
. (25)

In these expressions, LCoM is the cost function weighted
by WCoM , and I is the identity matrix. The operator S(·)
represents the skew-symmetric matrix corresponding to the
vector. Furthermore, rnc

denotes the distance from the CoM
to the ground contact point. The reference force fref and
reference moment µref are computed as

fref = m(p̈ref
G + g), (26)

µref = IGẇ
ref
b + S(wd

b)IGw
d
b . (27)

Here, m is the robot’s total mass, g is the gravitational
acceleration, and p̈ref

G represents the reference acceleration
of CoM. The matrix IG is centroidal rotational inertia, ωb

is the current base angular velocity. The reference CoM and
base angular accelerations are formulated as feedback, in the
same manner as (17) and (18).

2) Swing-foot joint tracking: Tracking of the 5-DoF IK
target (Sec. IV-C) and the ankle-pitch policy (Sec. IV-B) is
encoded in the QP by the quadratic term

Lsw =
∥∥ Sswξ̈ − q̈ d

sw

∥∥2
W sw-IK

+
∥∥ Sapξ̈ − q̈ d

ap

∥∥2
W ap

, (28)

where Ssw selects the six swing-leg joints and Sap selects
the ankle-pitch joint. The references q̈d

sw and q̈ d
ap are pro-

vided by the DLS-IK and the early/late-swing ankle policy,
respectively.

3) Upper body motion: In redundant humanoid sys-
tems, unconstrained upper-body joints can produce undesired
movements that compromise walking stability, so we fix the
upper-body posture.

Lup = ∥SupX − ξ̈
ref

up ∥2Wup
, (29)

where
ξ̈
ref

up = Kp(ξ
d
up − ξup)−Kdξ̇up. (30)

The matrix Sup selects the upper-body joints, and ξ̈
ref

up is
generated using a PD servo.

4) Regularization: The regularization term ensures a
unique solution and enhances numerical stability. It also
constrains the magnitude of contact forces and joint accel-
erations, preventing abrupt command outputs and promoting
smoother robot motion.

Lreg = ∥X∥2W reg
. (31)
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C. Constraint Definitions

As shown in Fig. 8, there are three types of contacts. We
describe the required constraints for each contact type.

1) Sole contact: For sole contact, the foot must remain
fixed relative to the ground. Therefore, six acceleration
equality constraints are defined.

Ẍc = Jcξ̈ + J̇cξ̇ = 0,

Ẍc =
[
p̈x, p̈y, p̈z, ω̇x, ω̇y, ω̇z

]T
.

(32)

where Jc denotes the Jacobian of the contact frame. p̈ and
ω̇ denote the linear and angular accelerations, respectively.

2) Heel contact, Toe contact: Line contact occurs dur-
ing either heel contact or toe contact. In a line contact,
the contact Jacobian loses one rotational constraint about
the contact line, so only five independent constraints are
physically enforceable (rank 5) [18]. We therefore constrain
three translations and two rotations (roll and yaw), while
leaving pitch unconstrained so that the foot can rock about
the contact line and achieve a smooth transition from Heel
strike to Loading response without over-constraining.

Ẍc = Jcξ̈ + J̇cξ̇ = 0,

Ẍc =
[
p̈x, p̈y, p̈z, ω̇x, ω̇z

]T
.

(33)

With the stance foot in line contact, no singularity arises
even at full knee extension because only five constraints
are enforced. The contact Jacobian becomes ill-conditioned
mainly along foot pitch, which is left free, so the selected
contact Jacobian retains rank 5 and the QP remains feasible.

D. QP based Whole Body Controller

QP solves a quadratic cost under linear equality and
inequality constraints, enabling efficient real time whole
body control. At each control step, we solve

min
ξ̈,fnc

LCoM + Lsw + Lup + Lreg

subject to Ẍc = 0,

Sf

(
Mξ̈ + h(ξ, ξ̇) + JT

c fnc

)
= 0,

|fx,y| ≤ µfz,

fz ≥ 0.

(34)

The objective function is defined based on the task de-
scribed earlier. The constraints include the acceleration con-
straints defined in (32) and (33), the constraints imposed by
the floating base dynamics, and the friction cone constraints.
Here, Sf is a selection matrix that extracts only the com-
ponents corresponding to the base, M is the inertia matrix,
and h represents the combined effects of the centrifugal force
vector and the gravity vector. The optimized variables ξ̈ and
fnc

obtained from this quadratic programming formulation
are then used in an inverse dynamics equation to compute
the required torque for each motor.

τ a = Sa(Mξ̈ + h(ξ, ξ̈)− JT
c fnc

). (35)

τ a and Sa denote the torque of the actuated part and the
selection matrix used for actuation, respectively.
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Fig. 9. Moving ZMP planner in the X-Y plane. The blue line represents
computed ZMP. In the single stance phase, the ZMP moves from the heel
to the toe, while in the double stance phase, it shifts from the toe of one
foot to the heel of the opposite foot.

VI. SIMULATION

We validated the proposed heel to toe walking FSM
and whole-body controller in simulation using the Qinglong
humanoid [19], an adult-scale, full-size platform (height
1.82 m, mass 80 kg) with flat foot measuring 24.6 cm in
length. We set the mid-swing height of the swing-foot trajec-
tory to hsw = 0.12 m. The values of the weight matrices used
satisfy W reg ≪ W up < W sw-IK = W ap < WCoM . The
simulations were performed using the MuJoCo [20] physics
engine, with quadratic programming solved via qpOASES
[21] and the code implemented in C++. The controller
operated at a 1 kHz control loop, and all computations
and simulations were executed on a PC equipped with an
Intel (R) Core(TM) i7-14700KF CPU and 32 GB of RAM.
To validate the whole-body controller, we used a moving-
ZMP planner based on the LIPM [22], implemented as a
receding-horizon MPC to generate CoM/ZMP references.
This planner transfers the ZMP from the heel to the toe,
making it well-suited for our control scheme. Fig. 9 shows
the ZMP trajectory in the X-Y plane as generated by the
moving ZMP planner.

A. Joint Torque Requirements in Flat-Foot and Heel to Toe
Walking

We compare the performance of conventional flat-foot
walking with the proposed knee-stretched heel to toe walk-
ing. Fig. 10 shows representative snapshots. The top row
depicts conventional flat-foot walking and the bottom row
illustrates the proposed knee-stretched heel to toe walking.
To ensure a fair comparison we fixed the phase timings
to a double-support duration tDSP = 0.2 s and a single-
support duration tSSP = 0.6 s, with a commanded step length
of 0.72 m. Under these settings the flat-foot gait required
lowering the CoM height to 0.82 m to avoid a near-singular
configuration at full knee extension. In contrast the heel to
toe gait performs heel-off at the stance foot while the swing
foot lands with a heel strike. This mechanism enables the
same large step at a higher CoM height of 0.98 m. The
proposed FSM produces a human-like contact sequence from
heel strike through toe-off. Notably, although both the stance
and swing legs operate near knee extension, the motion
remains smooth and feasible without singularity issues.

Fig. 11 compares the stance-leg knee torque over one
step for the two gaits under identical conditions. For flat-
foot walking, the peak knee torque is 249.4 N ·m and the
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Fig. 10. Snapshots of conventional flat-foot walking (Top) and the proposed flat-foot heel to toe walking (Bottom). Each step time remains constant
at 0.8 s. The green cylinders in the snapshots indicate the actual contact points between the foot and the ground.

Fig. 11. Knee torque during large step walking. Under matched timing
and step length, heel to toe reduces overall knee torque compared with flat-
foot.

mean is 132.6 N ·m. For heel to toe walking, the peak is
233.1 N ·m and the mean is 72.4 N ·m, indicating that
the average torque is reduced by approximately a factor of
two. This reduction arises because the flat-foot gait must
lower the center of mass to realize the large step length,
which in turn forces substantial knee flexion reminiscent of
a duck walk. Moreover, the ankle pitch joint must operate at
abnormally large angles, often approaching or exceeding the
hardware joint limits, which ultimately restricts the attainable
step length.

B. Heel and Toe Clearance at Normal-Speed Walking

We evaluate the swing trajectory generated by our con-
troller which combines a 5-DoF Cartesian task for the swing
foot with direct ankle pitch joint command at a normal
human walking speed. The gait is executed with tSSP =
0.40 s and tDSP = 0.10 s, respectively, and a forward
speed of 1.3 m/s. Fig. 12 plots the vertical clearances of
the heel and toe relative to the ground plane over one step.

Fig. 12. Heel and toe clearance over one step. The grey band indicates
stance, and the dashed line marks the stance to swing transition.

During stance, as heel-off develops on the support foot,
the heel clearance increases gradually. After toe off (start
of swing), both heel and toe clearances rise following the
commanded swing profile. Around ∼80% of the swing phase
the toe clearance overtakes the heel clearance, preparing
the foot for a heel-strike landing at the next contact. This
temporal ordering and the relative magnitudes of heel and
toe clearances are consistent with human heel to toe rollover
patterns [23].

C. Heel strike angle versus walking speed (step length)

We fixed the phase timings to tSSP = 0.6 s and tDSP =
0.2 s and varied the desired forward speed v by scaling
the step length L = vT . The heel strike angle ϕHS was
measured at heel strike. Fig. 13 summarizes the trend. For
v ≤ 0.5 m/s (L ≤ 0.40 m), ϕHS stays near zero (≈ 2.6◦),
indicating flat foot touchdown, yet heel off still emerges
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Fig. 13. Heel–strike angle versus walking speed / step length. Flat-foot
region (v ≤ 0.5 m/s): ϕHS≈2.6◦; heel strike region (v ≥ 0.6 m/s): ϕHS

grows sharply with speed.

naturally during stance. As speed crosses v ≈ 0.6 m/s
(L≈0.48 m), the late-swing SVA turns positive (Sec. IV-B),
and heel-first touchdowns begin to appear. With the ankle-
pitch setpoint held constant during late swing, ϕHS then
increases monotonically with speed, reflecting a naturally
larger toe-up posture at touchdown.

VII. CONCLUSION

We presented a hierarchical control framework that
achieves human-like heel to toe rollover on flat-foot hu-
manoids. An FSM with mixed time and event based tran-
sitions coordinates 5-DoF swing-foot tracking via DLS-
IK and a late-swing ankle pitch policy derived from the
SVA. A whole-body QP controller enforces phase specific
contacts and maintains feasibility near knee extension. In
simulation on Qinglong, the method produced longer steps
at a higher CoM height with maintained stability and 45%
lower mean stance-knee torque, and reproduced human-like
heel/toe clearance timing. It also achieved a 72 cm step
(≈ 39.6% of height), demonstrating human-level walking
performance on a flat-foot humanoid without scripting a heel-
strike angle. Future work will extend the approach to uneven
terrain and push-recovery and validate it on hardware.
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