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Abstract—Planning long duration robotic manipulation se-
quences is challenging because of the complexity of exploring
feasible trajectories through nonlinear contact dynamics and
many contact modes. Moreover, this complexity grows with the
problem’s horizon length. We propose a search tree method that
generates trajectories using the spectral decomposition of the
inverse dynamics equation. This equation maps actuator dis-
placement to object displacement, and its spectrum is efficient
for exploration because its components are orthogonal and they
approximate the reachable set of the object while remaining
dynamically feasible. These trajectories can be combined with
any search based method, such as Rapidly-Exploring Random
Trees (RRT), for long-horizon planning. Our method performs
similarly to recent work in model-based planning for short-
horizon tasks, and differentiates itself with its ability to solve
long-horizon tasks: whereas existing methods fail, ours can
generate 45 second duration, 10+ contact mode plans using
15 seconds of computation, demonstrating real-time capability
in highly complex domains.

I. INTRODUCTION

Manipulation is a robot’s primary means to interact with
and change its environment. However, planning for manipu-
lation is challenging because such interactions have complex
dynamics and require creating long-horizon plans that change
the state of surrounding objects through a variety of contact
modes. In many cases, leveraging an understanding of how
the object and the robot can interact with the environment
is necessary for successful plans. Consider for instance
rearranging objects on a desk where the shape or weight
of the objects do not allow for pick and place manipulation,
or sliding heavy objects around a construction site.

Model-based optimization has been widely successful in
generating real-time trajectory plans for a variety of nonlin-
ear dynamical systems such as drones [1], spacecraft [2],
and locomotion [3]. However, applying these methods to
robotic manipulation remains a challenge: the change in
contact modes during manipulation creates a discontinuity
in the gradient of the dynamics, making local linearization
and optimization inaccurate. In addition, the number of pos-
sible contact modes between manipulators, objects, and the
environment grows combinatorially in complex manipulation
tasks, inhibiting a direct hierarchical approach of planning
discrete contact sequences and then continuous optimization.
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Fig. 1: Our method efficiently plans manipulation trajec-
tories through several contact modes, discovering behav-
ior like pushing, sliding, rolling, tumbling, and pivoting.
In the physics-based simulator, an object (green prism) is
moved with non-prehensile manipulation (red dot) through a
contact-rich environment to a goal configuration.

To address these challenges, we propose a new hierarchy:
tree search over trajectories generated from the spectrum
of the inverse dynamics. The algorithm inherits global ex-
ploration from search and reduces reliance on inaccurate
linearizations and susceptibility to local minima that are both
inherent in applying first-order optimization methods to the
entire trajectory. At the same time, the algorithm uses local
dynamics information from the spectrum of the inverse dy-
namics to reduce search complexity: the local linearization’s
eigenvectors are efficient for exploration because they are
orthogonal and approximate the reachable set of the object
while remaining dynamically feasible. This spectral repre-
sentation can be formalized as a Markov Decision Process
(MDP), and paired with Rapidly-Exploring Random Trees
(RRT) [4], [5] (or other search algorithms) to chain branches
together and efficiently construct long-horizon trajectories.

We verify this approach in simulation, see Fig. 1, on non-
prehensile manipulation tasks that slide, pivot, and rotate
a rectangular prism through a highly varied environment
involving many contact modes. Interacting with the environ-
ment via non-trivial extrinsic dexterity is necessary in order
to complete the task. On a desktop computer, our method
uses ~15 seconds of computation time to generate plans
of 45 seconds physical duration, demonstrating long-horizon
planning capability while remaining fast enough for real-time
deployment and re-planning.
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Overall, our method produces real-time complex plans
involving contact between objects, manipulators, and the
surrounding environment. The method is model-based and
can be applied zero-shot without pre-training, fine-tuning or
hyperparameter tuning in a variety of scenarios. Although the
focus of this work is extrinsic dexterity and non-prehensile
manipulation, it could be extended in the future to dexterous
manipulation and loco-manipulation.

II. BACKGROUND AND RELATED WORKS

Robot manipulation is a rich field that spans hybrid
systems theory, optimization, search, and machine learning.

The problem of planning and controlling an object’s
motion via pushing, sliding, rolling, tumbling, pivoting,
etc. was traditionally viewed as a hybrid system of dis-
crete contact modes, where within each contact mode the
model reduces to a continuous non-linear system to which
standard optimization techniques can be applied [6]. Al-
though this formulation can be solved with mixed-integer-
programming methods [7] [8] or search over contact mode
transitions [9] [10], the complexity of these algorithms scales
with the number of contact modes, limiting this formulation
for long-horizon manipulation tasks.

To avoid contact mode enumeration, contact-implicit
methods use compliant contact models to generate contact
forces based solely on the relative configuration of objects,
leading to a single unified dynamics model for all contact
modes [11] [12]. This approach enables model-based opti-
mization methods to generate solution trajectories. However
the approach is heavily susceptible to local minima, and it
requires a good initial guess [13].

Sampling-based methods are a standard approach to over-
come local minima. For example, one could sample the input
space directly at each timestep using Predictive Sampling
[14], but sampling in a high-dimensional space quickly be-
comes intractable for long-horizon plans whose intermediate
goals do not lie directly between the start and goal.

It is possible to reduce the search complexity by focus-
ing on the object’s motion alone [15] [16] [17]. However,
efficiently proposing dynamically realizable motions for the
object is challenging: [15] uses a nested search structure
to find dynamically feasible motions, which can lead to
inefficiency if inner searches fail to produce solutions for
outer layers, [16] does not address uni-directional property
of friction and is limited to a convex relaxation of the contact
dynamics, and [18] proposes dynamically feasible paths but
requires time to first build a roadmap offline.

Our method falls into this category of search-based meth-
ods and achieves both low sample complexity and dynamic
feasibility by using the spectral decomposition of the inverse
dynamics equation: its local linearization’s eigenvectors are
efficient for exploration because they are orthogonal and
approximate the reachable set of the object while remaining
dynamically feasible. Both our approach and [19] use spec-
tral decompositions to reduce search complexity. However,
whereas they use the spectrum of the locally linearized
system’s Grammian, we use the spectrum of the inverse

dynamics equation, which is a specialized transformation that
focuses on actuator to object displacement.

Recent progress has been made using data-driven methods.
End-to-end visuomotor policies grounded in reinforcement
learning and behaviour cloning can directly map camera
inputs to manipulator actions, removing the need to explicitly
plan through challenging contact dynamics [20]. The main
challenge for these methods is demonstrating appropriate
generalization and reliability, as success on the task often
depends on its proximity to training examples, although
recent work in foundation models for robotics are attempting
to overcome this difficulty [21]. An alternate line of work
considers how to use generative models to produce trajecto-
ries directly [22] although this again suffers from canonical
out-of-distribution (OOD) challenges if the test time data
distribution is not similar enough to that of the training. In
contrast, purely model-based methods are inherently general
because they do not rely on a training distribution, and are
more interpretable, which makes them more reliable in an
industrial setting. However, they do still have challenges:
model-based methods suffer when the dynamics model is
inaccurate, requiring good feedback controllers or online
adaptation to bridge the sim-to-real gap.

Some works attempt to balance these regimes by merg-
ing physics-driven models with data- and simulation-driven
adaptation. For instance, model-based methods can generate
inductive biases for learning based methods, achieving the
best of both worlds [23], [24].

III. METHOD
A. Problem Definition

This work seeks to efficiently address the problem of
planning the motions of a single rigid body over a complex
geometric terrain, where a high number of contact inter-
actions between the rigid body, the manipulator, and the
surrounding environment may be needed to reach the goal
configuration. The geometry and basic material properties
of the body, manipulator, and environment are assumed
to be known a priori. For the purpose of simplicity in
exposition, we first consider the manipulator as a single
spherical fingertip, although the algorithm extends to an

Fig. 2: Top left: Variables for the problem setup. Bottom
right: Simple example of the fingertip exhibiting extrinsic
dexterity in order to move an object through a maze.
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arbitrary number of fingertips, which could be remapped to
a dexterous hand or bimanual manipulator.

Taking q = [gq o] € R™ " = R" as the combined
configuration of the n, actuated degrees of freedom (q,)
and n, object degrees of freedom (q,), the problem is to
find a dynamically feasible trajectory qo.pr € R™* where
o = init and qp € Qgoa for a given qiniy and Qgoqr, and
H is the length of the trajectory (see Fig. 2). A trajectory
is dynamically feasible if it is generated by a physics-based
simulator — we use Drake [25], which implements hydroelas-
tic contact models and is considered a close approximation
of real world contact dynamics.

This problem setting is particularly applicable to cases
where the manipulator does not have complete actuation
authority over the object’s degrees of freedom (e.g. non-
prehensile manipulation). In this setting, the process of
changing the object’s state often relies on interactions be-
tween the object and the environment. Note that the frame-
work is not limited to this case, and in fully actuated
circumstances (i.e. where classical pick and place grasping
is available), the method can discover grasping solutions. In
this work, n, = 3 and n, = 6 for a single fingertip and a
single free rigid body with Euler angle parameterization.

B. Preliminaries

We model the dynamics of the object and manipulator
using the standard Euler-Lagrange equations, with a term
for the contact forces \; between the i object pair.

M(@)d+k(q,q) =Bu+> Ji(a)™n (D

where M € R™ ™ is the mass matrix, k(q,q) accounts
for gravity and Coriolis terms, B € R™*™= is the actuation
matrix, u € R™= are the forces applied to the actuated joints,
and J;(q) € R3>*™ are the Jacobians mapping the contact
forces into the generalized variables. We use the compliant
contact model from [13][26], which uniquely specifies the
contact force \; € R? between objects as a function of
configuration q. Drake is used to calculate queries for relative
separation and normal velocity in the contact model.

Similar to [13], given q, 4, q we can invert the dynamics
to find the instantaneous external forces 7ex, € R™ that would
result in q, ¢, q assuming full actuation authority:

Z Ji(@) " Ni(a) @)

However, our system is underactuated and cannot apply
forces to all of the degrees of freedom, therefore a given
q,q,q is only feasible if the necessary external forces on
the unactuated degrees of freedom are zero:

7—exl(q7 Q7 q) = M( )q + k q7

h(q7 qa ) HText(qu q7 ) - O (3)

where H € R"*"™ selects the unactuated elements of Tey;.

C. Spectral Decomposition of Inverse Dynamics Equation

Given an initial configuration, qg, we want to compute
a set of trajectories that are representative of the possible
motions of the object. These trajectories will be used later
in the search methods.

First, we approximate h with a linearization h, about a
nominal point: (q, q, q):

. oh
h(q,q,q) = h(q,q,q)+£(q q)

oh .. 0Oh .
+—~(q-q)+ aq(q— Q) “4)

09

We simplify this function by only considering a subset of
possible trajectories. In particular, we fix the linearization
trajectory at the current position with zero velocity and zero
acceleration: (q,q,q) = (qo,0,0), and we assume that a
constant acceleration occurs over timestep At to achieve
velocity q: (q,q4,4) = (qo,q,q/At). Although these as-
sumptions limit the set of trajectories we can consider, they
are reasonable for small At in cases when the state of the
system comes to rest when changing manipulator positions.
Substituting in these assumptions, h(-, -, -) is simplified to:

3h oh 1 .

where we assume h(qg,0,0) = 0 because the system is
linearized about a dynamically feasible point.

Setting our approximation of h to zero and applying chain
rule for g—g leads to the following equation:

oh. _ s [qa] ~0 (©6)

&)

9q 0da 090 Ao

which can be manipulated into the desired form:

f
qo = - (88;10> 88(3}1: Qa = A(qaa qo)da (7N
where 7§ is the pseudoinverse.

The configuration-dependent matrix A(q) € R™*"e js
a mapping between the motion of the actuated degrees of
freedom and the object motion. The range space of A is
the set of possible velocities for the object given the current
state qq,q,, Which cover the one step reachable set when
integrated. We can approximate this set with a finite number
of vectors constructed from the eigenvectors v; of AAT:

o?,v; =Eig(AAT) (8)

In implementation, we calculate derivatives (%‘ and 6301:
o

around nominal point (q,q,q) by finite dlfferences and
- < Ceig.

ignore eigenpairs with eigenvalues such that ——

m

D. Reachable Set Approximation

We use the spectral decomposition from (8) to construct
a set of candidate trajectories with Algorithm 1, which is
outlined in the following steps.

First, we sample Nggeps-many initial configurations for
the same object state q, by sampling fingertip locations on
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the object (ObjGeometry) and using inverse kinematics to
determine associated configurations q; (Lines 1 and 2 of
Algorithm 1). The linearized object motion directions v; are
computed using the spectral decomposition from (8) for each
initial configuration (Line 3 of Algorithm 1).

Some of these motions will be infeasible for the nonlinear
system because of the linearization error. For example,
linearized dynamics allow the fingertips to pull on the object
instead of push, and for environment penetration by the ob-
ject. We filter out the former infeasible proposals by compar-
ing the fingertip velocity vector with the fingertip-to-object
normal vectors (removed if inner product below threshold
Clingertip), and the latter by comparing any significant object
center of mass velocity with environment-to-object normals
(removed if inner product below C,, and translational to
rotational motion ratio over Ciyo). This procedure is denoted
as FILTERPROPOSALS (Line 4 of Algorithm 1).

At this point, the number of representative motions is pro-
portional t0 Ngr,ps. However, these motions could be similar
to each other, and each additional motion costs computation
by increasing the branching factor of the resulting tree. To
maintain an efficient representation, a representative set of
motions is chosen using kmeans clustering with Ncpysters
(Line 5 of Algorithm 1). The cluster centers in V. are then
normalized by matrix W € R"™ %" to balance translational
and rotational degrees of freedom (Line 6 of Algorithm 1).

Given the linearized object velocity from the prior steps,
we now compute a trajectory quj € RN ysing the exact
nonlinear dynamics, encapsulated in PDRoOLLOUT (Line 7
of Algorithm 1). To achieve this, we use a proportional
derivative (PD) controller that actuates the fingertips and
tracks a desired position trajectory that keeps the fingertip
stationary relative to the object’s surface, while the object
moves with velocity v;, see Fig. 3. The desired fingertip
position setpoint for the PD controller can be calculated at
any time to using Equations 9-11 evaluated at time g+ 7 pro;.-

Qo(t) = qo(to) + vi(t —to) )
Pw (t = Two(‘]o; t)f)o (10)
u:qua+Kp(qa_pw) (11)

where T} is the duration of the forward projection in
seconds, p, € R* is the homogeneous vector associated
with p, € R? the contact location in the object body
frame, T, € R*** is the transform to the world frame,
and p,, € R* is the homogeneous vector associated with
Pw € R3 the contact location in the world frame. The
setpoint is updated every T,k seconds during the simulation
rollout using the current object position and fingertip contact
location, which may have shifted if the finger slips during the
rollout. This controller explores object motion near v; while
accounting for non-linear contact dynamics via the simulator.

While the trajectory is being rolled out, we check if
the object loses contact with the fingertip over threshold
dcontact» Whether motion has stopped below threshold vyopped
relative to the initial velocity, whether the object has rotated

Fig. 3: An illustration of the fingertip controller. The dark
green arrows are the linearized motion v; projected forward
Tproj seconds, the gray arrows are the nonlinear motion, and
the end of the red line is the fingertip reference point.

Algorithm 1

Input: Configuration q,
Output: Reachable set R
Hyperparameters Ngpagps, W

1. P+ {pj € R3|p;? ~ ObjGeometry, j = 1... Ngrasps }
20 Q « {q; = InverseKinematics(p?),Vj = 1. .. Ngrasps }
3t Vi < {Vz“ - Vi = Eig(AjA;-r)7 J= 1"'Z\Zgrasps}

4: Vieasible = FILTERPROPOSALS (V1)

5: Ve ¢ KMEANS(erasible)

6: Voo 4= (V. | Vi = b s € V)

7. R+ {qujquraj = PDROLLOUT(qi’Vi) Vv, € Vnorm}

return R

by Pmax, Or whether time Ti,.x has elapsed, in which case
we stop tracking the proposed motion v;. The approximate
reachable set R is the union of the trajectories produced
by the rollouts, see Fig. 4. We specify the hyperparameters
of the subroutines PDROLLOUT, FILTERPROPOSALS, and
KMEANS in Sec. IV.

E. Reachable Sets in Search-Based Planners

We use the reachable set to construct a Markov Decision
Process (MDP) that can be used in search-based planners,
see Fig. 5, and we specify one possible algorithmic variant
using Rapidly-Exploring Random Trees (RRT).

We define the elements of the MDP, the novelty of which
is the action set generator that uses our previously defined
reachable set R:

S :{qo.y € RV H e N} (12)
A(s € S) : {dp.y, labn, € R(do,m)} (13)
T(seS,acA):s'=sda (14)
R(se€S,ac As' €8): {lif sy € Qgou} (15)

where the qq.zy are discretized system trajectories over a
horizon H, which grows as new path segments are added,
Nj; is the length of the ™ trajectory in the reachable set,
@ denotes concatenation of the trajectories in time, Qgoal is
the set of states that are considered sufficiently close to the
goal state to end the search (with radius Riermina), and the
reward is not used in every search method (e.g. RRT), but is
included here for completeness.
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Fig. 4: Left: For a single configuration where the object is
pinned between the fingertip and the environment, proposed
motion directions v; are shows with red arrows, while the
true reachable set for the center of the box is shown in pink.
Right: Same as the left image except for a set of 5 different
initial configurations to capture sampling different contacts
between the object and manipulator. The approximate reach-
able set for the object’s COM is shown in gray, and efficiently
captures a distinct subset of all possible motions in pink.

i

Fig. 5: Pictoral representation of the MDP tree for a simple
maze problem. In grey are the possible motion paths for the
center of mass, while in dark green is a possible path chosen
by the RRT algorithm.

— -]

We implement a standard RRT algorithm [4], [S] with the
following choices of Sample, Select, and Steer. The choices
of Sample and Select are standard, our novelty is in the
construction of A(s*) that is used to Steer.

Sample: Randomly sample an object configuration
within a predefined problem-dependent bounding box:
Aub-goal [a;, b;]™. We use standard “goal biasing”: we
sample the center of the problem goal region Qgou With
frequency « € [0, 1].

Select: We select node s* for expansion, which has the
smallest Euclidean distance between the trajectory’s end
state qy and the randomly sampled configuration. While
the distance calculation can include both translation and
orientation factors, we used only a translation-based metric.

Steer: Compute the transition for a random action a €
A(s*) from Algorithm 1, and add Npoges new states to the
tree, evenly spaced along the new trajectory segment a.

On Algorithmic Completeness - Due to environment con-
tact constraints, solution trajectories may exist in narrow
passages of configuration space. We suspect our algorithm is
resolution complete through these passages as individual roll-
out length decreases, although this increases computational
cost and we do not include a formal proof.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

We evaluate our method’s efficiency and accuracy on
several simulations, focusing on non-prehensile manipula-
tion and extrinsic dexterity. The computation was entirely
CPU-based (Intel i9-14900K 3.20 GHz CPU) since forward
rollouts are done in Drake. The forward rollouts were par-
allelized on all 24 cores. In order to avoid instantaneous
changes of fingertip position (recalling each segment in A
in (13) begins with the single fingertip in a new position), we
additionally append qseye to each transition in (14), which
is a short forward simulation with the fingertip removed.
Forward simulation is done with discrete timestep Ataction
during computation of elements of R, and Aty during
fingertip removal.

We use the same hyperparameters for all experiments:
Ngrasps = 100, Nmax = 50, Tproj = 2.0 [s], Tiraex = 0.4
[s], @« = 0.2, K, = 5000, Kq = 500, Atation = 1072
[s], Atseltle = 10_3 [s], At = 10_3 [s], deontact = 1073
[m], Ustopped — 10_2’ Omax = 2.5 [rad], Tnax = 10 [s],
Netusters = 9, Cﬁngerlip = —0.1, Ceny = —0.3, Craio = 0.05,
Ceig = 1076’ Riemina = 0.2 [m], Nyoges = 5, W has
diagonal elements 40.5 for translational d.o.fs and 0.405 for
rotational d.o.fs - accounting for an object length of roughly
0.1m and normalizing a unit of rotation to 7/2. Note that if
the object properties varied more significantly, the impedance
gains and length scales could be automatically chosen from
the object’s inertia and size.

A. Short-Horizon Extrinsic Dexterity Tasks

We first consider single fingertip variants of the extrinsic
dexterity tasks proposed in [15] (picking up a card, removing
a book from a bookshelf, flipping a box) alongside some
additional tasks (planar pushing, flipping via a half-pipe,
sliding a prism into a slot), see Fig. 6. To pick up the
card with a single fingertip, we added a small lip in the
environment for the finger to push the card against. In all
cases, the finger leverages interaction with the environment
to achieve its goal - for instance, in the half-pipe scenario,
the finger must slide the prism up the half-pipe to let gravity
tip it over backwards.

We present the results of this experiment in Table 1. The
table columns correspond to each task: planar pushing (PP),
card flipping (CF), book removal (BR), box flipping (BF),
half-pipe (HP), prism slot (PS). The table rows correspond
to each metric: Success is a binary value indicating that the
goal configuration is reached, Time is the wall clock time
until an exit condition is reached, Modes is the final plan’s
number of fingertip contact mode changes, and Branches is
an indication of the search tree size. We collect statistics from
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(a) Planar Pusher

]

(b) Card Flip (c) Book Removal

(f) Prism Slot

(d) Box Flip (e) Half-pipe Flip

Fig. 6: Short-Horizon Extrinsic Dexterity Tasks

Method Metric PP CF BR BF HP PS
Success 1.0 1.0 1.0 1.0 1.0 1.0
Ours Time [s] 6.04 2.06 0.75 3.02 328 256
Modes 2.6 4.7 2.5 6.1 6.7 6.0
Branches 73.5 60.1 11.7 824 90.5 547
Success 09 0.05 0.0 0.25 — —
BsLTIOL e ls] 31 179 >303 103 —  —
Success — 1.0 1.0 1.0 — —
BsL2MSI el — 51 12 46 —  —

TABLE I: Performance on Short-Horizon Tasks

running each experiment 20 times with different random
seeds and report the average across trials.

We compare against two state of the art baselines for
contact rich global planning from Pang et al. [16] (Baseline
1) and Cheng et al. [15] (Baseline 2), using their open-source
code. We re-implement the first four tasks for Baseline 1, and
indicate the results reported in [15] for Baseline 2.

Despite being successful on 2D Planar Pushing, the base-
line from [16] struggles with short horizon extrinsic dexterity
tasks for 3D objects because the tree search collapses to a
breadth first search regime, see Fig. 7. We suspect this is
because their method relies on a distance metric that becomes
poorly conditioned in higher dimensions: we sampled the
distance metric over thousands of states and found that the
eccentricity of their distance metric is above 0.9 (i.e. highly
anisotropic) in 99% of the samples in 3D, while only 1% are
above 0.9 in 2D. Our method avoids this challenge because
our exploration is guided by the spectral decomposition.

Our results indicate that we achieve comparable timing
to the ~5 seconds reported in the original experiments
from [15]. However, whereas their method separates the
process of proposing object motions from the process of
determining motion actuation via contact, our method jointly
proposes distinct, actuatable motions without the need for
nested tree search. This allows our method to scale to long-
horizon tasks, which we present next.

(a) 2D Planar Pusher

(b) 3D Rectilinear Pusher

Fig. 7: Plots of tree expansion using Baseline 1 [16] for 2D
and 3D pusher tasks. Tree branches shown in blue. 3D tasks
collapse to breadth first search.

B. Long-horizon Extrinsic Dexterity Maze Task

To determine our methods’s function and computational
timing on a longer horizon problem, we consider a hand-
crafted maze-environment formed by 5 shelves of varying
heights (see Figs. 1 and 8). This environment has rises, drops,
protruding boxes, walls, and doorways for the object to move
around and through. The 5 shelves are arranged in an X-
shaped configuration, and we randomly sample each of the
four non-central shelves as starting and ending locations for
the planner. We run 50 random trials and report the average
results in Table II, where metrics other than Success Rate
are only calculated for the trials that are successful. Trials
are given 180 seconds of computer time to find a solution.

Additionally, we ablate key elements of our algorithm to
determine their influence on performance. We also include
Baseline 2 since it was successful on the short-horizon tasks.
This baseline can fail in less than 180 seconds since there
is a computational limit on the tree size, which we made as
large as possible. We reported the average failure time as a
lower bound on the solution time in Table II.

e Ablation I: During RRT Expansion, expand every tra-
jectory from A(s*) instead of selecting a random one.

e Ablation 2: Remove the KMEANS clustering step.

o Ablation 3: Remove the FILTERPROPOSALS step.

e Ablation 4: During construction of A(s*), replace the
proposed v; from Equation 8 with a random vector.

o Baseline 2: Solving the task using [15].

A qualitative view of tree expansion under each ablation
can be seen in Fig. 8, which illustrates the discovered tree
paths for the maze problem beginning on the bottom left
shelf. This is a challenging initial condition since progress
can only be made by tipping the object onto a box near the
doorway to the central shelf. Non-terminal trajectories were
not available for plotting from Baseline 2.

As shown in Table II, the algorithm’s perfect success rate
is indicative of its ability to plan through multiple contact
modes across long task horizons. This success happens in
spite of the fact that many motions plans must pass through
very specific sequences of object motions in order to be
successful, or through small gaps, such as when going
from the bottom-left and upper-right platforms to the central
platform. The tree efficiently considers a wide variety of
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(a) Our Method

(d) Ablation 3

(b) Ablation 1

(c) Ablation 2

(e) Ablation 4

Fig. 8: Plots of tree expansion after 60s of computation in the 3D maze environment

Method Success Time [s] Modes Branches Length [m]
Ours 1.0 15.0 9.34 436 3.90
Abl. 1 1.0 35.1 13.8 389 4.46
Abl. 2 0.96 20.55 10.8 492 3.32
Abl. 3 0.74 20.0 11.9 591 3.04
Abl. 4 0.88 13.3 31.1 634 3.15
Bsl. 2* 0.0 >32.5 ~ ~ ~

TABLE II: Ablation (Abl.) and Baseline (Bsl.) Performance.
*Ablations 1-4 have 50 trials and Baseline 2 has 10 trials.

diverse possible motions in order to quickly cover the entire
area, as evidenced by the coverage of the maze in Fig. 8a.

The results in Table II also demonstrate that the wall clock
planning time is less than the generated plan’s execution
time, assuming that the plans are followed with an object
speed of 0.05-0.2 m/s (depending upon the local complexity
along the planned trajectory). These long-horizon motions
take upwards of 30-45 seconds to execute. This means that
future plans can begin to be generated during the original
object motion, allowing real-time re-planning.

The relative performance of our algorithm and Baseline 2
clearly demonstrates improvements over existing work [15].
We first associate this performance gap with issues in dy-
namic feasibility of the exploration: whereas [15] proposes
object motions before determining whether they can be
achieved via contact, our proposed motion uses the range
space of A(q) to inform whether the fingertip is capable
of actuating those motions. Secondly, their nested search
structure coupled with the long-horizon duration limits the

number of available rollouts to build the search tree.

The remaining ablations knock out key subroutines in our
algorithm and reveal our method’s most critical features.
Ablation 1 favors a breadth first exploration by expanding
all the children of a node before continuing the exploration
process. Although this ablation leads to a smaller average
number of branches to reach a solution, it requires more
total computation time. The timing gap with Ablation 2
demonstrates that planning duration and tree expansion ef-
ficiency arises from clustering the proposed actions. This
result is expected given that clustering reduces the number of
exploratory choices to a few effective ones. The performance
gap with Ablation 3 demonstrates the importance of proposal
filtering, which prevents non-physical behavior like pulling
on objects or pushing into the solid surroundings. Ablation
4 follows random vectors rather than informed principle
directions, resulting in lower success rate, higher number of
contacts, and higher number of explored branches.

Finally, we present a visual analysis of the methods and
ablations in Fig. 8. We notice that our full method is able to
cover the entire space within the allotted time frame, while
most of the ablations fail to find at least one of the platforms.
Ablation 4’s relatively high success rate demonstrates that ex-
ploratory rollouts in any direction in a high fidelity simulator
form a key part of reaching the goal. However, the shorter
choppier motion segments and increased contact changes that
come from ignoring the inverse dynamics and dynamically
actuatable motions cover the space less thoroughly and are
likely far less robust in deployment.
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V. CONCLUSION AND FUTURE WORK

This work proposed a model-based planning algorithm
that is specialized for manipulation tasks involving long-
horizons and multiple contact modes requiring physical
interaction with the environment. The core of our proposed
method is a new hierarchical decomposition: tree search
over trajectories generated from the spectrum of the inverse
dynamics. This combination inherits global exploration from
search and efficient exploration from local information in the
inverse dynamics equation. The method’s effectiveness was
demonstrated in high-fidelity simulations of long-horizon
tasks, where our method generated complete solutions faster
than state-of-the-art baselines and achieved a perfect success
rate. Our simulations also demonstrated planning times that
are less than plan execution time, demonstrating a capability
for real-time deployment and online re-planning. In future
work, we will continue to develop this decomposition with
experimental demonstrations and algorithmic improvements
focusing on transient dynamic contact motions and robust-
ness to model uncertainty.
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