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Abstract— Object shape and pose estimation is a foun-
dational robotics problem, supporting tasks from manipu-
lation to scene understanding and navigation. We present
a fast local solver for shape and pose estimation which
requires only category-level object priors and admits an
efficient certificate of global optimality. Given an RGB-D
image of an object, we use a learned front-end to detect
sparse, category-level semantic keypoints on the target
object. We represent the target object’s unknown shape
using a linear active shape model and pose a maximum
a posteriori optimization problem to solve for position,
orientation, and shape simultaneously. Expressed in unit
quaternions, this problem admits first-order optimality
conditions in the form of an eigenvalue problem with eigen-
vector nonlinearities. Our primary contribution is to solve
this problem efficiently with self-consistent field iteration,
which only requires computing a 4× 4 matrix and finding
its minimum eigenvalue-vector pair at each iterate. Solving
a linear system for the corresponding Lagrange multipliers
gives a simple global optimality certificate. One iteration of
our solver runs in about 100 microseconds, enabling fast
outlier rejection. We test our method on synthetic data
and a variety of real-world settings, including two public
datasets and a drone tracking scenario.

I. INTRODUCTION

A diverse set of robotics applications benefits from
object shape and pose estimation. Autonomous cars, for
example, need to locate obstacles and other cars [1],
while household manipulators need to locate objects
to interact with [2]. In many of these applications the
object shape is not known exactly but its category is
available (e.g., from a semantic segmentation method).
We consider this setting and derive a shape and pose
estimator using category-level priors.

The work of Shi et al. [3] established a certifiably
optimal approach for category-level shape and pose
estimation using a semidefinite relaxation. We consider a
similar setup but emphasize both speed and certifiability.
A fast estimator allows quick reaction to new inputs,
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Fig. 1: Given 3D keypoint detections (a) on an RGB-D image,
and a category-level shape library (b), we use self-consistent
field iteration (c), to estimate an object’s shape and pose (d).

performance with limited compute, and comprehensive
outlier rejection [4], [5]. Certifiability provides an a pos-
teriori guarantee that the estimate returned is statistically
optimal. When the certificate fails, the user can decide to
trust the output, try a different initialization, or acquire
a new batch of measurements.

Our algorithm relies on the eigenvalue structure of
the first-order optimality conditions written in the quater-
nion representation of rotations. It returns local solutions
which are often globally optimal. To verify this, we
introduce a fast global optimality certifier based on
Lagrangian duality. Specifically, our contributions are:

• A fast local solver for category-level shape and pose
estimation using self-consistent field iteration [6].

• A fast a posteriori certificate of global optimality
for our local solutions.

• Experimental evaluation of runtime and accuracy
on synthetic data, a drone tracking scenario, and
two large-scale datasets.

The remainder of the paper is organized as follows.
We begin with a literature review (Section II) and quater-
nion preliminaries (Section III). Then, we describe the
problem in Section IV and reformulate it with quater-
nions in Section V. To solve the quaternion form, we use
self-consistent field iteration for local solutions and SDP
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optimality conditions to certify global optimality in Sec-
tion VI. Section VII shows our method is significantly
faster than other local solvers and learned baselines.

II. RELATED WORK

Solvers for Rotation Estimation Problems. Rotation
estimation encompasses a large class of non-convex
problems beyond pose estimation. When posed in a
least-squares form, they can be solved with Gauss-
Newton [7] or Levenberg-Marquardt [8], which approx-
imate Newton’s method by linearizing the residuals.
A more specialized set of approaches use the mani-
fold structure of SO(3) and Riemannian counterparts
to Gauss-Newton or gradient descent [9], [10], [11],
[12]. These approaches generate local solutions. Global
optimality is largely achieved via a posteriori optimality
certificates using Shor’s semidefinite relaxation [13] or
the Burer-Monteiro method [14]. This approach has been
applied to a variety of rotation estimation problems
including rotation averaging [15], pose graph optimiza-
tion [16], and pose estimation [3], [17].

A notable exception to these paradigms is point cloud
registration, which can be solved globally via eigenvalue
decomposition [18], [19]. In this paper, we show the
shape and pose estimation problem admits a similar
(albeit nonlinear) eigenvalue structure, and leverage that
structure to construct a fast certifiable solver.

Category-Level Shape and Pose Estimation.
Category-level shape and pose estimation largely re-
duces to correspondence and alignment stages. At the
most explicit, [3] uses a learned keypoint detector [20]
to estimate pixel-wise correspondences and optimize for
the maximum likelihood object shape and pose. Other
methods use local features [21], [22] or semantic fea-
tures [23] to build and align a shape estimate. To avoid
explicit features, normalized object coordinates [24]
compute pixel-wise correspondences in a normalized
frame and then regress for object pose [24], [25], [26].
We refer the reader to [27] for a comprehensive survey.
In this paper, we adopt the problem setup from [3], using
a keypoint detector and focusing on the alignment stage.

III. PRELIMINARIES ON QUATERNION ARITHMETIC

In this section, we review quaternion arithmetic for
rigid rotations (for more detail, see [28]). A rotation
about axis ω ∈ R3 by angle θ ∈ R admits the following
representation as a unit quaternion q:

q =

[
cos(θ/2)
ω sin(θ/2)

]
. (1)

From this definition, it is clear that negating the last
three elements (the vector part of the quaternion) gives
the inverse rotation: q−1 = [q1,−qT

v ]
T. The first element

q1 is called the scalar part. We also observe that there

are two unit quaternions for every rigid rotation: −q and
q represent the same rotation. To rotate a point y ∈ R3,
we use a quaternion product ◦. Specifically,

q ◦
[
0
y

]
◦ q−1 =

[
0
Ry

]
, (2)

where R ∈ SO(3) is the rotation matrix corresponding
to the quaternion q. Quaternion products may be written
as matrix-vector products. For quaternions a,b ∈ R4,

a ◦ b = Ωl(a)b = Ωr(b)a. (3)

In (3), Ωl and Ωr are the product matrices:

Ωl(a) ≜


a1 −a2 −a3 −a4
a2 a1 −a4 a3
a3 a4 a1 −a2
a4 −a3 a2 a1

, Ωr(a) ≜


a1 −a2 −a3 −a4
a2 a1 a4 −a3
a3 −a4 a1 a2
a4 a3 −a2 a1

. (4)

In this paper we allow Ωl and Ωr to take vectors
y ∈ R3 by implicitly homogenizing them with a leading
0. A little algebra shows that a Euclidean inner product
involving a rotation matrix R can be written as a
quadratic form in a corresponding quaternion q.

Lemma 1 ([29]): Let the unit quaternion q ∈ S3
represent the same rotation as the matrix R ∈ SO(3).
For x,y ∈ R3 vectors: xTRy = −qTΩl(x)Ωr(y)q.

IV. CATEGORY-LEVEL SHAPE AND POSE
ESTIMATION PROBLEM

Given detections of 3D keypoints on an object of
known category, we estimate its shape and pose (position
and orientation). This section describes the problem for-
mulation, including our choice of shape representation
and measurement model. We adopt the same problem
as [3], rephrased here for clarity.

A. Active Shape Model
For each category, we assume a library of K represen-

tative 3D point clouds that span the category according
to an active shape model. For each point xi ∈ R3 on an
arbitrary object in the category, xi may be expressed as
a linear combination of corresponding points bi

k ∈ R3

on the objects in the 3D shape library. Mathematically:

xi =

K∑
k=1

ckb
i
k ≜ Bic, (5)

where Bi ∈ R3×K stacks each bi
k as columns and c

defines a linear combination: ck ∈ [0, 1] and
∑K

k=1 ck =
1. It is useful to think of these points as semantically
related. For example, within the bottle category, a point
on each shape could be the center of its bottle cap.
The active shape model can represent any object in
the convex hull of its 3D shape library. For more than
two objects this becomes quite expressive; in the bottle
example, the active shape model could represent any cap
between the shortest and tallest in the library.
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B. Measurement Model

Given an object’s category, we estimate its shape
and pose from a sparse set of 3D keypoints yi ∈ R3,
i = 1, ..., N , with known associations to a point in
each of the library shapes Bi. These measurements
may come from pixel detections by a learned keypoint
detector [30] combined with depth information, and are
typically semantically meaningful (see Fig. 1).

Let c be the object’s shape vector. Denoting the
object’s position p ∈ R3 and orientation R ∈ SO(3)
with respect to some fixed reference frame (i.e., the
camera frame), the detected keypoints yi, i = 1, ..., N ,
obey the following generative model:

yi = RBic+ p+ ϵi. (6)

Eq. (6) models the keypoint measurement as a lin-
ear combination of shape library points that is rotated
and translated before being perturbed by measurement
noise ϵi. We assume the measurement noise follows
an isotropic Gaussian distribution with zero mean and
known covariance: ϵi ∼ N (0, w−1

i I3). Our goal is to
estimate the object pose and shape vector from noisy
measurements.

Problem 1: Estimate the shape c and pose (R,p)
of an object from N 3D keypoint measurements with
known category-level associations.

V. NONLINEAR EIGENPROBLEM FOR LOCAL
SOLUTIONS

In this section, we rephrase Problem 1 as a non-convex
optimization problem and develop its first-order opti-
mality conditions into a nonlinear eigenvalue problem.
We recall from [3] that the optimal position and shape
solving Problem 1 can be computed in closed form,
leading to a rotation-only maximum a posteriori (MAP)
estimation problem. While [3] solves this non-convex
problem with a semidefinite relaxation, we re-express
the rotation estimation problem with quaternions and
show its first-order optimality conditions form a non-
linear eigenproblem. Our solver exploits this structure.

Under model (6) with Gaussian noise and a shape
prior c ∼ N (0, λ−1IK), the MAP estimator solving
Problem 1 takes the following form [3]:

min
R∈SO(3)

p∈R3, c∈RK

N∑
i=1

wi∥yi −RBic− p∥2 + λ∥c∥2

s.t. 1Tc = 1, c ∈ [0, 1]K .

(7)

Following [3], we drop the constraint c ∈ [0, 1]K

for the remainder of the paper. While (7) has a convex
quadratic objective, the constraint R ∈ SO(3) intro-
duces non-convexity [16]. Fortunately, (7) is convex
in p and c as a function of R. This allows analytic

elimination of the shape and position variables via the
first-order optimality conditions, summarized below.

Proposition 2 (Optimal Shape and Position [3]):
Given a rotation estimate R and shape vector c, the
optimal position solving (7) is:

p⋆(R, c) = ȳ −RB̄c, (8)

where ȳ and B̄ are weighted averages of yi and Bi:

ȳ ≜

∑N
i=1 wiyi∑N
i=1 wi

and B̄ ≜

∑N
i=1 wiBi∑N
i=1 wi

. (9)

The optimal shape vector solving (7) can be recovered
from a rotation estimate:

c⋆(R) = C1

N∑
i=1

(
B̄T

i R
Tȳi

)
+ c2, (10)

where we use the following symbols:

B̂2 ≜
∑N

i=1 B̄
T
i B̄i,

H ≜ B̂2 + λIK ,

C1 ≜ H−1 −H−11K

(
1T
KH−11K

)−1
1T
KH−1,

c2 ≜ H−11K

(
1T
KH−11K

)−1
.

(11)
Note that B̂2 is invertible as long as there are N ≥
3 non-colinear keypoints and N ≥ K. The λ term
regularizes the problem to ensure invertibility when the
latter condition is violated, i.e., when N < K.

Substituting the optimal position (8) and shape (10)
into (7), we rephrase object shape and pose estimation
as a rotation-only estimation problem.

Problem 2: Estimate the object’s MAP rotation:

min
R∈SO(3)

N∑
i=1

∥∥ȳi −RB̄ic
⋆(R)

∥∥2 + λ∥c⋆(R)∥2. (12)

Note that (12) is an optimization problem over only a
single rotation with no constraints beyond R ∈ SO(3).
Although it is not immediately clear from the formula-
tion, it is also quadratic in the unknown matrix R. In
the next section we rewrite (12) as a quartic problem
for the quaternion rotation representation and derive its
first-order optimality conditions.

A. First-Order Conditions in Terms of Quaternions

Here we depart from [3] to derive a fast local solver.
Instead of vectoring the rotation matrix R, we rewrite
the problem in terms of the unit quaternion rotation
representation. The quaternion formulation has a quartic
objective and a quadratic equality constraint, leading to a
nonlinear eigenproblem for first-order stationary points.

5958



We begin by expanding the objective of (12). Group-
ing terms by s ≜

∑N
j=1 B̄

T
j R

Tȳj , we obtain a quadratic:

min
R∈SO(3)

N∑
i=1

(ȳT
i ȳi) + cT2 B̂

2c2 + λcT2 c2

+ 2sT
(
−I3 +C1B̂

2 + λC1

)
c2 (13)

+ sT
(
−2I3 +C1B̂

2 + λC1

)
C1s.

Now, we rewrite (13) in terms of a unit quaternion
q ∈ S3 which represents the same orientation as R.
Using Lemma 1 and dropping the constant terms in (13),
we arrive at the following optimization problem:

min
q∈S3

qT(2D+A(qqT))q, (14)

where
Cδ ≜ I3 −C1B̂

2 − λC1, (15)

D ≜
N∑
i=1

Ωl(ȳi)Ωr

(
B̄iCδc2

)
, (16)

A(qqT) ≜
N∑
i=1

Ωl(ȳi)Ωr

[
B̄i (I3 +Cδ)C1s(q)

]
. (17)

The matrix D rewrites the linear term in (13) into a
quadratic quaternion form using Lemma 1 and absorbs
the negative into Cδ . In contrast, A(qqT) uses Lemma 1
on only the first rotation. We write A(qqT) to empha-
size its remaining quadratic dependence on q.

We now write the first-order optimality conditions
for (14), which are necessary but not sufficient for
globally optimal solutions. Introducing the dual variable
µ for the constraint q ∈ S3, the Lagrangian is:

L(q, µ) = qT(2D+A(qqT))q+ µ(qTq− 1). (18)

The first-order conditions are ∇qL = 0. We differ-
entiate each term with the product rule, noting D and
A(qqT) are symmetric. The qTA(qqT)q term requires
some care. Numbering each quaternion, (17) gives:

qT
1A(q2q

T
3 )q4 = qT

2A(q1q
T
4 )q3. (19)

Thus, the derivative of qTA(qqT)q term yields four
copies. The first-order conditions for (14) are:

0 = ∇qL(q, µ) = 4A(qqT)q+ 4Dq− 2µq. (20)

Eq. (20) resembles an eigenvalue problem, with one
summand A(qqT) having eigenvector dependence.

Proposition 3 (Eigenproblem for Local Solutions):
All local minima1 q of (12) satisfy the following
nonlinear eigenproblem for some µ ∈ R:(

A(qqT) +D
)
q = µq. (21)

1Notice that both +q and −q are valid eigenvectors, consistent
with the double coverage property of quaternions.

Fig. 2: Stereographic projections of self-consistent field
iterates. Beginning from a unit quaternion q0 ∈ S3, SCF
rapidly converges to a local stationary point. Left, a single
SCF trajectory. Right, unit quaternion iterates stereographically
projected into the volume of the 3-dimensional unit ball and
colored by which of the two local minima SCF converges
to. Nearby starting points tend to converge to the same local
minimum except at the distinct boundary. Plots show synthetic
data with high measurement noise (σm = 5).

While it is not immediately clear how to solve (21),
the weak dependence on q suggests standard numerical
eigenvalue solvers such as power iteration [31] may
yield good solutions. Similar eigenproblems have been
studied in math and physics [6], [32], [33], [34], but have
found less applications in robotics so far. In Section VI,
we apply these results to develop a fast iterative solver
that only requires computing A(qqT) ∈ R4 and its
smallest eigenvalue-eigenvector pair at each iteration.

VI. ITERATIVE METHOD FOR FAST SHAPE AND
POSE ESTIMATES

In this section, we propose a fast solution strategy
for (21) using self-consistent field iteration [6], [33],
[34]. At each iterate, the dominant computational cost is
computing the smallest eigenvector-eigenvalue pair of a
4×4 matrix. While the solutions are only guaranteed to
be local stationary points, we also present a fast certifi-
cate of global optimality based on Shor’s relaxation [13].

A. Self-Consistent Field Iteration
We use self-consistent field (SCF) iteration to solve

the nonlinear eigenproblem (21). Starting from an initial
guess, SCF computes the data matrix A(qqT) +D and
updates q to one of its normalized eigenvectors. The
algorithm terminates when it converges to a stationary
point—a unit vector q which exactly satisfies (21). In
practice, we terminate by a numerical tolerance on the
angle between consecutive iterates.

The full algorithm is given in Algorithm 1 and illus-
trated in Fig. 2. At each iterate, we update q according
to the eigenvector corresponding to the minimum eigen-
value. Although we could pick any of the eigenvectors,
picking the smallest has several desirable properties.
First, it is likely to be a local minima (rather than a
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Data: A(qqT) from (17) and D from (16)
Result: q satisfying (21)
initialize q0 ∈ S3
for t← 1 to T do

qt+1 ← argminq∈S3 q
T(A(qt) +D)q

/* termination condition */
if sin∡(qt,qt+1) < ϵ then

q← qt

break
end

end
Algorithm 1: SCF iteration for local solutions to (14).

saddle point or local maxima) since the objective at
stationary points is dominated by the eigenvalue. To
see this, notice that the objective of (14) can be written
as qT

(
A(qqT) +D

)
q+ qTDq. At a stationary point,

(21) implies the first term is just the eigenvalue. That
is, flocal = µ + qTDq. Thus, the minimum eigenvalue
is a good guess for the local minimum. It also has
strong computational benefits. In particular, we observe
the minimum eigenvalue (guaranteed to be non-positive)
is often the eigenvalue with largest magnitude at opti-
mality. This property enables fast convergence similar
to power iteration [31], often in less than 5 iterations.

The key advantage of our approach is its speed. A
single iteration of SCF requires only computing a 4× 4
matrix and its minimum eigenvector. The termination
condition requires only checking the value of an inner
product. For 10 keypoints, these steps take less than
10 µs on a single CPU thread. Although we do not do so
here, starting with different initial conditions could be
easily parallelized across GPU resources. In Section VII
we show the entire algorithm takes about 100 µs.

B. SDP KKT Conditions for Global Optimality

While the previous sections focused on local solutions
to Problem 2, we now develop a tool to certify the global
optimality of a local solution. Certification is essential
for reliability; a certificate guarantees Algorithm 1 con-
verged to a statistically optimal estimate.

To certify a local solution of (14), we check if it
is a KKT point of the problem’s convex semidefinite
program (SDP) relaxation. To avoid a second-order
relaxation, we use the rotation matrix form (12). Our
certificate relies on dual variables, but the matrix form
of the SO(3) constraint does not satisfy the linear inde-
pendence constraint qualification (necessary for unique
duals [35]). Thus, we relax (12) to an orthogonal matrix
constraint [36]:

min
R∈O(3)

N∑
i=1

∥∥ȳi −RB̄ic
⋆(R)

∥∥2 + λ∥c⋆(R)∥2. (22)

QCQP (23) SDP (24)

Stationarity Sx = 0 S = C−
∑7

i=1 λiAi

Slackness ⟨S,X⟩ = 0
Primal feas. ⟨Ai,xx

T⟩ = bi ⟨Ai,X⟩ = bi
Dual feas. S ⪰ 0

TABLE I: KKT optimality conditions for the QCQP (23) and
its SDP relaxation (24).

Noting that (22) is quadratic in R, we define the
homogeneous variable x ≜ [1, vec(R)T]T. The vec(·)
operator stacks the columns of its argument into a vector.
In standard form, (22) is:

min
x∈R10

xTCx s.t. xTAix = bi, i = 1, ..., 7, (23)

for the constraints x1 = 1 and orthogonality, RTR = I3.
Now, we further relax (23) to an SDP using Shor’s

relaxation [13]. Observe xTCx = ⟨C,xxT⟩. Relaxing
xxT to a matrix X ∈ S10, we arrive at an SDP:

min
X⪰0
⟨C,X⟩ s.t. ⟨Ai,X⟩ = bi, i = 1, ..., 7. (24)

The KKT conditions for (23) and (24) are given in
Table I [37]. For a local solution xl satisfying the QCQP
KKT conditions, the candidate SDP solution X = xlx

T
l

satisfies primal feasibility and complementarity slack-
ness from QCQP stationarity. Thus, we use the dual
feasibility condition as a global optimality certificate.
To compute S, we only need the Lagrange multipliers
λ. From QCQP stationarity, this is a linear system:

7∑
i=1

λiAix = Cx. (25)

Thus, to certify optimality of a local solution x we
solve the linear system (25) for λ and check if S ⪰ 0.

VII. EXPERIMENTS

In this section, we evaluate the computational speed
and estimation accuracy of our approach against other
category-level shape and pose estimators. In Section VII-
A we demonstrate that self-consistent field iteration
(SCF) produces good local solutions when our Gaussian
noise priors are satisfied (i.e., no outliers). Next, Sec-
tion VII-B extends this evaluation to the real-world drone
tracking scenario in [17], where we use graduated non-
convexity for outlier robustness [4]. Lastly, we com-
pare against learning-based methods on the NOCS-
REAL275 dataset [24] (Section VII-C) and the Apollo-
Car3D dataset [38]. These experiments are summarized
in Fig. 3. All benchmarks run on a single CPU thread
with clock speed 4.2 GHz.
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Fig. 3: Overview of experiments. We test on a variety
of datasets and synthetic data (not pictured). Left, NOCS-
REAL275 [24] contains common household categories in-
cluding mugs and cameras. Upper right, the CAST drone
dataset [17] includes pictures from an aerial quadcopter fol-
lowing a small racecar. Lower right, ApolloCar3D [38] has
real-world autonomous driving. Sample pose estimates are
highlighted in color.

A. Empirical Performance in Synthetic Dataset

We begin by evaluating SCF in a synthetic environ-
ment, where measurements are generated according to
the generative model (6) with known Gaussian noise.
Specifically, we generate a mean shape with N = 10
points drawn from a standard normal. The shape library
B adds zero-mean Gaussian noise to each point with
fixed standard deviation r = 0.2 m. We generate the
ground truth shape by normalizing a K = 4 dimensional
vector uniformly random in [0, 1]K . The ground truth
position is drawn from a standard normal with mean
1 and ground truth rotation is randomly sampled from
SO(3). We set λ = 0. Results are reported in terms of a
normalized measurement standard deviation σm ≜ r/w,
with w ≜ w1 = . . . = wN the same for all keypoints.

Baselines. We compare against other solution strate-
gies for (12). Manopt [9] is an off-the-shelf local solver
for unconstrained manifold optimization. Gauss–Newton
(G-N) [7] and Levenberg–Marquardt (L-M) [8] are local
solvers with optimized implementations and analytic
Jacobians for (12). Lastly, PACE⋆ [3] uses a semidefinite
relaxation to find and certify global solutions to (12). We
denote by SCF⋆ our approach (SCF) with optimality
certificate checking. All methods are implemented in
Julia and runtimes do not include precompilation time.
For each measurement noise value, each method solves
the same 10,000 problems with the same initial guess.

Computational Speed. Table II compares the mean
and 90th percentile (p90) of runtimes for each method
at small and large noise scales. SCF is by far the fastest
method, and more than twice as fast as G-N or L-
M. Certificate checking for SCF⋆ adds only a small
computational penalty.

Estimation Performance. We also compare the ro-

σm = 0.25 σm = 2.5

Mean (ms) p90 (ms) Mean (ms) p90 (ms)

SCF 0.104 0.117 0.108 0.126
G-N 0.217 0.253 0.299 0.366
L-M 0.211 0.244 0.285 0.345

Manopt 1.028 1.155 1.039 1.164

SCF⋆ 0.120 0.126 0.126 0.138
PACE⋆ 1.655 1.601 1.667 1.617

TABLE II: Runtimes on synthetic dataset.

Fig. 4: Distribution of rotation errors for Gauss-Newton,
SCF, SCF⋆, and PACE⋆. GN, SCF, and PACE have nearly
identical performance although SCF runs significantly faster.
SCF⋆ and PACE⋆ show only certifiably optimal estimates.
SCF⋆ consistently filters out the worst estimates.

tation error distributions of G-N, SCF, SCF⋆, and
PACE⋆ in Fig. 4 (we omit the other methods for clar-
ity). G-N, SCF, and PACE⋆ exhibit similar performance
across noise scales, with the local methods (G-N and
SCF) having slightly more outliers throughout. In view
of Table II, we conclude SCF is much faster with-
out sacrificing accuracy. For this plot only, SCF⋆ and
PACE⋆ results show only globally optimal estimates.
For PACE⋆, all estimates reported a global optimality
certificate (using tolerance 10−4). SCF⋆ certified global
optimality for 62%, 60%, 55%, 45%, and 19% of
estimates at noise scales 0.25, 0.75, 1.5, 2.5, and 5.0,
respectively. SCF⋆ reports fewer certificates because of
the relaxation from SO(3) to O(3), but the certified
estimates are, on average, more accurate.

B. Performance in Drone Tracking Scenario
We also test SCF in the real-world drone tracking

scenario from [17] (CAST). In the CAST dataset, an au-
tonomous quadcopter follows a remote-controlled race-
car around a track. There are 1897 RGB-D images taken
in sequence from the quadcopter. For this and follow-
ing experiments, real-world keypoint measurements are
corrupted by outliers. Thus, we first run compatibility
tests [39] and wrap SCF in graduated non-convexity
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Runtimes Rerr GNC Iters.

Mean (ms) p90 (ms) Mean (deg) Mean

SCF 0.456 0.774 9.4 7.1
G-N 1.817 3.480 9.5 7.1
L-M 5.200 12.701 9.5 7.1

Manopt 6.062 11.783 9.5 7.1

SCF⋆ 0.606 1.029 9.4 7.1
PACE⋆ 10.826 21.514 9.5 7.1

TABLE III: Performance on CAST drone dataset [17].

(GNC) [4]. Both use c̄2 = 0.005. We compare with
the same baselines as Section VII-A and use identical
outlier rejection. We use the resnet-based [40] keypoint
detections (N = 7) and shape library (K = 10)
from [17] with λ = 0.1.

Results. We report total runtime (which includes
GNC and compatibility tests but not keypoint detection),
mean rotation error (Rerr), and mean GNC iterations
(number of times the solver is called) in Table III. Recall
that Problem 2 is a rotation estimation problem, so ro-
tation error is a good proxy for overall estimation error.
As before, SCF is substantially faster than other local
approaches and nearly five times faster than G-N. The
runtime per iteration is faster than synthetic experiments
because of fewer keypoints (N = 7). All methods
achieve very similar rotation estimation performance and
require the same number of GNC iterations.

C. Performance on NOCS-REAL275 Dataset
The NOCS-REAL275 dataset [24] contains real-world

RGB-D video sequences of common objects within 6
categories. We test on the camera (2561 frames, N = 50,
K = 3) and mug (2615 frames, N = 43, K = 5)
categories. We drop the other objects due to keypoint
detector availability. We use the same YOLOv8 [41]
detector as [17], which was trained using synthetically-
generated images. We also use the same shape library,
which is composed of representative CAD models from
3D scans and BOP datasets [42] (note that these are
distinct from the objects in NOCS). We compare against
the same set of baselines and the tracking method
BundleTrack [21]. BundleTrack numbers are from [21].

Results. In Table IV, we report the mean runtime
across categories and accuracy for each category. For
accuracy, we report the percentage of estimates within
5◦ and 5 cm of ground truth (5◦5cm) and the mean
orientation error in degrees (Rerr) and position error in
cm (perr). For position and orientation error we exclude
measurements with position error above 10 cm [21].
We exclude keypoint detection runtime. For reference,
the keypoint detector runs in about 50 ms per image.
SCF is significantly faster than other methods, running
in just over a millisecond (the majority of this runtime
is from compatibility tests). The two-stage methods

camera mug Time

5◦5cm Rerr perr 5◦5cm Rerr perr mean (ms)

SCF 7.8 19.5 3.4 24.0 12.7 1.0 1.26
G-N 7.8 18.4 3.4 23.6 12.8 1.1 1.81
L-M 6.5 21.6 3.4 21.6 12.5 1.0 49.1

Manopt 7.8 18.2 3.4 23.5 12.5 1.0 2.45
BundleTrack 85.8 3.0 2.1 99.9 1.5 2.2 100

SCF⋆ 7.8 18.9 3.4 23.4 12.9 1.0 1.34
PACE⋆ 7.7 15.0 3.4 20.2 11.9 1.0 3.90

TABLE IV: NOCS-REAL275 [24] Performance.

A3DP-Rel ↑ GNC Iters. Time

mean c-l c-s mean mean (ms)

SCF 17.1 35.7 28.4 5.8 4.4
G-N 17.1 35.5 28.4 5.6 10.3
L-M 17.1 35.7 28.3 5.4 8.0

Manopt 17.1 35.7 28.4 6.9 17.7
GSNet 20.2 40.5 19.9 - 450

SCF⋆ 17.1 35.7 28.4 5.8 4.8
PACE⋆ 17.2 35.7 28.4 5.3 11.2

TABLE V: ApolloCar3D [24] Performance.

achieve similar performance, although they are signifi-
cantly worse than BundleTrack except for mug position
error. This poor performance is largely due to the low-
quality keypoint detector [17].

D. Performance on ApolloCar3D

Lastly, we evaluate SCF on the autonomous driving
dataset ApolloCar3D [38]. This dataset has real-world
stereo images taken from cars driving in four cities
in China. We test on the 200-image validation split
and use K = 79 car models with N = 66 semantic
keypoint annotations. For this larger shape library, we
set K = 1.5 · 104. As in [3], we use the keypoint
detections from GSNet [20] with stereo depths. For
GNC and compatibility tests, we set c̄2 = 0.15 m. We
compare with GSNet [20] and the same set of solvers
as in synthetic experiments.

Results. The estimation performance and runtimes are
shown in Table V. For estimation, we use the A3DP-Rel
metric as defined in [38]. This metric jointly measures
translation, rotation, and shape similarity between the
estimated and ground truth cars using relative transla-
tion thresholds. “Mean” averages across 10 thresholds,
while “c-l” reports performance under a loose threshold
and “c-s” reports performance under a strict threshold.
We also report the mean number of GNC iterations
and the mean runtime of each approach. We exclude
keypoint detector time and use GSNet results from [20].
SCF is conclusively faster than the other approaches,
and significantly outperforms GSNet on the strict (c-
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s) criterion. It is not far behind in the mean and loose
criteria. The GSNet runtime is difficult to compare with
because it includes keypoint detection and was evaluated
on different hardware. Although we attempted to exactly
replicate [3], our accuracy results are slightly worse.

VIII. CONCLUSION

In this paper, we revisited the shape and pose estima-
tion problem in [3] with an emphasis on solver speed.
Our local solver, based on self-consistent field iteration,
can estimate an object’s shape and pose in about 100
microseconds. The solver exploits the structure of the
quaternion form of the first-order optimality conditions
for Problem 2, which are a nonlinear eigenvalue problem
for stationary points. We also augmented this local
solver with a fast global optimality certificate based
on duality with the SDP relaxation. In synthetic and
real-world experiments, we demonstrated that our solver
was significantly faster than other approaches, with and
without global optimality checks. The mixed estimation
results suggest more work is needed to develop fast and
accurate semantic keypoint detectors.
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