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Abstract— We propose a fully data-driven, Koopman-based
framework for statistically robust control of discrete-time
nonlinear systems with linear embeddings. Establishing a
connection between the Koopman operator and contraction
theory, it offers distribution-free probabilistic bounds on the
state tracking error under Koopman modeling uncertainty.
Conformal prediction is employed here to rigorously derive a
bound on the state-dependent modeling uncertainty throughout
the trajectory, ensuring safety and robustness without assuming
a specific error prediction structure or distribution. Unlike prior
approaches that merely combine conformal prediction with
Koopman-based control in an open-loop setting, our method
establishes a closed-loop control architecture with formal guar-
antees that explicitly account for both forward and inverse
modeling errors. Also, by expressing the tracking error bound
in terms of the control parameters and the modeling errors, our
framework offers a quantitative means to formally enhance the
performance of arbitrary Koopman-based control. We validate
our method both in numerical simulations with the Dubins car
and in real-world experiments with a highly nonlinear flapping-
wing drone. The results demonstrate that our method indeed
provides formal safety guarantees while maintaining accurate
tracking performance under Koopman modeling uncertainty.

I. INTRODUCTION

Data-driven control with the Koopman operator has shown
potential in applying linear control techniques to nonlinear
dynamical systems. By modeling the operator with finite-
dimensional representations, the original nonlinear system
can be lifted into a higher-dimensional latent space where
the dynamics evolutions are approximately linear. In the
lifted space, well-established linear control methods can be
systematically applied to design computationally efficient
and interpretable control policies [1], [2].

Recent studies have employed deep neural networks to
learn the Koopman operator and its lifting functions [2]–
[5]. However, two primary sources of modeling error persist:
(i) the learned latent dynamics retain residual nonlinearity,
as a finite-dimensional set of observables cannot perfectly
linearize arbitrary nonlinear dynamics, and (ii) an encoder–
decoder mismatch arises since the decoder is not explicitly
constrained to be the inverse of the encoder. Such model ap-
proximation errors can critically impact control performance,
especially in applications that require formal safety or stabil-
ity guarantees. Existing Koopman-based control frameworks
typically address these issues through assumptions on the
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Fig. 1: Overview of the conformal Koopman for embedded nonlinear control
with statistical robustness.

modeling error and prediction structure. Some approaches
derive Lipschitz bounds from training residuals to design
robust model predictive control (MPC) formulations [6],
while others incorporate auxiliary controllers or ensemble-
based uncertainty modeling to compensate for latent space
inaccuracies [7], [8]. These structural assumptions, however,
are often difficult to justify and may not hold in practice.

To address these challenges of residual nonlinearity and
encoder–decoder mismatch in a principled, data-driven man-
ner, we propose a framework that integrates conformal pre-
diction into closed-loop Koopman-based control. Conformal
prediction is a statistical technique that provides distribution-
free, finite-sample guarantees on prediction errors under
the mild assumption of exchangeable data [9], [10]. We
leverage this technique to move beyond empirical, open-loop
prediction, formally quantifying the combined effect of these
modeling errors on the closed-loop system. This provides a
statistically rigorous probabilistic bound on the tracking error
induced by a Lyapunov-based feedback control, even with
the imperfectly linearized latent space. The connection be-
tween latent-space stability and stability of original discrete-
time nonlinear systems is also established through the lens
of contraction theory. Our main contributions are as follows:
(1) We propose a statistical method to quantify the closed-

loop tracking error in Koopman-based control, capturing
residual nonlinearity and encoder–decoder mismatch via
distribution-free guarantees of conformal prediction.

(2) We establish a quantitative guideline for controller
design by explicitly relating the closed-loop tracking
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performance to key system parameters (e.g., control
gains and model uncertainty), enabling the theoretically
formal design of learning-based Koopman controllers.

(3) We apply this method to provide formal, probabilistic
guarantees on tracking performance for discrete-time
nonlinear systems controlled by Lyapunov-based feed-
back, connecting latent-space stability with stability in
the original systems via contraction theory.

(4) We validate our framework both in simulations and
hardware experiments on a flapping-wing robot (Flap-
per Nimble+ from Flapper Drones, https://flapper-
drones.com/), demonstrating its practical applicability
in providing reliable performance guarantees for highly
nonlinear systems, where our controller serves as a high-
level tracking layer that outputs target positions to an
onboard PID.

Related Work: The Koopman operator provides a linear
but infinite-dimensional representation of nonlinear dynami-
cal systems. For their practical applications, approximations
in finite-dimensional subspaces are typically employed—e.g.,
via extended dynamic mode decomposition (eDMD) or neu-
ral networks—which enable the use of linear techniques in
the analysis and control of nonlinear dynamical systems. For
instance, [2] proposed deep autoencoders to learn Koopman-
invariant subspaces and apply linear MPC in the latent space.
Robustness to modeling errors has been studied in [11],
where a robust MPC is constructed under the assumption that
the residual modeling error is Lipschitz continuous. However,
this assumption can be restrictive, as strong nonlinearities
may arise from both the underlying system dynamics and
the neural networks often used to learn the lifting functions.

Probabilistic finite-sample error bounds were proposed
in [12], offering some theoretical guarantees for control sys-
tems approximated via Koopman embeddings with eDMD.
Other approaches to compensating for the imperfect linearity
include, but are not limited to, tube-based MPC [7], polytopic
uncertainty modeling [8], and stochastic methods that model
uncertainty explicitly in the latent space [13]. However,
many of these approaches rely on structural or distributional
assumptions about the model prediction error. This limits
their applicability in safety-critical scenarios where such
assumptions may not be entirely valid.

Conformal prediction [9], [10] has recently emerged as a
powerful framework for uncertainty quantification in data-
driven systems. It operates under the assumption of ex-
changeability, i.e., the joint probability distribution of sam-
pled data is invariant under permutations, thereby relaxing
the typical i.i.d. requirement. When applied to dynamical
system modeling, this property eliminates the need for struc-
tural or distributional priors, making it a promising tool for
designing interpretable data-driven control [14]. This concept
has been applied in diverse areas of control theory, including
safe motion planning [15]–[17], robust control of linear
systems [18], [19], safe learning-based MPC [20]–[22], and
Lyapunov-based analysis [23]–[25].

Conformal prediction is also explored in Koopman-based

control [26] to derive a statistical bound on one-step ahead
state prediction errors in Koopman-based MPC. While it
addresses modeling error in the state space in an open-
loop, single-step prediction setting, our work focuses on the
closed-loop, trajectory-wise control performance degradation
caused by imperfectly learned latent spaces. In particular, we
explicitly consider aggregated errors from residual nonlinear-
ity and the encoder–decoder mismatch, the latter of which
arises from the decoder being an imperfect inverse of the en-
coder. Our key contribution is to establish a formal statistical
characterization of closed-loop tracking error and robustness
in such imperfectly lifted spaces. This is supported by its
hardware validation with Lyapunov-based control, with the
connection between latent-space stability and stability of
original systems implied via contraction theory.

II. PRELIMINARIES AND PROBLEM
FORMULATION

We consider the following discrete-time nonlinear control
system indexed by the time step k:

xk+1 = f(xk, uk), (1)

where xk ∈ Rn is the state, uk ∈ Rm is the control input,
and f : Rn × Rm → Rn is an unknown nonlinear function.

A. Koopman Operator Framework

The Koopman operator is a linear operator that describes
the evolution of observation functions of the state. By
lifting the state to a higher-dimensional space of observables,
the nonlinear dynamics in the original state space can be
represented by linear dynamics in the lifted space.

Let G be the space of observable functions g : Rn → R.
The Koopman operator K acts on an observable g ∈ G as:

(Kg)(x) = g(f(x, u)).

In practice, we use a finite-dimensional approximation of
the Koopman operator. We choose a vector of N basis
functions ĝ : Rn → RN to lift the state xk to a higher-
dimensional state zk = ĝ(xk). This allows us to approximate
the system (1) by a linear system with a residual error term.

Definition 1 (Koopman Lifted System): The system (1) is
approximated by the following lifted linear system with a
residual error d(xk, uk):

zk+1 = Azk +Buk + d(xk, uk) (2)

where zk = ĝ(xk) ∈ RN is the lifted state. The matrices
A ∈ RN×N and B ∈ RN×m are learned from data such that
the pair (A,B) is controllable.

This approximation enables the full utilization of linear
control theory for analyzing and designing control policies.
The residual term d(xk, uk) denotes the difference between
the lifted next observed state ĝ(xk+1) and the linear propa-
gation of the previous observed state (Azk+Buk). This will
be quantified using conformal prediction in our method.
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B. Split Conformal Prediction

Given a dataset split into a training set and a calibration
set, let us consider a point predictor m̂(·) fitted on the
training set. For each point (xi, yi) in the calibration set,
we compute the nonconformity score as

Ri := ∥yi − m̂(xi)∥, i = 1, . . . ,m.

Let R(1) ≤ · · · ≤ R(m) be the ordered residuals and
define k := ⌈(m + 1)(1 − α)⌉. If the calibration scores
are exchangeable with the score of a newly acquired point
(xm+1, ym+1), then we have the following [9], [10]:

Pr[Ym+1 ∈ Ĉ(Xm+1)] ≥ ⌈(m+1)(1−α)⌉
m+1 ≥ 1− α

where the prediction set is given by

Ĉ(xn+1) =
[
m̂(xn+1)−R(k), m̂(xn+1) +R(k)

]
.

III. MAIN CONTRIBUTIONS

In this section, we present our primary result: a robust
tracking controller and a predictive planner designed in
the Koopman lifted space. We first analyze the connection
between stability in the Koopman lifted space and stability in
our original system using contraction theory. We then delin-
eate the controller design and derive high-probability bounds
on the tracking error. Finally, we derive high-probabilistic
guarantees on safety.

A. Controller Design

We design two types of tracking controllers in the lifted
system (2). Here, we denote a reference trajectory by
(xd,k, ud,k), with its lifted counterpart in the latent space
computed by zd,k = ĝ(xd,k). The subscript d is used to
denote the desired states and inputs. The target system is
represented as:

zd,k+1 = Azd,k +Bud,k + d′k (zd,k, ud,k) (3)

where d′k : Rp×Rm 7→ Rp is an unknown function denoting
the difference between the lifted next target state ĝ(xd,k+1)
and the linear propagation of the previous target state.

1) Nominal Feedback Controller: Let us first define a
Lyapunov-based feedback controller for trajectory tracking.

Definition 2 (Nominal Feedback Controller (NFC)): Our
nominal feedback controller is defined as:

uk = ud,k −Kek. (4)

Here, the gain matrix K is designed such that for a given
positive definite matrix M = ΘTΘ ≻ 0 satisfying mI ⪯
M ⪯ mI, the closed-loop matrix Acl = A − BK satisfies
the following Lyapunov condition:

A⊤
clMAcl ⪯ γM (5)

for a given decay rate γ ∈ (0, 1).
By defining d̂k(zk, uk, zd,k, ud,k) = dk(zk, uk) −

d′k(zd,k, ud,k), the dynamics of the tracking error ek :=
zk − zd,k can be written as:

ek+1 = Aclek + d̂k(zk, uk, zd,k, ud,k). (6)

2) Controller with Robust Disturbance Rejection: While
the nominal controller ensures stability for the nominal
system, its performance can be degraded by the residual
dynamics d̂k. To enhance robustness, we formulate a con-
troller that explicitly mitigates such disturbances by solving
an optimization problem at each time step. This is to maintain
stability while minimizing deviation from a desired control
input. We now define the Controller with Robust Disturbance
Rejection (CRDR).

Definition 3 (CRDR): The control input uk is determined
by solving the following convex optimization problem at
each time step k:

(uk,∆v,k) = arg min
(uk,∆v,k)

∥∆uk∥2 + cv∆
2
v,k

s.t. ∥Θ(Aek +B∆uk)∥ ≤ γ ∥Θek∥ − ρ+∆v,k

(7)

where ∆uk := uk − ud,k. Here, vk := ||Θ(zk − zd,k)|| is a
Lyapunov function, with Θ obtained by solving the Lyapunov
inequality for linear systems in (5). The constraint (7)
enforces contraction on the nominal dynamics. The positive
constant ρ serves as a robustness margin against the distur-
bance d̂k, while the slack variable ∆vk ensures feasibility
of the optimization even under unforeseen disturbances. The
coefficient cv > 0 is a penalty weight on the slack variable.

B. Connection to Contraction Theory

Our control design is founded on the principle that stabiliz-
ing the system in the lifted space robustly enforces stability
in the original nonlinear state space. This is formalized by the
equivalence between Koopman stability and contraction, as
established in [27] at least for continuous-time systems. We
extend their work to discrete-time systems with the nominal
feedback controller defined in Definition 4.

Theorem 1: If the Jacobian of the lifting map, Ĝ(xk) =
∂ĝ
∂x (xk), has full column rank, then the matrix W (xk) =

Ĝ(xk)
⊤MĜ(xk) is a valid contraction metric for the original

nonlinear system, i.e.,
∂fcl
∂x (xk)

TW (fcl(xk))
∂fcl
∂x (xk) ⪯ γW (x), ∀xk ∈ Rn.

(8)
Proof: Let fcl(xk) := f(xk, uk) = xk+1 where uk is

given by (4). From the definition of linear dynamics in the
latent space, the following equation holds:

ek+1 = Aclek, ĝ(xk+1)− zd,k+1 = Acl(ĝ(xk)− zd,k).

Differentiating both sides with respect to x, we get

Ĝ(fcl(xk))
∂fcl
∂x (xk) = AclĜ(xk)

which implies
∂fcl
∂x (xk)

TW (fcl(xk))
∂fcl
∂x (xk)

= ∂fcl
∂x (xk)

T Ĝ(xk)
⊤MĜ(xk)

∂fcl
∂x (xk)

= G(x)TAT
clMAclG(xk). (9)

Since multiplying Ĝ(x)T from the left side and Ĝ(x)
from the right side on (5) gives Ĝ(xk)TAT

clMAclĜ(xk) ⪯
γĜ(xk)

TMĜ(xk), the relation (9) results in the inequal-
ity (8) as desired.
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C. High-Probability Error Bounds in Latent Space

While the nominal controller ensures stability for the
idealized, error-free system, its performance in practice is
heavily affected by the residual dynamics error d(xk, uk).
To guarantee system safety and robustness, we leverage
conformal prediction to establish high-probability bounds on
this residual error in the latent space. The choice of the
nonconformity score, a key element in conformal prediction,
depends on the specific controller being analyzed. In the
following, we define two distinct nonconformity scores: one
for the nominal feedback controller in Definition 2 and
another for the robust controller in Definition 3.

Definition 4 (Forward Nonconformity Score for NFC):
Let ∆d,k := ∥d̂k(zk, uk, zd,k, ud,k)∥ for the residual error
in (6). The nonconformity score is defined as:

sfwd,k := ∆d,k = ∥dk(zk, uk)− d′k(zd,k, ud,k)∥
= ∥ĝ(xk+1)− (Aĝ(xk) +Buk)

− ĝ(xd,k+1) + (Aĝ(xd,k) +Bud,k)∥.

Here, the states xk and xk+1 are obtained by sampling state
transitions from the real-world system. The desired states
xd,k and xd,k+1 are computed from the reference trajectory
and corresponding control inputs generated by the planner.

Definition 5 (Forward Nonconformity Score for CRDR):
Let ∆d,k := ∥d̂k(zk, uk, zd,k, ud,k)∥ for the residual error
in (6). The nonconformity score is defined as:

sfwd,k =
√
m∆d,k +∆v,k

where
√
m denotes the maximum singular value of Θ in (7).

The term ∆v,k, defined also in (7), is determined by applying
the controller from Definition 3 to a target trajectory sampled
from the same distribution as the deployment environment.
For practical application to a physical system, a surrogate
model of the dynamics can first be identified from collected
data. This model is then used to simulate the tracking of
desired trajectories, allowing the data sampling of ∆v,k.

Theorem 2: Suppose that the forward nonconformity
scores in Definitions 4 and 5 are exchangeable with the
unseen, future score sfwd from the real world, i.e., they satisfy
the following inequality via conformal prediction:

Pr[sfwd ≤ q1−δ] ≥ 1− δ (10)

where δ = α
K ∈ (0, 1) is a user-defined failure probability,

and q1−δ is the (1−δ)th quantile of the empirical distribution
of past scores. Then the tracking error in latent space is
exponentially bounded with a probability of at least 1 − α
for each time step k as follows:

Pr
[
||ek+K || ≤ γK

(
vk√
m −∆r

)
+∆r

]
≥ 1− α (11)

where for the controller defined in Definition 2,

∆r :=
√
mq1−δ

(1−γ)
√
m

for the controller defined in Definition 3,

∆r := q1−δ−ρ
(1−γ)

√
m .

This bound implies that if v0√
m −∆r ≤ 0, we have

Pr [||ek+K || ≤ ∆r] ≥ 1− α.

Here,
√
m and

√
m denote the maximum and minimum

singular values of Θ in (7).
Proof: Consider the Lyapunov function in (7). Its time

evolution along the dynamics (2) and (3) with the controller
of Definition 3 can be computed as

vk+1 = ∥Θ(zk+1 − zd,k+1)∥

=
∥∥∥Θ(

Aek +B∆uk + d̂k(zk, uk, zd,k, ud,k)
)∥∥∥

≤ γ∥Θek∥ − ρ+∆v,k + ∥Θd̂k(zk, uk, zd,k, ud,k)∥.

(12)

Since the last term can be bounded as ∥Θd̂k∥ ≤
√
m∥d̂k∥,

the inequality (12) can be written as:

vk+1 ≤ γ∥Θek∥ − ρ+∆v,k +
√
md̂k. (13)

Unrolling the recursion in (13) from k = 0 to K − 1 yields

vK ≤ γKv0 +

K−1∑
k=0

γK−1−k
(
−ρ+∆v,k +

√
md̂k

)
≤ γKv0 − ρ 1−γK

1−γ +

K−1∑
k=0

γK−1−ksfwd,k.

The probability that (10) holds for all steps k = 0, ...,K− 1
can be computed by the union bound as follows:

Pr
[
∪K−1
k=0 sk > q1−δ

]
≤

K−1∑
k=0

Pr[sk > q1−δ] ≤
K−1∑
k=0

α
K = α

Under this high-probability event, we obtain the following
high-probability bound on the Lyapunov function:

Pr
[
vk ≤ γKv0 + (q1−δ − ρ) 1−γK

1−γ

]
≥ 1− α. (14)

Finally, we relate the Lyapunov function vk back to the
tracking error ∥ek∥. From M ⪰ mI, we get

v2K = eTKMek ≥ m∥eK∥2

which implies ∥eK∥ ≤ vK√
m . Thus, (14) reduces to

Pr
[
∥eK∥ ≤ γK v0√

m + q1−δ−ρ
(1−γ)

√
m (1− γK)

]
≥ 1− α

Using the definition ∆r := q1−δ−ρ
(1−γ)

√
m ,

Pr
[
||eK || ≤ γK

(
v0√
m −∆r

)
+∆r

]
≥ 1− α

By setting ρ = ∆v,k = 0 in the previous discussion, we
can also prove (11) for the nominal feedback controller with
∆r =

√
mq1−δ

(1−γ)
√
m

The slack variable ∆v,k within the score of Definition 5
is an outcome of the online optimization performed by the
controller at each step. Therefore, to obtain a distribution of
these scores for conformal prediction before deployment, one
must rely on extensive simulations with a surrogate model.
We could circumvent this requirement by using the simpler
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score from Definition 4 also for the controller in Definition 3.
In this case, we can derive an error bound by retaining the
explicit summation of the slack variables ∆v,k. Specifially,
under the high-probability event where ||d̂k|| ≤ q1−δ for all
k ∈ {0, . . . ,K − 1}, we get

vK ≤ γKv0 + (−ρ+
√
mq1−δ)

1−γK

1−γ +

K−1∑
k=0

γK−1−k∆v,k.

Corollary 1 (Trajectory-Dependent Error Bound): When
employing CRDR of Definition 3 with the nominal
nonconformity score of Definition 4, the probabilistic bound
on the tracking error ||eK || is given by:

Pr
[
||eK || ≤ 1√

m

(
γKv0 +

1−γK

1−γ (−ρ+
√
mq1−δ)

+

K−1∑
k=0

γK−1−k∆v,k

)]
≥ 1− α

The error bound is no longer a simple fixed-radius ball,
but rather a trajectory-dependent bound that depends on the
history of ∆v,0, . . . ,∆v,K−1 generated by the controller.

D. High-Probability Error Bounds in State Space

Finally, we consider the error bound in the state space
when the tracking error in latent space is bounded as
in Theorem 2. When the lifting and its inverse mapping
are trained separately, e.g., as neural networks, the inverse
mapping ĝinv may not be equal to the inverse of the lifting
function ĝ−1. We define a nonconformity score to quantify
such a discrepancy.

Definition 6 (Round-trip Nonconformity Score): The
‘round-trip’ nonconformity score is defined as:

sk := ∥xk − ĝinv(ĝ(xk))∥
Theorem 3 (State-Space Tracking Error Bound):

Suppose that the following assumptions hold:
(1) The conditions of Theorem 2 hold, i.e., the tracking

error is bounded as Pr [||ek|| ≤ ϵK ] ≥ 1 − α, where
ϵK = γK

(
v0√
m −∆r

)
+∆r

(2) 1− β/2 quantile of the round-trip nonconformity score
qrt provides the guarantee Pr[∥xK − ĝinv(ĝ(xK))∥ ≤
qrt] ≥ 1− β/2.

(3) ĝinv is L-Lipschitz continuous with constant L > 0.
(4) The desired state-space trajectory xd,K is given, and

its lifted-space counterpart is computed as zd,K =
ĝ(xd,K).

Then for each time step k, we have the following:

Pr [||xk+K − xd,k+K || ≤ 2qrt + LϵK ] ≥ 1− α− β.
Proof: By applying the triangle inequality, we obtain:

∥xK − xd,K∥ ≤ ∥xK − ĝinv(zK)∥+ ∥ĝinv(zK)− ĝinv(zd,K)∥
+ ∥ĝinv(zd,K)− xd,K∥ (15)

The first and third term are the round-trip error for the
true state and the desired state. By assumption (2), both
terms are independently bounded by the conformal quantile

qrt each with a probability of at least 1 − β/2. Let these
be Events A and C. The second term is bounded using
the L-Lipschitz property of ĝinv (Assumption (3)). From the
premise of Theorem 2, the lifted-space error is bounded by
ϵK with a probability of at least 1−α. Let this be Event B.
The overall bound in inequality (15) holds if Events A, B,
and C occur simultaneously. Using the union bound, the
probability that at least one of these events fails is at most
β/2 + α + β/2 = α + β. Thus, the joint event occurs with
a probability of at least 1 − α − β. When this joint event
occurs, we substitute the individual bounds into inequality
(15):

∥xK − xd,K∥ ≤ qrt + LϵK + qrt = 2qrt + LϵK

This inequality holds with a probability of at least 1−α−β,
which completes the proof.

This analysis provides a crucial insight: the tracking
error bound is not solely determined by modeling error.
Instead, it is explicitly shaped by key design parameters—the
controller’s Lyapunov matrix eigenvalues (m,m) and the
decoder’s Lipschitz constant L. This offers a guideline for
designing Koopman controllers, directly linking these funda-
mental parameters to the achievable tracking precision.

Conditions such as latent contraction, a full-rank Jacobian,
and the Lipschitz property of the decoder can be enforced
during training through appropriate loss functions. However,
in our simulations, these conditions are verified a posteriori
for simplicity. Our empirical data suggest these conditions
are largely satisfied within the calibration region. Enforcing
these properties explicitly by design can be an important
direction for future work.

IV. NUMERICAL SIMULATIONS

We first validate our proposed method using the Dubins
car model, which exhibits nonholonomic behavior and non-
linear state evolution. The discrete-time dynamics of the
Dubins car are given by xk+1 = xk + vk∆t cos θk, yk+1 =
yK + vk∆t sin θ, θk+1 = θk +ω∆t, and vk+1 = vk + ak∆t.
Here, (x, y) is the position of the car, θ is its heading angle, v
is the forward velocity, a is the acceleration, ω is the angular
velocity, and (a, ω) is the control input.

A. Training

The training process is conducted in two sequential phases.
The first phase focuses on learning a latent representation,
while the second identifies a linear dynamical model within
that space.

1) Data Collection: Training data is generated in simula-
tion with constant speed and random steering input sampled
at 10-step intervals. We collect 1,000 episodes (100 steps
each) for representation learning and 100 episodes for dy-
namics identification.

2) Phase 1: Latent Representation Learning: An
encoder–decoder architecture is trained to find an effective
latent representation of the system dynamics. The encoder,
g(·), an MLP, maps an observation xk ∈ R4 (vehicle position
and orientation) to a latent state zk ∈ R6. A corresponding
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Fig. 2: Latent space one-step prediction. The identified linear model accu-
rately predicts the next latent state from the current state and control input.
Here, one-step prediction refers to propagating the latent state by one step
and then decoding it back to the original space.

MLP decoder, h(·), reconstructs the observation from this
latent state. Both networks feature a 256-dimensional hidden
layer with ReLU activation and Batch Normalization. This
network is trained by minimizing a composite loss function,
LNN, designed to encourage accurate reconstruction and
dynamically consistent embeddings:

LNN = Lrss + αLrecon + βLctrl

where Lrss is the one-step prediction error in the latent space
(using batch-wise linear approximations), Lrecon = E[∥xk −
h(g(xk))∥22] is the autoencoder’s reconstruction error, and
Lctrl is a controllability penalty.

3) Phase 2: Linear Dynamics Identification: Once the
encoder–decoder network is trained, the encoder’s param-
eters are frozen. The learned mapping zk = g(xk) is used
to transform the entire dataset of observation sequences into
a static set of latent state transitions. Subsequently, a single
linear dynamical model, zk+1 = Azk + Buk, is identified
by finding the matrices A and B that minimize the following
loss function, LKoopman:

LKoopman = Lpred + wρLρ + wctrlLctrl

Here, Lpred = E[∥zk+1−(Azk+Buk)∥22] is the primary mean
squared prediction error. The loss also includes two regular-
ization terms: Lρ = ρ(A), which penalizes the spectral radius
of A to encourage stability, and the same controllability loss,
Lctrl = − log(σmin(C)+ ϵ)+λ σmax(C)

σmin(C)+ϵ , to ensure that the
final linear model is robust and uniformly controllable. The
resulting one-step prediction accuracy is shown in Figure 2

The control feedback gain K for the nominal feedback
controller is synthesized by solving a linear matrix inequality
(LMI) to theoretically guarantee stability, as confirmed in
Figure 3.

B. Reference Trajectory Construction
We construct a circular reference trajectory

{xd,k, ud,k}T−1
k=0 with radius r > 0, centered at (0, r),

starting from the origin with desired speed vd > 0.
The reference observation xd,k consists of position
(xref , yref) and heading (sin θd, cos θd), and the control
input ud,k = ωk is the angular velocity computed by finite
difference ωk ≈ θd(tk+1)−θd(tk−1)

2∆t and clipped to [−π, π].

Fig. 3: Closed-loop eigenvalues for the nominal feedback controller. The
controller design yields a theoretically stable system, with all eigenvalues
located inside the unit circle.

C. Evaluation

We evaluate the controller performance on the circular
trajectory tracking task described previously. The latent
representation is trained with loss weights α = 0.1 and
β = 0.1. CRDR is designed with parameters cv = 0.01,
ρ = 0.073 and γ = 0.9. We compare its performance
against the nominal feedback controller (NFC). The tracking
evaluation is conducted for a duration of 50 time steps. The
controllability loss weight was the most critical hyperpa-
rameter: disabling it caused the condition number of the
dynamics matrices to exceed 106, leading to unstable control.
The reconstruction weight was stable across [0.05, 0.2], and
the embedding dimension N ≈ 1.3n balanced expressiveness
and controllability.

D. Results

The results are presented in Figure 4. Despite its theo-
retical stability, NFC consistently fails due to control inputs
exceeding the actuator saturation limits (±π rad/s), causing
unbounded error accumulation. In contrast, CRDR achieves
excellent tracking by finding inputs that satisfy Lyapunov
stability conditions while compensating for the modeling
error. Furthermore, the position error of CRDR remains well
within the trajectory-dependent theoretical bound derived
from Corollary 1, validating our error analysis.

V. EXPERIMENTS WITH A FLAPPING-WING ROBOT

This section presents the experimental validation of our
proposed framework using a flapping-wing robot, hereafter
referred to as the Flapper Drone [28] (Flapper Nimble+
from Flapper Drones, https://flapper-drones.com/). The ex-
periments are designed to 1) validate the distribution-free
error bounds derived using our method, and 2) demonstrate
the improved trajectory tracking performance compared to a
built-in PID controller.

A. Experimental Setup

The Flapper Drone is characterized by highly nonlinear
aerodynamic and inertial properties, making it a challeng-
ing and suitable platform for evaluating data-driven control
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Fig. 4: Controller performance comparison. (Top) XY trajectory tracking.
(Bottom) Position error with theoretical bounds and the corresponding
angular velocity control input (ω) over time.

methodologies. The drone is equipped with a manufacturer-
provided PID controller for low-level attitude and posi-
tion stabilization. Our approach introduces a high-level,
Koopman-based control law that provides target position
commands, uk, integrated into the underlying PID. We treat
the onboard PID controller as part of the unknown nonlinear
dynamics, f , aiming to model: xk+1 = f(xk,PID(uk)),
zk = ϕ(xk), zk+1 = Azk + Buk, and x̂k+1 = ψ(zk+1).
Here, ϕ and ψ are the lifting and decoding functions, respec-
tively, xk is the drone’s state, and our high-level control input
uk = (xd,k, yd,k, zd,k) commands the target position. The
primary objective is to accurately track circular trajectories
with a radius of 0.5 m. This radius ensures the drone remains
within the reliable tracking volume of our motion capture
system while allowing sufficient margin for the theoretical
error bound.

B. Data Collection and Model Training

To learn the system dynamics, we first collect a dataset
of the drone’s position and orientation. This is achieved
by commanding the drone to track a predefined circular
trajectory with a radius of 0.5 m using its default PID
controller. From this dataset, we train a neural network
as a surrogate model to predict the one-step-ahead state,
xk+1, given the current state, xk, and a target position,

Fig. 5: Tracking error of the Koopman-based controller for various tra-
jectories. The measured error (solid lines) consistently stays below the
theoretically computed bound (dotted line), validating our assured error
bound estimation. For a visual illustration of the spatial trajectories in these
planes, see the YZ-plane example in Fig. 6.

uk. Subsequently, the Koopman operator for the system is
learned from the data using our proposed methodology. The
architecture follows an encoder (ϕ: 12 → 1024 → 16), linear
dynamics (zk+1 = Azk + Buk, A ∈ R16×16, B ∈ R16×3),
and decoder (ψ: 16 → 1024 → 12) pipeline with ReLU
and batch normalization. The model uses only the current
state xk (12-dim: 3D position and flattened rotation matrix)
and input uk, without stacking past states, yielding sufficient
prediction accuracy.

C. Validation of the Assured Tracking Bound

To calculate the theoretical tracking error bound, we first
generate a calibration dataset for conformal prediction. This
is achieved by using the trained surrogate model to simulate
CRDR. CRDR is designed with parameters cv = 100,
ρ = 1.0 and γ = 0.9. During this simulation, we sample
the necessary data to estimate the quantiles for our error
bound calculation. From the learned Koopman dynamics, the
singular values of Θ were calculated as

√
m/m = 1.00,

which suggests isotropic convergence in latent space. The
calibration process for conformal prediction yields a forward
prediction quantile of qfwd = 0.1365 and a round-trip quan-
tile of qrt = 0.4691. These values are then used to compute
the time-varying theoretical tracking error bound. Finding
stabilizing controller gains required significant tuning effort;
we utilized the learned surrogate model to simulate and
optimize these parameters offline, avoiding hardware risk.

To validate this bound, we conduct flight experiments
where the drone tracks circular trajectories in various planes.
Figure 5 shows the real-time tracking error from these experi-
ments. It indicates that the tracking error consistently remains
below the computed theoretical bound for all trajectories,
thereby implying the validity of our approach.

D. Improved Tracking Performance

Finally, we compare tracking performance against the
default PID controller on a YZ-plane circular trajectory (Fig-
ure 6). The PID controller exhibits significant oscillations,
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Fig. 6: Comparison of tracking performance for a circular trajectory in
the YZ plane. The proposed Koopman-based controller (Koopman CP,
purple) demonstrates significantly reduced oscillations and superior tracking
accuracy compared to the default PID controller (red).

while our Koopman-based controller tracks the reference
with markedly higher precision, demonstrating the effective-
ness of our data-driven approach.

VI. CONCLUSION

We present a framework that integrates conformal predic-
tion with closed-loop Koopman-based control of discrete-
time nonlinear systems, with its theoretical connection
to incremental stability in contraction theory. It provides
distribution-free tracking error bounds by quantifying latent
space prediction errors without assuming a specific error
structure. Our analysis shows that the tracking error depends
critically on not just latent modeling error, but also the
feedback gain and the decoder’s Lipschitz constant, offering
a key control design guideline. The framework was validated
in simulations with a Dubins car and hardware experiments
with a flapping-wing robot, where measured tracking errors
consistently stayed within our theoretical bounds.

Future work will aim to reduce the bounds’ conserva-
tiveness and address exchangeability challenges when track-
ing diverse trajectories. In particular, our safety guarantees
are valid only within the calibration data distribution; out-
of-distribution large disturbances or hardware degradation
could invalidate them. Extending the evaluation to diverse
trajectory families and benchmarking against other high-level
planners is also an important future direction.
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[1] M. Korda and I. Mezić, “Linear predictors for nonlinear dynamical
systems: Koopman operator meets model predictive control,” Auto-
matica, vol. 93, pp. 149–160, 2018.

[2] B. Lusch, J. N. Kutz, and S. L. Brunton, “Deep learning for universal
linear embeddings of nonlinear dynamics,” Nature Communications,
vol. 9, no. 1, pp. 1–10, 2018.

[3] N. Takeishi, Y. Kawahara, and T. Yairi, “Learning Koopman invariant
subspaces for dynamic mode decomposition,” in Advances in Neural
Information Processing Systems, vol. 30, 2017.
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