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Abstract— Reliable localization in robotics requires robust
handling of sensor outliers, particularly in environments where
acoustic or bearing measurements are noisy. We propose
a replicator-dynamics-based approach for weighted group-k
consistent set maximization (rGkCM) to identify the densest
subsets of mutually consistent measurements in hypergraphs.
To complement existing range-based consistency metrics, we
introduce a k = 3 azimuth-elevation consistency check for bearing
measurements to static landmarks. Our method efficiently
identifies cliques in weighted k-uniform hypergraphs, leveraging
the fitness of nodes to guide both pruning and recovery.
We evaluate rGkCM on simulated trajectories with varying
outlier levels and demonstrate significant computational speedup
over the heuristic unweighted GkCM (uGkCM) method while
maintaining comparable accuracy. Finally, we validate the
approach on a WAM-V autonomous surface vessel equipped
with an acoustic beacon and GNSS ground truth, showing
effective outlier rejection in a shallow, multipath-prone marina.
Results indicate that rGkCM enables robust and efficient outlier
rejection for real-world bearing-based localization tasks.

I. INTRODUCTION

Reliable localization is fundamental to autonomous
robotics, but in real-world environments sensor measurements
are frequently corrupted by noise and outliers. Even a small
fraction of outliers can lead to catastrophic estimation failures,
making robust outlier rejection a critical component of modern
simultaneous localization and mapping (SLAM).

Pairwise consistent set maximization (PCM) has emerged
as a widely used tool for pruning spurious sensor observations
in pose-graph SLAM, especially in multi-agent settings [1].
Weighted extensions of PCM have demonstrated improve-
ments in runtime and accuracy by formulating the problem
as a continuous optimization problem [2]. More recently,
PCM has been generalized to the case of group-k consistent
set maximization (GkCM) for scenarios where pairwise
consistency is not sufficient for low degree-of-freedom (DoF)
measurements, such as range [3]. However, the computational
burden of solving GkCM, even heuristically, limits real-time
deployment on robotic platforms.
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As motivation for continuing the work on GkCM, we
focus on the case of bearing-based measurements. Underwater
agents are especially restricted in the types of sensors
available for multi-agent localization. GPS and radio signals
attenuate rapidly underwater, and visual sensing is severely
degraded by poor visibility. Acoustic sensors are one of few
options, providing range and bearing information. However,
bearing measurements are particularly susceptible to noise
and outliers, making robust outlier rejection essential. Beyond
underwater robotics, bearing-only measurements are also
fundamental in other real-world scenarios, such as vision-
based localization and radar-based perception. These applica-
tions highlight both the importance of designing a dedicated
consistency metric for azimuth–elevation bearings and the
need for further development of GkCM.

In this work, we take the natural next step by extending
GkCM to edge-weighted k-uniform hypergraphs. We demon-
strate our method in the context of bearing-based localization
using azimuth and elevation measurements using acoustic
measurements. The contributions of this work are threefold:

1) We introduce a consistency metric for azimuth-elevation
measurements to static landmarks, complementing
existing range-based metrics and enabling applications
in underwater acoustic positioning.

2) We propose a replicator-dynamics-based approach to
consistent set maximization on weighted k-uniform
hypergraphs.

3) We present a real-world demonstration of outlier rejec-
tion and localization on a WAM-V autonomous surface
vessel (ASV) using acoustic beacon landmarks.

II. RELATED WORK

This section reviews the key components underlying our ap-
proach: outlier rejection for azimuth–elevation measurements,
consistent set maximization, and continuous optimization
methods for clique and hypergraph clustering. Together, these
elements motivate our proposed framework for weighted
group-k consistent set maximization.

A. Outlier Rejection for Acoustic Measurements

Ultra-short baseline (USBL) acoustic positioning estimates
range from time-of-flight measurements, while a phased
hydrophone array computes the azimuth and elevation of in-
coming signals. Sources of outliers for bearing measurements
include multipath propagation, ray bending due to salinity,
density, or temperature gradients, and rotational disturbances
on the receiving vehicle. In practice, it is common to
obtain accurate range data alongside highly corrupted bearing
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observations, motivating the need for robust outlier rejection
tailored to bearings. As a result, many underwater localization
approaches rely primarily on range-only methods [4–6], while
more recent bearing-only methods explicitly emphasize the
importance of outlier rejection for acoustic bearings [7].

Outlier rejection techniques for acoustic measurements
can be broadly divided into two categories: (i) pre-filtering
measurements before they enter the state estimator, and
(ii) online filtering using outlier-robust estimators [8, 9].
A widely used pre-filtering approach evaluates multiple
trilateration hypotheses from range data to obtain a robust
initialization, followed by outlier suppression through robust
filtering [10]. GkCM provides an alternative by pre-filtering
outliers, allowing range and bearing measurements to be
filtered independently. This is advantageous in scenarios
where ranges are accurate but bearings are unreliable. While
GkCM consistency metrics have been proposed for ranges
[3], sonar [11], and camera-based mutual observations [12],
to our knowledge no such metric exists for azimuth–elevation
acoustic bearing measurements.

B. Consistent Set Maximization Approaches

Pairwise consistent set maximization (PCM) [1] is widely
used in robotics for pre-processing measurements before
adding them to a pose graph. PCM constructs a consistency
graph where nodes correspond to measurement associations
and edges encode pairwise consistency according to a chosen
metric. The maximum clique in this graph is the largest
fully connected set of nodes, and identifies inliers to be
retained for localization. Compared to RANSAC [13], PCM
has the advantage of not requiring a predefined model for
how the measurements should relate. Furthermore, compared
to robust cost-function approaches, PCM has the ability to
handle situations where a full chain of trusted odometry is
not available.

Later works extended PCM to weighted consistency graphs,
formulating the problem as a maximum edge-weighted
clique [14, 15]. CLIPPER [2] further frames the problem
as the densest edge-weighted clique (DEWC) and applies a
continuous relaxation inspired by [16], later introducing a
convex semidefinite relaxation for globally optimal solutions
[17]. Weighted graphs allow selecting cliques with strongly
consistent edges rather than simply the largest size, improving
both runtime and accuracy. They also enable leveraging of
non-geometric consistency indicators such as object shape or
semantic similarity [18].

To address scenarios where pairwise consistency is insuffi-
cient (particularly for low degree-of-freedom measurements),
group-k consistent set maximization (GkCM) generalizes
PCM to unweighted hypergraphs [3], where an edge connects
k nodes instead of a pair. A major computational bottleneck
in GkCM is solving the maximum clique problem. Exact
algorithms enumerate all cliques to find the largest, while
heuristic algorithms iteratively seed and grow cliques based
on node degrees and internal connectivity. Although the
heuristic approach improves runtime, it remains challenging
for real-time deployment [11]. Motivated by the success of

weighted graphs in PCM, extending GkCM to edge-weighted
hypergraphs promises both improved outlier rejection and
better scalability in practice.

C. Continuous Optimization for Clique and Hypergraph
Clustering

Identifying dense subgraphs in edge-weighted graphs is
a classic NP-hard problem that has been widely studied.
One field where this concept has been well addressed is
dominant set clustering. While dominant sets do not require
full connectivity like maximum cliques, related methods have
been shown to be effective heuristics for both maximum
clique and densest k-subgraph problems [19, 20]. Two
prominent optimization strategies for dominant set clustering
are replicator dynamics and Frank-Wolfe methods.

Frank-Wolfe methods are gradient-ascent based: at each
iteration, a linearized version of the problem is solved to
obtain a search direction, followed by step-size selection
(e.g., via line search) and an update along that direction
[21, 22]. When the initial point lies within the feasible set,
no additional projection is required.

Replicator dynamics, originating from evolutionary game
theory, models a population of strategies evolving according
to a fitness function. Strategies with higher payoffs are
adopted by a larger fraction of the population in subsequent
generations. This framework has been applied to hypergraph
clustering, where nodes correspond to strategies and fitness
encodes the importance of each node [23, 24]. Extensions
such as path-following replicator dynamics introduce a path
parameter and truncated simplex projection, enabling multiple
clusters to be revealed [20]. Additional improvements, includ-
ing line maximization for step size selection, have further
enhanced convergence and performance [25]. Variants like
infection-immunization dynamics have also been applied in
robotics contexts, including geolocalization [26, 27].

Building on these insights, we use replicator-dynamics-
based clustering as a stepping stone towards consistent set
maximization on edge-weighted k-uniform hypergraphs. This
extension enables the implementation of weighted group-k
consistency metrics for outlier rejection in scenarios with low
degree-of-freedom measurements.

III. EDGE-WEIGHTED GROUP-k CONSISTENT SET
MAXIMIZATION

Consistent set maximization aims to identify the largest set
of mutually consistent associations among sensor measure-
ments. This is achieved by defining a consistency metric that
depends on the sensor measurement type, and then building
a consistency graph or hypergraph. In a standard graph, each
node represents a single measurement association and edges
represent pairwise consistency. In a k-uniform hypergraph,
each hyperedge connects k nodes.

In unweighted GkCM (uGkCM) [3], a set of measurements
Z̃ is group-k internally consistent with respect to a consistency
metric C and threshold γ if

C({z0, . . . , zk}) ≤ γ, , ∀ {z0, . . . , zk} ∈ Pk(Z̃), (1)
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where C is some defined consistency function for the set of
measurements {z0, . . . , zk}, γ is a threshold chosen based
on the measurement distribution, and Pk(Z̃) is the set of all
permutations of Z̃ with cardinality k. For each consistent
group of k nodes, a hyperedge is created. The largest fully
connected subgraph (maximum clique) in the hypergraph
corresponds to the set of inlier associations that can safely
be added to the pose graph.

Weighted GkCM extends this formulation by assigning
a positive weight to each hyperedge, reflecting the level of
consistency. The consistency hypergraph can formally be
defined as H = (V,E, ω), where V = {1, . . . , n} is the
set of vertices (associations), E is the set of hyperedges
consisting of k-tuples of vertices, and ω : E → R+ assigns
a positive weight to each hyperedge using the consistency
definition. The goal becomes identifying the densest edge-
weighted subset of measurements. In this work, we will refer
to unweighted GkCM as uGkCM, and the replicator-dynamics-
based approach on weighted hypergraphs as rGkCM.

IV. CONSISTENCY METRIC FOR AZIMUTH–ELEVATION

A consistency metric quantifies the extent to which a set
of measurements agree with one another, and the order k
is determined by the number of observations required to
evaluate the metric.

A. Computing the Consistency Metric

To complement the k = 4 range-based consistency check
proposed in [3], we introduce a k = 3 consistency metric
tailored to azimuth–elevation bearing measurements.

C(βi
a, β

i
b, β

i
c) =

∥∥h(Xabc,Z
i
ab)− βi

c

∥∥
Σ
≤ γ, (2)

where β = [α, ϵ] denotes the azimuth α and elevation ϵ of
beacon i observed from a given pose a, b, or c, Xabc is
the triplet of poses {a, b, c}, and Zi

ab is the pair of bearing
measurements from poses a and b to beacon i. The term ∥·∥Σ
denotes the Mahalanobis distance [28] between the predicted
and observed bearings, and γ is a consistency threshold
chosen from the chi-squared distribution with two degrees of
freedom.

a) Measurement model: Much like in camera geometry,
an azimuth–elevation measurement can be modeled as a
line of sight from the robot to a landmark. The landmark
position can be estimated from the intersection of two lines of
sight. The consistency metric evaluates the measured bearings
against the predicted bearing measurements from a third line
of sight to the triangulated landmark. The expected bearing
is given by

h(Xabc,Z
i
ab) = bearing

(
tri(Xab,Z

i
ab),X

i
c

)
, (3)

where tri(·) denotes the triangulation function that computes
the estimated 3D landmark position as observed from poses a
and b, and bearing(·) computes the relative azimuth–elevation
measurement from Cartesian coordinates according to the
sensor convention. For triangulation, we adopt the midpoint
method [13], which estimates the 3D point that minimizes

the sum of squared distances between the two lines of sight.
Although it is less robust than iterative optimization methods,
its computational efficiency makes it well suited for the large
number of consistency checks required during hypergraph
construction.

b) Uncertainty propagation: To compute Σ, we consider
both pose and measurement uncertainties. Let Σj denote
the joint covariance of poses a, b, and c, which can be
extracted from the factor graph using [29], and let Σβ denote
the diagonal covariance matrix of the three corresponding
azimuth–elevation measurements. The block covariance is
ΣT = blockdiag(Σj ,Σβ). Uncertainty is propagated to the
azimuth–elevation space via Σ = H ΣT H⊤, where H =

∂h
∂(Xabc,βabc)

is the Jacobian of the measurement model.
c) Consistency check: The metric (3) evaluates whether

the predicted bearing from the triangulated point to pose c
is consistent with the measured bearing at c. Each bearing
in the triplet is tested against the other two, and the set is
considered consistent only if all three checks pass.

d) Weighting: To obtain the edge weight w in the
hypergraph, the Mahalanobis distance is converted into a
consistency score following [18] and expressed as

s(βi
a, β

i
b, β

i
c) ≜ exp

(
− 1

2
C(βi

a,β
i
b,β

i
c)

σ2

)
, (4)

where σ is a tunable parameter. Larger Mahalanobis distances
yield smaller scores, reflecting weaker consistency among the
triplet.

B. Degenerate Configurations

The midpoint triangulation can fail or become ill-
conditioned when the two lines of sight are parallel (or nearly
parallel) or when the two poses are co-located, since no
unique intersection exists in these cases. Near-parallel lines
can arise either from a small baseline-to-distance ratio (i.e.,
the observing poses are close relative to the distance to the
landmark) or from a small angle between the two lines of
sight (i.e., the landmark is nearly collinear with the poses).
These unstable configurations can amplify bearing noise into
large position errors. Uncertainty propagation may not fully
capture these effects, which can lead to wrongly rejected
edges in the hypergraph.

In the acoustic domain, however, the low rate of trans-
missions partially mitigates these issues. Because pings are
typically received sequentially from different beacons, an
agent usually moves a sufficient distance between observations
to avoid the most severe degeneracies. Nevertheless, in
high-rate scenarios with azimuth–elevation updates, many
consecutive observations may be taken from nearly the
same location, reducing the effective baseline and increasing
the likelihood of midpoint failure. In such cases, failed
triangulations cause consistency checks to fail, preventing
related nodes from participating in the maximum clique and
thereby reducing the true positive rate.

V. FINDING THE DENSEST EDGE-WEIGHTED CLIQUE

The proposed approach to finding the densest edge-
weighted clique first solves for the densest cluster in the
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hypergraph using replicator dynamics, then peels or adds
nodes to the cluster using classic graph-search methods to
ensure the clique property is maintained. The scoring of nodes
using replicator dynamics assists speed of checking if nodes
can be added or removed from a graph, as early termination
can happen once the clique property is broken.

A. Densest Cluster Replicator Dynamics

A game in game theory consists of a set of players,
strategies, and a payoff function. Inspired by Darwin’s
principle of survival of the fittest, evolutionary game theory
was originally developed to model the adaptation of animal
populations. In this setting, a population of infinite size
evolves by inheriting strategies from previous generations.
Strategies with higher payoffs are adopted more frequently,
gradually dominating the population, while strategies with
poor fitness eventually go extinct. A Nash equilibrium is
reached when no individual agent can achieve a higher payoff
than the population average, and an evolutionarily stable
strategy (ESS) is one that cannot be invaded by a mutant
strategy with greater expected payoff.

This concept has been directly mapped to clustering
problems for graphs and hypergraphs, and [24] demonstrates
how clusters in an edge-weighted k-uniform hypergraph can
be represented as an ESS in an evolutionary game. The nodes
of the hypergraph correspond to strategies in the game, and
the payoff is a function of the edge weights.

For finding a dense cluster in the hypergraph, the expected
payoff over the entire population is defined as

f(x) :=
∑
e∈E

ω(e)
∏
j∈e

xj , (5)

where x is the fitness vector (with xi corresponding to
node i in the consistency graph) and ω(e) is the weight,
or consistency, of edge e.

The expected payoff of an individual node j is given by

[g(x)]j :=
∑
e∋j

ω(e)
∏

ℓ∈e\{j}

xℓ, (6)

where g(x) = ∇f(x) is the gradient of the global payoff.
Finding the equilibria of replicator dynamics is equivalent

to locally optimizing a homogeneous polynomial over the
standard simplex [24]. Each iteration in the optimization
problem corresponds to a new generation in the population.
The optimization problem can then be written as

x̂ = argmax
x∈∆

f(x), (7)

where ∆ = {x |
∑

i xi = 1, xi ∈ [0, 1]} is the standard
simplex. Intuitively, this maximizes the overall payoff of the
population. In the context of consistent set maximization,
nodes gain importance if they are involved in many highly
consistent edges, similar to how strategies become more
prevalent in a population when they yield higher fitness and
are adapted by more members.

The optimization problem is a homogeneous polynomial
with nonnegative coefficients, and thus the Baum–Eagon
theorem applies [30]. The Baum–Eagon inequality guarantees

that the proposed update rule yields monotonic improvement
of the objective function. Specifically, the replicator update
for node j is

xj(t+ 1) = xj(t)
[g(x(t))]j
f(x(t))

, (8)

and its vector form is

x(t+ 1) = proj∆(x(t)⊙ g(x(t))) , (9)

where proj∆ projects onto the simplex ∆. Projection can be
performed via normalization or, when prior information about
clique size or number of clusters is available, via truncated
simplex projection [20].

To solve the densest edge-weighted clique problem, x
is initialized uniformly. At each iteration, the gradient is
computed from the current hypergraph, followed by the
replicator update (9). Iterations proceed until convergence,
defined when the change in x falls below a threshold δ. The
choice of δ controls a trade-off: larger thresholds yield faster
convergence and higher recall but may admit more outliers,
while smaller thresholds improve precision at the cost of
runtime.

The support of x reflects the fitness of nodes. After conver-
gence, elements below a cutoff threshold τ are discarded, and
remaining nodes represent the densest edge-weighted cluster.

B. Densest Edge-Weighted Clique Refinement

The replicator dynamics optimization does not explicitly
enforce the clique property. As a result, the solution may
include nodes that are not part of the true maximum clique,
or, less frequently, exclude nodes that should belong due
to conservative thresholding. To address these issues, we
perform post-processing on the replicator solution to ensure
a valid clique for consistent set maximization. This involves
both node removal and node recovery, which verify whether
adding a node to a candidate clique preserves the clique
property. For a k-uniform hypergraph, this requires that all
k-tuples formed with the new node and the existing clique
members are present in the current hyperedge set [3].

We leverage the fitness scores from replicator dynamics as
a heuristic to prioritize node processing, avoiding the need to
examine all nodes as exhaustively as done in the exact and
heurstic maximum clique solvers presented in [3]. Starting
from the replicator solution x̂, we sort nodes by descending
fitness and iteratively process nodes.

1) Node Removal: Node removal begins with the lowest-
scoring node within the accepted threshold τ . For each
node, we check if adding it to the current candidate clique
(composed of higher-fitness nodes) preserves the clique
property. Nodes that violate the property are removed. Once a
node is found to successfully maintain the clique property, or
the candidate clique becomes empty, the process stops, and
the predicted final clique is returned. If a node is removed,
nodes with fitness lower than a removed node are assumed
unlikely to belong to the maximum clique, enabling early
termination.
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Algorithm 1: Densest Edge-Weighted Clique
(rGkCM)

Input: Weighted k-uniform hypergraph
H = (V,E, ω), convergence threshold δ,
fitness threshold τ

Output: Maximum clique C
// Replicator dynamics cluster

1 Initialize x(0) ← 1
|V |1, t← 0;

2 while ∥x(t+1) − x(t)∥ ≥ δ do
3 x(t+1) ← proj∆(x

(t) ⊙ g(x(t)));
4 t← t+ 1;
5 end
// Clique refinement

6 Sort x̂ in descending order and form x pairs;
7 Initialize clique: C ← {i ∈ V | x̂[i] > τ};
// Node removal

8 trimmed← false;
9 for i = |C| − 1 down to 0 do

10 node← C[i];
11 Remove node from C;
12 if not canAddNode(C, node) then
13 trimmed← true;
14 end
15 else
16 Add node back to C;
17 break;
18 end
19 end
// Node recovery

20 if ¬trimmed then
21 for i = |C| to |x̂| − 1 do
22 node← x pairs[i].first;
23 if canAddNode(C, node) then
24 Add node to C;
25 end
26 else
27 break;
28 end
29 end
30 end
31 return C;

2) Node Recovery: If no nodes were removed from the
original clique, we can attempt to recover additional nodes
to maximize the clique size. We check if the highest scoring
node that did not meet the threshold can be added to the clique,
and iteratively process the remaining nodes by descending
fitness. Once the clique property is violated, the recovery
process terminates, yielding the final maximum clique.

The final algorithm is summarized in Algorithm 1. The
resulting procedure identifies a dense edge-weighted clique
in a weighted k-uniform consistency hypergraph, combin-
ing replicator dynamics with clique-aware post-processing.
However, the proposed algorithm is a heuristic that does not
guarantee a globally optimal solution.

VI. EXPERIMENTS

We evaluate the proposed azimuth–elevation consistency
check and replicator-based DEWC algorithm (rGkCM) on
both simulated and real-world localization scenarios. We com-
pare rGkCM to the heuristic unweighted GkCM (uGkCM),
which is currently the fastest method for consistent set
maximization on k-uniform hypergraphs. For all experiments,
we use the parameters δ = 1e-3 and τ = 1e-12.

A. Localization with Simulated Bearings

For simulations, we generate random trajectories of 100
steps. Two types of trajectories are considered: (1) an ideal arc,
which minimizes degenerate triangulation configurations, and
(2) a randomized trajectory, where the robot selects a random
yaw at each step, increasing the likelihood of degenerate
configurations (such as poses occupying the same space).
Examples of the trajectories can be found in Fig. 1. Beacons
are placed randomly according to the trajectory type. At each
step, the robot receives observations from five beacons, and
we test outlier fractions ranging from 50% to 90%. For each
setting, 100 simulations are performed, with 500 hypergraphs
evaluated per run across the five beacons. To simplify analysis,
the same set of outlier indices is applied to all beacons.

The unweighted hypergraph is evaluated using uGkCM,
while the weighted hypergraph uses rGkCM with replicator
dynamics. Both methods were run with four threads, with
only the gradient computation in rGkCM parallelized. Factor
graphs are built and evaluated using GTSAM [31].

Results indicate that uGkCM outperforms rGkCM in
extreme outlier scenarios (90% or higher). This is expected,
as the replicator dynamics payoff function prioritizes node
groups with many internal edges, making it more susceptible
to local minima when the true clique is relatively sparse
compared to spurious structures. Overall, uGkCM achieves
slightly higher true positive rates with comparable false
positive rates. However, rGkCM offers a substantial speed
advantage, consistently solving problems in under one second,
whereas uGkCM may require up to 50 seconds (Figure 2).
This runtime improvement makes rGkCM more practical for
real-world applications.

We note the sensitivity of the azimuth–elevation consistency
metric. Comparing Tables I and II, both uGkCM and rGkCM
exhibit a marked decrease in true positive rate and an increase
in false positive rate, likely due to degenerate configurations
that cause the consistency checks to fail. The relative geometry
of the robot trajectory and landmarks, as well as the sensitivity
of the triangulation, should therefore be carefully considered
before adopting the azimuth–elevation consistency metric for
a given localization scenario.

B. Localization with Real-World Bearings

We validated our approach on an acoustic dataset collected
by a WAM-V 8 autonomous surface vehicle (ASV) operating
in a marina environment with water depths ranging from
2–2.5 m. The ASV was equipped with a SeaTrac X150
USBL acoustic modem, an inertial measurement unit (IMU),
and GNSS for ground truth. Four additional SeaTrac X150
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Fig. 1. Left: Arc trajectory with ideal triangulation geometry. Right: Random trajectory with degenerate triangulation geometry.

TABLE I
PERFORMANCE COMPARISON OF RGKCM AND UGKCM UNDER VARYING OUTLIER RATIOS (ARC TRAJECTORY).

Num
Outliers

Time
µ, σ (s) TPR FPR Translational RMSE

µ, σ (m)
Rotational RMSE

µ, σ (rad)
rGkCM uGkCM rGkCM uGkCM rGkCM uGkCM rGkCM uGkCM rGkCM uGkCM

50 0.43, 0.11 39.80, 15.51 0.7431 0.6684 0.0000 0.0000 5.26, 6.69 5.31, 4.11 0.03, 0.04 0.03, 0.02
60 0.23, 0.09 11.20, 4.16 0.6893 0.7049 0.0000 0.0000 5.14, 3.64 5.76, 4.37 0.03, 0.02 0.03, 0.02
70 0.10, 0.04 2.30, 0.87 0.7483 0.7619 0.0000 0.0000 5.28, 3.84 5.70, 4.21 0.03, 0.02 0.03, 0.02
80 0.05, 0.02 0.27, 0.09 0.8206 0.8271 0.0000 0.0000 7.41, 16.34 6.28, 5.29 0.03, 0.04 0.03, 0.02
90 0.03, 0.02 0.02, 0.01 0.7774 0.9192 0.0077 0.0001 17.40, 22.10 8.25, 8.30 0.07, 0.09 0.03, 0.04

TABLE II
PERFORMANCE COMPARISON OF RGKCM AND UGKCM UNDER VARYING OUTLIER RATIOS (RANDOM TRAJECTORY).

Num
Outliers

Time
µ, σ (s) TPR FPR Translational RMSE

µ, σ (m)
Rotational RMSE

µ, σ (rad)
rGkCM uGkCM rGkCM uGkCM rGkCM uGkCM rGkCM uGkCM rGkCM uGkCM

50 0.47, 0.17 13.57, 9.68 0.5310 0.5081 0.0001 0.0000 4.09, 2.99 4.00, 2.75 0.03, 0.02 0.03, 0.02
60 0.27, 0.13 4.37, 2.76 0.5406 0.5540 0.0003 0.0003 4.19, 3.61 3.86, 3.16 0.03, 0.02 0.03, 0.02
70 0.13, 0.07 1.02, 0.72 0.5899 0.6029 0.0002 0.0001 4.45, 4.84 3.95, 2.85 0.03, 0.04 0.03, 0.02
80 0.06, 0.04 0.18, 0.13 0.6715 0.6785 0.0007 0.0007 5.80, 6.35 5.32, 4.50 0.03, 0.04 0.03, 0.03
90 0.03, 0.02 0.02, 0.02 0.6412 0.7780 0.0109 0.0032 12.61, 9.40 11.58, 12.70 0.08, 0.07 0.06, 0.07

modems were suspended from surrounding docks to serve as
beacons, approximately one meter above the seabed. Because
the beacon depths were not measured, and given that depth
is small relative to the vehicle’s trajectory, we evaluate only
azimuth angles for outlier rejection in this experiment.

The ASV sequentially queried the four beacons and
received messages every 3 seconds. It received a total
of 1021 measurements: 94, 326, 289, and 312 from each
beacon, respectively. Even in this shallow environment, where
multipath is severe, the modems provide relatively clean range
estimates by using the time-of-flight of the first arrival path.
Figure 3 shows the accuracy of range measurements without
any postprocessing or rejection, confirming their reliability.
In contrast, bearing estimates contained many significant
outliers, especially at the start of the mission. These may be
attributed to vehicle instability or corrupted signals caused
by dock proximity. These measurement results highlight the
importance of independent outlier rejection for range and
bearing measurements when using acoustic sensors.

Because IMU alone is not sufficient to provide the odometry
backbone needed for consistent set maximization, we made
psuedo-odometry measurements by computing the relative

pose between GPS measurements at each received acoustic
signal, and composing the poses with randomly generated
Gaussian noise. In an actual application, an additional sensor
such as a Doppler Velocity Log (DVL) should be used to
supplement the IMU and provide the between factors for the
initial pose graph.

We construct a SLAM problem using a factor graph built in
GTSAM [31]. The initial graph was constructed from a prior
factor located at the origin and between factors from pseudo-
odometry. For each beacon, we then constructed a consistency
hypergraph using the proposed azimuth-elevation metric. The
densest edge weighted clique was extracted using rGkCM,
and the time elapsed to solve the hypergraphs for each of the
four modems was 2.83, 238.21, 130.62, and 233.051 seconds.
Due to its high computational cost, uGkCM could not be
applied to this dataset. Because the location of the landmarks
was unknown, two inlier bearing measurements from rGkCM
and the associated poses were used to obtain an initial guess
of each beacon location using triangulation. Finally, the range
and inlier bearing measurements were incorporated into the
factor graph for localization.

Figure 3 illustrates the effectiveness of our approach
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Fig. 2. Distribution of time elapsed to evaluate one hypergraph for an
arc trajectory of 100 steps and 50 outliers. rGkCM consistently identifies a
clique in under one second when using four threads to compute the gradient,
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Fig. 3. Left: Range measurements have few outliers despite the shallow
marine environment. Middle: Azimuth measurements are highly noisy with
outliers. Right: Remaining azimuth measurements after performing outlier
rejection. The blue represents the ideal true = measured line.

in removing outlier bearings. As is common with GkCM
methods, a portion of valid inliers were also discarded,
reflecting the conservative nature of clique-based selection.
Nevertheless, the remaining inliers were sufficient to pro-
vide an initial estimate of beacon locations, and discarded
measurements could potentially be re-evaluated against these
estimates, as suggested in [12]. Figure 4 shows the corrected
localization estimates after incorporating only the inlier
bearing measurements into the pose graph. The root mean
squared error (RMSE) for the robot’s x and y positions was
6.97 m and 12.83 m, respectively, while the RMSE for the
beacons was 3.39 m and 7.94 m. These results demonstrate
that in real-world conditions, our method improves robustness
to bearing outliers while maintaining tractable runtimes,
compared to the heuristic version of uGkCM.

VII. CONCLUSION

We have presented rGkCM, a replicator-dynamics-based
method for outlier rejection using the weighted group-k
consistent set maximization approach. By introducing a k = 3
azimuth-elevation consistency metric, our approach extends
consistent set maximization to low-degree-of-freedom bearing
measurements, complementing existing range-based methods.
Future work includes comparing replicator-dynamics with
alternative continuous optimization approaches, such as Frank-
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Fig. 4. Localization results using pseudo-noisy odometry from GNSS
measurements, real-world acoustic bearing measurements, and triangulation
from inlier bearings to initialize beacons.

Wolfe and infection-immunization dynamics, to further pursue
real-time solutions for weighted GkCM. Additionally, hyper-
graph construction was outside the scope of this work but
remains a significant computational bottleneck. Investigating
more efficient techniques for building consistency hypergraphs
could enable additional real-time GkCM applications.
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