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Abstract— As a robot makes and breaks contact with
environment surfaces, the equations of motion are switched.
Task planning and real-time control become challenging as the
system traverses multiple regions and switches the governing
dynamics. This paper presents a modeling and real-time control
methodology for such switched dynamical systems based on
Koopman operator theory. Potentially, Koopman operators
allow us to subsume segmented dynamics within a unified,
globally linear model amenable for control analysis and
synthesis. However, the original Koopman operators are not
appliable to non-autonomous systems with exogenous input. A
new method for converting robot dynamics to a Koopman-
compatible model using actuator pre-filtering is presented and
applied to the modeling and control of robots interacting with
the environment. Specifically, an underactuated cart-pole robot
bouncing against multiple walls is modeled as a Control-
Coherent Koopman model and a Koopman LQR controller is
designed for the wall-bouncing robot. Simulation experiments
demonstrate the effectiveness of the method and investigates the
effect of the actuator pre-filter parameter on control
performance.

Index Terms— Koopman lifting linearization, Koopman
operator for control systems, Actuator prefilter, Koopman LQR

[. INTRODUCTION

Contact with the environment is essential in all kinds of
robotic tasks, including leg locomotion [1,2] and contact-rich
manipulation [3,4]. As a robot dynamically engages with the
environment, it makes and breaks contact with constraining
surfaces, and its governing equations are switched.
Unfortunately, task planning and real-time control become
challenging, as the dynamics switch at the contact boundaries.
The objective of the current work is to explore a new
modeling and representation methodology for dealing with
switched dynamical processes so that planning and control
can be performed effectively. Specifically, we aim to unify
segmented dynamics and subsume them within a global
model amenable for real-time planning and control [5].

Koopman operators can represent nonlinear dynamical
processes as a globally linear dynamic equation in a high-
dimensional state space [6,7,8,9]. Here, we use the Koopman
operator theory as a means for aggregating segmented
dynamics and subsuming them within a unified, globally
linear model. The benefit of converting otherwise complex
segmented dynamics to a unified, globally linear model is
significant. Complex nonlinear optimization and mixed-
integer optimization can be reduced to straightforward,
convex optimization. This can significantly reduce
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computation time, eliminate local minima, and resources
required.

Despite the salient features of Koopman modeling and
control, fundamental drawbacks and limitations of the
application of Koopman operators remain. The original
Koopman operator theory is applicable only to autonomous
systems with no exogenous input [1]. Almost all control
systems are non-autonomous with control, to which the
Koopman theory does not apply in the strict sense. This
fundamental gap causes erroneous control synthesis, limited
prediction accuracy, and limits the applicability of Koopman-
based modeling.

In robotics and control literature, a few methods have been
developed to alleviate the limitation. These include a)
Dynamic Mode Decomposition with control (DMDc), which
approximates a state-dependent control gain matrix to a
constant matrix [10], b) a method for treating input variables
as state variables [11], c) a method for constructing the
multitude of Koopman operators and control gain matrices for
different values of control inputs, and d) the bilinear
approximation of the state-dependent control gain matrix
[12,13]. DMDc is applicable only to cases where the state-
dependent control gain matrix does not vary significantly.
Methods b) and c) are useful for processes with known
feedback control or the cases where control input can take a
limited set of specific values. In control synthesis, however,
it is required to take an arbitrary control action. Therefore,
these methods do not fit the requirements for real-time
control. The bilinear approximation provides a better
prediction accuracy, but the model is no longer globally
linear.

An emerging method, termed Control-Coherent Koopman
(CCK) modeling, allows us to construct a Koopman model
with a constant control matrix that is valid globally [14]. The
method incorporates dynamics of actuators into the plant
dynamics to construct a model that is coherent with the
original Koopman operator theory. Dynamics of an actuator
powertrain, for example, exhibits some mechanical
compliance. As a result, the actuator and its load possess
independent states. It has been shown that, if control terms
appear linearly in the actuator dynamics equations, a Control-
Coherent Koopman model can be constructed [14]. No
approximation is required for obtaining the globally linear
control matrix. Integrity and coherency of the input matrix are
crucial for proper control design. The new method guarantees
the coherent, correct structure of the control matrix.
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Augmenting state equations by modeling the compliance
between actuators and their load provides us with a model that
is coherent with the Koopman operator theory. Nonetheless,
the method is applicable only to a class of systems having
specific physical properties. Recently, the principle of CCK
modeling has been extended to those systems where actuator
dynamics do not possess independent state variables,
violating a key requirement for the CCK formulation. In the
new formulation, physical actuator dynamics are replaced by
virtual dynamics, possessing independent state variables and
new input terms that appear linearly in the virtual dynamics
[15]. This is equivalent to an actuator pre-filter through which
actuator commands are conditioned and transmitted to the
physical actuator. Although the original CCK physical
modeling approach suffers a stiff equation problem, the
actuator pre-filtering approach does not. It is applicable to
broader control systems and provides greater flexibility in the
use of Koopman operators.

In this paper, the actuator pre-filtering approach to
constructing CCK models is applied to switched dynamical
systems. Segmented dynamics due to making and breaking
contact with environment surfaces will be reduced to a
unified, globally linear model. Optimal control is designed for
the unified, globally linear system, and the parameters of the
actuator pre-filters are studied. Code, videos, and details at
github.com/jterronel/ICRA2026 _actuator_prefilter cartpole

II. PRELIMINARY WORK

This section summarizes Koopman operator theory and
Control-Coherent Koopman modeling as background
information for readability of the paper. For more details, the
reader is directed to references [5, 6, 7, 14].

A. Koopman Operators

Consider a discrete-time, autonomous nonlinear system
with no exogenous input:

Xep1 = Fxy) )

where x; € X ¢ R", and function F is a self-map, F: XX,
which is continuous.

Let {¢;(x;)};2; be orthonormal basis functions that span
a Hilbert space H. Assume that the basis functions
compositional with the self-map F are involved in the Hilbert

space.
pioFE€H, i=1.2- )

Then, the function ¢; o F can be expanded to a series of the
orthonormal basis functions.

Qo F=X721pioF,0;)0; (3)
where (—, — ) represents the inner product of two functions.
Note that, from (1), we find that

(pio F)(xy) = i(F(x¢)) = ¢ (X¢41) 4)

Namely, the function ¢; o F evaluated at state x; represents
the observables at the next state x,,,. Now consider the state
x; viewed from the infinite number of basis functions, called
observables, Z; = (¢;(x), P, (xy), - )T. From (3) and (4),

we can find that
Zyy = AZ, (5)
where

_ (p1°F,01) (@1°F,0;)
A= ((pyoF,@1) (@a°F, ;) | (6)

Representing the state with the infinite number of
observables, Z;, we can interpret (5) as a state transition
equation in the infinite dimensional space. Note that this state
transition is “globally” linear, strikingly different from the
standard pointwise linearization, which is valid only in the
vicinity of the point.

While the orthonormal basis functions were used for
representing the state, more general basis functions can be
used for the state transition, if the basis functions span the
Hilbert space.

Zi1 = Az, @)

where z, = (g1(x;), go(x),---)T is the infinite-dimensional
state lifted with observables {g;};=,, which are not necessarily
orthonormal but are independent [5].

Post-multiply z, to both sides of (7) and integrate them
over the dynamic range of the independent state yields

Q= AR ®)

where
Q= (21, 20) = {[@[F®] - g;(0dx} (9
R=(z.,2{) = {[, 9:(x) - g;(x)dx]} (10)

The Koopman operator is the solution to the linear equation
(7). This method for obtaining the Koopman operator is called
Koopman Direct Encoding [5]. Finding an effective set of
observables is a challenge, but deep learning has been used
for constructing them from data [16].

B. Control-Coherent Koopman Modeling

The above Koopman operators are for autonomous systems
with no control input. Now consider a non-autonomous
system with exogenous input.

Xep1 = fx,ue) (11)

where u, € U € R" is the input, and fis a continuously
differentiable function, f:X X U — X defined in compact
subsets X and U. Our goal is to obtain a Koopman lifted
linearization method for the non-autonomous system (11) in
the following form:

Ziy1 = AZt + But

(12)

which is linear in control u; with a constant input matrix B.
In general, it is impossible to obtain the globally linear,
time-invariant model (12). However, the linear non-
autonomous system model exists for a class of nonlinear
systems that can be reduced to a Koopman-compatible
expression. This section briefly describes such a method,
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called Control-Coherent Koopman modeling, based on [14].
The key concept of Control-Coherent Koopman modeling
is to divide the state space into one associated to a set of state
variables p, € P € R™ that is driven directly with input u,
and the rest of the state variables q, € X, < R"™™ that are

not directly driven by u; but indirectly through p;.

t

t], p. €PCR™ q, € X, cR™™ (13)

x=[b

q

State p, is called actuator state, while state q, is called plant

state. Each has a nonlinear state transition equation. The CCK

modeling is possible for a particular class of nonlinear

dynamical systems where all the control input terms appear

linearly in the state transition equation of the actuator

dynamics, and the plant state is not directly driven by the
input:

Pt+1 = ﬁo(pt"h'ut) = f;(ptht) + B,u; (14)

qdi+1 = fq(pt'qt) (15)

where f: P X X, = X, ¢ R"™and f,,: P X X, X U = P are
continuously differentiable, and B, € R™" is a constant
matrix.

For this class of systems, a globally linear state transition
equation (12) can be obtained by first generating the
Koopman operator for the associated autonomous system.
Setting u; = 0 in (14),

Pt+1 = ﬁ:)(pt: q.) (16)

9di+1 = fq (e qe)

If a Koopman operator exists for compact subsets q, € X; and
P: € P, where all the actuator states p, driven by the input
u; € U according to (11) are contained,

fr(P,qu) EP, VqE X, ,VueU,VvpeP (17)

the operator is called the Extended Autonomous Koopman
Operator of the control system (14) and (15). The CCK mode
of this system can be constructed as stated in the following
Proposition.

Proposition [Control-Coherent Koopman Model]

If a discrete-time dynamical system possessing an actuator
subsystem has an Extended Autonomous Koopman operator
with observables {g;}{=, that contain the state variables of the
actuation subsystem, p, in the observables, and the actuation
subsystem is linear in actuation in the form of (14), then a
Control-Coherent Koopman Model exists and is given by

z;., = Az, + Bu,.

where z, is lifted state with p in the first m observables:

(18)

A is the Extended Autonomous Koopman operator, and B is
a constant control matrix, given by:

p .
Ze = [}’i] with Ve = (gm+1'gm+21'") T

A= [i”” 2’”] and B = [%P] (19)
yp  Byy
The actuation subsystem and the plant subsystem must have
algebraically independent state variables p and ¢, although
these subsystems are dynamically coupled. The actuator
dynamics must have control input terms that appear linearly.
These requirements can be met as addressed next.

'\(. X Joint Axis
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Fig.1 Powertrain model of a robot. Due to the torsional compliance at the
transmission, the actuator displacement ¢ and the joint displacement 6, are
independent generalized coordinates, i.e. independent states.

Mass-less

Gearing

III. CONTROL-COHERENT KOOPMAN MODELING OF ROBOT
SYSTEMS INTERACTING WITH ENVIRONMENT SURFACES

This section presents a Control-Coherent Koopman
formulation of a general n, Degrees of Freedom (DoF) robot
based on the actuator pre-filtering approach. First, we deal
with a robot having no physical interaction with the
environment, followed by the one with contacts with external
walls.

A. Control-Coherent Koopman Modeling Using Actuator
Pre-Filtering
Fig. 1 shows an n, degree-of-freedom (DoF) serial link
robot arm with the equations of motion (EoM) in joint
coordinates @ € R™ given by

H(0)6 +C(0,0)0 + G(0) =1, (20)

where H(@) is an n, X n, inertia matrix, C(B, 9) is the
Coriolis and centrifugal matrix, G(@) is the gravity vector,
and T; € R' is the joint torque vector [17]. If we define # and

6 to be independent state variables, the state equation can be
given by

(]
()= [H(B)‘l‘t, — @) (co + G(@)] @D

In most robotics literature, joint torques 7;(t) are treated
as control input. In consequence, the state equation is not
linear in control; the joint torques are multiplied by the inverse
of the state-dependent inertia matrix, H(8)~!. The Koopman
operator theory cannot be applied to this form of dynamical
system.

This governing equation can be reframed to fit the
Control-Coherent Koopman framework by considering its
actuator dynamics. As described in the previous section,
Control-Coherent Koopman model can be obtained if two
physical properties are met. One is that actuator subsystem
dynamics possess independent state variables, and the other is
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that a control term appears linearly in each actuator
subsystem. As shown in Fig. 1, these conditions can be met if
the powertrain of each joint actuator, comprising a gearing
and transmission mechanism, possesses significant
compliance. Serial elastic actuators and powertrains with
flexible transmissions, such as Harmonic Drives, yield
torsional displacements between the actuator-side axis and the
load-side axis, each possessing independent state variables.
However, no significant torsional displacement exists as the
powertrain rigidity increases. Direct-Drive and semi-direct
drive as well as planetary gears and other high rigidity
transmissions do not produce significant torsional
displacement. Therefore, the CCK modeling based on the
physical compliance of powertrains is not applicable to these
robot systems.

Here, we consider an alternative approach to CCK
formulation. The two CCK conditions can be satisfied by
considering dynamic filters through which control signals are
transmitted to physical actuators. As shown in Fig.2, we
consider a linear filter in discrete-time,

Wi = AW, + Byu, (22)

T = C,w, (23)

where w, € R™ is the state of the linear filter, u, is a new
input, which appears linearly in the filter dynamics, and C,, €
R™™ is a constant matrix. Replacing the independent
actuator state p, by the filter state w,, we can form a Control-
Coherent Koopman model, which is given by

Wil _[Aw O ] Wi B,,

}’t+1] - [Ayp A,y [}’t] + [ 0 ]ut’
where A,, € R™™ and B,, € R™*" are constant system and
control matrices, respectively. The observables in (24) are

(91, Gm] = W, YT = [Gms1(We, 40, G2 (We g, - 1.

24

Input We Tyt
—-| Pre-Filter l—-‘ Actuator H Plant }—‘
tate w, Tje = CyWe

Weyq = AwWe + Byu,
(a)

Torque ﬁ

~Tload
Constant @ 8, It

1 L, RS
New _Ts+1_—.‘£ ¢y}"

Actuator Pre-Filter

'Joint Axis

TiTioad,t
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Input Gearing; 1: 1
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Current

Torque
q Tm,l

(b)

Fig.2 Actuator pre-filter. (a) Block diagram with new input u,, filter state w,
(b) a first-order pre-filter for electromagnetic actuator with torque constant
K.

The actuator pre-filtering approach is a direct extension of
the physical model-based approach, where the actuator
dynamics are replaced by the filter dynamics, which are linear

in both state and control terms. This makes the upper right
block of the A matrix zero as the filter is linear.

The above state equation (24) manifests that the actuator
pre-filter input u, drives the pre-filter state to w;,, and that
all others in y are affected only through w, ; at the next cycle,
t + 2. The effect of the input u, is captured and confined
within the pre-filter dynamics in the first cycle, t = t + 1,
before being transmitted to the dynamics of y, in the second
cycle, t +1 — t + 2. If the actuator pre-filter state w, is
eliminated, it implies that this transmission delay is
eliminated. As a result, (22) becomes algebraic and the input
is directly involved in the plant dynamics (15), which
prevents the application of Koopman Operator. The pre-filter
must possess independent state variables.

Example [ A Pre-Filter for Electromagnetic Actuators]

Consider an electromagnetic actuator that can be treated
as a torque Source, where the output torque is proportional to
a current to windings, T = Ki, and the actuator is driven by
an amplifier that can drive sufficient current to the actuator
regardless of the state of the load. The current command i can
be generated with a linear filter, such as

iy = —ai, + buy (25)

The current i, is treated as an actuator state, w, = i, that is
driven by input u,. The actuator output is the torque, 7, and
C,, = Kr. This actuator pre-filter has its own state that is
independent, and the input to the filter u, appears linearly in
the filter dynamics. Therefore, this satisfies the requirements
for the Control-Coherent Koopman modeling.

B. CCK Modeling of Robots Interacting with Friction-less
Walls

Consider a robot system interacting with friction-less,
compliant walls of the environment. The governing equation
of motion of a robot contacting with n,, walls is given by

H(0)0 + C(6,0)0 + G(0) = 7, — ] F¢ (26)

where F. is normal contact forces, F, = (F cw - F CnW)T,
and Jc is an n, Xn,, Jacobian matrix relating the joint
coordinates to the contacting points. Each wall is compliant
with a stiffness k,,; relating the contact force F; to
penetration s,,,;.

F¢; = max[k,,;Sy;, 0] 27

Note that F; > 0. The robot makes and breaks contact with
each wall. Depending on its configuration relative to the
walls, the governing equations of motion are segmented.
These segmented dynamics can be subsumed within a
single, unified, and globally linear system with the use of a
Koopman operator. Such a globally linear representation of
the switched dynamics facilitates control design. Note that the
walls are assumed compliant. Therefore, there is no
discontinuity in this system as the robot makes and breaks
contact with the walls. Although the system is highly
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nonlinear and complex, it can be converted to a globally linear
model in a lifted space.
A CCK model is constructed with the following procedure:
1) Convert the above equations of motion to discrete-time
state equations.

qi+1 = fq(T]t'qt) (28)

2) Determine the actuator pre-filter with filter state w, and
parameter matrices, A, B,,, and C,,, and replace 7;, by
C,w;. Also, determine the dynamic range of w, based
on (22), where u; € U.

3) Setting u, = 0, generate a data set for obtaining the
Koopman operator of the associated autonomous

system:
D ={(q,w)|t =0, ,N} (29)
4) Determine M observable functions and compute
Yi = [gme1(We, 40, gu(We, )] 30)

5) Obtain the two block matrices of the A matrix of the
associated Extended Autonomous Koopman operator.

(Ayw'Ayy) = argmin Z|yt+1 - (Aywwt + Ayyyt)|2

AywAyy
(1)

where ¥{i1 = [t Werr, esn)s s Gy Wesr, Gean)]
with Wy, = A, w;, which excludes u,.

6) Construct the system matrix A and the control matrix B
as in (24).

IV. CONTROL-COHERENT KOOPMAN LQR OF A WALL-
BOUNCING CART-POLE

The actuator pre-filtering approach to Control-Coherent
Koopman modeling is now applied to the cart-pole system
bouncing between walls of the environment. Previous
studies have analyzed the ability of Koopman models to
capture dynamic viscoelastic contact by using radial basis
functions to represent localized contact surfaces [18]. We
build off this work by using the same observable functions
and utilizing actuator prefilter states to generate Koopman
LQR controllers.

Fig. 3 shows the schematic of a cart-pole system
interacting with a pair of walls. The system consists of a cart
with traction force F, a pole attached to the cart with a
torsional spring (k) and damper (b). Let m, be the mass of
the cart and m,, be the point mass at the end of the pole. The
length of the pole is £, and the moment of inertia of the pole
is negligible. The two vertical walls are symmetrically
spaced about the coordinate origin O. The wall is compliant,
with a spring constant k,, and no damping. The friction on
the wall surfaces is negligibly small. All parameter values
can be found on GitHub.

The x coordinate of the cart x. and the pole angle 8, are
used as generalized coordinates 6 = [x, 0] T The plant

state variables are q = [x, 6, X, 6 ] and the actuator pre-
filter state is scalar w = [F].

We consider a first-order pre-filter with time constant 7,
which is the simplest filter that meets the requirements for
actuator prefiltering.

p=fF=21y_1
W—F—Tu TF 32)

The equation of motion of the plant is given by

H(0)6 +C(6,0) + G(6) = ] (B)Fc(0) + by(B) + J:F
(33)

The effects of the control input u are linear and affine with
constant coefficients in the pre-filter dynamics. However,
the effects of traction F applied to the plant dynamics is not
linear due to the state dependent inertia matrix. For this
reason, a least squares approximation to obtain the control
input B matrix would be insufficient in generating a globally
accurate Koopman model. This key problem is eliminated
with the inclusion of the actuator prefilter dynamics.

m,+m —lm, cos(8
H(H) — [ ¢ (4 P ( P)] (34)
—lm, cos(ﬁp)
c(0,0) = [95 lmposin(ep)] (35)
0) = 0 36
G(6) = [—g Im, sin(ep)] (36)
The wall reaction force F¢ and the traction force F' are
transmitted through the following Jacobians,
1 -l cos(G )
0) = P 37
Je(6) [0 -1 sin(Hp)] 37
1
Jr =] (38)
The damping term is given as follows,
N_[ O
bo(8) = |_, 4 (39)

=d . +d
T LN
T N
gl LN
d RS
e

Fig. 3 States (blue) and parameters (black) of the cartpole system. The goal
is to drive the cartpole to the origin in the presence of compliant walls and a
torsional spring-damper.
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A. Cart-pole with Actuator Pre-Filter

First, we examine the effect of the actuator pre-filter to
control a cart-pole without walls or a torsional spring-damper.
Data were sampled uniformly from a region of interest and
lifted using radial basis functions placed via K-means++.
Specifically, the dynamic ranges were bounded by

x| <d %<1 (40)
|6, <%, 16, < 1 (41)
IFl <10 (42)

Multiple datasets were collected with varying actuator pre-
filter time constants T and a parameter sweep to optimize
controller performance determined the dilation factor and
number of observables. A separate Koopman model was
constructed for each value of T.

If the A matrix is exact, then the choice of T parameter
should only impact A,,, the only nonzero element in the
actuator state row. However, in this study, through the
generation of data and the choice of observables, parameter T
impacts the A matrices.

The x-position does not appear in the equations of motion,
so it was excluded from the lifting and least-squares estimation
(as described in Section 3B). The x-position dynamics were
added back into the A matrix after model generation. The B
matrix was obtained analytically from the actuator dynamics,
and all hyperparameters were kept constant across models.

For the discrete-time linear system, the dynamics of the
lifted state are given by

Zt+1 = AZt + But (43)
And the LQR performance index is defined as
J= X02{Qz, + u{ Ry, (44)

The state cost matrix Q is diagonal, with nonzero elements
Q;; = 100 corresponding exclusively to cartpole states
(excluding F), and R = 1. No cost was assigned to errors in the
observables. The optimal gain was obtained using MATLAB’s
dlgr function. Depending on the hyperparameters, the gains
could not be obtained due to a lack of system controllability.
This issue became more common with increasing numbers of
observables. The Koopman models associated with T = 1 and
T = 10 were eliminated from the analysis at this stage.

Finally, these Koopman LQR controllers were evaluated
on 100 initial conditions sampled in a range similar to that of
the training data. Each individual simulation was 12 seconds
long. Figure 4 shows the average mean squared error and
control input as a function of simulation time. Larger T values
resulted in larger control efforts due to the slower actuator
dynamics. Furthermore, on average the smaller T values
settled faster to the desired state. Note, however, that there is
the lower bound of the pre-filter time constant; the LQR gains
could not be obtained for T = 1.

Mean Squared Error for Cart-Pole System

log(|ul)

Time [s]

Fig. 4 Comparison plot of the mean squared error and control effort of
Koopman-LQR controllers for a range of actuator pre-filter parameters T
Data is averaged over 100 trajectories and are shown varying throughout the
duration of each simulation. (top) The desired position is the upright
pendulum position at the origin, so MSE is simply the squared norm of the
cartpole states. (bottom) Magnitude of the control input u, which linearly
affects actuator state F. Results shown for the canonical cart-pole system.

The Koopman LQR controllers were reliable in stabilizing
the cart-pole to the origin despite the varied T values, but not
all were equally successful. The effects of T on the total
LQR cost is shown in Figure 5 . Generally, we see higher
LQR costs with increasing T due to larger control effort and
increases in state error.

5% 107 Actuator Pre-Filter Parameter on LQR Cost

Total LQR Cost
w IS

N

2 3 4 5 6 7 8 9
Pre-Filter Time Constant T

Fig. 5 Effects of the pre-filter time constant T on the total LQR cost, summed
over 100 trajectories. Results shown for the canonical cart-pole system.

B.  Cart-pole with Compliant Walls and Actuator Pre-Filter

We compare the performance of CCK controllers trained
with and without knowledge of the walls over 1000
trajectories, sampled within the ranges given in equations (40-
42), and using the same state and control weights. The MSE
was computed as an average over the final second of each
simulation. For 1000 six-second simulations, the wall-aware
controller achieved a full-state MSE below 1 in 27.4% oftrials,
and below 10 in 69.5% of trials, yet 100% of trails had a
position-only MSE below 0.1. This discrepancy indicates that
the bulk of the full-state error is due to the velocity terms.
Contrast this with the wall-unaware controller, who met all
three thresholds in 16.5% of trials.

While the wall-aware controller was erratic and used rapid
corrective actions, it was consistently able to bring the cart-
pole close to the desired position. However, it was unable to
arrive at the unstable equilibrium due to modeling errors
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introduced by the wall dynamics. The wall-unaware could
bring the cart-pole to the unstable equilibrium, but only if
the trajectory was not disrupted by wall collisions.

C. Cart-pole with Compliant Walls, Torsional Spring-
Damper, and Actuator Pre-Filter

Following the analysis with the canonical cart-pole, and
the cart-pole with compliant walls, the system was extended to
include a torsional spring-damper. The torsional spring-
damper simplifies the control problem, facilitating the
generation of Koopman models with identical
hyperparameters that yield successful controllers. This isolates
the effect of time constant T on controller performance.

Data were collected using the same method as before, and
Koopman models were generated again with K-means++
placed radial basis functions. Fig. 6 compares the performance
of four Koopman LQR controllers: Model A was trained on
the canonical cart-pole, Model B was trained with the torsional
spring and damper, and Models C and D were trained with
knowledge of both the torsional spring-damper and the walls.
All three used the same pre-filter time constant value (7'= 2).

Model A, shown as the first column of Fig. 6, performed
the worst. Without knowledge of the walls or torsional spring,
it applied control inputs that caused it to bounce repeatedly
between the walls. Both LQR controllers using Models B and
C stabilized the system. However, Model B, lacking
knowledge of the walls, initially moves further into the wall,
and the unexpected wall contact force induces large-amplitude
oscillations in 8. Model C, trained on data that includes wall
dynamics, immediately moves away from the wall,
demonstrating that the model has successfully captured and
accounts for the wall interaction. The pole oscillated less due
to the avoidance of the walls.

Finally, as a point of comparison, the rightmost column
demonstrates an alternative method for obtaining the B matrix.
Model D shares the same hyperparameters as Model C, but its
B matrix is estimated from data, as is conventionally done with
DMDc. The training data for Model D was generated
identically to that of Model C. The dataset includes the
actuator prefilter state, which alleviates the nonlinear control
input problem that is the primary benefit of our proposed
method, but also has randomized control inputs u < |50|. The
inclusion of actuated dynamics introduces more variability
into the training data, which can destabilize the learned
Koopman model and degrade controller performance. The
analytical approach is the more straightforward path to
obtaining the B matrix.

Unlike in Section 4A., the inclusion of the compliant walls
made it difficult to generate many Koopman models with the
same hyperparameters whose control performance was
satisfactory. Nevertheless, three controllers were found with
the same hyperparameters who were consistently capable of
bringing the cart-pole to the desired equilibrium. The
eigenvalues of these Koopman models are shown in Fig. 7.
Shown in blue are the eigenvalues associated with the
dynamics of prefilter states w. From the pre-filter dynamics
(32), we see A,,, the section of the A matrix associated with w,
is given by

Wesr = Agwe = (we = 2%) = (155 ) we. 49)

Thus, as T increases in value, this pole gets pushed closer to
the unit circle. As T approaches the simulation time A, the
poles get pushed increasingly towards the origin along the real
line.

The relative performance of these three Koopman LQR
controllers is shown in Figures 8 and 9 for a set of 100
trajectories. For this system, the larger time constant controller
was able to settle faster than the smaller time constant
controllers. The aggregate LQR cost still follows the trend that
smaller prefilters parameters yield controllers that incur less
cost. The LQR cost metric is heavily weighted against squared
errors in state, but due to generally small state errors overall,
the large initial state error and control inputs for the larger T
case at the start of the simulations lead to an overall higher
aggregate cost.

o 4 N w

0 stat
S b HM o N a
S b R o N s

Force [N]

10} -10 -10 -10f

Time [s]
Fig. 6 Plots of states for four Koopman LQR controllers, evaluated in a
simulation with both torsional spring-damper and compliant walls. Models
A, B, and C are CCK models in which the B matrix is obtained analytically,
while Model D follows the conventional approach of obtaining the B matrix
from data. Model A is trained on data from the canonical cart-pole system,
Model B on data incorporating the torsional spring-damper, and Models C
and D on data including both the torsional spring-damper and wall dynamics.

Conclusion

In conclusion, we present the method of actuator pre-
filtering and Koopman lifting linearization to enable the use of
optimal linear control techniques to systems where typically
such linear techniques are not applicable (e.g. systems
undergoing contact). The inclusion of actuator dynamics
alleviates the state dependent nature of the control input in the
traditional system. However, the parameters used to delay the
control input have a noticeable effect in control performance.
LQR costs are shown to decrease with smaller time constants,
but volatility in the system may make Koopman models more
difficult to construct with such fast-changing dynamics,
depending on the sampling rate and simulation fidelity.
Nevertheless, the use of actuator prefilters enables the
construction of Control Coherent Koopman models without
needing additional compliance within the actuator subsystem,
making the method relevant to a broader range of applications.

The CCK modelling and Koopman MPC have been used
to control a planar pushing in simulation and hardware, and
a rimless wheel system [19]. While these systems are
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relatively simple, and there exists a curse of dimensionality
issue with increasing number of actuators, Koopman model
dimension does not scale with the number of contact modes.
Moreover, Koopman models have been generated for
complicated legged systems with high degrees of freedom
[20]. CCK and actuator pre-filtering approach complements
ongoing work in extending Koopman control techniques to
complex systems undergoing contact.

Eigenvalues for T=1 forT=2 Eigenvalues for T=4

02

0.1 %
) =
g = )
g o D 0 & 0 >
E ~ o
-0.1 -0.1 <01}
0.2 <02 0.2
08 0.9 1 11 8 0.9 1 11 08 09 1 11
Real Real Real
Wit A, 0 0 |rw,
Gesr | = [Aqw  Agq Agy||4:
YVe+1 Ayy Ayg Ayy| e

Fig. 7 Poles of Koopman models for the cart-pole system with walls and for
varying T values. In blue are the poles associated with the actuator pre-filter,
in green are the poles associated with the observables, and in purple are the
remaining eigenvalues.
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Fig. 8 Comparison plot of the mean squared error and control effort of
Koopman LQR controllers for a range of actuator pre-filter parameters T.
Data is averaged over 100 trajectories and are shown varying throughout the
duration of each simulation. Results shown for the cart-pole system with
compliant walls and a torsional spring-damper.

x1 of Actuator Pre-Filter Parameter on LQR Cost

Total LQR Cost
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Fig. 9 Effects of the pre-filter time constant T on the total LQR cost, summed
over 100 trajectories. Results shown for the cart-pole system with compliant
walls and a torsional spring-damper.
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