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Accelerating Trajectory Optimization by Exploiting B-Spline Gradient
Structure

Nikos Doiron, Thomas Duquette, Gilde Vanel Tchane Djogdom, and André Gallant

Abstract— This work presents a discrete-time trajectory opti-
mization framework that achieves near real-time performance
for robotic manipulators. This is achieved by drastically speeding
up constraint gradient computations. The approach leverages the
analytical and structural properties of B-splines to introduce
three key speedups: exploiting gradient sparsity from local
control, using a hybrid-analytical method to replace most
finite differences with closed-form derivatives, and aggregating
constraints per knot-span to reduce the problem size. Validated
on a simulated URSe across 64 tasks in a cluttered workspace,
these cumulative speedups reduce computation time by up to
96.3% (a 26.9x speedup) relative to a finite-difference baseline,
without compromising trajectory quality, success rate, or fidelity
to kinematic, dynamic, and collision constraints.

Index Terms— Motion and Path planning; Optimization and
Optimal Control; Collision Avoidance

I. INTRODUCTION

Trajectory optimization enables serial manipulators to
execute precise, smooth, and efficient motions while enforc-
ing kinematic, dynamic, and safety constraints. Although
continuous-time formulations offer elegant theoretical repre-
sentations, their computational burden limits their applicability
to real-time control and online planning. A discretized
approach is typically used to ensure satisfaction of con-
straints in a more reasonable computation time. Despite
this advantage, solving discrete-time trajectory optimization
problems remains computationally demanding, particularly in
scenarios requiring fast re-planning or adaptation to dynamic
environments.

Smoothness is an essential component of trajectory plan-
ners, since it is necessary for trajectories to be tractable by
actuators. To ensure smoothness, parametric curves such as
splines have become widely used. Particularly, B-splines have
become commonplace in robotic applications, as they offer
many useful properties such as local support and the convex
hull property [1], [2]. They facilitate the enforcement of
smoothness and constraints at discrete points along the tra-
jectory, while maintaining a compact representation. Existing
approaches primarily focus on continuous-time formulations
or on exploiting B-spline properties for the satisfaction of
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local constraints. The efficient computation of their gradients
is paramount to the computational efficiency of the trajectory
optimization algorithm, but it has historically been an under-
studied subject.

One of the highest-performing gradient-based optimization
solvers is Sequential Quadratic Programming (SQP). It has
emerged as a standard tool to handle constrained nonlinear
optimization [3], [4]. However, its practical efficiency is
heavily influenced by the cost of gradient computations,
which often dominate the overall computation time. Prior
efforts to reduce this burden have taken advantage of problem-
specific structures, including sparse system dynamics [5] and
reduced order models [6]. We take inspiration from such
works to exploit the parametric form of the B-spline trajectory
representation itself.

In this work, we propose a discrete-time trajectory opti-
mization framework that takes advantage of the structure of
B-splines to speed up gradient evaluation in gradient-based
solvers such as SQP. The method optimizes directly over
the position control points, enabling efficient computation of
position, velocity, and acceleration gradients. This framework
is further extended to compute torque, tool center point (TCP)
speed, and collision gradients. The local control property is
used to skip unnecessary gradient evaluations in spans where
we know the gradient to be zero. This structured formulation
substantially reduces computation time while maintaining
trajectory feasibility under discrete-time constraints.

The proposed framework is validated on a simulated Uni-
versal Robot URS5e serial robotic manipulator, demonstrating
substantial reductions in computation time and enabling
near real-time trajectory optimization. Results highlight the
potential of exploiting the B-spline structure for efficient
gradient-based optimization in practical robotic systems.

II. RELATED WORK

Motion planning for serial manipulators has been exten-
sively studied in the last decade, with approaches broadly
classified into sampling-based and optimization-based ap-
proaches.

Sampling-based planners, such as Rapidly-exploring Ran-
dom Trees (RRT) [7] and Probabilistic Roadmaps (PRM) [8],
excel in exploring high-dimensional or cluttered spaces.
Extensions include multi-robot coordination [9], [10] and
dynamic environments [11]. Although these methods provide
probabilistic completeness and, in some variants, asymptotic
optimality [12], they often produce coarse trajectories that
require post-processing for smoothness, limiting their appli-
cability for time-optimal tasks.
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On the other hand, optimization-based approaches directly
compute trajectories by minimizing a cost function subject
to kinematic, dynamic, and collision constraints. Classical
methods include CHOMP [13], STOMP [14], TrajOpt [15],
and GPMP2 [16]. TrajOpt partially bridges discrete and
continuous formulations, using linear approximations for
collision checking, yet accuracy suffers in fast or rotational
motions. CHOMP and STOMP provide high-quality trajec-
tories and can handle local constraints effectively, but the
computation load remains a significant challenge. GPMP?2 is
very fast and provides even faster re-planning for collision-
free motions. However, constraints on manipulator dynamics
are not considered; the goal is to find a smooth, feasible path,
and the focus is not on time-optimality.

Within optimization-based planners, B-spline-based meth-
ods have been widely used to represent trajectories compactly.
In the discrete setting, the B-splines allow the enforcement
of position, velocity, and acceleration constraints at the
discretization points, taking advantage of the local control
property to reduce computation [17], [18]. Common objectives
for trajectory optimization using B-splines include trajectory
smoothness, time, jerk, or energy optimization [19], [20].
Other methods exploit warm-starting, hybrid optimization
pipelines (B-spline + SQP or LCQP), or analytical deriva-
tives to speed up convergence [21], [22]. However, these
approaches primarily focus on accelerating solver convergence
or simplifying constraint handling, rather than reducing the
intrinsic computational complexity of gradient evaluation
within each SQP iteration. In typical implementations, gra-
dient computation remains proportional to the total number
of control points and active constraints, since the recursive
derivative structure of B-splines with respect to control points
is not explicitly exploited. As a result, computational cost
scales unfavorably when increasing spline order, knot density,
or when introducing additional constraints such as torque
limits, TCP speed bounds, or collision avoidance.

Gradient speedup in SQP has been investigated through
the exploitation of problem sparsity or analytical derivative
structures [4], [5]. Sommer et al. [21] further demonstrated
efficient derivative computation for cumulative B-splines on
Lie groups, achieving significant speedups in state-estimation
problems. However, these approaches do not address the
discrete-time B-spline control-point formulation commonly
used in manipulator trajectory optimization, nor do they
incorporate constraints on angular position, velocity, and
acceleration, torque, TCP speed, or collisions.

Efforts to combine spline parameterizations with gradient-
based nonlinear optimization have shown promise, particularly
for enforcing nonlinear constraints in trajectory planning. For
example, Tang et al. [18] proposed a B-spline-based formula-
tion to enforce collision constraints using Bézier conversion
for tighter convex-hull bounds, and several recent works
employ B-spline representations with analytical derivatives
in optimization pipelines for UAV trajectory planning [21].
These studies highlight the advantages of spline structures
for constraint handling and solver performance. Nonetheless,
their approaches typically rely on conservative convex-hull

approximations or linearizations to guarantee feasibility,
which can reduce trajectory optimality. They remain limited
in simultaneously achieving efficient gradient computation
while maintaining high fidelity to complex constraints.

In robotic manipulator applications, B-spline + SQP
methods remain scarce. Most approaches use splines primarily
to enforce smoothness or convex hull constraints, without
leveraging the analytical structure of B-spline derivatives
to speed up gradient computation. As a result, while they
can handle position, velocity and acceleration, or collision
constraints at a discrete set of samples, they remain computa-
tionally heavy when extended to higher-order splines, dense
knot placements, or additional torque limits.

A. Contribution

Our work distinguishes itself from these methods by di-
rectly exploiting the recursive structure of B-spline derivatives
for efficient gradient evaluation in discrete-time SQP. This
enables the solver to simultaneously manage position, velocity
and acceleration, torque, TCP speed, and collision constraints
while significantly reducing the computational overhead that
limits prior hybrid approaches.

Our contribution fills this gap by

o leveraging the local support property of B-splines
to reduce the number of required constraint gradient
evaluations,

« cxploiting the analytical derivatives of B-splines with re-
spect to control points to speed up gradient computation
within an SQP solver,

« reducing the number of constraints passed to the SQP
solver while maintaining the same fidelity.

This positions our work at the intersection of discrete
B-spline trajectory optimization and structure-aware SQP
solving, enabling fast and constraint-compliant discrete-time
planning.

III. PRELIMINARIES

This work presents a near-optimal trajectory optimization
algorithm for serial manipulators. The goal is to generate
a collision-free trajectory that satisfies the constraints while
minimizing motion time. The algorithm’s inputs include the
manipulator’s kinematics, dynamics, collision model, and
joint limits. A task is defined by an initial joint state X
and a final joint state X7, both of which specify the joint
positions q, velocities q, and accelerations q. 7" denotes the
total motion time.

A. B-splines

A central criterion of the optimization procedure is to gen-
erate smooth trajectories that satisfy the prescribed boundary
conditions from a given optimization vector. In this work,
we use quintic (p = 5) clamped uniform B-splines, which
guarantees smoothness and local control, making them well

suited for manipulator trajectories.
Formally, the B-splines are defined as

K
q(u) = cxBi(u) (1)
k=1
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where K is the total number of control points and ck are
the control points defined in joint space. Each control point
is associated to a basis function, By(u). The independent
variable u represents the normalized time, u = ¢/T', where
t is an instant in time and 7T is the total duration of the
trajectory.

One advantage of B-splines is that, by discretizing the
trajectory in the u-domain, the basis functions become time-
independent and thus can be precomputed before starting
the optimization. Furthermore, the basis functions can be
differentiated with respect to u, making the derivative basis
functions of the B-spline likewise time-independent. Thus, the
joint kinematic parameters of the trajectory can be computed
at predefined u; values as

K
a(ui) =Y cxBi(u;) @)
a(ui) = + > cpBi(u), 3)
ka(l .
Q(u;) = 72 > cpBi(uy), )
k=1

where B(u;), B(u;), and B(u;) denote the basis functions for
position, velocity, and acceleration, respectively, precomputed
at predefined wu; discretization values.

Note: the traditional method of computing the velocity and
acceleration is to express them as a B-spline of lower degree
with new control points as linear combinations of the position
control points. In this work, we avoid this approach to reduce
the overhead of computing new control points and to simplify
gradient computation, as detailed in subsequent sections.

Another important property of B-splines that will be heavily
exploited in this work is their local control. Indeed, the basis
functions are only non-zero on a portion of the u-domain
defined by knots. We use uniform B-splines, thus, the knots
are uniformly distributed in u. Fig. 1 shows the position basis
functions along with the knot locations. It can be shown that
exactly p 4+ 1 basis functions are non-zero between knots.
Therefore, each control point only affects a portion of the
total generated motion, as it is non-zero along p + 1 knot-
spans. Many other parametrization techniques such as Bézier
curves, standard polynomials, and interpolating splines do
not possess this property.

B. Problem Statement

Satisfying boundary conditions on q, g, and q requires
imposing the first three and last three control points, leaving
K — 6 mutable control points. The optimization vector is
then formed by stacking these mutable control points across
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Fig. 1. Basis functions B (u) of a quintic uniform clamped B-spline
(K = 16). Vertical dashed lines indicate knots.

all joints, together with the time-scaling factor 7' as

C4,1

CK-3,1

z = : 5
C4,N;

CK—3,N;
T

where cy, ; is the value of control point & for joint j and N;
is the number of manipulator joints (degrees of freedom).
The length of the vector z, denoted N, throughout the paper,
is (K —6) x N; + 1.

A feasible trajectory must respect the capabilities of the
manipulator. The method proposed in this work is capable of
considering a large variety of constraints, e.g., joint position,
velocity, acceleration, and torque, as well as tool center
point speed and collisions. Let y € R™i denote the stacked
constraint values at a given u, with elementwise bounds
ymin ymax c RN In this work, the following bounds are
imposed

q(uz) € [q » d
viep(ui) € [0, viep]
Define the elementwise midpoint and range

min

m — % (ymax + ymin>7 r— ymax —y
Then the normalized constraints are given elementwise

2 —
g=2ml g <o (©)

where all operations are applied elementwise.
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The discrete time—optimal motion problem is

min T
z

S.t. dself(q(ui)) Z

X (0) = X
X(T) = Xr

where dgr is the minimum signed distance to a self-collision
and d.y is the vector of minimum signed distances from
each link to its nearest collision object. Constraints are
enforced at Np; uniformly spaced discretized points located
at u; = i/Ny. For sufficiently large N, this approximates
the continuous-time problem. Since calculating the objective
function (the total time T') is straightforward, the main
computational challenge lies in enforcing the numerous and
complex constraints.

The total number of nonlinear inequality constraints for
problem (7) is given by

Neon = pt(4Nj + lrep + 1self + Nlink) (8)

where 4N; represents the q, q, {, and 7 constraints per
joint, 1pcp and 1,5 are used to indicate that there is one
constraint imposed per discrete point for TCP speed and
self-collisions, respectively, and Ny;,j is the number of links
in the manipulator and represents the external collisions.

Note: empirical evidence indicates that considering only
the worst self-collision constraint is sufficient, whereas
enforcing one external collision constraint per link enhances
optimization convergence.

While kinematic constraints q, ¢, and q can be obtained
directly from the B-spline parameterization, other constraints
require additional evaluation. Joint torques 7 are computed
using the recursive Newton—Euler algorithm; vy, is obtained
using the manipulator Jacobian; and collision distances dgej
and d.q are obtained using forward kinematics and distance
computations between robot links, represented as capsules,
and the environment, represented as primitives such as
Oriented Bounding Boxes (OBBs), spheres, and capsules.

The method proposed in this work seeks near-optimal
solutions to Eq. (7), with emphasis on efficient handling of
the constraints. In this work, the optimization is carried out
using a gradient-based Sequential Quadratic Programming
(SQP) algorithm implemented in the nlopt C++ library [23]-
[25].

IV. PROPOSED SPEEDUPS

To highlight the benefits of the proposed speedups, we
begin by establishing a baseline. As a baseline, we consider
the naive approach where, at each iteration, all constraints are
computed at each discrete point and gradients are computed
by finite differences with respect to every parameter in the
optimization vector z. This method is straightforward to
implement but scales poorly: computing the gradient of each
constraint by finite difference scales with the number of

control points K, the number of discretization points Ny,
and the number of joints N;. This renders this approach
impractical.

To address this challenge, we introduce three methods to
speed up constraint gradient computation and to reduce the
problem size, namely:

e SpdUp I: exploiting the local control of B-splines, i.e.,
only p + 1 basis functions are non-zero at a given u;

e SpdUp 2: computing the gradients analytically where
possible and introducing a hybrid finite difference
method that no longer scales with the number of control
points K;

e SpdUp 3: applying an order-reduction technique that
aggregates constraints on a per—knot-span basis, rather
than enforcing them at every discretization point.

Each method builds on the previous, e.g., SpdUp 3 also applies
SpdUp 1 and SpdUp 2. Together, these speedups form a cu-
mulative strategy that significantly reduces the computational
burden of constraint gradients and optimization.

A. SpdUp 1: Exploiting Local Control of B-splines

The first speedup exploits the fact that optimization
variables affect only a subset of constraints. Indeed, the
N_. X Neopn constraint gradient matrix denoted by Vg(z) is
sparse. Each set of (K — 6) optimization variables only
affects a given joint’s trajectory. Therefore, the gradient with
respect to all other variables is zero for kinematic constraints.
Furthermore, the local property of B-splines indicates that
a given control point only affects (p 4+ 1) knot-spans along
a trajectory. The gradient of constraints outside the affected
knot-spans will inherently be zero. All other constraints are
joint-coupled; therefore, the gradients with respect to all joints
must be computed. However, the local control property of
B-splines still applies.

This induces a block-diagonal structure in the constraint
gradients, schematically

i 0o .. 0 D, |
0 0 Dy
Vy(z)=| o : ©
D,

D~

0g/0T

where G; correspond to decoupled joint constraints (posi-
tion, velocity, acceleration) and D;, D correspond to coupled
constraints, i.e., torque, TCP speed, collision. The bottom row
corresponds to the derivatives w.r.t. T, which are inherently
different and cannot be treated with the same process.

B. SpdUp 2: Analytic and Hybrid Constraint Gradients

The second speedup concerns the introduction of analytical
and hybrid gradient computations. For position, velocity, and
acceleration constraints, analytical expressions are available
in closed form. For coupled constraints such as torque, TCP
speed, and collision distances, we adopt a hybrid approach
that combines finite differences on the constraints with respect
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to position, velocity, and acceleration, which are analytically

terms:

mapped to the control points. dgTCP B g™ aq  9g™P 9q
In the B-spline representation, q, 4, and g are linear doc,  Oq 57% 04 @7 (18)
combinations of the control point vector ci. Their derivatives )
with respect to the control points are oget  9g™" dq
= A (19)
ocy, dq Ocyg
a CO. CO.
) _ g (), (10) ag" g™ dq
dcy, = —. (20)
\ ocy 0q OJcg
W) _ 1 ) (1) -
oc, TR Thus, g7 depends on (q, ¢, &), g™F on (q,q), and g*'
d&(u) Lo and gc"“ only on q. All are vector-valued functions and their
= 7= Bi(u). (12) gradients reuse the same analytic building blocks.

8Ck

It should be noted that the partial derivatives in Eq. (10,

The elements of the last row of the gradient matrix Vg(z)
are 0g/O0T. Some partial derivatives can be computed as

11, 12) are already available because we can precompute @ -0
all basis functions at predefined u; values as explained in aT ’ .
section IT-A. 94 _ 4 21)
These matrices are joint-local, sparse, and will be reused gT g
across all constraints. For notational brevity, the normalized g9 _ _7q.
time parameter (u) is omitted in what follows. Differentiating or T
(6) with respect to y yields Using (6) and (21), the decoupled bound constraints yield
ogl
—= =0, 22
8g 2 sign (y—m) oT ( )
5= (13) | ,
Y E = _ 4l (23)
oT (imax T ’
where all operations including sign() are applied elementwise. p .
Given that sign(0) = 0, the gradient is nullified at y = m. g’ - _ '_2 |q| ) (24)
Because this point represents a non-differentiable local mini- or qreT
mum, any movement away from m results in an immediate For coupled constraints, the chain rule yields
degradation of the constraint state. The gradients with respect - - -
) . . og 1/0g" . og" ..
to control points can be computed using the chain rule = —— —qQ+2——4q4/, (25)
arT T\ 0q o4
. max | qmin dgTCP 1 9g™CP
gt 0gt oq  2sien (a— ) - 1%y 26)
og’ _Jg8 99 _ : By, (14) oT T g 1
aCk 6q aCk qmax _ qmln )
8gse1’r 5
dg? _ 0g’ 94 _ sign(q) 1 - or ~ 7)
A = A Al = = B, (15)
Ocy, dq Ocy, qrax T dgeol
=0. (28)
ogi  ogi 04  sign(d) 1 6 or
e, 0§ ey | qmex T2 k- (16) " where g™ /0q, 0g™/0q, and OgT™? /04 were previously

The other constraints are more difficult to derive but
ultimately are simply functions of q, ¢, and §. By the chain
rule, their gradients with respect to the control points are
expressed as combinations of the analytic mappings dq/dcy,
0q4/dcy, and 04/0cy.. As an example, torque depends on all
derivatives

g’ _ Jg" Jq
8ck - aq 6ck

0" 04
0q Ocy

g™ 04

04 Jcy,

a7

where the partial derivatives 0g” /0q, 0g"/0q, and 0g™ /04
are obtained by finite difference.
Other global constraints follow the same pattern with fewer

obtained by finite difference for Eq. (17).

This provides a notable gain in computation time, given
that, instead of scaling with N;(K — (p + 1)), it only scales
with N;. We get one finite difference per joint per kinematic
variable (q, q, and q).

C. SpdUp 3: Constraint Computation by Knot-Span

The third speedup reduces the number of constraints,
thereby decreasing the cost of gradient evaluations and the
size of the optimization problem passed to the SQP solver. We
still evaluate every constraint at every discretized point along
the trajectory, but for each knot-span and each constraint
type, we retain only the worst violation (e.g., worst g? per
joint, worst g7 per joint, worst g per link, etc.). We then
compute the constraint gradient only at these worst-case
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samples, turning per-point gradient computation into per-span
computation without risking missed violations. Ultimately,
this leads to a reduced number of gradient evaluations.

The order reduction technique reduces the number of
constraints passed to the SQP solver from being proportional
to the number of sample points, O(Npt), to the number
of knot-spans, which is directly affected by the number of
control points, O(K). While accurately finding the worst-
case violation still requires computing the constraints with
a fine sampling resolution (an O(N,;) operation), SpdUp 3
can then compute its gradient, Vg(z), with a cost that is
independent of sampling density.

Consequently, we can afford to sample finely to ensure
accuracy while still reducing the number of constraints for the
solver and gradient computations by a factor of N, /(K —p),
which generally leads to an order of magnitude reduction.
Reducing the number of constraints given to the solver has
the added benefit of making its subproblem smaller and its
operations faster.

V. COMPARISON METHODOLOGY

The proposed speedup methods were evaluated on a
simulated Universal Robot UR5e (IN; = 6) in an instance
of MotionBenchMaker’s [26] kitchen environment where all
doors are open. Even though most boxes are axis-aligned,
note that we use only OBBs to improve the fidelity of
our results to real-life scenarios. Kinematics, dynamics, and
joint limits were extracted from the URDF and the collision
model from the SRDF available in the official ros-industrial
repository [27]. To enforce collision constraints, each link
was approximated by a least-volume capsule, defined by a
line segment and a radius, fitted from the SRDF data. The
URSe manipulator consists of Ny, = 7 capsules, while the
scene is composed of N,,; = 14 collision objects that are
represented by OBBs.

Eight start and eight goal configurations were selected,
yielding a total of 64 benchmark tasks. Fig. 2 shows the UR5e
in the kitchen environment, along with the eight start (red)
and eight goal (green) end-effector poses. The corresponding
joint configurations were obtained by solving the inverse
kinematics for all 16 poses.

Note: although two start positions are very close together,
different inverse kinematics solutions were taken and thus
we provide the optimizer with different tasks.

Four implementations (baseline, SpdUp 1, SpdUp 2, and
our final proposed method, SpdUp 3) were benchmarked on
three key metrics: computation time, trajectory quality (i.e.
its duration T'), and success rate.

All benchmarks were executed single-threaded on an Intel
Core 19-13900HX processor (5.4 GHz). The optimization
vector z was initialized with entries sampled uniformly from

[—1,1] and the initial duration 7" was drawn from [0.1, 2.1].

To ensure statistically robust results, each optimization task
was solved 100 times, yielding a total of 6,400 runs per
implementation. To ensure fairness, all four methods shared
the same initial guess per run. We used a relatively fine

Fig. 2. URSe in the kitchen environment, illustrating the eight start (red)
and eight goal (green) end-effector poses.

resolution of 10 discretization points per knot-span, for a
total of N,; = 110 points.

Trajectories were represented as quintic clamped uniform B-
splines with K = 16 control points, resulting in 11 knot-spans
(see Fig. 1). Fig. 3 illustrates two representative trajectories.

Fig. 3.

Two representative trajectories generated for the simulated URSe
in the kitchen environment.

This setup highlights the main advantage of our approach.
In the baseline, SpdUp 1, and SpdUp 2 methods that rely on
pointwise discretization, the total number of constraints is

Neon =110 x (4 x6+1+1+7) =3,630.
By contrast, our SpdUp 3 method enforces constraints on a
per-span basis, dramatically reducing the problem size by an

order of magnitude to

Neon =11 x (4% 6+ 141+ 7) = 363.
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VI. RESULTS

The aggregated results across all 64 tasks comparing the
four methods (baseline, SpdUp 1, SpdUp 2, and SpdUp 3)
are summarized in Fig. 4.

(=3 Computation Time (s) = Success Rate (%)

-44.8%

Computation Time (s)
Success Rate (%)

-92.2%

Baseline SpdUp 1 SpdUp 2 Spdup 3

Fig. 4. Aggregated computation time [s] and success rate [%] for baseline,
SpdUp 1, SpdUp 2, and SpdUp 3 across all 64 tasks. SpdUp 3 achieves a
speedup factor of 26.9 . For computation time, the median, the first quartile,
and the third quartile are represented by black horizontal lines.

For all three speedups, trajectory quality (i.e. duration)
and average success rate do not differ significantly from the
baseline. This shows consistency in the solver’s convergence.
These results show a clear progression of improvements
relative to the baseline for computation time.

Tab. I presents the computation time distribution across
the baseline and speedups for the gradient computation, the
constraint computation, and the SQP computation, as well as
the average number of required SQP iterations.

TABLE 1
COMPUTATION TIME DISTRIBUTION AND NUMBER OF SQP ITERATIONS
(Ngyai) ACROSS SPEEDUPS.

Baseline SpdUp 1 SpdUp 2 SpdUp 3
Gradients 92% (11.78 s) ~ 84% (5.62 s) 11% (0.110 s) 9% (0.050 s)
Constraints 2% (0.259 s) 4% (0.271's)  20% (0.200 s)  77% (0.424 s)
SQP 6% (0.777s)  12% (0.812s)  69% (0.692 s)  14% (0.077 s)
Neyal 42 43 42 74

The computation of the gradients dominated the compu-
tation time in the baseline algorithm (11.78 seconds) and
was reduced to 50 milliseconds after applying the proposed
computation speedups. While the first two speedups keep a
similar average of 42 — 43 SQP iterations, equivalent to that
of the baseline, iterations increase to 74 on average for SpdUp
3. Since less information is given to the optimizer, this is
consistent with the expected outcome. However, this increase
in iterations is worthwhile, since it allows for each iteration
to be much faster, leading to a lower overall computation
time.

SpdUp 1 reduces computation time consistent with theo-
retical expectations. The five central knot-spans each have

p+ 1 active mutable points. As a result, gradient evaluations
per constraint drop from (K — 6) x N, in the baseline to
(p + 1) x Ny, with SpdUp 1. Furthermore, the first three
knot-spans have only three, four, and five active mutable
points in order to enforce boundary conditions as described
in Sections III-A and III-B. Considering the active control
points averaged over all knot-spans, this yields a theoretical
reduction of 50% with K = 16 and p = 5. Considering
that the gradient computation accounted for ~ 92% of total
computation time, the measured 52.3% reduction in gradient
computation time therefore falls within a plausible range.
This produces a 44.8% reduction in total computation time.
However, gradient computation still accounts for ~ 84% of
the computation time.

SpdUp 2 further reduces the gradient computation time.
In addition to the factors described for SpdUp 1, SpdUp 2
eliminates most finite-difference evaluations for constraint
gradients. For decoupled joint constraints (position, velocity,
and acceleration), analytic gradients are available at negligible
computation cost. For joint-coupled constraints, instead of
computing (K — 6) x N; finite-difference gradients, only
3 x N; (with respect to q, ¢, §) are required, a reduction of
70% with K = 16. Moreover, hybrid gradients are computed
in-place during constraint evaluation, avoiding redundant
passes and leveraging constraint-specific information (e.g.,
collisions are evaluated only against the nearest collision
object). This enables further savings: instead of Nyps X Nyink
distance queries per finite difference, only 1 X Ny, is
required, yielding an approximate 93% reduction in collision
computations for the gradient with N, = 14. According to
our tests, external collision constraints account for roughly
96% of total constraint cost, so their impact is significant.
Collectively, these improvements explain the measured 99.1%
reduction in gradient computation time (92.2% reduction in
total computation time). Importantly, SpdUp 2 also reduces
the proportion of time spent on gradient evaluations from
~ 84% after SpdUp 1 to ~ 11%, showing that gradients are
no longer the computation bottleneck.

SpdUp 3 reduces the computation time associated with
the SQP solver by reducing the problem size. Although
it is difficult to ascertain the precise theoretical gain, the
improvement can be attributed to a reduction in the number of
constraints, which in turn speeds up the quadratic subproblem
solved at each SQP iteration. With Np; = 110 and K = 16,
the problem size is reduced by 90%. After SpdUp 3, gradient
computations account for only ~ 9% of runtime, while
constraint evaluation and SQP overhead become the dominant
costs (~ 77% and ~ 14%, respectively). A reduction in
problem size was accompanied by an increase in the average
number of iterations, as reported in Table I, which is explained
by the decrease in information given to the SQP solver.

Overall, the progression from baseline to SpdUp 3 demon-
strates how exploiting control-point locality, replacing finite
differences with analytic and hybrid gradients, and reducing
the number of active constraints together yield 96.3% reduc-
tion in total computation time, a 26.9x improvement, while
preserving trajectory quality and success rate.
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VII. CONCLUSION

This paper introduced a structure-aware, discrete-time
trajectory optimization framework that leverages the analytical
and local control properties of quintic clamped uniform B-
splines to speed up constraint-gradient computations in SQP.
Three cumulative speedups were proposed. Firstly (SpdUp
1), we exploited per-joint separability and B-spline local
control to avoid computing the gradient of constraints when
we know it to be zero from context. Secondly (SpdUp 2),
we replaced finite differences on control points with analytic
gradients for joint-decoupled constraints and a hybrid chain-
rule method for joint-coupled constraints (torque, TCP speed,
and collisions). Finally (SpdUp 3), we reduced gradient and
SQP solver workloads by aggregating constraints per knot-
span and differentiating only at relevant samples (i.e. u; at
worst constraint).

On a simulated UR5e case study with 64 tasks in a cluttered
environment, these speedups reduced computation time by
44.8%, 92.2%, and 96.3% (a 26.9x reduction in computation
time) for SpdUp 1, SpdUp 2, and SpdUp 3, respectively,
relative to a finite-difference baseline. These were achieved
while maintaining or slightly improving trajectory quality and
success rates. The gains stem from bounded sparsity, analytic
reuse of shared 9q/0cy, q/dcy and 0§/dcy, and an order
reduction technique that preserves constraint fidelity.

Future work is focused on improving the computation time
and convergence of the algorithm. Note that the constraint
functions themselves can be interchanged and the speedups
will still be valid. Therefore, improving the efficiency of
constraint computation is a viable simultaneous avenue for
improving the computation time of trajectory optimization
algorithms. Secondly, since SQP is a deterministic algorithm,
it is highly dependent on its initial guess. Improving the
quality of the initial guess has the potential to improve both
the computation time and convergence of the algorithm.
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