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Abstract—Convex polytopes have compact representations and
exhibit convexity, which makes them suitable for abstracting
obstacle-free spaces from various environments. Existing genera-
tion methods struggle with balancing high-quality output and
efficiency. Moreover, another crucial requirement for convex
polytopes to accurately contain certain seed point sets, such as a
robot or a front-end path, is proposed in various tasks, which we
refer to as manageability. In this paper, we propose Fast Iterative
Regional Inflation (FIRI) to generate high-quality convex poly-
tope while ensuring efficiency and manageability simultaneously.
FIRI consists of two iteratively executed submodules: Restric-
tive Inflation (RsI) and Maximum Volume Inscribed Ellipsoid
(MVIE) computation. By explicitly incorporating constraints
that include the seed point set, RsI guarantees manageability.
Meanwhile, iterative MVIE optimization ensures high-quality
result through monotonic volume bound improvement. In terms
of efficiency, we design methods tailored to the low-dimensional
and multi-constrained nature of both modules, resulting in
orders of magnitude improvement compared to generic solvers.
Notably, in 2-D MVIE, we present the first linear-complexity
analytical algorithm for maximum area inscribed ellipse, further
enhancing the performance in 2-D cases. Extensive benchmarks
conducted against state-of-the-art methods validate the superior
performance of FIRI in terms of quality, manageability, and
efficiency. Furthermore, various real-world applications showcase
the generality and practicality of FIRI. The high-performance
code of FIRI will be open-sourced.

I. INTRODUCTION

In robotics, a key task is to navigate without collisions,
which involves frequent interactions with environments abun-
dant in vast amounts of discrete obstacle information. For this
interaction requirement, convex polytopes provide a compact,
structured geometric abstraction of feasible space, alleviat-
ing the burden of collision avoidance [1]-[3]. Furthermore,
this abstraction facilitates large-scale space storage and en-
ables topological analysis, including the construction of road
maps [4] and convex covers [5]. Additionally, convex poly-
topes construct convex linear safety constraints from non-
convex obstacles, which benefits problem formulation and
solution. In fact, in several applications, this approach even
transforms the problem into convex optimization, leading to
the attainment of global optima [6], [7].

Although convex polytopes offer compact representation,
generating satisfactory ones is far from a trivial task. First,
a larger convex polytope extracts more information from the
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safety space, benefiting tasks that require spatial search within
the safety space, such as trajectory planning. As illustrated in
Fig. 1(a), larger convex polytopes facilitate a smoother trajec-
tory. Therefore, we aim to maximize the polytope volume,
which we define as its quality in this paper. Furthermore,
maximizing computational efficiency enables applications in
online high-speed tasks or with limited onboard resources.
Despite extensive research [1], [2], [8], [9], balancing polytope
quality and generation efficiency remains challenging. Existing
approaches either generate high-quality regions but require
substantial computational budget [1], [8], or achieve fast
computation while yielding conservative results [2], [9].

In addition to quality and efficiency, several applications im-
pose a crucial requirement for the generated convex polytope
to accurately encompass a specified set of points, to which we
refer as the manageability. For example, in trajectory planning
shown in Fig. 1(b), the corridor-based approach [2], [10] uses
blue path segments as seeds to generate convex hulls, forming
a safety corridor. If the convex hulls fail to encompass the
corresponding line segments, it may result in a discontinuity
in the corridor, making it impossible to generate a continue
trajectory within the corridor. Additionally, in whole-body
planning [3], [11], insufficient coverage of the robot’s shape
can lead to similar planning failure due to the absence of
feasible solution space, as illustrated in Fig.1(b). However,
most existing algorithms prioritize optimizing the size of the
region without adequately considering [1], [2] or ability to
ensure manageability [9], [12].

To satisfy these requirements, we propose a novel algorithm,
called Fast Iterative Region Inflation (FIRI) for computing
free convex polytope, which simultaneously achieves high
quality, high efficiency, and strong manageability for the first
time. FIRI takes obstacles, a seed consisting of points that is
required to be included, and an initial ellipsoid as inputs. It
iteratively proceeds with two modules (detailed in Fig. 2):

1) Restrictive Inflation (Rsl): inflating the ellipsoid and
using its contact planes tangent to obstacles to generate
a set of halfspaces containing the seed, which separate a
convex polytope from obstacles.

2) The Maximum Volume Inscribed Ellipsoid (MVIE) of the
convex polytope is required to be calculated, which will
be inflated in the next iteration.

MVIE serves as a lower bound of the volume of the convex
polytope, which monotonically expands during the iterative
update, leading to a growing obstacle-free region that ensures
the high quality of FIRI. The idea of monotonic updating
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high quality low quality
(a) Comparison of the impact of the polytopes of different quality
on trajectory generation, where red curve represents trajectory.

without manageability

with manageability

(b) Comparison of polytopes with or without manageability.
Top: When generating polytopes based on the blue lines to
construct safe corridor , the absence of manageability may lead
to discontinuity in the generated corridor. Bottom: The absence
of manageability during whole-body planning may result in the
failure to generate convex polytopes that contain the robot.

Fig. 1. Tllustration of quality and manageability. The gray polytopes represent
obstacles, and the green polytopes represent the generated free polytopes.

the lower bound is inspired by Deits’ fundamental work
IRIS [1], which, however, lacks manageability. Additionally,
its considerable computational overhead in complex environ-
ments [1], [9] limits its real-time applications. In contrast, FIRI
significantly improves upon IRIS in terms of manageability
and computational efficiency. For manageability, FIRI uses RsI
to generate halfspaces that compose the polytope to necessarily
exclude obstacles while containing the seed. For efficiency,
we design specialized methods for FIRI’s two optimization
modules based on their geometric properties, resulting in
a remarkable computational efficiency improvement with a
speedup of orders of magnitude compared to IRIS.

For Rsl, we convert the halfspace computation into a
minimum-norm problem which is a strictly convex quadratic
programming (QP). Considering its low-dimensional yet
multi-constrained nature, we generalize Seidel’s method [13],
which is originally designed for solving linear programming
with linear complexity, to handle with this minimum-norm.
Compared with several general-purpose solvers [14]-[16] for
QP, this method achieves the capability of obtaining analytical
solution within a significantly shorter time.

MVIE, known as one of the most challenging extremal
ellipsoid problems [17], is highly demanded in a number of
applications [18], [19]. Most existing methods adopt semidef-
inite programming (SDP) formulations [1], [20] with interior
point method variants for solution [17], [21]-[23]. However,
they struggle with computational efficiency when handling
massive constraint due to large equation systems required
in each iteration. To reduce computational overhead without
sacrificing solution quality, we present an equivalent second-
order conic programming (SOCP) formulation for MVIE,
bringing about a noticeable boost in computational efficiency.

Moreover, especially in 2-D scenarios, we gain ultra com-
putational efficiency by proposing an analytical method for

MVIE. The method exhibits a time complexity linear in the
number of the hyperplanes of the input convex polytope, which
is given for the first time to the best of our knowledge. As the
dual problem of MVIE, Minimum Volume Enclosing Ellipse
(MVEE) has long been equipped with linear-time analytical
algorithms [24] based on its LP-type problem structure [25].
However, the corresponding approach for MVIE remained
absent for decades due to failing LP-type problem properties
and lacking analytical solutions for basis computation [26]. We
address these challenges through an improved randomized al-
gorithm with problem reformulation and a bottom-up strategy
inspired by GJK algorithm’s distance subalgorithm [27]. Con-
sequently, the specialized 2-D method achieves a substantial
efficiency gain compared to other state-of-the-art methods [1],
[23], surpassing them by several orders of magnitude.
Building upon the above methods for Rsl and MVIE,
FIRI generates high-quality convex polytopes with manage-
ability while maintaining high efficiency. To evaluate the
performance of FIRI in these three requirements, we conduct
comprehensive comparisons with various polytope generation
algorithms [1], [2], [9]. The results provide compelling evi-
dence that FIRI outperforms other approaches across all three
requirements. Moreover, we extensively perform real-world
applications to showcase the applicability of FIRI, which
involves a 2-D vehicle with non-holonomic constraint and a
3-D quadrotor, as well as point-mass and whole-body model.

In summary, the contributions are:

1) Rslis introduced to ensure the manageability of the gen-
erated polytope. For its few-variable but rich-constraint
nature, a specialized and efficient solver is designed.

2) A novel SOCP formulation for MVIE is proposed, avoid-
ing the positive definite constraints and improving the
computational efficiency.

3) Especially for 2-D MVIE, a linear-time analytical algo-
rithm is introduced for the first time, further enabling
ultra-fast computational performance.

4) Building upon the above methods, a novel convex poly-
tope generation algorithm FIRI is proposed. Extensive ex-
periments verify its superior comprehensive performance
in terms of quality, efficiency, and manageability.

II. RELATED WORK
A. Generating Free Convex Polytope

Deits et al. [1] propose Iterative Region Inflation by Semi-
definite programming (IRIS) with the objective of generating
the largest possible free convex polytope. IRIS involves in-
flating an ellipsoid, using it as a seed, to obtain a polytope
formed by the intersection of contact planes. Then in the next
iteration, the MVIE of the obtained polytope is selected as the
new seed for inflation. However, this method requires solving
semidefinite programming problems in each iteration to obtain
the MVIE, which significantly hampers the computational
efficiency. Furthermore, the hyperplane computation of IRIS
cannot directly accommodate additional seed containment
constraint, lacking manageability. In contrast, our RsI for FIRI
unifies the forms of obstacle exclusion and seed containment
constraints, enabling simpler and more efficient solutions.
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Wu et al. [28] use an IRIS-like method to obtain poly-
tope through ellipsoid-based hyperplanes. They propose an
ADMM-based approach that iteratively refines polytopes and
optimizes trajectories to achieve shorter and better trajectory.
Based on IRIS, Dai et al. [29] propose C-IRIS, which focuses
on mapping collision in the task space to the configuration
space based on kinematics and then generates certified safe
hulls in the configuration space. Similarly, Mark et al. [30]
propose IRIS-NP, extending IRIS to configuration space via
nonlinear programming. Subsequently, building upon IRIS-NP,
Werner et al. [31] significantly accelerate polytope generation
by sampling nearby configuration-space obstacles. The above
IRIS derivatives primarily target multi-joint robotic arms in
configuration space, differing from our focus. To address the
efficiency and local manageability deficiencies of IRIS, Liu et
al. [2] propose the Regional Inflation by Line Search algorithm
(RILS) which takes line segment as the seed input. RILS
first generates a maximal ellipsoid that contains the segment
yet excludes all obstacles. Then RILS inflates the ellipsoid
to form a polytope with contact planes from the obstacles,
which fundamentally aligns with the inflation step in a single
iteration of IRIS. RILS shows high computational speed. Yet
using input line as major axis of the ellipsoid, it tends to
produce conservative hull. Specifically for voxel maps, Gao
et al. [8] develop Parallel Convex Cluster Inflation. Starting
from an unoccupied seed voxel, it grows incrementally in
layers along coordinate axis using visibility, maintaining voxel
set convexity. Despite parallel computing acceleration, this
algorithm reaches near real-time only at low map resolution.

On the other hand, Savin et al. [12] utilize the concept
of space inversion. Using spherical polar mapping from the
input seed point, they flip all the obstacle points outside.
After computing convex hull of the inverted obstacle points,
they transform it back to the original space for the final hull.
The strong nonlinearity of spherical polar mapping limits this
method, as volume loss in inverted space creates gaps between
final polytope and obstacles, yielding conservative results. To
address this limitation, Zhong et al. [9] adopt sphere flipping
mapping. Due to the properties of the hidden point remove op-
erator inherent [32] in this mapping, this approach obtains the
visible star-convex region around the seed. They then partition
this star-convex region into final convex polytope through a
heuristic method. Yet this approach uses Quickhull [33], which
degrades with points distributed near the sphere after mapping.
In addition, the heuristic partitioning yields conservative result.

Conclusively, existing methods consistently suffer from at
least one of the following issues: inefficiency, conservatism,
and lack of manageability, thereby limiting their practicality.

B. Maximum Volume Inscribed Ellipsoid (MVIE)

MVIE is also known as inner Lowner-John ellipsoid [34].
Nesterov et al. [22] utilize an interior-point algorithm with
a specialized rescaling method on each iteration to achieve
a polynomial time solution of MVIE, surpassing ellipsoid
algorithm [35]. Khachiyan et al. [36] transform the prob-
lem into a sequence of subproblems with only linear con-
straints, constructed by using the barrier method. This ap-
proach requires fewer computations compared to Nesterov’s

method [22]. Then Anstreicher et al. [37] make improvements
to both methods [22], [36] and demonstrate that computing
an approximate analytic center of the polytope beforehand
can reduce the complexity effectively. Zhang et al. [21]
also provide a modification of Khachiyan’s approach [36] by
replacing the inefficient primal barrier function method with
a primal-dual interior-point method to solve the subproblems.
Additionally, instead of dealing with a number of subprob-
lems, they propose a novel primal-dual interior-point method
free of matrix variables to solve MVIE directly. Through
nonlinear transformations, they eliminate the positive-definite
constraint on the coefficient matrix of the ellipsoid during
the iteration process and provide a proof demonstrating that
these nonlinear transformations preserve the uniqueness of
the solution. Building upon similar idea of eliminating matrix
variables, Nemirovskii [38] reformulates MVIE as a saddle-
point problem using Lagrangian duality. They then use path-
following method for finding approximate saddle points based
on Nesterov’s self-concordance theory [22]. However, these
interior-point methods struggle with scenarios having con-
straints far exceeding space dimension. In these scenarios
which are the focus of this paper, the large-scale system of
linear equations that these methods need to solve at each
iteration prevents them from computing MVIE within an
acceptable time. To address inefficiency, Lin et al. [39] employ
the fast proximal gradient method [40] to introduce a first-
order optimization-based approach for MVIE. Although this
approach significantly improves efficiency, it lacks exact so-
lutions due to approximating non-differentiable indicator with
an one-sided Huber function for positive-definite constraints.
MVIE is the most challenging problem among the extremal
ellipsoid problems [17]. Other extremal ellipsoid problems,
such as Minimum Volume Enclosing Ellipsoid (MVEE), can
be transformed into MVIE with a linear reduction, which is ir-
reversible. Beyond interior-point methods, analytical solutions
of MVEE can be obtained using a linear-time randomized
method in 2-D case [24]. However, for the more challenging
MVIE, the corresponding linear complexity algorithm are
absent for several decades. This paper will address this gap.

III. FAST ITERATIVE REGION INFLATION
A. Problem Formulation

Consider a convex seed in an obstacle-rich n-dimensional
environment, where n € {2,3}. The geometrical shape of
the seed is given by the V-representation [41] of a convex
polytope, i.e., convex combination of a finite number of points

) Us ks (1)
in which vy, ...,vs € R™ are allowed to be redundant, which
means that they are not required to only contain the extreme
points of Q. The obstacle region O is, albeit nonconvex,
assumed to be the union of convex obstacles O = UY | O;, of
which the i-th one is determined by s; points

.y ui,si}. (2)
which additionally enables FIRI to directly process polytope-
type obstacles, as opposed to point-only methods [2], [9] that
require discretization to handle such obstacles. We require no
collision between Q and O, thus implying QN O = &.

Q = conv{vy,..

O; = conv{u; 1, ..
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Fig. 2.

Overview of the computation process of FIRI, corresponding to the iterative modules RsI and MVIE calculation depicted in Algorithm. 1. The left

diagram of (b) illustrates a specific example of halfspace computation w.r.t. O; in the transformed space, comparing scenarios with and without manageability.
@D-® of (b) provide a visualization combined the process in Line 14-18. The increasing size of the inflated ellipsoid in (b) corresponds to the iterative search
for the nearest halfspace in Line 14. The increasing number of halfspaces corresponds to Line 15, and the decreasing obstacles correspond to Line 16.

Our problem is to compute an obstacle-free convex polytope
‘P which is required to contain the seed Q while excluding
all obstacles O. Besides, P should have the largest possible
volume within a prescribed region of interest. For convenience,
we define that the boundaries of the prescribed region are
considered as obstacles and are encoded into O, which makes
the volume of obstacle-free space surrounding Q bounded.
Concluding above requirements yields the optimization

max vol(P), st. QC P, Onint(P) = 2, 3)

where vol(P) denotes the volume of P and int(-) denotes the
interior of a set. Note that the solution set of (3) will never be
empty since the seed Q itself is already a feasible solution.

B. Algorithm Overview

Even if we simplify the optimization (3) by disregarding the
constraint of including the seed, specifically Q C P, it will be
transformed into a challenging problem, requiring O(N7) [42]
in 2-D and NP-hard [43] in 3-D. Not to mention that bringing
in this constraint further complicates the optimization (3).
For efficiency-quality balance, we only seek a high-quality
feasible solution to (3) efficiently instead of the global optimal
solution. Additionally, since the computation of the objective
function vol(P) of (3) is at least as hard as an NP-complete
problem [44], we optimize a reasonable lower bound of
vol(P), which is straightforward to evaluate, to maximize the
original objective function. As adopted in [1], we also choose
the volume of the MVIE of P as this lower bound.

To efficiently maximize the lower bound of the volume of
‘P while satisfying the constraints of the original problem (3),
we propose a novel algorithm called Fast Iterative Region
Inflation (FIRI) in Algorithm 1. Any ellipsoid that is strictly
contained in Q can be used to initialize the algorithm. FIRI
iteratively executes two modules: RsI and MVIE within its
outer loop (Line 4-21). In the k-th iteration, the former module
takes an ellipsoid as input and expands the ellipsoid to obtain
a new convex polytope Py, and the latter module takes the
convex polytope Py as input and computes its MVIE &. As
illustrated in Fig. 2, the output of these two modules serves as
the input for each other. Then we provide the details of these
two modules and the convergence and manageability of FIRI.

In this paper, we define an ellipsoid £ by

E={p|p=AeDex+be, z€R", |z =1}, @&

Algorithm 1: FIRI

Notion: number of obstacles IV,

parameters of ellipsoid &£: Ag, D¢, be,
halpspace H(a) defined in (9)

seed Q, obstacles (O, initial ellipsoid &,
threshold p

Output: convex polytope P

Input:

1 begin

2 k<0

3 repeat

4 k+—k+1

5 /* Rsl starts */

6 Z+{1,...,N}

7 E— &1, P+<R"

8 Q« D AT(Q —be)

9 foreach i € 7 do

10 @2 — DglAg‘(Ol — bg)

11 a; ¢ argmax,cp» a’' a,
st. Q C H(a), O; Nint(H(a)) = @

12 end

13 repeat

14 j + argmin; .7 al a;

15 P+ PNH(ay)

16 I+ I\{ieT|O;nint(H(a;)) =2}

17 until 7 = o

18 Pr — AeDeP + be

19 /* Rsl ends */

20 /* MVIE starts */

21 &k E*(Py)

22 /* MVIE ends */

23 until vol(&,) < (14 p) vol(Ex—1)

24 return Py

25 end

where A¢ € R™ ™ is orthonormal, Dg € R™*™ is diagonal
and positive-definite, and bg € R™. The diagonal elements of
D¢ correspond to the lengths of the semi-axis of £.

1) Rsl: For each obstacle O;, we maximally inflate the
input ellipsoid £ under the constraint that there exists a
halfspace which does not contain the obstacle yet includes
both the inflated ellipsoid and seed Q. Then we use these
halfspaces to forms a new polytope as the output of Rsl.
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Specifically, Q and O; are transformed (Line 8 and 10) by
the inverse affine map determined by the ellipsoid £ generated
in the previous iteration. Since Q and O; are both in V-
representation, their images after transformation are still the
convex combinations of the images of their vertices, i.e.,

Q = conv{D;'Af (v; — bg), 1 < j < s}, )

O, = Conv{DglAg(ui’j —bg), 1 <j <} (6)

It is important that in the transformed space the ellipsoid £ is

transformed to a unit ball B as

B={zeR"||z| =1}, M

whose collision check is far cheaper to handle than ellipsoids.

Then we calculate a restrictive halfspace for each trans-

formed obstacle O; (Line 10-11). Compared to the methods

that lack the manageability to include the seed [IL [2], the

proposed Rsl requires that the halfspace contains Q and the

corresponding inflated ball B; yet excludes O;. Additionally,
it aims to maximize the size of B; which is defined by

Bi={z €R" | ||z|| = aj a;}, (8)
where a; is the only contact point of the halfspace boundary
with the inflated ball B;. The halfspace H(a;) is defined as

H(a;) = {x e R" ’ afx < a?ai}. 9)
The calculation of the restrictive halfspace can be written as an
optimization as shown in Line 11, for which we provide an
efficient solver in Sec. IV. In the left diagram of Fig. 2(b),
we provide a specific example of the restrictive halfspace
computation in the transformed space, comparing scenarios
with and without manageability. Notably, in the scenario
without manageability (employed by IRIS), the exclusive focus
on maximizing ellipsoid inflation results in the computed
halfspace being unable to guarantee seed point containment.
Then we generate a new polytope based on the obtained
halfspaces (Line 14-16). We iteratively finds the closest half-
space H(a;), adds it into P, then remove the halfspaces
corresponding to the obstacles outside of H(a;). This widely
adopted greedy strategy [1], [2], [31] is effective in reducing
the number of halfspaces that constitute the generated poly-
tope, aiming to minimize them as much as possible, compared
to the large number of obstacles. Until all halfspaces are
processed, an obstacle-free polytope in H-representation [41]
can be formed in the transformed space. Then a new polytope
Py, is obtained by recovering P to the original space (Line 18).
Thus, the output of FIRI is an obstacle-free polytope in H-
representation, i.e., intersection of m halfspaces

P={zeR"| Apz <bp}, (10)
where Ap € R™*" and bp € R™. As shown in D-® of
Fig. 2(b), we present a combined representation of the two
processes mentioned above (Line 14-18).

2) MVIE: As long as a closed P has nonempty interior, its
unique MVIE [45] £*(P) can be determined by solving

max  vol(€), s.t. £ C P, (11)
&,De be

which is employed in Line 21. Notably, MVIE takes ex-
clusively one convex polytope as input, independent of any
obstacles used to generate the input polytope. To solve MVIE,
we propose efficient methods in Sec. V and Sec. VI so
that the computational overhead of MVIE will no longer be

a stumbling block that prevents this monotonically inflating
MVIE approach from being applied to real-time scenarios [1].

3) Manageability and Convergence of FIRI: During the
iterative computation, FIRI always ensures the feasibility of
the solution, which means the generated convex polytope Py
maintains satisfacting the constraints of the original problem
as k increases. Moreover, it maintains the monotonicity of
the volume of MVIE &, which is the lower bound of the
volume of the convex polytope Pi. Then by analyzing the
feasibility and monotonicity of the output of FIRI, we explain
the manageability and convergence they bring about.

For feasibility, as each halfspace computed in RsI (Line 11)
satisfies the original constraints, the polytope Pj formed by
the intersection of these halfspaces is guaranteed to be feasible

QC P, ONint(Py) =@ (12)
which gives the manageability of FIRI. Additionally, as de-
fined in Sec III-A, the prescribed region of interest is bounded,
whose boundaries are encoded into O, thus the feasibility also
indicates that RsI always generates a closed polytope Py.

For monotonicity, in the k-th iteration, we inflate the unit
ball B for each transformed obstacle @; in RsI, which always
ensures the contact point a; satisfies ||a;|| > 1. Thus, in the
transformed space, P acquired from Line 14-16 always holds
B C P, which means in the original space we have &,_1 C
Pr.. As & is the largest ellipsoid contained by Py, we have

VOl(gkfl) S VOl(gk)‘ (13)
which gives the monotonicity.

Then a sequence {P1,&1,...,Pk,Ek, ...} is generated by
repeating the iteration. Since vol(&y) is non-decreasing and
bounded, the ellipsoid volume will converge to a finite value.
Consequently, FIRI terminates when this lower bound for
vol(Py;) cannot be sufficiently improved (Line 23).

In conclusion, Rsl brings manageability to FIRI, while
monotonic iterative updates optimize the polytope volume’s
lower bound for a high-quality output. Notably, the efficiency
of FIRI relies strongly on the performance of solving two
optimizations in Line 11 and 21. In subsequent sections, we
propose efficient and reliable subalgorithms exploiting the
geometric structure of these optimizations, greatly benefiting
the computational efficiency of FIRI.

IV. SOLVING RESTRICTIVE HALFSPACE COMPUTATION IN
RsI via SDMN

A. Reformulation of Restrictive Halfspace Computation

In this section, we focus on designing efficient method for
the computation of halfspaces in Rsl, defined in Line 11 of
Algorithm 1. Combining the definition of the halfspace H(a;)
in (9), we formulate the halfspace calculation into

max a; a;, (14a)

a;ER™
s.t. vTa; <afa;, Vo€ Q, (14b)
uva; > ala;, Yu € O;. (14¢)

Algorithm 1 keeps a}a; > 0, which ensures that the origin

always lies within the interior of the halfspace #(a;). Thus,
although such a maximization of the inflated ball 3; is noncon-
vex, we can obtain its equivalent minimum-norm formulation
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through its polar duality. Specifically, we reformulate the
problem with a new variable b by substituting a; = b/(bb)
and obtain an equivalent Ls-norm minimization

min bTb, (15a)

beR”

st. vTh <1, Yoe Q, (15b)
uth > 1, Yu e O, (15¢)

which has a low-dimension but multi-constraint nature. In
reformulation (15), both types of constraints share a unified
inequality form. This formulation handles cases with and
without the seed containment constraint, allowing subsequent
solver SDMN adapt readily. In contrast, prior work such as
IRIS [1] struggles to add seed containment while maintain-
ing the original problem structure, making it challenging to
achieve manageability via straightforward constraint addition.

B. Solution to Small-Dimensional Minimum-Norm with Mas-
sive Constraints

For efficiently solving the new formulation (15) of restric-
tive halfspace computation, we propose an analytical method
for such Small Dimensional Minimum-Norm, called SDMN.
This method generalizes Seidel’s randomized algorithm [13]
from Linear Programming (LP) to minimum-norm, and enjoys
complexity linear in the constraint number.

Without loss of generality, we consider the following gen-
eral small-dimensional minimum-norm problem,

min yTy, s.t. By < f, (16)

yeRn?
where E € R™" f € R? d denotes the number of
constraints, which is much larger than n. Hereafter, we present
a randomized algorithm with linear complexity for the small-
dimensional minimum-norm (16) in Algorithm 2.

As shown in Algorithm 2, this is a recursive algorithm. In
the following, we first provide an outline of the algorithm,
then we give a detailed description of how to construct the
recursive problem, and finally present a complexity analysis.

1) Algorithm Outline: We denote Hp as the set of the
hyperplanes corresponding to the constraints of the Ls-norm
minimization (16), and denote Z as the set of the constraints
that have already been checked (Line 15). Algorithm 2 starts
with y = 0 which is the solution of an unconstrained Lo-
norm minimization (Line 2), and then gradually checks the
constraint h € Hpg in a random order (Line 8). We check
whether the solution under the constraints Z violates the new
constraint h. If it is not violated, the next constraint will be
checked. If it is violated, h must be active. That is, the solution
must be on the boundary of h, thus the minimization (16)
under the constraints Z U {h} can be written as

min yTy, (17a)

yER
s.t. Bry < [z, (17b)
Eny = fn, (17¢)

where E7 and fr represent the coefficients corresponding to
the hyperplanes in Z, E;, and f} represent the coefficients of
h. Then we transform the problem (17) into a subproblem
of (n — 1) dimensional Ly-norm minimization with the same
form as (16) in Line 11, which is detailed in Sec. IV-B2. This

Algorithm 2: SDMN

Notion: constraints already checked Z,
input and output of the recursive call Hg', v’
Input: set of halfspace constraints Hg
Output: y
begin
y<+<0
if dim(#g) == 1 then
y < OneDimMinNorm(H )
return y

end

T {)

foreach h € Hg in a random order do

if y ¢ h then
/* Detail in Sec. IV-B2 */
{M,v,Hg'} < HouseholderProj(Z, h)
y' + SDMN(Hg')
y <+ My +wv

end

I+ ZU{h}

end

17 return y

18 end

e N N R W N -
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transformation allows for a recursive call (Line 12). Addition-
ally, when n = 1, (16) is equivalent to computing the smallest
absolute value in a interval (Line 4), which can be solved
trivially. We assume that the subproblem can be successfully
solved, then the new solution under the constraints ZU{h} can
be calculated (Line 13). Subsequently, the next constraint can
be checked until all constraints in the set H g are examined,
from which we obtain the result of Algorithm 2. To provide
an intuitive perception, we present an example of the violation
check in Fig. 3, where we use Y,iq and Ypeq, to distinguish
between solutions under Z and Z U {h}.

2) Recursive Problem Construction: An essential process
of Algorithm 2 is the recursive problem construction (Line 11-
12), which transforms (17) with an equality constraint into a
(n — 1) dimensional subproblem with the same form as the
original problem (16). This process’s efficiency and stability
greatly impact Algorithm 2. Since Ls-norm is invariant under
the orthogonal transformation, we establish a new (n — 1)
dimensional Cartesian coordinate system on the constraint
plane (17c) to implement the construction of the reduced
dimensional recursive problem. We provide a specific example
of this process in Fig. 3(c) and 3(d). As illustrated in Fig. 3(c),
we take the point of Ly-norm minimization on the constraint
plane as the origin of the coordinate system,

v = f hE}?
E,EF

It is obvious that any point y on the constraint plane satisfies

vy =(y—v)(y—v)+vl, (19)
which means that, with the constraint (17¢), the Ly-norm
minimization of y is equivalent to the Ly-norm minimization
of (y—v) which can be transformed into an (n—1) dimensional
vector in the newly established coordinate system.

We construct the new coordinate system by finding an

(18)
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Fig. 3. Illustration of a specific instance of Algorithm 2 in 2-D for Sec. IV-B1
and Sec. IV-B2. For Sec. IV-B1: (a): Both the inequality constraints ~; and
ho have been checked, which means Z = {h1, ha}. Yo14 is the solution of the
2-D Lg-norm minimization under Z. (a)=-(b): When y,;4 does not violate
the newly added constraint A, Ynew = Yoiq. (@)=-(c): When y,;4 violates
the new constraint h, we need to find a new solution ypnew on the constraint
plane corresponding to h, implying equation constraint (17). For Sec. IV-B2:
The vector v is normal to the constraint plane, and H Te,, HT eq are a set of
orthogonal basis of the 2-D space, where H Tey Lo, (d): We establish a new
coordinate for the 1-D subspace on the constraint plane with v as the origin
and HT ey as the orthogonal basis, transform the checked constraints A1, ho
to this coordinate as h’17 h’2. Finally, we transforms (c) into a 1-D La-norm
minimization with only inequality constraints (23).

orthogonal matrix H € R™*" that satisfies the requirement

(20)
where e; € R™ is an unit vector whose j-th element is 1. We
provide the details of the choice of j and the computation of H
at the end of Sec. IV-B2. The requirement (20) indicates that
the set of all column vectors of orthogonal HT except the j-th
one form an orthonormal basis for the orthogonal complement
of v, as shown in Fig. 3(c). Since v is normal to the constraint
plane, we adopt this orthonormal basis to define the new
coordinate system of the (n — 1) dimensional subspace on the
constraint plane, and introduce the corresponding coordinates
y' € R"1. We denote M € R™*("~1) a5 the matrix obtained
by removing the j-th column of H™. Then y in the origin
coordinate system corresponding to 3’ can be computed as

y =My +wv. 21
Based on the decomposition (19) and (21), minimizing the Lo-
norm of y on the constraint plane is equivalent to minimizing

T T
yly—vTvo=y MMy =y y. (22)

Hv o ej,

Eventually, for (17) with an equality constraint, we construct
its corresponding (n — 1) dimensional Lo-norm minimization
with only inequality constraints on the constraint plane as

min vy, (23a)

y'€eRn—1

st. EzMy' < fr — Ezv. (23b)
As Fig. 3(d) shows, the linear inequality constraints on y’
can be obtained by substituting (21) into the inequality con-
straint (17b) of the original problem, and the set of their
corresponding hyperplanes is denoted as Hg' (Line 11-12).
Obviously, (23) has the same structure as (16) and has a
lower dimension, thus it can be solved by recursively calling
Algorithm 2 (Line 12), which gives rise to the formation of a
recursive algorithmic structure.

Here we provide the details of j and H in (20). We obtain
the orthogonal matrix H by Householder reflection [46]. v
is a normal vector of the constraint plane proportional to the
geometric scale of the problem, which has intuitive numerical
stability. Thus, we use the normal vector v to compute the
Householder reflection. First, we set j as the index of the
element of v with the largest absolute value as

j=argmaxyey  apllo x| (24
Then the reflection vector w that transforms v to be parallel
to e; can be calculated by
u = v +sgn(v;)||v]e;, (25)
whose corresponding Householder matrix can be calculated by
2uu™
H=1,- "2 (26)
ulu
which is an orthogonal matrix and satisfies the aforementioned
requirement (20). The use of the obtuse reflection vector u
corresponding to the opposite direction of the largest absolute
value element of v prevents the Householder transformation
from being ill-conditioned due to a small reflection angle. This
procedure is implicitly equivalent to a single-step operation of
the Householder QR factorization, which has higher numerical
stability than the Gram-Schmidt orthogonalization which may
fall victim to the catastrophic cancelation problem [47].

3) Complexity Analysis: To conclude this section, we give
the complexity analysis of Algorithm 2. Each iteration may
trigger recursive calls to (n — 1) dimensional subproblems.
For small dimension n with large constraint scale d, new
constraints rarely become active, making recursive calls tiny.
The expected complexity is O(n!d) [13], so that in the
common dimensions n € {2,3}, the expected complexity
increases only linearly with the constraint scale!. In addition,
random constraint permutation preprocessing ensures perfor-
mance independent of input order, nearly always achieving
expected linear complexity. With the help of this randomized
algorithm, the complexity of handling all obstacles in the RsI
of Algorithm 1 grows linearly only with the total number of
vertices of the obstacles and the seed.

V. SOLVING SOCP-REFORMULATION OF MVIE via
AFFINE SCALING ALGORITHM

In this section, we propose an efficient algorithm for MVIE
with a low dimension but massive constraints, required in FIRI
(Line 21 of Algorithm 1). By carefully handling the orthogonal
constraints on the elliptical matrix and the objective function
involving the matrix determinant, we reformulate MVIE into a
Second-Order Conic Programming (SOCP) form. Using Affine
Scaling [48], we solve this SOCP efficiently for MVIE.

A. SOCP-Reformulation of MVIE

To begin with, we concretize the definition of the original
abstract MVIE problem (11). According to the definition of
ellipsoid £ in (4), the diagonal elements of D¢ are the lengths
of the semi-axis of &. Thus the objective vol(E) of the
problem (11) is proportional to the determinant det(Dg) [49].

'For specific derivation regarding the complexity, readers can refer to
Theorem 1 of Seidel’s work [13].
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Moreover, the semi-infinite constraint £ C P is equivalent to
[[A»,;Ang]Ql]% < bp — Apbg [20] which is a second-order
cone (SOC) constraint, where Ap, bp are the coefficients of
the halfspace constituting P defined in (10), [-] implies entry-
wise operations. Then the problem (11) can be written as

max, det(Dg) (27a)
Ag,Deg,

s.t. [[A’))AngFl]% < bp — Apbg, (27b)

D¢ = diag(de), de € RY, (27¢)

AT Ae = 1,,, (274d)

where diag(-) indicates either constructing a diagonal matrix
or taking all diagonal entries of a square matrix. However,
this program still imposes orthonormality constraints on Ag.
It is worth mentioning that if we use Ag D¢ as the decision
variable, (27) becomes an SDP with a challenging orthogonal
constraint, which is often used to solve MVIE [1], [20], [23].

Then we eliminate the orthogonal constraints (27d). Noting
that Ag D% A7 is always positive definite for the optimal so-
lution of the non-degenerate problem (27). Thus the Cholesky
factorization AgD%AY = LgLY is unique [50] for this
solution, where L¢ is a lower triangular matrix with positive
diagonal entries. If we treat Le as decision variables, since
Ag is orthonormal, the objective (27a) and constraints (27b)
can be written as

det(Dg) = det(AgD%Ag) = det(Lg), (28)
[[ApAsDe]?1]7 = [[ApLe]*1])7. (29)

Consequently, the orthonormality constraint (27d) on Ag is
avoided, and (27) is equivalent to

max det(Lg), (30a)

Lg,be
st. [[ApLe]?1)? < bp — Apbe, (30b)
L¢ is lower triangular. (30c)

Now we simplify the objective det(Lg) which is the product
of the diagonal entries. Denoting the hypograph of geometric

mean by
Kijn = {(m,t) ERL X R | (w1 20)7 > t}, 31)

then maximizing the ellpsoid £ is equivalent to maximizing
a new variable ¢ with the constraint (diag(Lg),t) € Ky/p.
As for the constraints (27b), we denote the SOC as K,, and
describe the Cartesian product of m SOC as K",

Kn={(t,z) eRxR>" " |t >z}, (32)
K=K, x - x K, CR™*", (33)

Then the optimization (30) is formulated as
tglg}gg t, (34a)
s.t. (diag(Le),t) € Ki/n, (34b)
(bp — Apbe, ApLg) € K74, (34c)
L¢ is lower triangular, (344d)

where m denotes the number of halfspaces composing P
defined in (10). Additionally, K, /,, can also be represented by
SOC using additional O(n) variables and cones of K3 [20].
Eventually, we transform (34) into an optimization with only
SOC form constraints and a simple linear objective function.

B. Affine Scaling for Solving SOCP with Massive Constraints

As we reformulate MVIE into a pure SOCP from (34), for
brevity, we denote it as

(35a)

st. (cie+d, 2TA) €, 1<i<m, (35b)
where £ € R, ¢ € R®, ¢; € R™, d; € R and A; are all
constant. The new decision variable x consists of all lower
triangular elements of Lg, bg, t of (34), and the elements
added to deal with constraint (34b) in form of hypograph
of geometric mean. We have 7 = O(n?) because an n
dimensional ellipsoid already has n(n + 3)/2 variables. For
convenience, we set ¢ as the n-th element of xz, then we have
ce = (0,0,...,0,—1)" € R™. (36)
m = O(m + n) indicates the amount of the SOC constraints.
For the constraints in (35b) corresponding to the constraints of
(34b) which are represented by additional cones of K3, A; €
R™*2 and n; = 3. For the constraints in (35b) corresponding
to the origin constraints of (34¢c), A; € R™*™ and n; = n+ 1.
Although the dimension n of the original problem (11) is
limited to 2 or 3, the large constraint number m results in
a huge number of constraints in the constructed SOCP (35).
To tackle this multi-constraint SOCP, we generalize Affine
Scaling (AS) [48], an interior-point method originally used for
LP, to SOCP. This algorithm has an closed-form update step
of each iteration and exhibits superlinear convergence [51].
At each iteration, AS uses the logarithmic barrier function
of the constraints to compute a strictly feasible region and
calculates the optimal update step within this region. For (35),
its logarithmic barrier function ¢(z) is defined as

min cpa,
x

== log(fi(x)), (37)
i=1
filz) = (¢fz+ alz-)2 — 2T A AT, (38)
Then the Hessian of ¢(m) is given by
T V@V V2 i
=2 Gy R VA Z EARAG
(39)
where the gradient and Hessian of f;(z) are
Vii(z) =2 (cTsc—i—d-) ci —2A;ATx, (40)
V2 fiw) = 2 (cie) — AiAT). @1

Now we obtain the strictly fea51b1e region of AS at (k+ 1)-th
iteration based on the feasible k-th solution xj as

{0 €R" | (& —ap) Hy(w)(y —2x) <1}, (42)
which is an ellipsoidal region as Hg(x) is positive definite.
Then the update step of (35) can be given by

H(;lc)g

,/C%H(;lc;c

where 7 € (0, 1] is the step size.

VI. SOLVING 2-D MVIE ANALYTICALLY VIA A
LINEAR-TIME COMPLEXITY ALGORITHM

Inspired by the linear-time algorithm of the dual problem
Minimum Volume Enclosing Ellipsoid (MVEE) [24], in this
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section, we focus on the construction of a linear-time algorithm
for 2-D MVIE, leveraging its special LP-type problem [25]
structure. We begin by providing the necessary background
knowledge related to LP-type problems and analyzing the
limitations of existing general solutions for applying to MVIE
in Sec. VI-A. Then we address these limitations and propose
our algorithm with linear time complexity in Sec. VI-B.
Finally we provide the analytic solution of the subproblems
required in the proposed algorithm in Sec. VI-C.

A. Background of LP-type Problem

Let us consider an abstract minimization [25] specified by
pairs (#,w), where H is a finite set of constraints and w :
2" 5 )V is a value function that maps subsets of # to values
in a ordered set (W, <), which has a unique minimum value
—oo. For the sake of simplicity in subsequent descriptions, we
define finite sets G, F and a constraint h, which satisfy G C
F C H, h € H. The problem with (H,w) can be considered
as an LP-type problem as long as the following two properties
are satisfied [25]: for any G, F and h we have

o Monotonicity: w(G) < w(F),

o Locality: with —co < w(G) = w(F), if w(F) < w(F U

{h}), then w(G) < w(G U {h}).
Three important definitions of LP-type problem are given:

o w(H) is called the value of H,

o constraint h is violated by H, if w(H) < w(H U {h}),

o the basis of H is the minimal subset of H with the same

value of H.
Then two primitive operations is defined: given a basis B,
o Violation test: determine whether w(B) < w(B U {h}),
for a constraint h ¢ B,
o Basis computation: compute the basis of BU {h} when
h is violated by the basis B.

To give readers an intuitive understanding, we provide a
specific example: for the dual problem MVEE [24], H is the
input points set and w(?) is the area of the minimum ellipse
that can contain all the input points.

The goal of LP-type problem is to compute the basis of the
input set H and its corresponding value w(#). A generalized
algorithm for the LP-type problem is given by Matousek et
al. [26]. The algorithm operates by randomly selecting a con-
straint h from the input set H and a known basis B C ‘H and
performing a violation test. If a violation is detected, a basis of
BU{h} is computed, then the algorithm is recursively called
with the new basis and the set of checked constraints. This
algorithm provides an efficient solution to LP-type problems
with finite primitive operations, whose expected number is
linear in the input set number ||, thanks to its randomized
recursive structure. We refer the reader interested in this
complexity conclusion to Matousek’s work [26].

However, for 2-D MVIE, the aforementioned generalized
algorithm described above is not available for two reasons:
i) In MVIE, the subset of input constraints may not form a
closed polygon, which leads to an undefined ellipse. Using
the volume of the ellipse, similar to its dual problem MVEE,
to define the value function w(-) is not feasible. ii) There is

currently no known method for performing analytical basis
computation directly for any subsets in MVIE.

B. Randomized Maximal Inscribed Ellipse Algorithm

In this subsection, we address the aforementioned chal-
lenges, and then we present a linear-time complexity algorithm
by improving the generalized algorithm [26] for 2-D MVIE.

1) Value Function: We design an additional evaluation of
the proximity to closure for unclosed case and use the MVIE
volume for closed case to construct a new value function that
satisfies the properties of the LP-type problem. We define the
value domain W in lexicographical ordering set (W, <). We
denote < as the lexicographical ordering on R?, that is, for
Ve = (x1,22)T,y = (y1,02)" € R,z <y, if 1 <y,
or 1 = y; and x5 < yo. This ordering is extended to
R2U{—o00} by the definition that —oo is the unique minimum
value. Considering the frequent failure to form closed polygon
for the subsets of constraints, we define the value function as

—x ifG=0
w(G) = ¢ W, (G) if G is unclosed , (44)
we(G) if G is closed

where w,,(G) represents a measure of the proximity to closure
when G is not closed. To define w,(G), we first define a
new set G, that does not contain duplicate elements, and all
elements in the new set G,, come from the unit normal vectors
corresponding to the halfspace constrain elements in the set
G. Then we define w,(G) in lexicographical ordering by

wu(g) = (*ap(gn)a Inin{|gn|,3}), (45)
where a,,(G,,) denotes the angle of polar cone of G,. Such a
particular definition is intended to deal with the corner cases
that arise due to the parallel elements in G.

As for w.(G) when G is closed, we define it by
we(G) = (area(€7(G)) ™", ©), (46)

whose first element represents the inverse of the MVIE’s area
of G, and the second element £ serves to extend this function
to R2. The first element of w.(G) is always greater than 0,
and the first element of w, (G) is always less than or equal
to 0. Thus no matter what value £ takes, we have w, > w,.
Now based on this value function that satisfies monotonicity
and locality, whose proof is detailed in Appendix A and B,
MVIE can be treated as an LP-type problem.

2) Basis Computation: To perform analytical basis compu-
tation for MVIE, we decompose MVIE into several subprob-
lems that can be solved analytically, then MVIE of P defined
in (11) is equivalent to

EX(P) = nax area (E(PN)), st. ECP, 4]

where P is the input polygon while simultaneously denoting
the finite set of the halfspaces whose intersection constitutes
the input polygon in this section. Its subset containing N
elements is denoted as PN. To prevent potential misunder-
standing, it should be emphasized that the subset PV is
derived from P, the sole input of MVIE, and is independent of
the obstacles used to generate P in Rsl. Additionally, £(PY)
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EX(PY), P° = {l1,la,15,ls, 15} \
Max &, s.t. £ C P°
( ) )

Z £1(Py) £ (Py)

-

E°(PY), Pt = {li, 12,13, 1}

)

Py ={l,la, ls, 15} | Pg = {lu, o, la, 15} P = {ly, 15, e, 15} Pi = {12713 la, s} +

Y

£4(Py)

* kMaxé‘,s.t.é‘gﬁ{‘

1
Y (PY), P = {li,la I} E7(P),Pi = {la,13,1a}

F1g 4.

\
EX(P),P3 = {l1, 1o, 14}

EX(PY), P} = {lu, 15, 1la} E(PY), Pi = {1, 12,13, 14}

Ilustration of a specific instance of the bottom-up strategy. The large orange box specifies the process described by (49) for calculating the MVIE of

P based on the MVIE of its subsets 733 1 < j < 4 and the MENN of itself. The red ellipses indicate MVIE £* or MENN &, depending on the equation
beneath each subset. Using the subset in the lower left corner as an example, the solid blue lines indicate elements in the subset P3 the black dashed lines
indicate elements in ’P4 that are not included in the subset 733 Similarly, the blue box illustrates the process of calculating the MVIE of P°.

is the subproblem defined by

E(PN) = max area(€), (48a)
st. EC PV, (48b)
£ is tangent to h, ¥ h € PV. (48¢)

Since at least 3 halfspaces are required to form a closed space
in 2-D and an ellipse has only 5 degrees of freedom, we
require 3 < N < 5. When PN is closed and has no redundant
element, (48) has an analytical solution, and its result E is
the Maximal Ellipse tangent to N edges of the N-gon formed
by P¥, denoted as MENN, detailed in Sec. VI-C. Notably,
E* and & are used to denote MVIE and MENN, respectively.
For the two cases where subproblems (48) are infeasible, we
handle them with special treatment: i) If P is unclosed, we
define its £ as oo. ii) If there are redundant elements in a
closed PY, that is, these elements are not any side of the
formed closed polygon. At this point, it is impossible for these
elements to satisfy (48c), then we also define its € as co. Based
on the subproblem (48), MVIE (47) can be solved through
enumerating subproblems (48) which has analytical solution.

Inspired by the distance algorithm of GJK [27], we organize
the enumeration in an orderly way by using a bottom-up
strategy, about which we illustrate a detailed example in Fig. 4.
In Fig. 4, we use subscript to distinguish between different
subsets of a set, for instance, Pi denotes one of the subsets of
P5. Specifically regarding the bottom-up strategy, for a subset
Pi containing 4 elements, we compute its MVIE by

EX(P = max area(€), (49a)

st. £ CPL (49b)
Ee{EPHYU{E (P}, 1<) <4,

(49¢)

where 733 denotes a subset, which contains 3 elements, of Py.
Notably, the MVIE of a closed 733 is exactly its MENN [52].
This equation (49) corresponds to the process in the large
orange box in Fig. 4: among the MVIE for each subset P‘3
and the MENN of Pl, we select the largest one that satlsﬁes
the constraint (49b) as the MVIE of 73’1. Based on the result
we can build upwards MVIE of P° containing 5 elements
in a similar way, as illustrated in the blue box of Fig. 4.

Algorithm 3: MaxEllipse

Notion: combinatorial dimension § = 5

Input: 7: input set, A’: a subset of the basis of H
Output: B: basis of H, wvgp: value of B

1 begin

2 vy + w(X) /* defined in (44) */

3 if |X| > 0 then

4 | return X, vy

5 end

6 | S+ {}

7 B+ X

8 VB < Ux

9 foreach h €¢ H in a random order do

10 if ViolateTest(h, v, X) then

1 | B,vp < MaxEllipse(S, X U {h})

12 end

13 S+ Su{hn}

14 end

15 return 5, vp

16 end

It should be emphasized that for the actual input P, which
typically consists of more than 5 halfspaces, its MVIE is also
computed through a similar bottom-up enumeration: calculat-
ing the MVIE of all its subsets P° and selecting the largest
ellipse contained within P. To summarize, by connecting the
above processes through the bottom-up strategy, now we can
compute the MVIE of the input P based entirely on its subsets’
MENN (3 < N < 5) which can be solved analytically in an
efficient enumeration order.

3) Algorithm Overview: Building upon the aforementioned
efforts, we improve the general framework [26] to propose
a randomized algorithm for solving 2-D MVIE as shown in
Algorithm 3. For the initial call to Algorithm 3, we set H <—
P and X < {}. The recursive framework (Line 11) of the
algorithm, combined with the previously mentioned bottom-
up strategy, results in an effect: when a recursive call occurs,
it indicates that all subsets of the input X have already been
checked, and for any of its subsets X, there is always an
element h € X violated by X. Therefore, if the input X is
closed, we can directly solve the MENN of the polygon formed
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by X for the value w(X’) in Line 2. And if X’ is unclosed, it is
easy to use (45) to compute its value. Recalling the complexity
conclusion we mentioned in Sec. VI-A, now we can obtain
the result of Algorithm 3 by finite number of violation tests
(Line 10), MENN (for closed case) and (45) (for unclosed
case), whose expected number is linear in the input set number.

In addition, the maximum cardinality of any basis is denoted
as combinatorial dimension ¢, and based on the value function
(44) we have § = 5. This implies that in Line 2, we will only
encounter MENN calculations for triangles, quadrilaterals, and
pentagons, which also consistent with our decomposition of
MVIE in (48). The combinatorial dimension ¢ in Line 3
ensures that the maximum number of recursive iterations in
the algorithm remains a constant.

The analytical solution method (detailed in Sec. VI-C) may
lead to incorrect result when the input is redundant. Thus,
as mentioned in Sec. VI-B2, by treating redundant cases
separately and assigning them a solution of co, we prevent
them from influencing the overall algorithm. In Algorithm 3,
we add this feature in ViolateTest (Line 10): in addition to
the evaluation involved h and vz based on (44), in the case
where h is violated by B, if X U {h} forms a convex N-gon
but N < |X U {h}| (redundant case), then false is returned.
Since we perform checks based on the bottom-up strategy, the
non-redundant closed subsets (if they exist) of the redundant
closed set X U{h} will definitely be checked in the algorithm.
Thus there is no need to check with the redundant closed set.

Now we construct the linear complexity algorithm for 2-D
MVIE. Another factor that affects the practical efficiency of
the algorithm is the solution of MENN (48), for which we
present efficient analytical solutions in Sec. VI-C.

C. Maximal Ellpise tangent to N edges of the N-gon

As demanded in Algorithm 3, in this section we present
the analytical computation of MENN, which is the maximal
inscribed ellipse that is tangent to all edges of arbitrary convex
N-gon, N € {3,4,5}. For arbitrary non-degenerate trian-
gle [52], convex quadrilateral [53] or convex pentagon [45],
there exists a unique such ellipse. Since the inputs from
Algorithm 3 are non-degenerate and convex, in the following
we default to the existence and uniqueness of the MENN.

Referring to the definition in (4), in the 2-D case we define
the point p € R? on the boundary of the ellipse £ to satisfy

(p —be) (A DFAZ) ™ (p — be) = 1, (50)
We denote the homogeneous coordinate [54] of point p as
p=(p", 1)". Since AgD2AY is positive definite symmetric,
(50) is a second-degree polynomial equation in two elements
of p. We transform (50) into a quadratic form, then the ellipse
& can be described in homogeneous coordinate as

P={peR® | p"Mpp=0},

where the coefficient matrix Mp € R3*3 is symmetric.

For the MENN problem in this section, it is intractable
to solve the problem by (51) which demand the points of
tangency. Thus we adopte to leverage the information of the
tangents directly, based on the polarity of points and lines with
respect to the ellipse £ [55]. First, we require an algebraic

(51

characterization of a line. Specifically, in the projective plane,
given a point with a homogeneous coordinate p, the line
passing through the point p can be denote in the form of line
corrdinate [54] as | € R? that satisfies

pri=0, (52)
based on which, the calculation of the line coordinate can be
performed by the Grassmanian expansion [56]. According to
the polarity of ellipse [55], when p is on the ellipse £ (51),
the line coordinate [ of the line tangent to £ at p is given by

I = Mpp. (53)
Since the ellipse is not degenerate, M p is invertible. Based on
(51, 53), similarly to the representation by a set of the points
in (51), the ellipse £ now can be described by the set of all
its tangents in line coordinate as

L={leR®|I"Ml=0}, (54)
My o< Mp~t. (55)

Now we can calculate the MENN by utilizing the infor-
mation of the tangents directly. Specifically, we first compute
the line coordinates of edges of the polygon for solving My,
then obtain Mp, and eventually get the ellipse in the desired
form of (4). This process involves using (52), (54), (55),
(50) and (51) sequentially. In the following, we present the
implementation details for different V.

1) MENN of a Convex Pentagon: For (54), the symmetric
M7y, has 6 variables. Bringing the line coordinates of the
five edges of the convex pentagon into (54) respectively,
we can obtain a six-element homogeneous system of linear
equations consisting of five equations. Since there exists and
only exists unique ellipse tangent to all edges of the convex
pentagon [45], the homogeneous system always has a non-
trivial solution. Then based on the solution, we can obtain the
MENN progressively through the process aforementioned.

2) MENN of a Convex Quadrilateral: In contrast to convex
pentagon, a convex quadrilateral only provides four tangents.
Thus there are a unique one-parameter set of inscribed ellipses
that are tangent to all edges of the quadrilateral, whose
parameter can be taken to be a prescribed point contact on
any single edge of the quadrilateral [45] as shown in Fig. 5.
Additionally, only one of them has the largest area [53], which
is the MENN of the quadrilateral.

For simplicity of calculation, as shown in Fig. 5, we
translate the quadrilateral so that one of its vertices coincides
with the origin and one of the edges connected to that vertex
coincides with the z-axis, which will not change the shape of
the quadrilateral. Then we denote the line coordinate of the
coinciding edge as [,. Inspired by the work of Hayes [57], we
introduce new constraint by using the point of tangency on I3,
and denote the point as py. Then we have

pr=(0,1T, 1, =(0,1,07, (56)
where ) is a variable. Combining (53) and (55), their polarity
relationship can be written as
(57
which is an independent new constraint on M. The subse-

quent operations are similar to Sec. VI-C1, with the difference
that eventually we calculate the area [57] of £ as a function

MLZ)\ 08 ﬁ)\a
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A I\ T

Fig. 5. Left: Illustration of the calculation of the MENN of a convex
quadrilateral. The blue and red ellipses represent the ellipses obtained by
sampling different points p on the coinciding edge /). Right: Illustration of
the calculation of the MENN of a triangle.
Ag(X) in terms of A. The optimal A\ corresponding to the
MENN of the quadrilateral can be computed by calculating the
zeros of the first order derivative of Ag()\). This calculation
only involves solving a quadratic equation w.r.t. A, which can
be solved quickly and analytically. Due to space limitations,
we do not delve into further details of the calculation.

3) MENN of a Triangle: The Steiner inellipse tangent to the
edges of the triangle at their midpoints, is the MENN [52]. As
shown in Fig. 5, we denote the 2-D Cartesian coordinates of
the vertices of the triangle as v* = (v, v})T, * = {i,ii,iii}.
The center v° and two conjugate diameters f;, fo € R? of the
Steiner inellipse can be written as

1 . .
,UO — g(/Ul + ,Ull + Ulll),
1 1
fr =507 =), fo= =
Then the parameters required in (4) can be calculated by

be = %, AeD2AT = (fu f2) (o f2)"

(58)

(v' — o). (59)

(60)

VII. EVALUATION AND BENCHMARK

To comprehensively demonstrate the outstanding advantages
of FIRI, in terms of efficiency, quality, and manageability,
we design extensive benchmarks comparing FIRI against
several state-of-the-art convex polytope generation algorithms.
Additionally, the efficiency of FIRI lies in the methods that
we develop specifically for the two optimizations (Line 11
and 21 of Algorithm 1). To demonstrate their effectiveness,
we conduct comparative experiments for these methods which
are proposed for solving minimum-norm with small dimension
but massive constraints and for solving MVIE, respectively.
All benchmarks run on Intel Core 17-12700KF CPU, Linux,
using C++14 without hardware acceleration.

A. Comparison of Generating Free Convex Polytope

Based on the description and analysis of several state-of-
the-art algorithms for generating free convex polytopes in
Sec. II, we benchmark the proposed FIRI against IRIS [1],
Galaxy [9] and RILS [2]. Since Gao’s method [8] relies on
modeling the environment as a grid map and can only operate
in near real-time with low map resolution, it is not compared
here. Additionally, Galaxy can be regarded as an enhancement
of Savin’s method [12], both of which are based on space
inversion, thus we directly adopt Galaxy for benchmark.
For IRIS and our proposed method FIRI, we set the same
parameter p = 0.02, that is, the stopping condition of them is
that the volume of the MVIE of the convex hull obtained in

TABLE I
COMPARISON OF ADAPTABILITY OF DIFFERENT METHODS FOR
GENERATING FREE CONVEX POLYTOPE

Adaptability Seed Type Obstacles Type
Method Point Line Polytope Point Polytope
FIRI v v v 4 4
IRIS [1] v X X v v
Galaxy [9] v X X v X
RILS [2] 4 4 X 4 X
TABLE II
INPUT OBSTACLES NUMBER OF DIFFERENT SCENARIOS
. Input Obstacle Number
Scenario
avg std min max
Sparse 246.7 111.0 44 525
2-D Medium 1157.6 277.8 553 1683
Dense 3007.5 515.2 1443 4048
Sparse 453.6 119.6 303 670
3-D Medium 2677.8 613.6 1524 3929
Dense 12659.0 764.9 11032 14536

this iteration grows less than 2% from the last iteration. For
Galaxy and RILS, we used the default parameters.

To begin with, we compare the capability of these methods
to adapt to different types of seed and obstacle inputs. As evi-
denced by the results in Tab. I, FIRI demonstrates the highest
level of adaptability to various inputs. In Tab. II, the term
of adaptability of polytope-type obstacles denotes the ability
to handle polytope obstacles directly without discretization.
As polytope representation is a widely adopted approach for
environmental modeling [58], [59], the capability to process
polytope obstacles directly is worthwhile. Subsequently, based
on the reported adaptability, we conduct extensive benchmarks
to validate the superior performance of FIRI.

1) Manageability: As analyzed in Sec. I, manageability is
crucial in many applications. For instance, there are situations
where we require the convex hull to contain the line segment
of the path generated by the frontend [10], or during whole
body planning, we demand the convex hull to encompass the
robot [11]. Thus we compare the manageability of various
methods by using point, line, and convex polytope as the seed.
Although the type of obstacles has no effect on manageability,
for fairness, the obstacles input are characterized by points.

We conduct benchmark in a complex environment of 50 x
50 m size (with a height of 10m for the 3-D case), where
we generate random obstacles by using Perlin noise [60].
For each test, we randomly generate a collision-free seed in
the environment as input. The boundary of each convex hull
generation algorithm is constrained to be a square (cube for
3-D) with side length 6 m centered on the seed’s center and
parallel to the coordinate axis. And the obstacle input is the
points within the boundary of the square in the map. When the
seed input is a line, we set its length to 1.5 m. When the seed
input is a convex polytope, we set it as a 1.5 x 0.75 x 0.25 m
rectangular for the 3-D case, or a 1.5 x 0.75 m rectangle for
the 2-D case. We generate the experimental environments with
different obstacle densities, whose numbers of input obstacles
are shown in Tab. II. For each density, we create different 10
environments. Furthermore, for each environment, we conduct
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500 random trials for each type of seed input.

To be fair, we perform several adjustments in different
seed cases based on Tab. I. When the seed is a line, for
Galaxy and IRIS, which can only use one point as the seed
input, we use both the endpoints and midpoints of the line
as seed inputs for them to compute 3 convex polytopes. We
then select the convex hull with the highest degree of line
containment as the result. When the seed is a convex polytope,
FIRI can directly take the polytope as input. IRIS and Galaxy
take each vertex and the center point of the seed as inputs
to compute multiple corresponding convex hulls. For RILS,
which is adapted to use a line as input, we compute multiple
convex hulls using the seed’s diagonals as inputs. For each
of the above three methods, we choose the convex hull that
maximizes the inclusion of the seed as the respective result.

We calculate the success rate in generating a convex poly-
tope that fully contains the seed, as shown in Tab. III. In
addition, for a more intuitive presentation, we present an
example of the results of each method in an application
of whole-body planning that has a need for manageability.
As shown in Fig. 12(b), we use a rectangular robot as the
seed, and the details of the application will be described in
Sec. VIII-A2. Due to greedy approach of IRIS in seeking the
largest possible volume of the convex hull, it performs poorly
in terms of manageability, to the extent that it cannot guarantee
to contain the seed even when the seed is just a single point.
While RILS can ensure to contain the line seed, it is not
sufficient to guarantee that the generated convex hull contains
the seed when the seed is represented as a convex hull. As for
Galaxy, its heuristic cut method does not ensure that the seed
is included either, when the seed is a line or a convex polytope.
In contrast, although FIRI employs a similar approach to IRIS
and RILS in computing halfspaces through ellipsoid inflation
for polytope generation, the integration of our proposed Rsl
provides a distinct advantage: each halfspace computed by
FIRI is guaranteed to contain the seed. This fundamental prop-
erty ensures that the resulting polytope invariably encompasses
the seed, thus maintaining manageability.

2) Efficiency and Quality: We conduct experiments to
compare efficiency and quality in the aforementioned random
environments. using the same settings of obstacles and bound-
ary as Sec. VII-A1l. We record the computation time for each
algorithm with point seed. If IRIS generates a convex polytope
during the iteration process that does not include the seed, we
force IRIS to terminate prematurely and return the polytope

[ - FIRI B RIS BB Galay [ RILS [ FIRISD |

o *Qéé

Fig. 6. Comparison &fthe sizes of the free convex polytopes generated
by different methods. The dashed line with a value of 1 indicates the result
obtained by FIRI, which we take as the baseline.

1
0.8
0.6
0.4

0.2

from the previous iteration that includes the seed as the result.
Since both RILS and FIRI guarantee manageability for line
seeds, we document their respective time overhead when the
seed input is a line as well. In addition, since the non-iterative
method RILS essentially represents a single iteration of IRIS
without MVIE computation, we also record the outcomes of
a single iteration of FIRI, denoted as FIRI(SI).

To provide an intuitive comparison of the size of convex
polytopes generated by each algorithm, we take the proposed
FIRI, which aims to maximize the convex hull volume, as
the baseline. Specifically, we report the ratio of the volume
of the convex hull obtained by each algorithm to the volume
of the one obtained by FIRI, as demonstrated in Fig. 6. The
efficiency results are presented in Tab. IV, where, for clarity,
we distinguish between iterative and non-iterative methods
using dashed lines in the case of point seed. In addition, since
the number of input obstacles is the primary factor influencing
the computational efficiency, we showcase the quantity of
input obstacles in different density environments in Tab. II
to provide readers with an insight into the computational
efficiency of each algorithm. As the results illustrated in
Fig. 6, both IRIS and FIRI iteratively compute larger convex
polytopes by continuously inflating the MVIE, resulting in
similar sizes. However, in IRIS, the SDP-based MVIE solving
method consumes significant computation time [1], whereas
FIRI achieves significant efficiency improvements in MVIE
calculations as shown in Sec. VII-C, leading to remarkably
higher efficiency compared to IRIS as shown in Tab. IV.
Moreover, FIRI achieves a computational time that is within
three times the time of non-iterative RILS without involving
MVIE. The other three non-iterative methods yield smaller
polytopes, but achieve better efficiency than IRIS in Tab. IV.
Galaxy, however, is even less efficient than FIRI due to the fact
that Quickhull [33] involved degrades in the scene to which
Galaxy corresponds, which is particularly noticeable in the
3D case. As for FIRI(SI), similar to RILS, it directly updates
the convex hull and can generate polytope of comparable size

TABLE III
SUCCESS RATE OF DIFFERENT METHODS FOR GENERATING CONVEX POLYTOPES CONTAINING SEED ACROSS DIFFERENT SCENARIOS AND SEED TYPES

Success Rate [%)]

Scenario Point Seed Line Seed Polytope Seed
FIRI IRIS [1] Galaxy [9] RILS [2] FIRI IRIS [1] Galaxy [9] RILS [2] FIRI IRIS [1] Galaxy [9] RILS [2]
Sparse 100 98.4 100 100 100 74.7 81.6 100 100 88.9 95.8 97.0
2-D Medium 100 97.0 100 100 100 539 64.2 100 100 79.7 91.1 95.3
Dense 100 96.6 100 100 100 48.5 39.1 100 100 69.7 73.9 90.6
Sparse 100 99.1 100 100 100 96.5 79.1 100 100 96.2 85.1 98.0
3-D Medium 100 97.8 100 100 100 78.2 61.3 100 100 70.6 78.0 88.3
Dense 100 96.2 100 100 100 59.6 47.0 100 100 37.3 45.1 70.6
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TABLE IV
COMPARISON OF COMPUTATION TIME OF DIFFERENT METHODS FOR GENERATING FREE CONVEX POLYTOPE

Computation Time [ms]

Seed

Type Scenario Method Sparse Medium Dense

avg std min max avg std min max avg std min max

FIRI 0.038 0.013 0.013 0.069 0.120 0.035 0.032 0.189 0.273 0.068 0.127 0.451

IRIS [1] 34444 2978 24997 40.125 37.730 2982  28.001 46.620  39.671 5.111 20.848  48.155
2-D " Galaxy [9] ~ 0.069 ~0.013° 0.042° "0.099 ~0.123° 0.023° ~0.077 ~ 0.168 ~ 0233~ "0.038  0.143 0327 ~

RILS [2] 0.011  0.004  0.005 0.021 0.037 0.010 0.016 0.061 0.082 0.017 0.027 0.122

Point FIRI(SI) 0.008  0.003  0.002 0.017 0.032 0.010 0.014 0.052 0.066 0.021 0.016 0.103

FIRI 0.143  0.035  0.069 0.237 0.660 0.224 0.259 1.259 2.116 0.560 1.109 3.535
CIRIS[1] 34638 7.083 16966 76988 55724 15327 11173 103.176 87.897 20.823 14.826 167.441

3-D Galaxy [9] 0.144 0.054  0.054 0.328 1.337 0.467 0.445 2.476 5916 1.079 4.321 9.185

RILS [2] 0.044 0.017 0.020 0.113 0.346 0.165 0.120 0.658 1.649 0.431 0.920 2.817

FIRI(SI) 0.020 0.007 0.008 0.041 0.149 0.058 0.046 0.341 0.544 0.173 0.310 1.049

FIRI 0.038  0.014 0.010 0.068 0.120 0.039 0.047 0.204 0.263 0.086 0.040 0.440

2-D RILS [2] 0.014  0.004  0.007 0.028 0.041 0.012 0.016 0.073 0.085 0.028 0.030 0.142

Line FIRI(SI) 0.008  0.003 0.002 0.018 0.029 0.010 0.011 0.050 0.079 0.017 0.045 0.115

FIRI 0.163  0.037 0.090 0.239 0.678 0.208 0.272 1.110 2977 0.930 1.709 4.651

3-D RILS [2] 0.061 0.020  0.027 0.114 0.417 0.134 0.148 0.721 2.069 0.532 1.099 3.214

FIRI(SI) 0.025  0.007 0.012 0.039 0.148 0.049 0.053 0.249 0.696 0.216 0.349 1.084
——2-DFIRI_—+2-DIRIS —e—3-DFIRI _—= 3-DIRIS | using point obstacles, the relative volumes of obstacles that are
Sparse Medium Dense polytopes are larger, thus we vary the number of obstacles to

2 2 2 . .
- 10 10 10 vary from 10 to 103, which we denote as spare, medium and
g 100 a0 §— a8 | )0 p—u—u—n—s—" . . .

= R dense in the results shown in Fig. 7. For each the number
S D Wi Bt s of the vertices of each different number of obstacles, we
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Fig. 7. The benchmark on computation time with the number of obstacle
vertices for FIRI and IRIS in different environmental densities. The top
represents the 2-D case and the bottom represents the 3-D case. FIRI has
orders of magnitude advantage in computational efficiency over IRIS.

to RILS, but with higher computational efficiency. Moreover,
benefiting from the manageability brought about by the Rsl, if
the objective is to obtain a free convex polytope that includes
the seed as fast as possible, without pursuing maximum
volume, we believe that FIRI(SI) is a more suitable choice.

Apart from using point representation for obstacles as used
above, employing convex polytopes is also a commonly used
method for representing the environment. Although methods
such as RILS can handle polytope obstacles through dis-
cretizing them into points, this approach may incur increased
computational burden when discretizing large-scale simple
convex polytope, and certain discretization methods (like
gridding) may compromise environmental modeling accuracy.
Hence, we consider the capability to directly process polytope
obstacles to be valuable. Among above methods in Tab. I, only
FIRI and IRIS support obstacle inputs in the form of convex
hulls, thus we further compare these two algorithms. For each
test we generate a certain number of randomly distributed
obstacles in a closed space and select the center of the space as
the seed input. This closed space serves as the boundary. We
conduct benchmarks by setting the number N, of the vertices
of one obstacle to vary from 3 to 103. Compared to the case

perform 500 tests. The increasing number of obstacles, the
number of halfspaces generated for convex hull construction
tends to stabilize, thus the computational efficiency advantage
provided by the porposed MVIE solution gradually diminishes.
However, benefiting from the efficient SDMN we propose for
halfspace computation, FIRI can still maintain a significant
advantage over IRIS, even in scenarios with dense obstacles,
with a reduction of over 95% in computational requirements.

3) Case Study of Quality: To demonstrate the significance
of convex hull quality and its impact on trajectory planning,
we conduct an experiment on trajectory planning based on
different convex hull generation methods in the random envi-
ronment as shown in Fig. 8(a). Using RRT* [61], we generate
a collision-free path between start and end points. This path
can be viewed as a set of connected line segments, based on
which we generate convex hulls subsequently. As indicated
in Tab. III, only FIRI and RILS exhibit manageability over
line seed. Thus we build corridors for comparison based on
these two methods, which correspond to iterative and non-
iterative strategies, regarding the pursuit of maximum volume,
respectively. The process of generating a safe flight corridor is
as follows: We sequentially traverse each line segment on the
path. If the line segment is already included in the previously
generated polytopes, we move on to the next segment. Oth-
erwise, we use this line as a seed to generate a new convex
polytope. Due to manageability, the generated set of convex
polytopes must have an intersection between two neighboring
pairs, forming a corridor. Based on the generated corridor,
we adopt GPOPS-II [62] to obtain the optimal trajectory
constrained within the corridor. This collocation-based method
transcribes the trajectory optimization into a constrained Non-
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(a) The corridors generated by FIRI and RILS in the random forest
and the time optimal trajectories constrained in each corridor.
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(b) The speed profiles of the trajectories, colored by the speed
magnitude. FIRI generates larger convex polytopes providing more
spatial freedom for trajectory optimization.

Umin Umaz

[[vl]y[m/s]

llallyfm/s*]
v
]

0 L L 1
0 2 1
ht[s]

L
B 10 12

(c) Velocity and acceleration magnitude for the trajectories con-
strained in corridors generated by FIRI and RILS. Greater spatial
freedom by FIRI leads to more aggressive trajectory performance.

Fig. 8.  The comparison between the corridor established based on FIRI
and RILS in a complex environment and the optimal trajectories constrained
within the generated corridor.

linear Programming using the Gauss pseudospectral method,
which is then solved by the well-established NLP solver
SNOPT [63]. In GPOPS-II, each trajectory phase is confined
within one polytope, and we set the feasibility constraints
for velocity and acceleration as 3m/s and 6m/s?, and time
weight as 20. As depicted in Fig. 8(b), RILS generates narrow
polytopes in the area marked by black dashed circles, resulting
in limited maneuvering space for trajectory optimization. Con-
sequently, the trajectory constrained in the corridor generated
by RILS exhibits a conservative behavior in the marked area .
In contrast, FIRI, due to its pursuit of maximizing convex
hulls, is capable of generating larger corridors, providing
greater spatial flexibility in trajectory planning.

B. Comparison of Solving Strictly Convex Small Dimensional
Minimum-Norm with Massive Constraints

For minimum-norm (16), we compare SDMN with sev-
eral cutting-edge general-purpose QP solvers: the paramet-
ric active-set algorithm qpOASES [14], the operator-splitting
based first-order approximation algorithm OSQP [15] and
the interior-point method-based quadratic programming ap-
proximation algorithm HPIPM [16]. We use the open source
code 23* of these solvers to obtain the solution of (16)
respectively. For qpOASES and HPIPM, we use the default

Zhttps://github.com/coin-or/qpOASES
3https://github.com/osqp/osqp
“https://github.com/giaf/hpipm
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Fig. 9. Computation time tcomp. of different methods for solving strictly

convex small dimensional QP under different constraint numbers. The pro-
posed SDMN outperforms other methods by orders of magnitudes.

TABLE V
COMPARISON OF PRECISIONS %y BETWEEN DIFFERENT METHODS FOR
SOLVING SMALL DIMENSIONAL MINIMUM-NORM

Precisions 1

Scenario
OSQP [15] SDMN
gqpOASES [14] default OSQP [15] HPIPM [16] (Proposed)
2-D 1.28e-15 5.05e-2 6.61e-11 7.79¢-06 2.78e-17
3-D 29le-15 2.43e-2 2.95e-11 4.41e-06 3.55e-17

parameters. However, we find that the default parameters of
OSQP are insufficient when the constraint size becomes large.
Therefore, we adjust the relative convergence tolerance to
10712 and the maximal number of iterations to 105, denoted as
OSQP, while the implementation with the default parameters
are denoted as OSQP default. As for the proposed SDMN, we
do not require any additional parameter settings.

We compare the solving time of each method, as well as
their average precision which is defined as

N = Ly(Ey* = f), (61)
where y* is the corresponding solution of each method, F
and f are the parameters used to define the constraints of
the minimum-norm (16), and L,(-) denotes a function that
takes the absolute value of the largest element of the input
vector. The precision 1y indicates the degree of proximity of
the solution of each method to the most active constraints
of the input minimum-norm. The performance is reported
in Fig. 9 and Tab. V. The results demonstrate that SDMN
exhibits remarkably high computational efficiency, surpassing
other methods by orders of magnitude. Additionally, SDMN
provides analytical solutions, achieving high accuracy without
the need for additional parameters.

C. Comparison of Solving MVIE

For MVIE (11), we propose two algorithms, namely the
SOCP-reformulation algorithm and the randomized algorithm
specialized for 2-D case. The randomized algorithm yields an
analytical solution, here we abbreviate it as RAN. To distin-
guish from above methods, we denote the proposed SOCP-
reformulation algorithm which is solved by affine scaling
method as CAS. We compare them with three methods: 1)
The optimization method based on SDP formulation of MVIE
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Fig. 10. Computation time tcomp. of different methods for solving MVIE

under different constraint numbers. The proposed CAS outperforms other
methods by orders of magnitudes. Additionally, the proposed analytical
method RAN further enhances efficiency for the 2D case.

TABLE VI
COMPARISON OF PRECISION ¥g BETWEEN DIFFERENT METHODS FOR
SOLVING MVIE

Precisions ¢

Scenario

IRIS [1] Mosek [23] Mosek [23] CAS RAN
SDP SOCP (Proposed) (Proposed)
2-D 8.56e-8 6.47¢-9 4.87e-12 1.59¢-8 4.41e-16
3-D 1.54e-8 1.56e-8 4.05e-12 2.04e-8 /

in IRIS [1]. 2) The example > of the cutting-edge solver
Mosek [23] to computes the Lowner-John inner ellipsoidal
approximations of a polytope. 3) A strategy of solving the
SOCP form (35) of the MVIE by Mosek. As the example
in Mosek formulate MVIE into a mixed conic quadratic and
semidefinite problem, we denote it as Mosek SDP and denote
another strategy using Mosek as Mosek SOCP. We use the
default parameters for IRIS and Mosek.

We compare the computation time and average precision of
each method to calculate the maximum ellipsoid in closed con-
vex polytopes consisting of different numbers of halfspaces.
The precision is defined as

Ve = Ly (HAPAS*DS*]ZI]% + Apbe™ — b7>> , o (62)
where Ag*, De* and bg™ are the coefficients of the maximum
inscribed ellipsoid solved by each method, Ap and bp are
the parameters that define the halfspaces of the input polytope
P defined in (10), and L (+) is the function defined in (61).
This precision ¢ represents the proximity of the ellipsoids
obtained by different methods to the most active halfspace
constraint, which are constructed in the form of second-
order cone constraint as (27b). The results are summarized
in Fig. 10 and Tab. VI. By comparing the performance of
Mosek SDP and Mosek SOCP, we can get the conclusion
that transforming the commonly used SDP formulation to the
SOCP formulation, which is presented in Sec. V-A, leads to
a significant improvement in computational efficiency with-
out sacrificing precision. Additionally, in the low-dimension
massive-constraint case faced in this paper, the use of the affine
scaling method avoids the requirement of solving a large-scale

Shttps://docs.mosek.com/latest/cxxfusion/examples-list. ntml#
doc-example-file-lownerjohn-ellipsoid-cc
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Fig. 11.  (a)-(e): Illustration of the corridors generated by FIRI during the

traversal of the robot from G through G2-Gs and finally back to G in a
cluttered environment. (f): Snapshots of the robot’s navigation result.

system of linear equations at each iteration, compared to the
primal-dual interior point method used in Mosek. Therefore
as the results demonstrate, CAS is capable of solving MVIE
in less time while maintaining a comparable precision. More-
over, for the 2-D case, our proposed linear-time complexity
algorithm RAN further enhances the computational efficiency
by orders of magnitude and compute analytical results.

VIII. REAL-WORLD APPLICATION

To validate the performance of FIRI in practical appli-
cations, we designed two real-world applications: a global
trajectory planning for a vehicle robot with nonholonomic
constraints in 2-D environment and a local planning for a
quadrotor in 3-D environment.

A. Dense Corridor for 2-D Whole-body Planning

The trajectory planning for large-volume vehicle in narrow
environments requests the entire vehicle to be constrained
within the safe region, which puts a demand on manageability.

We adopt a differential driven AgileX SCOUT MINI © as
the physical platform. The platform is equipped with an Intel
NUC 7 with an Intel Core i7-1165G7 as onboard processor and
a LiDAR sensor 8 integrated with an IMU for perception. We
use FAST-LIO2 [64] for both pre-mapping the environment
and real-time localization during execution of the planned
trajectory. That is, the obstacles are represented by points.

Building on our previous work [11], we use hybrid A* as
the front-end to obtain an initial feasible trajectory, and then
finely sample on the trajectory. The robot shape corresponding

Shttps://global.agilex.ai/products/scout-mini

https://www.intel.com/content/dam/support/us/en/documents/intel-nuc/
NUC11PH_TechProdSpec.pdf

8https://ouster.com/products/hardware/os1-lidar-sensor
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Generation of corridor based on front-end trajectory

Optimized trajectory constrained in the corridor

Case 1 Case 2

(a) Left: Illustration of the generation of a dense corridor based on the yellow rough trajectory obtained from the front-end. Right: We optimize
a smooth safe whole-body trajectory by constraining the trajectory in the generated corridor in the back-end.
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(b) Left: For the two specific cases in (a), we demonstrate the polytopes generated by different methods. The results show that only FIRI is able
to satisfy the whole-body planning requirement of generating polytopes that fully contain robot. Right: Snapshots of the robot’s navigation result.

Fig. 12.

to each sampled state is used as a seed to generate a convex
polytope by FIRI, forming a dense safety corridor, as shown in
Fig. 12. In the back-end, we utilize polynomial representation
for the trajectory and constrain that the vehicle shape corre-
sponding to each sampled constraint state on the trajectory is
fully contained within the corresponding convex polytope of
the safety corridor. Considering localization errors and control
errors, for safety purposes, we inflate the robot’s shape during
planning to generate a safer corridor and trajectory.

1) Cluttered Environment: The results are shown in Fig 11.
We require the robot to navigate through a cluttered envi-
ronment filled with irregular obstacles, starting from G; and
sequentially reaching G2-G5, and finally returning to Gj.
Since the focus of this paper is on the generation of free convex
polytope, only the front-end trajectory that guides the gener-
ation of convex polytope and the generated convex polytopes
are demonstrated. We refer the readers to the accompanying
video for the detailed navigation process. In this experiment,
as shown in Fig 11, we generate 5 dense corridors, with an
average of 91.8 convex polytopes in each corridor. For each
convex polytope, the average number of input obstacle points
was 715.3, with an average processing time of 0.131 ms. The
average time taken to generate a corridor is 12.02 ms.

2) Narrow Maze: We task the robot with traversing through
a narrow maze. The result, as depicted in Fig. 12(a), demon-
strates that FIRI, based on the yellow front-end trajectory,
generates high-quality convex polytopes, providing sufficient
spatial degrees of freedom for trajectory optimization in the
back-end. Additionally, as shown in Fig. 12(b), to intuitively
demonstrate the manageability of our experiment, we select
two particularly narrow cases within the maze environment,

A real-world application of a differential driven robot tasked with traversing a maze, utilizing FIRI to abstract the feasible region.

illustrating the results of the convex polytopes generated by
various methods [1], [2], [9] compared in Sec. VII-A. It
can be observed that only FIRI is capable of fully enclosing
the robot. A more detailed demonstration of the generation
from each seed and its corresponding convex polytope along
the entire trajectory is presented in the accompanying video.
In this experiment, we generate a dense corridor consisting
of 550 convex polytopes. For each convex polytope, the
average number of input obstacle points is 1307.1, with an
average processing time of 0.249 ms. The total time taken for
generating the entire corridor is 136.74 ms.

B. Sparse Corridor for 3-D Local Replanning

Our platform is a customized quadrotor equipped with an
NVIDIA Orin NX° as the onboard processor and a Livox
MID-360'" LiDAR for perception. For the quadrotor, due to
its small size, we model it as a point mass, similar to many
other works [2], [8]. We employ FAST-LIO2 [64] for online
state estimation and utilize occupancy grid map to filter sensor
noise, which is easy to inflate for safety margins. For trajectory
planning, the path generation and corridor generation are
the same as Sec. VII-A3. Then building upon our previous
work [3], we utilize piecewise polynomials to represent the
trajectory. Each piece of the trajectory is constrained within
the corresponding polytope to ensure safety.

As shown in Fig. 13, the experiment is conducted in a dense
forest, and the quadrotor is required to navigate through a
series of waypoints. Since the environment is unknown, we

9https://www.nvidia.com/en-us/autonomous-machines/
10https://www.livoxtech.com/mid-360
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Fig. 13. Illustration of the application of FIRI in a local trajectory planning
framework for a quadrotor to navigate through a cluttered forest. Top:
A snapshots of the quadrotor traveling through the forest. Bottom: The
visualization of quadrotor replanning for the moments corresponding to the
red boxes. The black transparent polytopes are generated by FIRI.

make the quadrotor perform high-frequency replan (20Hz)
according to the real-time perception. The maximum velocity
of the UAV during flight is up to 4.5 m/s. Each replan
involves 3-7 convex polytopes, the average generation time for
each polytope is 2.76 ms, and the average number of input
obstacle points for FIRI is 8219.6. We refer readers to the
accompanying video for more information.

IX. DISCUSSION AND CONCLUSION

Our algorithm FIRI aims to generate the largest possible
convex polytopes. However, when it comes to practical ap-
plications such as trajectory planning, we cannot guarantee
that the inflation direction of polytope is always favorable for
trajectory optimization. For example, when the robot has a
high velocity, if the inflation direction is perpendicular to the
velocity direction, it may lead to generated polytope that are
not conducive to trajectory optimization. Our future research
direction will focus on generating convex polytopes that are
application-friendly. Additionally, the number of faces of the
generated polytope significantly affects how fast the motion
planning problem can be solved. As discussed in Sec. II1.B1,
we currently employ a widely used greedy method to reduce
this number, and in the future, we will explicitly incorporate
the face number as a further criterion of the region quality,
while balancing it with the volume of the polytope.

In conclusion, we propose a novel obstacle-free convex
polytope generation algorithm called FIRI, which achieves
high quality, efficiency, and manageability simultaneously. To
achieve efficiency, we design targeted methods for the two
optimization problems involved in FIRI. Specifically, for 2-D
MVIE, we develop a linear-time complexity method, which
is proposed for the first time. We perform extensive bench-
marks against several convex polytope generation algorithms
to confirm the superior performance of FIRI. The comparisons
with general-purpose solvers demonstrate the speedup over
orders of magnitude of our targeted methods. Two typical
applications showcase the practicality of FIRI.

CGAL [65] lacks a dedicated solver for 2-D MVIE. In the
future, we will continue our research on 2-D MVIE and work
towards implementing a version of rational predicates.
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APPENDIX

We provide a proof of monotonicity and locality of the
proposed value function (44) for 2-D MVIE in Sec. VI-B1.

A. Proof of Monotonicity

Proof. G is unclosed: For the polar cone of a set, when we
add elements to the set, the angle of the cone either remains
the same or decreases. Therefore, the first part of the function
Wy (G) is monotonically increasing. Additionally, the second
part of the function is clearly monotonically increasing. Since
we combine these two parts using the lexicographical ordering
<, the function @, (G) satisfy monotonicity.

G is closed: Since the second element of the function w.(G)
is constant, we only need to prove the monotonicity of the
first part. We denot a constraint i ¢ G. The MVIE of GU{h}
certainly satisfies the original constraints of G, thus its area
must be less than or equal to the area of the MVIE of G.

As stated in Sec. VI-BI, the first element of w, is always
greater than 0, and the first element of w,, is always less than
or equal to 0, thus we have w, > w,. O]

B. Proof of Locality

Proof. For finite sets G and F and a constraint h such that
G CF,h¢F. When —oo < w(G) = w(F), these two sets
must either both be closed or both be unclosed.

G is unclosed: Based on the above condition, the polar
cones of the new sets formed by the unit normal vectors of
the respective elements of G and F are the same. Thus the
new element h makes any change in this cone or even its
corresponding normal vector falling in this cone leads to a
closed polytope, which is the same for both G and F.

G is closed: Due to the uniqueness of MVIE, if G C F
and w(G) = w(F), then their MVIE corresponds to the same
ellipse. Thus if A is violated by F, it will be violated by G.

O
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