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Real-Time Linear MPC for Quadrotors on SE(3): An Analytical
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Abstract—This letter presents an analytical linear parameter-
varying (LPV) representation of quadrotor dynamics utilizing
Koopman theory, facilitating computationally efficient linear
model predictive control (LMPC) for real-time trajectory track-
ing. By leveraging carefully designed Koopman observables, the
proposed approach enables a compact lifted-space evolution that
mitigates the curse of dimensionality while preserving the non-
linear characteristics of the system. Although model predictive
control (MPC) is a powerful strategy for quadrotor control, it
faces a trade-off between the high computational cost of nonlinear
MPC (NMPC) and the reduced accuracy of LMPC. To address
this gap, we introduce KQ-LMPC (Koopman Quasilinear LPV
MPC), which leverages the Koopman-lifted LPV formulation to
enforce constraints, ensure lower computational burden and real-
time feasibility, and deliver tracking performance comparable
to NMPC. Experimental validation confirms the effectiveness of
the framework in reasonably agile flight. To the best of our
knowledge, this is the first experimentally validated LMPC for
quadrotors that employs analytically derived Koopman observ-
ables without requiring training data.

Index Terms—Quadrotor, model predictive control, Koopman

I. INTRODUCTION

UADROTORS, recognized as a type of mobile robot and
unmanned aerial vehicle (UAV), are increasingly used
in 1ndustry due to their streamlined design and the ability
to execute complex maneuvers [1]. Quadrotor control has
received significant attention in research due to the complex
nonlinear dynamics of the vehicle and the inherently under-
actuated nature [2]. Desirable features for quadrotor control
include: (i) accurate trajectory tracking with future reference
anticipation, (ii) handling system constraints, (iii) robustness
to disturbances and unmodeled dynamics, and (iv) real-time
feasibility given their fast dynamics [3]. However, it remains
challenging to find all these features in a single method [4].
In this context, Model Predictive Control (MPC) has
emerged as a promising approach for quadrotor control [5],
with NMPC effectively addressing nonlinear dynamics and
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enabling agile flight maneuvers [6], [7]. Comparative studies
show that NMPC achieves superior tracking accuracy com-
pared to differential flatness-based methods, but at a sub-
stantially higher computational cost [8]. This computational
burden arises from solving a non-convex nonlinear program
(NLP) at each step [9], making real-time feasibility especially
challenging on embedded platforms with limited resources
and for safety-critical applications requiring high-frequency
control updates. While cascaded control architectures have
been proposed to mitigate this challenge [4], [10], they com-
plicate constraint handling and can degrade agile performance
due to task separation [7]. Another strategy is single-iteration
Sequential Quadratic Programming (SQP), which reduces
computation but may yield approximate solutions that can
violate state or input constraints, posing risks in safety-critical
scenarios [11]. Despite NMPC’s demonstrated advantages, en-
suring reliable real-time implementation remains insufficiently
addressed in the literature.

On the other hand, LMPC replaces the non-convex NLP
with a tractable quadratic program (QP), ensuring predictable
solving times and guaranteed convergence to the global opti-
mum within the convex formulation [12]. This makes LMPC
computationally efficient and well-suited for real-time deploy-
ment. However, this efficiency comes at the cost of reduced
accuracy and potential instability due to its dependence on
linearized dynamics [13]. Local linearization techniques [14],
[15] perform adequately near hover but deteriorate with larger
deviations. To address this, LMPC schemes combining differ-
ential flatness-based feedback and feedforward linearization
in cascaded structures have been proposed [3], [16], [17].
However, these methods typically require smooth reference
trajectories and struggle with explicit constraint handling.
Control barrier function-based quadratic programs (CBF-QPs)
[18] improve constraint enforcement and enable smooth refer-
ence generation, but their reliance on Euler angles introduces
gimbal lock, limiting suitability for agile maneuvers [19].

Thus, designing MPC schemes for quadrotor control inher-
ently involves a trade-off between the high computational cost
and real-time reliability risks associated with the superior ac-
curacy of NMPC, and the reduced accuracy of LMPC chosen
for the sake of real-time computational reliability. Bridging
this gap by developing a controller that achieves tracking
performance reasonably comparable to NMPC while main-
taining the computational efficiency and reliability of LMPC
remains a central challenge in advancing high-performance,
safety-critical agile flight. Koopman operator theory offers a
promising path forward by providing (almost) globally linear
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representations of nonlinear dynamics in a lifted space of
observables [20], enabling efficient LMPC implementation for
quadrotor control.

Koopman operator theory provides a linear representation
of nonlinear dynamics in terms of the evolution of a set
of functions, termed observables, in a Banach space [21].
In practice, one must specify a dictionary of observables
whose span defines (or approximates) a Koopman-invariant
subspace, referred to as the lifted space. However, identify-
ing the relevant observables that define a Koopman-invariant
subspace is not always straightforward [22]. State-of-the-art
Koopman-based approaches for quadrotor control are typically
based on data-driven methods [23], [24]. These methods often
demand large training datasets, leading to time-consuming
and expensive data collection processes. Moreover, learned
Koopman models often lack scalability beyond their training
trajectories and fail to generalize across platforms, limiting
their use for general-purpose modeling [25].

To address the shortcomings of data-driven Koopman-based
approaches, [26] proposed a data-free Koopman-linear re-
alization on SO(3), which was later extended to quadrotor
dynamics on SE(3) in [27] with a linear time-invariant (LTI)
quadrotor model with a very high dimensional virtual control
input. However, [27] neither investigates controller synthesis
within this Koopman-linearized framework nor considers the
curse of dimensionality that may arise in an LMPC scheme
with such a high dimensional virtual control input. Moreover,
applying the control requires solving an online least-squares
problem, which challenges real-time computational reliability.
Translating constraints from the virtual input to the actual input
is also nontrivial and remains unaddressed.

Motivated by this gap, this letter introduces an alterna-
tive analytical (data-free) Koopman linear representation of
quadrotor dynamics. The proposed formulation preserves the
original dimension of the control vector in the lifted space,
offering a more compact and tractable representation than [27].
Furthermore, we demonstrate a controller synthesis procedure
using this Koopman formulation, an aspect not explored in
[27], and present the resulting LMPC framework, termed KQ-
LMPC, which aims to narrow the performance-complexity
trade-off in quadrotor MPC design. The key contributions of
this letter are: (1) an analytical Koopman-linear representation
of quadrotor dynamics that enables a compact lifted-space
evolution, preserving the control input dimension of the full
nonlinear model; (2) a formal proof of controllability for the
derived model, validating its use for control; (3) an LMPC
scheme which leverages the Koopman-linear model to formu-
late a convex Quadratic Program (QP) that explicitly enforces
both input and state constraints with robustness guarantee; and
(4) numerical and experimental validations of the proposed
KQ-LMPC scheme demonstrating its real-world feasibility,
superior computational efficiency, and tracking performance
reasonably comparable to NMPC. To the best of our knowl-
edge, this is the first data-free Koopman LMPC scheme to
achieve experimental validation.

II. TERMINOLOGY

Let Z* denote the set of all positive integers. An inertial
frame is defined as Iref = {7, €3, e_g,’} where €7 = [1,0,0]T,
e =[0,1,0]7, and &3 —_[)O 0,1]7, and a body-fixed frame
is defined as Bf = {bl, ba, bg} as depicted in Figure 1(a).
The acceleration due to gravity is denoted by g and we
define g = ge3 = [0,0,9] . Let I,, denote the m x m
identity matrix, 0,, denote the m x m zero matrix, 1,, denote
the n-dimensional column vector of ones, and 0,, «,, denote
the m x n zero matrix. We let ® denote the Kronecker
product. The vectorization operation vec(-) : R™*" — R™"
stacks the columns of a matrix B into a vector B, while
vec () : R™M" — R™*" recovers B from B. Let |a| denote
the 2-norm of a vector a, and let |A| denote the induced
2-norm of a matrix A. For p € R3, the skew-symmetric
matrix p* satisfies p x q = p*q for all q € R?, and the
vee operator (-)¥ recovers p from p*, ie., (p*)Y = p.
We define blkdiag(A1, Az, ..., A,) as the block diagonal
matrix consisting of the matrices Ay,...,A,. For a vector
e € R", we define the quadratic form as [e[?, = e’ Qe,
with @ € R™*"™ a positive (semi-) definite matrix. The special
orthogonal group SO(3) is defined as SO(3) := {A € R3*3 |
ATA =13, AAT =13, det(A) = 1}. Let s € R? and v e R3
denote the position and linear velocity of the quadrotor’s center
of mass in Z.y, respectively, and define R € SO(3) as the
rotation matrix from Bies to Zs. Additionally, let m denote
the mass, J € R3*3 the inertia matrix in Biep, w € R3 the
angular velocity in %ref, 7 € R? the total moment in By,
f the total thrust along bs, u € R4 the control input vector
defined as u = [f, 77]7, the state vector x € R'® defined
asx = [sT,vI,R",w']", and Q a skew symmetric matrix
defined as Q = w*.

III. PRELIMINARIES

A. Quadrotor Dynamics

The governing equations of motion of a quadrotor, with the
reference frames as depicted in Figure 1(a), can be described
as follows [28]:

$=v,v=-8+LiRe, R=RQ, Jo=-QJw+T. (1)
As shown in (1), the quadrotor is an underactuated system,
with f and 7 as the control inputs. The set of all possible
configurations of a quadrotor is described by the special Eu-
clidean group SE(3), which comprises the special orthogonal
group SO(3) and the position vector s. The dynamics in (1)
can be represented in a more compact form as

s§=v, v=—8+ (f/mRe, R=RQ, w=J7, ()

where J = J=! and ¥ = —QJ& + 7. To facilitate a control-
affine representation, we introduce a modified control input
U =% (x,u) = [f, #']7, such that the original input can be
recovered via % ~1(x, 1) = u. With these definitions, we can
write the control-affine form of (2) as

X = F(Xa 11) = f(X) + Z?:lgi(x)aiv_r (3)

with f(x) = [vI, —g', (RQ)T, 053] . g(x) =
T

01x3 (1/m)(Re3)" 01y 01x3] . )

2 , and g; is the i-

[03x3 033 O3x9 J 8i(x) !

th column of g(x) which corresponds to the i-th element ;
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of u. Further details on the dynamics of the quadrotor model
can be found in [28].
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Fig. 1: (a) Quadrotor’s coordinate frames, (b) The quadrotor
used in the experiment.

B. Koopman Operator Theory

The Koopman operator provides a functional framework for
analyzing dynamical systems through observable functions on
a Banach space [21]. Consider a control-affine system
x(t) = F(x,u) = f(x) + 21, 8i(X)us, C))

with state x € M < R", control u € Y < R™, drift
f : M — M, and input vector fields g; : M — M.
Let ®,(t,x0) denote the flow of (4) with initial condition
Xo. A measurable function ¢ : M — R is an observable,
and F denotes a Banach space of continuously differentiable
real-valued observables. The continuous-time Koopman (semi-
)group KY : F — F acts as

Kip(x0) = @ o ®u(t, x0),
where o denotes composition. Let ¢(t) =
&(t) is the solution to 0p/dt = F - V¢ := Lgp, with $(0) =
©(x0). Here V is the gradient, - the inner product in R",
and Lp the infinitesimal generator of K, defined as Lpp =
limy o [(Kfy — ¢)/t]. Thus, the observable evolves as

$ = Lep + 37, Lg, pui, (6)
where Lg, Lg, are the Koopman generators for f and g;.
Consider F to be the span of a countable collection of
real-valued observables {p1(:),p2(:),...} with ¢(x) =
[p1(X), p2(x),...]T. We define the lifted state z = (x) €
Z < RY®, where XN is the cardinality. Let there exist a nonlinear
reconstruction map ¢! : Z — M satisfying ¢~ 1(z) = 2.
The map ! is a minimal representation which uses only the
essential components of z to reconstruct x. Assume that F is
invariant under Lg¢, i.e., L¢JF < F. Under this assumption, the
lifted dynamics admit a quasi-linear representation [29]:

z = (0p(z)/0x)F(x,u) = Az + B(z)u,

where Az= L¢p(x) and B(z)u = Z;’;ngicp(xﬂr: 1)
In practice, z is truncated to z = [p1(X),...,pa(x)] with
N > n, defined as N := {N = X | X < o0}, ideally ensuring
vanishing residuals. However, constructing an invariant set of
observables is nontrivial, as no universal procedure exists.

4)
Kt o(x0). Then

)

Uj.

IV. ANALYTICAL KOOPMAN EMBEDDING FOR
QUADROTOR DYNAMICS

We present a systematic approach for constructing the Koop-
man invariant lifted space F for quadrotor dynamics (1) based
on a proposed set of observables. The quadrotor dynamics (1)
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or (2) can be categorized into three distinct interdependent
components: (i) attitude dynamics, governing the evolution
of R and w; (ii) position dynamics, describing the evolution
of s; and (iii) linear velocity dynamics, which includes the
effects of gravitational acceleration and total thrust on v.
To systematically capture these dynamics in the lifted space
F, we propose a collection of observables that encode these
components. Specifically, we define four sets of observations:
Pk, associated with position; yy, associated with linear ve-
locity; hy, associated with gravitational acceleration; and z;,
associated with attitude dynamics. For k, j € Z", we propose
the following observables

px) = ()RS, w0 = (@) RV,
hy,(x) = —(27)* 'R'g, z,(x) = vec(RQ~ 1),
with the recurrence relations for k, 7 > 1 glven by
Pr+1(x) :QTPk(X)v Yi+1(X) = Q' Yk (%), )
hy(x) = QThk(x)7 gj+1(x) = vec (zj(x)ﬂ).
Remark 1. From (8), it is worth noting that z; = R or z; =
vec(R), s = z1p1, Vv = z1y1, hy = —z{ g, Q = z] 2z, and

w = (2{22)"

Assumption 1. The control input u is constrained to the set
U = {ue R | Upim < U < Upay), with inequalities
interpreted component-wise. Consequently, the system state
evolves within a compact set X := {x € R® | w;, < w <
Wby Sip <8 < Sypy, Vip < V< vy, ReSO(3)}, where the
inequalities are considered point-wise. Let these inequalities
imply that |w| < wWmaxs [S| < Smax> and |v| < vpayx, for
finite constants syax, Umax, Wmax € R0, With wipaye < 1/4/2.
These limits ensure that the quadrotor operates within feasible
physical and stability limits.

A. Invariant Observables and Lifted Quasilinear Realization

We define a countably infinite collection of observables pro-
posed in (8) as
a0
= {{pe o i (e Yoy {2 o )y (10)

Whefe Pr = [pklapkzvpkg] c Yk = Yk Yk Uks] s Dy =
[Pk, Py, hies] T, and z;=[zj, zj,] " (representing individ-
ual scalar components extracted from the vector form in (8)).
These observables belong to the function space F, referred to
as the lifted space associated with quadrotor dynamics.

Remark 2. Under Assumption 1, F = span{p(-)}, i.e., the
closure of the finite linear combinations of the components of
¢ is a Hilbert space with respect to L? norm, and hence it is
also a Banach space.

Theorem 1. The lifted space F := span{p(-)}, with ¢ as
defined in (10), is Koopman-invariant, i.e., invariant under L¢
for the dynamics (3) of the quadrotor.

Proof. Based on (2), (8), and (9), consider the individual
evolution of the constituent observables of ¢ for k,j5 = 1,
expressed as follows:

P1=p2+yi, yi=y2+hi+f&/m, hi=hy, 2,=2,. (11)
Furthermore, for k, j > 1, we have

Pk =Pri1+YE+ X Bp1, hy = hyyy +31Fhy,

Ve = yir1 +he + (1)L + 2Py, (12)

z; =2, + vec(R xi-

; %(Q)H(JT) ()77,
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-
where P = (Q7)1(JF)" Q)1 Letp: X - Z
R™ be a nonlinear mapping defined as ¢ (x) = X, with Z :=
p(X) = {X e RY| x e X}, where the lifted state X is

X=[p{---pyryl ---yihi. . .hyz{ ... zy]", (13)
with the cardinality & = 9M + 9N. Here, M, N — oo for
k=1{1,2,...,M} and j € {1,2,..., N}. Further, from (8),
the reconstruction map ¢! : Z — X, defined as 1 (X) =
X, can be explicitly expressed as .

0 (X) = [@p1) (o) el (o7 22) " ] (14)

The map ¢! depends only on the minimal set of components
in X required to uniquely reconstruct x. Under the change of
co-ordinates ¢, it follows from (2), (3), (11), and (12), that

X = AX + B(X)u, (15)
where A € R®*® and B e R¥*4, defined as
A =blkdiag (A, A,), B=[B] B] ... Bl n].
A, =[A1,031; O3p, A2 O3prxenr, As),
A=Ay =[A, Ao,
A, = [0g(n—1)x9, Io(n-1); O9x9,00x9(n-1)];
A1 = [03(ar-1)x3> Is(ar—1); 03, Osxs—n)l,
Az = [I3(ar-1), O3(mr—1)x3; O3x3(ar—1), 03],
Az = [030a/—1)x3, Is(mr—1); 03, Osx3(ar—1)l;
054, if e=1, (16)
[03x1, ¢ (p1)], if 2<e<M,
[€3/m, 03], if e=M+1
[¢E—M=1 @ =M(y)], if M+2<t<2M,
B: =
034, if e=20M 41,
[03x1, *72M ()], if 2M +2<t<3M,
004, if e=30M +1,
[00x1, (I13®z21)G —3M], if e>3M+1.
with €€ {1,2,...,4M}, and
TH() =itz z1)  ((2g )0 ",
gy = vec (212} (2] 22)"” 1J§(Z1TZ2)E_1_i)’ (17)

G'=[g! g & ¢'=@)%,
where q € {1,2,3} and j, represents g-th column of J. Under
the action of the Koopman generator, the dynamics of the

quadrotor in the lifted-space becomes
X = 22 (£(x) + st gi(x)),

~ (18)
= Lf‘P(X) + ZleLgﬂP(X)’x:LPfl(x)Uz
It follows apparently from (3), (15), and (14) that
AX = Lf‘p(X)? B(X)ﬁ = Z?:ngi‘p(m” *1(X) . (19)

Therefore, the countably infinite supercollection ¢, 1ntr0duced
in (10), spans the Koopman-invariant lifted space F associated
with the quadrotor dynamics, and (15) is the associated
quasilinear form of quadrotor dynamics under the action of
the Koopman generator. [

B. Finite-Dimensional Representation and Controllability

The Koopman operator provides a globally linear representa-
tion in an infinite-dimensional Banach space of observables, as
defined for quadrotor dynamics in (15). However, practical im-
plementation necessitates a finite-dimensional approximation
to ensure tractability. Consequently, (15) must be truncated

to M, N < oo to obtain a finite-dimensional representation.
It is important to ensure that the discarded terms remain
negligibly small. In particular, if the observables and their time
derivatives vanish asymptotically (pointwise) as M, N — oo,
the resulting finite-dimensional approximation is valid [27].

Theorem 2. Under Assumption 1, the sequences of observ-
ables py,yx, hy,z; exhibit a pointwise contraction in & and
Jj» and decay exponentially to zero as k, j — co. Furthermore,
the derivatives Py, Yk, hx, z; also converge pointwise and
exponentially to zero as k,j — co.

Proof. By the submultiplicative property of both the 2-norm
and the Frobenius norm, the recurrence relation (9) yields

|pk+1| < wmax|pk| |yk+1| < wmax|y1c|

[hi i1 < Wmax|hgl, |zj+1| \fwmaX|Z |-
Since wWpax < 1/\f , the sequences of observables satisfy
a pointwise contraction property with respect to k and j.
Moreover, (8) gives

(20)

‘pk| < wr];;xsmam ‘Yk‘ < wr]?n;}c”maxa
j—1 21

|hy| < w <V3 (\/§ wmax) )

justifying exponential decay of the norm with increasing k
and j, as wmax < 1/V2, ie., limy o [Pr| = limpo |yi| =
limy,o [hg| = lim;o |z;| = 0. Since the sequences of
observables are finite dimensional, norm convergence implies
componentwise convergence. Therefore,

hm Pr = hm h, = hm Pr= hmz =0.

Jj—00

x|zl <

(22)

Since the control actlon is boundgd, assume |7| < ¢z < o,
|f| < ¢y < 00, (646_3)/771) = ¢s, ”J” = cg, and c3cg = y1. It
follows from (12) that

[Bk] <IPret] + [yrl + (k= 1) Smax y1 Wit

|yk‘ <|yl€+1| + |hk| + C5wr§;:3 + (k - 1) Umax V1 wlﬁ;)?’

| <[hg| + (k= 1) g71 wk2

max ?
. . Jj—1
|2;| <|zjq1] + (= DV3V2T ywll

Therefore, Using the results from (22), the norms of the
derivatives (23) decay exponentially to zero, as wmax <
1/\/5, i.e., limkﬁoc |pk| = limkﬁoc |yk| = llmkﬁoo |hk| =
lim; o [2;| = 0. Here, the norm convergence implies point-
wise convergence and gives

(23)

lim pg = hm Vi = hm hk = lim z = 0. 24)
k—o0 Jj—0
This completes the proof O

Remark 3. Relaxing w., < 1 /\/5 condition: Consider a
scaling factor 10 > /2 - Wyax fOr Wmax = max(|w]|), and

the scaled angular velocity defined as & = w/w, with the
corresponding skew-symmetric matrix €2 = @*. Under this
scaling of w, (2) becomes .

s$=v, v=—g+(f/mRe3, R =wRQ, & =J# (25)
where 7 = —wQJ& + 7/ro. With the new state vector x =
[ST,VI,ET,GJT]T, we redefine (8) and (9) by replacing €2
with Q. Therefore, we can add to Assumption 1 that |©] <
w, where w < 1/\/§ holds for any finite wp,,x. With these
modiﬁcegions, it follows that Theorem 1 holds with system
matrix A = wA. By the same reasoning, Theorem 2 is also
valid. As the arguments mirror those in the original setting,
the proofs are omitted for brevity.
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Remark 4. By Theorem 2, the infinite-dimensional lifted
dynamics in (15) admit a finite-dimensional truncation with
N=N|MN<OO,XEZC RN, A e RV*N B e RV*4 and
N > 18. While maintaining notational consistency, the trun-
cation yields a finite-dimensional quasilinear representation of
the quadrotor dynamics given as

X = AX + B(X)1, (26)
where X and (A, B) inherit their definitions from (13) and
(16), respectively. Furthermore, ¢~ ! : Z — X inherits its
definition from (14), and Z := p(X) = {X e RV | xe€ X}.
Proposition 1. The quasilinear form of quadrotor dynamics
in lifted space (26), which is an approximation of (15), can be
equivalently interpreted as a linear time-invariant (LTI) system
with a lifted state-dependent control input.
Proof. Let B € RW=11%4 denote the reduced matrix ob-
tained by removing all zero rows from B. From (16), it follows

that _
— T T BT T T T
B = [Bz s Bags Bagyrses BaaryBoargas oo Ban

27
_ B;}VI{»Z""’ B31\/I+Ni|-7r ( )
where Bpry1 = [1/m, 0143]. Define the lifted state-
dependent control U € RV=17 a5
U = B, such that B = BB, and Bi = BU,  (28)
where Be RN XV =17) is a matrix of constant entries given as
B= blkdiag (Bl, By, B3, 84), with

-
By, Bs = [05(a—1)x3: Lsnu—1)]

(29)
By = [€3, Osx3m-1); Os(ar—1)x1> Isar—1)l;
By = L09(N71)x9, I9(1\771)]T
Substituting BU into (26) yields the LTI system
X = AX + BU. (30)
Thus, the quasilinear form (26) is equivalent to an LTI
representation. O

A necessary and sufficient condition for the controllability
of a linear system defined by the pair (A, B) is that the
augmented matrix [A — Al B] has full row rank at every
eigenvalue A of A (cf. [30], Th. 6.1). By construction, the
system matrix A in (30) and (26) has a repeated eigenvalue
at A = 0. We summarize the controllability of the lifted LTI
and quasilinear model in Proposition 2.

Proposition 2. The lifted LTI system (30) is controllable.
Moreover, the controllability of (30) ensures that the quasi-
linear system (26) is controllable.

Proof. The augmented matrix [A B] achieves full row rank
through the synergistic structure of A and B: The block-
diagonal matrix A = blkdiag(A,, A,) in (16) propagates
states via identity sub-blocks (A, As, A3, A,) but intro-
duces zero rows in its lower block rows, while B =
blkdiag(B1, Bs, Bs, B4) injects complementary non-zero en-
tries. Specifically, By, Bs, B3 populate the first, second, and
third block rows of A, and By fills the zero rows of A, via
identity sub-blocks. These identity terms act as pivots, elim-
inating rank deficiencies in A, ensuring linear independence
of all rows in [A B]. This ensures the controllability of (30).

The lifted input U = B is lossless and bijective because
B retains full column rank. This is ensured by two properties:

(i) the first column of B contains a single non-zero entry

1/m from B/ 1, isolating the thrust input dynamics, and (ii)
the block Bspri2 = (I3 ® zl)G2 preserves full rank. Here,
G2 = [vec(j;') vec(j5) vec(j3 )] inherits full column rank
from the full-rank structure of J = [J1 2 Jjs]. while the
Kronecker product Is ® z; (with z; = R) maintains rank due
to R’s invertibility. Collectively, these properties guarantee B
has linearly independent columns across all operating condi-
tions, ensuring U spans the input space without redundancy
or loss of control authority. Therefore, the controllability of
(30) implies the controllability of (26). O

V. CONTROLLER SYNTHESIS

Model Predictive Control (MPC) employs a nominal plant
model and, at each sampling instant, solves a finite-horizon
optimal control problem (OCP) over a prediction horizon T’y
discretized into Ny intervals. For the quadrotor system under
study, adopting the quasilinear dynamics (26) as the nominal
model reduces the number of decision variables compared
to the LTI formulation based on (30). However, the quasi-
linear structure of (26) prevents the resulting MPC problem
from being cast as a quadratic program (QP), while the
LTI dynamics of (30) readily admits such a formulation. In
contrast, explicitly enforcing constraints on the lifted control
vector U in (30) remains challenging. To reconcile these
issues, we propose a QP-solvable LMPC scheme that employs
(26) as the nominal model while imposing constraints on the
control input and the states.

A. Proposed KQ-LMPC Scheme

Let x(¢) denote the state of the quadrotor at time ¢, with the
control input. The reference trajectory and control input are
x,(t) and u,(t), respectively. The nominal state trajectory
predicted using (26) over the MPC horizon at time ¢ is
denoted by X(I | t) for [ € [t, t + Ty, where the horizon
is discretized with time step 6 = Ty/Ngy and integrated
using a 4th-order Runge—Kutta scheme. With a reference
trajectory x,.(t), the tracking error is é(t) = X(t) — X,.(¢),
where X..(t) = o(x,(t)), and é(l[t) = X(I[t) — X, (I]t) for
l € [t,t+Tg]. Given control sampling interval dt, the optimal
control problem (OCP) is formulated as:

PV, (é(t) = 1£I(11i|[tl)j(é(l|t)’u(l|t))

t: X(tt)=p(x(t)), 0(lft) =% (¢ " (X*,),u(l|t)), (31b)
X(I]t) = AX(I]t) + B(X*,)u(l)t), (3lc)
u(llty e, ¢ (X(I]t)) € X, (31d)

with the objective function defined as

7(e(11t), u(n) =£ (le(rInl1Z + llatrlo]Z)dr, (32)

where X* | :=X*(I|t—dt) denotes the nominal state trajectory
(hereafter referred to as previously predicted optimal trajectory
or PPOT) predicted at the previous sampling instant ¢ — dt
using the optimal control sequence u*(l|t — dt) obtained by
solving the OCP (31), input error 4(l|t) = u(l|t) — u,-(|t),
Q > 0 is the weight matrix for the tracking error, and R > 0
is the weight matrix for the input error. Using PPOT X*,
we reformulate the nominal system model (26) as a linear
parameter-varying (LPV) system (31c), thereby enabling QP

(31a)
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solvability. The proposed LMPC scheme, termed KQ-LMPC,
is summarized in Algorithm 1.

Constraints in KQ-LMPC Scheme: The input constraint u e
U is imposed as the inequality Lu < b, where L =
[-I; I;]" and b = [—u}, u/,]". To ensure that con-
straints in the lifted space translate correctly to the orig-
inal state space, we require @ '(X(I|t)) € X, where
@~ ! is nonlinear and z;(/|t) € SO(3) with initialization
z1(1{0) € SO(3). In practice, the state constraints in the lifted
space are imposed as LX(I/|t) < b(l|t), where X(I|t) =
[Pl (Ult), ¥ (), 2 (U], and L = [T, ], with
b(llt) = [_psz,b’ _lez,b’ _ZQsz’ P, y1Tub7 Z;ru,h]—r' Here,
the bounds are specified from (8) using z¥ (I|t — dt) obtained
from the PPOT, together with s, Vi, Wip, Sub, Vup, and
wqyp- These constraints, together with the LPV dynamics (31c),
ensure that the resulting OCP P remains a QP.

Baseline Nonlinear MPC (NMPC): For comparison purposes,
we consider an NMPC formulation similar to [8] that employs
the full nonlinear quadrotor model (3) while retaining the same
horizon parameters and control sampling used in KQ-LMPC.
The nominal state trajectory predicted at time ¢ is denoted by
x(l|t) for l € [¢, t + T ], and is computed using the nominal
model (3) with 4th-order Runge—Kutta integration. We define
the tracking error as é(t) =x(t) — x,(t), and é(l|t) =x(l|t) —
x,(1|t) for I € [t,t + Ty ]. Therefore, the OCP for the NMPC
scheme is as follows:

PV, (6(t)) = in(lil?)j(é(l\t),u(l\t)) (33a)

s. t.: X(t]t) = x(¥), (33b)
x(1|t) = F(x(U]t), u(l]t)) (33¢)
u(llt)elU, x(l|t) e X, (33d)

where the objective function J(-) follows the same form as
in (32), except that the state-weight matrix Q is dimensioned
to match the nonlinear state vector X.

Algorithm 1 KQ-LMPC Algorithm

I: Input: @, R, ty, 6, dt,Umin, Wmaz, Sib, Vib, Wik, Subs Vub, Wub

2:t«—0
3: while 0 <t <ty do
4:  Measure x(t)
if £ == 0 then
X* X (I)t)
end if B
Solve P (31) for u*(I|t), obtain X*(I[t)
9:  Apply u(r) < u*(r|t), 7€ [t,t + )
10 t<—t4+dt
11:  Store X*; < X*(i|t)
12: end while

B. Closed-loop Stability and Robustness of KQ-LMPC

Let € € R'® be a bounded disturbance in (3), inducing 7 €
RV in (26) as i, = (dg/dx)e. Taking into account also the
truncation error 14, we have n=n, + n, with |n| <np.
Lemma 1. Under Assumption 1 and the Lipschitz continuity
of the lifted dynamics, the mismatch e(l[t) = X(I|t) —
X*(1|t—dt) satisfies |e(I[t)| < &, = ye(dt), for l € [t,t+Tx],
where 7. (-) is class K.

Lemma 2. The prediction error e,(t) = X(t) —X(t) over a

finite horizon admits an ultimate bound given by |e,(t)| <=
'Yepl(dt) + Yep2 (nb)a where ’76171(') and 76172(.) are class K.
Theorem 3. Under Assumption 1 and the Lipschitz continuity
of the lifted dynamics, the KQ-LMPC scheme in closed
loop 1is input-to-state practically stable (ISPS) with respect
to disturbance 7, with X converging to a bounded set of size
determined by 7, and dt.

Remark 5. Due to space limitations, detailed proofs of
Lemma 1, Lemma 2, and Theorem 3 have been omitted. They
are provided in the extended online version of this paper [31].

VI. NUMERICAL AND EXPERIMENTAL RESULTS

This section presents numerical simulations and experimental
validations for the proposed Koopman linearization procedure
and KQ-LMPC scheme. A comparative analysis with the
baseline NMPC scheme is also provided to demonstrate the
effectiveness of our approach. The custom-built quadrotor con-
sidered in this study (Figure 1(b)) integrates an NVIDIA Jetson
NX onboard computer, a Cube Orange Plus flight controller
running PX4 firmware, and a Vicon Vantage motion capture
system for state estimation. The quadrotor parameters are: m =
0.904 kg and J =diag([0.00235, 0.00263, 0.00319]) kg - m.
The reference state trajectory is denoted by x,(t) € X.
Here, input and rotational references are constructed geo-
metrically as in [28]. Based on translational references, with
t € [0,t7], we consider four tasks for comparison of the
proposed KQ-LMPC and baseline NMPC methods: (1) Task
1 (Follow a Vertical Line and Hover): s,(t) is a fifth-
order polynomial satisfying s,(0) = Soc, Sr(tf) = Soc +
2e3, and v,(ty) = Osx1 ; (2) Task 2 (Vertical Helix):
sy(t) = [cos(0.4t), sin(0.4t), 2o + t/80]"; (3) Task 3
(Lemniscate): s, (t) = [sin(0.8t), sin(0.8¢) cos(0.8t), 20]";
and (4) Task 4 (Knot): s.(t) = [0.8 + 0.6cos(1.2t) -
cos(0.8t), 0.8+ 0.6 cos(1.2t)-sin(0.8t), 2o +0.6sin(1.2¢)]".
Here, soc = [70,%0,20] ' in Zr marks the transition point
where the onboard low-level controller relinquishes control
and the MPC schemes take command. The tasks are designed
to span a range of dynamic performance: Tasks 1 and 2 rep-
resent low to moderate agility, while Tasks 3 and 4 introduce
reasonably agile maneuvering demands.

For the KQ-LMPC scheme, we set N' = 45 (M =
3, N = 2) and the state weighting matrix as Q =
blkdiag(103I3, 50013, 03, 500Is, 03, 600Iy, 200Iy). For
the NMPC scheme, we use a uniform state weighting of Q =
10%I,5. For both schemes, we set R = diag(1073, 107%13),
with a control update interval dt = 0.01 s and an MPC
discretization step of 6 = 0.2 s. The input bounds derived
from the quadrotor parameters are u,; = [30.56, 7'ub]T and
u;, =[0, —7]", where 7., =[0.7641] , 0.0378]. The state
bounds are given as S,p =219, S;p =—Syp, Vup =512, Vi =
—Vub, Wyp=0.7Tlo, wip=—wyp. All quadratic sub-problems
in the proposed KQ-LMPC controller are solved with the
high-performance interior-point solver HPIPM, whereas the
nonlinear sub-problems of the baseline NMPC are handled by
the SOP method from the acados toolchain through its Python
interface. The tracking performance of the KQ-LMPC and
NMPC schemes is compared over a time sequence {tx}},
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where t € [0,t¢] with a uniform plant sampling interval At =
5 ms. The performance metric is the root mean squared error
of tacking defined as & = /(1/M)x, [s(tx) — s, (tx)]?.

A. Approximation Error in Lifted Formulation

The accuracy of the lifted quasilinear representation (26), with
trajectories denoted by (-) 4, is evaluated by comparing against
the exact non-linear model (2), with trajectories indicated by
(-)ni- The relative approximation error is defined as e,(t) =
|¢ql(t) - ¢nl(t)|/|¢nl(t)|7 where ¢ € {Sv V}' The artitude
approximation error is given by ey =1 (I3 — Rqu () Ru(t)).
Simulations start from s(0) = 03, v(0) = 0.1[1,1,1]T,
R(0) = I3, w(0) = 0.05[1,1,1] 7, with control input () =
k(t) sin(0.1¢), where K(t) € R* is drawn uniformly at random
from [—0.005,0.005]. We observe that as the dimension of
the lifted space increases, the approximation error decreases.
However, irrespective of the dimension, the error accumu-
lates over time due to the integration of truncated terms. At
t = 5s, the approximation errors for ' = 45,54, and 72 are
{es=0.073, ey =0.058, e, =0.002}, {es=2.1-107", e, =
107°, ey, =6.8-107%}, and {es =107°, e, =107C, ¢, =
6.7 - 1074}, respectively. Compared to [27] with N = 61,
the proposed quasilinear formulation with AN = 54 reduces
position and velocity errors by approximately three orders of
magnitude, with only a minor (< one order) increase in attitude
error. Given that the MPC horizon Ty is less than 5 s, we
adopt =45 for the nominal model in the MPC formulation.

B. Numerical Simulation Results

Using numerical simulations, we benchmark the proposed
KQ-LMPC against the baseline NMPC, evaluating both com-
putational load and tracking accuracy across various tasks
and prediction horizons. For each task-horizon combination,
two 10,s closed-loop simulations of the plant model (1)
(with A/(0, 10_3) process noise) were conducted. The solver
runtime was recorded at each control interval. The mean com-
putation time () provides a measure of average algorithmic
efficiency, while the worst-case computation time (t,,) is the
critical metric for guaranteeing real-time feasibility. As shown
in Table I, KQ-LMPC consistently achieved lower p; than
NMPC across all cases. For instance, at Ty = 2.0 s,
for KQ-LMPC was 0.78-0.87 ms, compared to 1.69-3.23 ms
for NMPC. Moreover, p; for KQ-LMPC was nearly insensi-
tive across tasks due to its convex QP formulation, whereas
NMPC’s non-convex optimization produced higher and more
variable runtimes. Notably, u; for KQ-LMPC remained nearly
insensitive to task agility owing to its convex QP formulation,
while NMPC’s non-convex optimization led to higher and
more variable computation times. Importantly, ¢,, for KQ-
LMPC consistently remained below 50% of the control sam-
pling time dt, ensuring real-time feasibility, whereas NMPC
in several cases exceeded dt or reached more than 50% of
dt. In terms of tracking accuracy, KQ-LMPC matched or
slightly outperformed NMPC for the less agile tasks 1-2,
as seen in RMSE values (). For the more agile tasks
3-4, NMPC held a modest advantage with & < 12 cm,
while KQ-LMPC maintained respectable performance with
Es < 18 cm. Overall, KQ-LMPC offers a favorable balance

of computational efficiency and tracking accuracy, delivering
consistent runtime behavior suited for embedded platforms
while maintaining competitive control performance. Finally,
we select Ty = 2.0 s for experimental implementation, as it
consistently yielded low &£, across tasks.

C. Experimental Evaluation

To evaluate the real-world performance of the proposed KQ-
LMPC scheme, we conducted experimental tests against the
baseline NMPC across four benchmark tasks, with tracking
results shown in Figure 2. For the low-agility task (Task
1) KQ-LMPC achieved nearly identical accuracy to NMPC,
with only a 0.1 cm difference in tracking RMSE (&;). As
trajectory agility increased, &£ rose for both controllers, yet
KQ-LMPC consistently delivered competitive performance.
For the moderately agile task (Task 2), the difference in £ was
modest at 2.6 cm, while for the more agile trajectories (Tasks
3-4), the gap remained small, within a sub-4.0 cm margin
(3.4 cm and 3.7 cm, respectively). These results demonstrate
that KQ-LMPC maintains reliable tracking accuracy compared
to NMPC while offering the critical advantage of substantially
lower computational burden, ensuring real-time feasibility. No-
tably, for the reasonably agile Tasks 3 and 4, both controllers
achieved competitive trajectory tracking, with & in the range
of 20-30 cm. Further improvements may be realized through
refined tuning of the MPC weighting matrices Q and R, better
sensing, and a robust extension of KQ-LMPC.

VII. CONCLUSION

This letter introduced an analytically derived Koopman-based
linear embedding for quadrotor dynamics on SE(3), enabling
an LPV representation that preserves controllability while ad-
mitting a tractable finite-dimensional approximation. Building
on this lifted model, we developed the KQ-LMPC frame-
work, which enforces system constraints through a convex QP
and achieves real-time computational feasibility. Numerical
simulations and experimental tests on reasonably agile tasks
demonstrate that KQ-LMPC delivers tracking performance
comparable to NMPC while significantly reducing computa-
tional burden, thus narrowing the performance-complexity gap
in quadrotor MPC. Future work will extend this approach to
more general rigid-body systems, such as fixed-wing aircraft.
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