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Abstract— Targeted coordination of swarm robotic systems
is an emerging robot control task arising from numerous
applications across diverse domains, ranging from medicine and
agriculture to cyber-physical systems. However, state-of-the-art
control techniques for robot swarms often require comprehen-
sive measurement data for each robot and are not scalable
with the growth of the swarm size. To address these issues, in
this work, we develop a latent space control architecture for
robust manipulation of patterns in arbitrarily large, potentially
infinite, robot swarms using only partial measurements. In
particular, we model such a swarm as a parameterized control
system and formulate its patterns in terms of probability dis-
tributions. We then develop a moment kernel transform, which
generates a reduced latent space representation for the pattern
dynamics of the robot swarm over a reproducing kernel Hilbert
space. The moment representation of the robot swarm can be
learned using partial measurements of the swarm. Building on
this, we propose a reinforcement learning (RL)-based pattern
control framework operating on the moment latent space. In
this framework, the data is organized to flow between the
workspace and moment latent space episodically to achieve
both robust control performance and high training efficiency.
The proposed moment latent RL framework is validated by
various pattern control tasks involving wheeled robot swarms,
using both numerical simulations and TurtleBot3 swarms in the
Gazebo simulator.

I. INTRODUCTION AND RELATED WORKS

The control of collective behaviors in swarm robotic
systems is a recurrent research topic in robotics, with applica-
tions spanning diverse disciplines. Notable examples include
precision farming, such as autonomous seeding, harvesting,
and weed control, in agriculture [1], [2], [3], [4], [5], targeted
micromanipulation and therapeutic agent delivery in clinical
medicine [6], [7], [8], and unmanned reconnaissance and
surveillance in military [9], [10]. To accomplish such com-
plex missions that surpass the capabilities of single robotic
systems, swarm robotic systems require more sophisticated
stimuli to coordinate individual robots, enabling the entire
swarm to exhibit desired collective behaviors [11], [12], [13],
[14].

a) Related works: The mainstream of research into
control strategies for robot swarms lies in promoting coop-
eration between individual robots to tackle population-level
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tasks. This goal aligns with the scope of many control and
optimization techniques developed for multi-agent systems,
such as consensus, formation and cooperative control, and
distributed optimization, for robot swarms [15], [16], [17],
[18], [19]. Applications of these techniques to swarm robotic
systems generally require comprehensive information about
the configuration of each robot and the interactions between
every pair of robots. Consequently, scalability issues arise as
the swarm size increases. To address this, mean-field mod-
els have been introduced to approximate large-scale robot
swarms, particularly those consisting of identical robots,
thus enabling the design of mean-field controls for robotic
applications using an averaged approach [20], [21], [22].

With the rapid development of sensing technology and
computing power, leveraging machine learning models and
methods to facilitate data-driven control of robot swarms
has recently attracted considerable attention. This trend par-
ticularly catalyzes the development of evolutionary swarm
robotics. In this research thread, control inputs of robot
swarms are parameterized using neural networks, whose
trainable parameters are optimized by evolutionary algo-
rithms [23], [24], [25]. On the algorithmic side, reinforce-
ment learning (RL), particularly multi-agent RL, has unde-
niably wrests the dominance of learning-based approaches to
robot swarm control [26], [27]. The core idea is to use an
RL agent to model the behavior of each robot in a swarm
for learning a joint policy, which guides the entire swarm
to accomplish a population-level task optimally [28], [29],
[30], [311, [32], [33]. However, it is widely known that
machine learning methods suffer from the notorious curse of
dimensionality when applied to high-dimensional data, lead-
ing to high computational complexity, low sample efficiency,
and unsatisfactory learning performance [34], [35], [36]. In
the context of robotics, when a robot swarm has a large
population size, the applied RL algorithm necessarily oper-
ates on a high-dimensional computational space, resulting
in these adverse effects. Meanwhile, sensing capabilities are
also constrained by limited sensor communication bandwidth
so that only partial robots in the swarm can be tracked [37],
[38], [39].

b) Our contributions: In this work, we propose a novel
learning architecture enabled by the introduction of a moment
latent space. This latent space provides a systematic platform
for the effective operation of RL to learn control policies
for targeted manipulation of swarm dynamics in a reduced
space of the swarm workspace. It features scalability for
arbitrarily large, potentially infinite, robot swarms, which
may contain structurally similar robots with different dy-
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namic characteristics, rather than identical robots as consid-
ered in many existing works. Our development begins by
formulating such a swarm with heterogeneous robots as a
parameterized control system, referred to as an ensemble
system, and its patterns as probability measures. Specifically,
we introduce the moment kernel transform, which maps an
ensemble system to a moment system defined on a reproduc-
ing kernel Hilbert space (RKHS). This moment system gives
rise to a reduced latent space representation of the system
governing the temporal evolution of swarm patterns, which
can be learned using partial measurements of the swarm.
This dynamic reduction enables the efficient execution of
an RL algorithm over the moment latent space to learn
pattern control policies. To strike a balance between training
efficiency and learning performance, we perform episodic
data exchanges between the moment latent space and the
robot workspace. Specifically, robot workspace locations are
sent to the moment latent space at the beginning of an
episode and the learned control policy is fed back to the
workspace at the end of the episode. This process also
ensures unbiased learning of the moment system. Fig. 1
illustrates the proposed moment latent RL architecture for
pattern control of robot swarms. Furthermore, we validate
the proposed framework through both numerical and 3D
simulations using diverse pattern control tasks for wheeled
robot swarms. The major contributions of this work are
summarized as follows.

o Formulation of parameterized ensemble systems for
arbitrarily large robot swarms and measure-theoretic
characterization of their patterns.

o Development of the moment kernel transform, which
generates a reduced latent space representation of robot
swarms within an RKHS.

o Design of the moment latent RL architecture through
episodic interactions between the latent space and the
robot workspace.

o Demonstration of the performance and efficiency of
the proposed framework using both numerical and 3D
simulations.

c) Paper organization: In Section II, we will intro-
duce the parameterized ensemble system modeling of robot
swarms and the measure-theoretic characterization of their
patterns, which in turn enables a systematic formation of
pattern control for general large-scale systems. In Section
III, we will introduce the moment kernel transform and
then define an RKHS structure on the moment latent space.
Section IV will be devoted to the development of the RL
architecture based on episodic interactions between the latent
space and the workspace for pattern control of robot swarms.
In Section V, we will demonstrate the performance and
efficiency of the proposed framework through both numerical
simulations and TurtleBot3 swarms in Gazebo simulator.

II. PATTERN CONTROL OF SWARM ROBOTIC SYSTEMS

In this section, we present a general formulation for the
control of dynamic patterns in large-scale ensembles of
dynamical systems, irrespective of their ensemble sizes. Our

formulation consists of two components: representing these
dynamic ensembles as parameterized control systems and
characterizing their patterns in terms of probability measures.
This proposed pattern control formulation is specifically
applied to swarm robotic systems, which is the primary focus
of this paper.

A. Parameterized system representation of robot swarms

In this work, we consider swarms of structurally identical
wheeled robots, described by the Dubin’s car model (unicycle
model), with distinct dynamic characteristics. Such a robot
swarm can be represented as a parameterized control system,
also referred to as an ensemble system, given by

x(t, B) cos (0(t, 8)) 0
g | v@B) | =pu(t) | sin(0(t,B)) | +Bult) | O |,
o(t, B) 0 1
(1)

where u(f) € R and v(t) € R are the control inputs
manipulating the linear and angular velocities of the robot
swarm, respectively, and X (¢, 8) = (z(t, 8),y(t, 8)) € R?
and 6(t,3) € S' are the workspace position and heading
of the robot characterized by [, respectively. The system
parameter /3 represents the scaling factor affecting the control
effects, such as the wheel radius, which varies on the interval
Q = [r —§,r + 0] around the nominal value r according to
a probability distribution A, due to imperfect manufacturing
processes. One significant benefit of this parameterized for-
mulation is that it allows us to consider robot swarms of
any population size. In the limit, the ensemble system in (1)
represents an infinite swarm of mobile robots with scaling
factors spanning the entire tolerated range 2. In this case,
X;(-) = X(t,-) defines an R2-valued function over ).

B. Measure-theoretic characterization of swarm patterns

At each time, the robots in the ensemble system in (1) form
a pattern on the workspace R2, such as gathering around one
point or separating into clusters. The pattern describes how
the robots distribute over the workspace. Therefore, it can
be mathematically characterized by a probability measure
(distribution) f;, which for any (measurable) set B C R?
reports the proportion p:(B) of the robots in the region B.
Because the scaling factors of the robots in B are exactly
the inverse image of B under the function X}, denoted by
X, 1 (B) = {B € Q: X,(B) € B}, the proportion s;(B)
coincides with the probability of drawing a sample from
X, Y(B), ie., u(B) = AM(X; ' (B)). Formally, the measure
1+ defined in this way is the pushforward of A by the function
X, denoted by

pe = (Xp)#A. @)

Equivalently, s satisfies [, fdus = [, f o X¢d\ for any
measurable function f :  — R. It is worth noting that
pe also has a total measure of 1, as 114(R?) = [, dpy =
Jo dX =1, and is hence a probability measure.

Pattern control of the robot swarm in (1) then pertains to
regulating the “probability distribution” y; generated by the
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swarm using the control inputs u(¢) and v(t). To facilitate
this pattern control task, it is necessary to construct an
appropriate representation of i, through which the system
governing the pattern dynamics can also be derived. The
next section will be devoted to this investigation, where
we develop a latent space representation of y; in terms of
moment sequences.

III. KERNEL REPRESENTATION OF ROBOT SWARMS
OVER THE MOMENT LATENT SPACE

In this section, we introduce a moment Kernelization tech-
nique to facilitate pattern control tasks for the robot swarm
in (1). Through the developed moment kernel transform, the
swarm pattern is mapped to the moment latent space, over
which we construct a kernel representation of the system
governing the pattern dynamics. This kernelized system can
be approximated using partial measurement data of the robot
swarm in an online manner, which then enables the use of
online RL approaches for pattern control over the moment
latent space.

A. Moment kernel transform

To facilitate distributional control described through the
presented measure-theoretic interpretation, it is essential to
represent p; in an appropriate coordinate system. To this end,
we introduce the notion of ensemble-moments for the robot
swarm in (1), defined by

my(t) = / aFdpy (), 3)

R?
where k = (k1, k) € N? is a double-index and z* = 2§ 252
is the monomial of total order |k| = k1 + ko in 2 = (21, 2).
Using the pushforward definition of the measure p; in (2), we
obtain an equivalent formula for the k*" ensemble-moment

as my(t) = [po 2"d(Xy)uN(@) = [, XF(B)dA(B). Note

Illustration of the moment latent reinforcement learning architecture for pattern control of robot swarms.

.

Pattern
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that this coincides with the k*" raw moment of the “random
variable” X; drawn from the probability distribution ;.

In practice, it is reasonable to assume that the robots
in the swarm spread out in a compact region so that
supgeq [X¢(B)] = M; < oo, where | - | denotes a norm
on R2. In this case, each ensemble-moment is well-defined
as mi(t) < [o, | XeFlax < [, MMax = MM, which
also leads to the “exponential convergence” of the mo-
ment sequence m(t) = (mx(t)), e 8 Dpene ik (t) <
ez m M = €2Me < oo, where k! = kilko!. This im-
plies that moment sequences m(t) and robot swarm patterns
L+ are in one-to-one correspondence [40]. Formally speaking,
the moment kernel transform K : P — M, given by
g — m(t), is bijective, where P and M denote the spaces
of swarm patterns and moment sequences, respectively.

The exponential convergence of m(t) shown above fur-
ther introduces a Hilbert space structure to the moment
space M, given by the inner product (m(t1), m(t2))y =
> rerz mmk(ti)mu(tz). Consequently, every moment se-
quence m(t) satisfies ||m(t)[|3, = X cne mma(t) < oo
so that M is contained within the Hilbert space H of
square-summable (double) sequences with respect to the
inner product defined above. It is well-known that H is a
reproducing kernel Hilbert space (RKHS) [41], and hence
m(t) gives a kernel representation of ;. Formally, the
moment kernel transform KC : P — H, given by p; — m(t),
is an embedding of the space P of robot swarm patterns into
the RKHS H, and hence a feature map.

B. Moment latent representation of robot swarms

Through the moment embedding, we are able to model
the dynamics of the swarm pattern p; in the moment latent
space using measurement data of the ensemble system in
(1). However, when the size of the swarm is large, practical
limitations on sensing capabilities and computing power
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make it infeasible to obtain comprehensive measurements
for each robot. Therefore, a systematic way to approximate
the moments using incomplete data is necessary. To this end,
we exploit the interpretation of the ensemble-moment my (t)
as the k'™ raw moment of the “random variable” X;. This
motivates the introduction of the notion of sample ensemble-
moments as

“4)

1 ( IQt ZX’“

BEQ,

for k € N2, where ; is a finite subset of §2 consisting of the
system parameters of the observed robots, and |€2;| denotes
its cardinality, i.e., the number of observed robots.

Let iy = ﬁ 2,8691, dx,(3) € P be the empirical distri-
bution on R? determined by the workspace locations of the
observed robots at time ¢, where §,, denotes the point mass at
x 6 R2. Then, its £*" moments is glven by [po #¥dfiy(z) =
|Q,| 2 peq, Sz 2 dox ) (2) = |Qf| > peq, X{(B), which
coincides with 1 (¢). This implies that the sample moment
sequence 7 (t) = (ry(t)) lies in the RKHS H. As a
result, the temporal evolution of m(t) gives the moment
latent representation of the pattern dynamics. Without loss
of generality, we assume Q; = {f1,...,03,} for all t > 0,
in which case the dynamics of 72(¢) can be derived as
d

%A dthXkﬁl Zdt (8:)

bro@ s Bk =1 (8;) cos 6,(5y), key =0,

iy

B S k(5 sin (), k=0,
T LS B Bw T (B)

(k1ye(Bi) cos 04(B;) + kowe(B;) sin0,(8;)), k # 0.
= Fp(Xe(B1), .-, Xe(Bn), u(t),v(t)) (5)

Because 72(t) € H as illustrated above, the moment system
in (5) necessarily evolves within # as well, providing the
moment latent representation of the pattern dynamics for the
robot swarm. It is also important to note that the dynamics
of each 7y (t) depends only on the control inputs and
workspace locations of the observed robots, and hence can
be directly learned from the measurement data.

IV. MOMENT LATENT ONLINE REINFORCEMENT
LEARNING FOR PATTERN CONTROL

In this section, we will leverage the developed moment
latent representation of the robot swarm to facilitate its pat-
tern control task. In particular, the flow of the data between
the work and latent spaces will be fully exploited to estab-
lish an instantaneous interaction between these two spaces.
This gives rise to an online, on-policy RL architecture for
designing an optimal pattern control signal. As a prerequisite
to this investigation, it is essential to verify that controlling
the moment system, derived from partially observed robots,
effectively coordinates the entire robot swarm to achieve the
desired pattern.

A. Pattern control over the moment latent space

In the case where observation of the workspace locations
is only available for a partial population of robots, without
loss of generality, we assume that, at each time ¢, the system
parameters f3;, ¢ = 1,...,|€|, of the tracked robots are
independent random samples drawn from the probability
distribution A. Correspondingly, their workspace locations
X;(B;) are drawn from p; independently.

In this scenario, the ensemble sample moment 17 ()
introduced in (4) coincides with the sample moment of the
probability distribution p;. Because mj < oo as shown
in Section III-A, Khinchine’s strong law of large numbers
implies that 7 (t) — my(t) almost surely as || — oo
for all k& € N? and time ¢t > 0 [42]. Formally, we have
established the component-wise convergence of the sample
moment sequence Mm(t) to the ensemble moment sequence
m(t). The consequences of this convergence, crucial for
pattern control, include

(1) fiy — pe weakly, thatis, [o, fdjiiy — [go fdpe for any

bounded continuous function f : R2 — R.

(2) ||m(t) —m(t)|l — O almost surely.

To further elaborate on these two convergence results, (1)
implies that controlling swarm patterns can indeed be carried
out in the moment latent space by controlling sample moment
sequences. In addition, because of the one-to-one correspon-
dence between swarm patterns and moment sequences, (2)
enables the use of the RKHS norm as a measure to evaluate
pattern control performance. Of course, in practice, we can
only compute moment sequences up to a finite order. In
the sequel, and with a slight abuse of notation, m(t) and
m(t) will denote the ensemble moment and sample moment
sequences up to a finite order, respectively.

B. Moment latent reinforcement learning

As mentioned in the previous section, the robots in the
swarm being tracked are randomly selected. This stochastic-
ity is reflected in the sample moment sequence as uncertainty,
meaning different collections of observed robots may result
in different sample moment sequences. This also suggests RL
as an appropriate tool for learning a pattern control policy
in the uncertain moment latent environment.

1) Episodic latent space-workspace interaction: The ap-
plication of RL to the robot swarm faces the challenge that
different collections of robots are measured at different time.
This is because the policy learned using the sample moment
sequence generated by one collection of robots may not
perform well for other robots whose workspace locations
are not detected by the sensors. This issue arises particularly
when the training collection does not contain enough robots,
resulting in a large error between the moment and sample
moment sequences, ||72(t)—m(t)||%. To overcome this issue,
data in different episodes are collected from different sets of
robots. This ensures that an updated policy is always applied
to the entire robot swarm, rather than only to the moment
system derived from the sample moment sequence in (5),
Consequently, the latent state trajectory in the successive
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training loop is generated from robots steered by the latest
policy, which warrants an unbiased training process. It is also
worth pointing out that the episodic interaction between the
workspace and latent space, as shown in Fig. 1, distinguishes
the proposed RL structure from existing latent space planning
algorithms.

2) Moment latent agent design: To enable the proposed
episodic interaction between the moment latent space and
workspace, for each training episode, say the ithv one, we
draw n(? random samples Q") = {ﬁiZ ,...,Bfll()i)} from
the system parameter distribution . The;n, we collect the
workspace location trajectories { X, (53(-2)), ey Xy (ﬁ;)}
j =1,...,n% of the robots whose system parameters are
in Q). The data are input to the moment latent space in
real-time to compute the discretized moment system using
(5) as

i) (tir) = 1y ()

+TE (X0 (B, Xy (B (), (1), (6)
where 1/7 is the sampling rate and |k| ranges from O to a
finite order M. Note that Q") = Q) holds with probability
1, ensuring that moment systems computed in different
episodes are also different. This, in turn, demonstrates the

need for multiple episodes enabled by the latent space
and workspace interaction to guarantee an unbiased training

process.
The computed moment system in (6) serves as the RL
agent, with the reward R, = |[/(t;) — mp||3,, where mp

is the moment sequence of the desired final pattern. Given
a control policy m = (u, v), the value function is then given
by

Va(2) =E[ Y 7Ry,
k=l

(t) = z}

(oo}
= B[S A lnte) = mel, | () = 2], @
k=l
where E is the expectation with respect to the law of the
stochastic process m(t) and y € (0, 1] is the discount factor.
When v = 1, limg_c0 ||2(t) — mp|l% = 0 is necessary
to guarantee the convergence of > po, v*||i(t;) — mr||3,,
ensuring that the robot swarm will be asymptotically steered
to the desired pattern. Therefore, to guarantee the pattern
control performance, ~y is chosen to be close to 1.

Remark 1: This moment latent swarm pattern control
framework can also be refined to mitigate the number of
collisions between robots in the swarm. The idea is to
increase the variance of the distribution p; by penalizing its
moments mg(t) of the total order |k| = 2, ensuring that each
pair of robots in the swarm has a larger expected separation.
In this case, the value function in (7) becomes

V() = B[ D2 7* (Ini(te) = mrll,
k=l

—p Y I (0] mit) = 2]

|r|=2

where p > 0 is a penalization coefficient. Note that p needs
to be carefully designed to balance the control performance
and the number of collisions.

V. EXAMPLES AND SIMULATIONS

In this section, we demonstrate the performance and effi-
ciency of the proposed moment latent RL architecture using
diverse simulated pattern control tasks. The simulations were
conducted using both numerical and ROS2-based TurtleBot3
swarms in Gazebo simulators [43], [44], [45].

A. Reinforcement learning environment setup

In both numerical and ROS2-Gazebo simulations, we im-
plement the actor-critic structured Proximal Policy Optimiza-
tion (PPO) to learn the pattern control policies. Specifically,
both the actor and critic networks are three layer perceptrons,
the advantage estimation parameter and clipping range in
PPO are set to 0.95 and 0.2, respectively, and the discount
factor in the objective function is chosen to be v = 0.995.
The training process is composed of 1000 episodes, each of
which is a 200 snapshot time series. In particular, the time
series is generated by the discretized moment system in (6)
learned from 30 randomly robots in the ensemble in (1), with
the total time 7" = 10 and the sample time 7 = 0.05.

B. Numerical simulations

In this section, we report the numerical simulation results
of four pattern control tasks. Note that we indeed considered
the infinite robot swarm, given by (1), with the system
parameter (3 taking all the values in [0.8,1.2], while the initial
and final patterns shown in Figs. 2a and 2b to Figs. 5a and
5b are demonstrated using 30 robots in the swarm.

1) Circle to circle: The initial and final patterns were
chosen to be the uniform distributions on the unit circles
centered at (—1, 1) and (0, 1), respectively. We then applied
the developed moment latent RL to the moment system up
to total order 4, and the simulation results are shown in Fig.
2.

2) Line to one cluster: In this example, the initial pattern
was the uniform distribution on the line segment {(z,y) :
—2 <z < -1,y = 1} and the final one was the uniform
distribution on the unit disk centered at (1,1). We used the
moment kernelization up to total order 6, and the simulation
result is shown in Fig. 3.

3) One cluster to two clusters: In this case, we picked the
initial pattern to be the unit disk-shaped uniform distribution
centered at (0,—2), and the final one was a two-cluster
pattern, given by the uniform distribution on the disjoint
union of the unit disks centered at (—0.5,0.5) and (0.5, 1.5).
The total order of the moment kernelization was 4, and the
simulation result is shown in Fig. 4.

4) Line to rectangle: In this last example, we performed
the formation of the rectangular pattern, given by the uniform
distribution on the rectangle [0.8, 0] x [1.2, 1.5], from the line
segment [—1.2,1.8] x {—1}, where the moment kernelization
order was chosen to be 6. The simulation result is shown in
Fig. 5.
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C. TurtleBot Simulation

To demonstrate the real-world applicability of the pro-
posed moment latent RL-enabled pattern control framework,
we applied the control inputs learned in the numerical
examples in Sections V-B.1 (circle to circle formation) and
V-B.2 (line to one cluster formation) to TurtleBot3 swarms
in Gazebo simulator. In both cases, we constructed 10
TurtleBot3 whose wheel radii were randomly drawn from
[0.8,1.2]. The simulation results are shown in Figs. 6 and 7.
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VI. CONCLUSIONS

In this paper, we develop a moment latent reinforcement
learning architecture for pattern control of swarm robotic
systems. In particular, our method can accommodate for ar-
bitrarily large, in the limit infinite, robot swarms, and require
the measurement data for partial robots in the swarms. In
particular, we model such a robot swarm as a parameterized
control system and characterize its patterns in terms of
probability measures. We then introduce the moment kernel
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(a) Initial circular pattern

(b) Final circular pattern

Fig. 6. Circular pattern formation for TurtleBot3 in ROS2-based Gazebo simulator.

(a) Initial linear pattern

Fig. 7.

transform, generating a reduced latent space representation
of the swarm dynamics over a reproducing kernel Hilbert
space, which can be learned from partial measurements of
the swarm. We then train a PPO agent on the moment latent
space to learn the optimal pattern control policies. In the
training phase, the data is episodically exchanged between
the latent space and robot workspace, which ensures an
unbiased learning process with high training efficiency. The
proposed robot swarm pattern control framework achieves
excellent performance in both numerical simulations and
TurtleBot3 swarms in Gazebo simulator.
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