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Single-Instance Sampling for Computationally
Efficient and Accurate Real-Time Task
Space MPPI Control

Dongwhan Kim“, Euncheol Im“, Yujin Kim

Abstract—This study presents a model predictive path integral
(MPPI) method capable of conducting high-frequency real-time
model predictive control (MPC) for robot manipulators. Real-
time MPC-based manipulation holds significant potential for con-
trolling an end-effector precisely and reactively while satisfying
various constraints in dynamic environments. However, the opti-
mization under a complex robot model and various constraints
imposes a heavy computational burden, hindering the realization
of high-frequency updates. To address this challenge, we propose a
single-instance sampling-based MPPI algorithm and dynamic time
horizon to significantly reduce the computational burden while
enhancing control performance. The performance and efficacy of
the proposed method are verified through experiments conducted
on a 7-degree-of-freedom robotic arm, along with comparative
simulations and analysis.

Index Terms—Manipulator control, model predictive path
integral (MPPI), optimal control, real-time control.

NOTATIONS USED FOR SECTION III-A

Variables Description

T Executed state.
T Predicted state.
t Initial time step of predictive horizon.

ti Final time step of predictive horizon.
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ti Time at the kth discrete time step in a sequence.
At Time step.

n Sample index.

K Horizon length.

Uy Predefined reference control input at time step ¢.

Uy Optimal (executed) control input at time step t.
OUn, ¢ Change of control input at time step ¢ of nth sample.

1. INTRODUCTION

HE growing adoption of robot manipulators across diverse

T industries and domestic settings [1], [2] underscores their
versatility and adaptability. However, the inherent complexity in
their high degree of freedom (DoF), characterized by nonlinear-
ity and coupled dynamics, poses significant challenges for task
space motion control. This involves satisfying numerous con-
straints, such as joint limitations, avoiding self-collisions, and
navigating dynamic environments. While high-frequency real-
time motion control is imperative, the computational demands
for complex calculations restrict control performance. Efforts to
overcome these scaling issues have steadily emerged [3], [4],
[5], driven by a departure from conventional approaches.

Classical pseudoinverse-based approaches, such as closed-
loop inverse kinematics [6], [7] and operational space
formulation [8], remain widely adopted as the predominant
control methods capable of handling constraints through a
hierarchical control structure. In kinematically redundant
robots, these classical methods leverage the Jacobian matrix and
null space projection to impose various constraints by guiding
the robot to a specific posture without compromising task space
control performance. Typical applications of this approach
include manipulability maximization [9], [10], joint position
limit avoidance [11], and self-collision avoidance [12], [13].

The adoption of quadratic programming (QP) optimization
enables the fulfillment of inequality constraints, a challenge for
conventional pseudoinverse-based methods. Notably, in situa-
tions where no solutions adhere to constraints, QP optimization
can generate feasible solutions through task relaxation [14].
Thus, the QP-based controllers incorporate both equality and
inequality constraints for solving inverse kinematics or inverse
dynamics when minimizing a designed cost function. Further-
more, hierarchical QP [15], [16], [17], [18] can additionally
create a prioritized control framework.
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However, both the pseudoinverse and QP-based approaches
yield a local minimum control solution that is optimal only
for a specific instant. Consequently, solutions obtained from
these methods do not guarantee long-term stability. The control
solution may resultin divergence if an inequality constraint, e.g.,
a joint limit, becomes saturated continuously.

To overcome the limitations of the aforementioned ap-
proaches, model predictive control (MPC) has been proposed
as a real-time task space controller [19], [20], [21]. Adopting
MPC can offer stability-guaranteed optimal solutions over a
long horizon by considering predicted future states. The MPC
solved by the QP optimization explicitly adheres to both equality
and inequality constraints, thereby obtaining a globally optimal
solution. However, the QP-based MPC for task space control
suffers significant computational overhead associated with a
nonlinear kinematics model, making it challenging to achieve
high-frequency real-time control, e.g., 1 kHz.

In this context, adopting differential dynamic programming
(DDP) [5], [22], [23] emerges as an intriguing MPC solver. DDP
not only swiftly addresses the MPC problem but also effec-
tively handles nonlinear equations. The proposed method in [5]
presents an efficient real-time control structure utilizing DDP,
demonstrating impressive performance in a 7-DoF robot manip-
ulator with a control frequency of 1 kHz. However, DDP cannot
guarantee a globally optimal solution, and the necessity to solve
differential equations and Hessian matrices poses challenges in
implementation, particularly for high-dimensional robots.

Recently, model predictive path integral (MPPI), one of the
sampling-based MPC approaches, has been introduced [24].
MPPI’s sampling-based optimization leverages GPU-enabled
parallel computing, providing significant advantages in terms
of computational efficiency [25]. Furthermore, the path integral
approach offers the advantage of solving nonlinear equations
or neural network-based models for future state prediction.
The efficacy of the MPPI has already been validated through
robot experiments. In [26], MPPI-based controller stochastic
tensor optimization for robot motion (STORM) is applied to
various manipulation tasks in a 7-DoF robot manipulator with
a frequency of 125 Hz. In [27], MPPI is utilized as a trajec-
tory optimization method for mobile manipulation tasks. While
MPPI-based approaches exhibit promising potential, it is im-
portant to acknowledge that MPPI currently does not support
high-frequency real-time control of manipulators, such as oper-
ating at 1 kHz.

This study aims to improve the conventional MPPI approach
for real-time task space control. To achieve the objectives, we
propose a simple yet effective sampling method: single-instance
sampling, and a dynamic time horizon concept. As a result,
significant improvements are observed in both computational
efficiency and control accuracy compared to the previous results
in [26]. This strategy enables the optimization of task space
control within an average of 0.298 ms, with a long prediction
time horizon of 2.55 s. To the best of the authors’ knowledge, the
proposed method demonstrates the fastest computation among
MPC-based task space controllers, while providing high con-
trol accuracy. We successfully implemented the method on a
7-DoF robot and evaluated its performance through real-world

experiments. In addition, we validated the contributions of the
proposed method through various comparative experiments and
simulations with existing methods.

II. MODEL PREDICTIVE PATH INTEGRAL

MPPI [24], [28], [29] is one of the MPC approaches, extending
the path integral optimal control framework [30], [31], [32]. The
formulation of MPPI begins with stochastic optimal control,
wherein stochastic dynamics are approximated as deterministic
ones, and control input noise is sampled to generate optimal con-
trol inputs. By weighting all sampled trajectories and adjusting
their costs for importance sampling, MPPI generates an optimal
control input for the system. As the sampled noise is proportional
to the variation of control input, MPPI can be employed not
only for trajectory optimization but also for real-time control.
In this section, we review the derivation of the path integral
control theory [30], [31], the MPPI theory [24], [28], [29], and
its implementation in a robot manipulator system.

A. Path Integral Control Theory

The path integral framework provides a mathematically sound
basis for solving stochastic optimal control problems by refor-
mulating the value function through the Feynman—Kac lemma
into an expectation over system trajectories.

The following equation represents the system dynamics of the
stochastic optimal control problem:

dry = f(xg, t)dt + H(zy, t)u(xg, t) dt + B(xe, t) dWy. (1)

Letz; € R"*! denote the state, u(z;,t) € R™*! denote the con-
trol input, and W € R®*! denote the Wiener process. According
to the property of the Wiener process, dWW; follows a normal
distribution with variance proportional to the differential of time,
N (0, Idt). The function f(z¢,t) € R™*! represents the deter-
ministic part of the dynamics, describing how the state evolves
over time in the absence of stochastic fluctuations or control
inputs. The matrix H (z,t) € R™™ maps u, to the state space
and the matrix B(z,t) € R"*? is a diffusion coefficient, which
describes how dW, affects the state dynamics. Expectations
over trajectories X = (&, , Xt,, - - ., Tt ) taken with respect to
the stochastic controlled dynamics in (1) are denoted as Ep|[-].

The objective of the stochastic optimal control problem is to
find the optimal control input sequence u that minimizes the
cumulative future cost from the current time ¢ to a finite time
t . The value function is defined as follows:

J(znt) = min Ep {(p(a:tK)-l- /t  (elwanr)

u(xg,t)
1 T
+ §1L(9L'T7 7)" R(ar, T)u(x,, 7)dr (2)

where (24, ) denotes the terminal cost, c(x¢, t) represents the
running cost, and R is a positive-definite matrix. The optimal
control sequence u(z¢, )" that minimizes the objective in (2) is
given by

u(xg, t)" = argmin J(xy, t)
u(xg,t)
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Algorithm 1: Conventional MPPI [24].

Given : z,, : Initial state (measured joint state)
Parameter : N: number of rollouts

K': Number of timesteps

P: Number of joints

&: End-effector pose

&, + Update forward kinematics(zy,)
for each sample n, k, p (parallel GPU execution) do
OUn, k,p < Get samples from sampling distributions

end for
forn=1... N do
fork=1... K do

for each sample p (parallel GPU execution) do
Un,typ = Uiy p + OUn gy p

end for

Zn,t, < Calculate predicted state

&n 1y, < Calculate predicted end-effector pose

Cn,t,, < Cost function(j:m,én,t,umk)

Sn += Cnty,

end
Sp += ¢(&, ) < Add terminal cost

end
u”™ < Calculate control input using Eq. (9)
Uemd = U;
Execute control input ep,q
fork=1... K—1do

forp=1... Pdo

| Uty ,p = urk+17p

end
end
forp=1...

| Utyp=0

end

P do

= —R(zy,t) " H(zy, )T Vod(z,t). ()

The objective function, which incorporates the vector of op-
timal control inputs from the current time ¢ to a finite time ¢,
denoted as u(xy, t) = (u(ws,, t1), u(Tey, t2), .. u(Te,e, tx)),
is represented by the notation J* (x4, ).

From this point onward, we omit the explicit notation (¢, t)
and denote u(xy,t) as u; for the sake of simplicity. An opti-
mal value function J* satisfies the stochastic Hamilton—Jacobi—
Bellman (HJB) equation

1
—0 T =c+ IV, I — 5(v,%<]*>T15r R'HTV,J*

1
+ 5trace(B BTV . J%). 4)

Solving (4) by numerical methods, such as the backward partial
differential equation (PDE) is challenging due to the curse
of dimensionality [24], [33]. To address this, a logarithmic
transformation of (4) can be applied, reformulating it as a
path integral using a function ¢(x¢,t) defined by J*(z¢,t) =
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—Mlog &(xy,t), where A is a scalar. By selecting R to satisfy
BBT = AHR'HT, which implies that noise in a state is in-
versely proportional to the control authority over that state [29],
the logarithmic transformation under this condition linearizes
the stochastic HIB equation to the PDE

Applying the Feynman—Kac theorem, this equation can be
transformed into a path integral approximation problem. The
control—cost relationship aligns the control inputs with the pas-
sive dynamics, allowing trajectories to be sampled from the
uncontrolled system dynamics

d.]?t = f(l‘t, t)dt + B(Z‘t, t) th (6)

Here, expectations over trajectories under the uncontrolled dy-
namics (6) are denoted as Eq|[-], giving the path integral formu-
lation

o4, ) = Eq {eXp (-i <80(37K) + /:K c(@r, )d7>> ]

(N

By substituting V,J in (3) with the logarithmic transformation
defined in (7), we can obtain an approximate optimal control
input as follows [31]:

o Balexp(~15(0)(do, — fdb) "

Eqlexp(—15(x))]dt

where G =R 'HT(HR'HT)™! and S(x) = p(xs,) +
ftth c(x,,7)dr. As the calculation of optimal control input
can be done by path integral form, we can easily approximate
u* through forward sampling, rather than backward in time
processing as in (3).

B. MPPI Control Theory

The path integral framework provides a firm basis for solving
stochastic optimal control problems. However, its reliance on
trajectory sampling under the probability measure Q, which
reflects uncontrolled dynamics, results in inefficient state-space
exploration. This inefficiency arises because state transitions
under Q@ deviate from following natural white noise, limiting
the sampling of low-cost trajectories. To address this issue,
the MPPI method was proposed [29], introducing generalized
importance sampling to transition the sampling process from Q
(uncontrolled dynamics) to P (controlled dynamics).

The probability measure P represents the sampling process
with a mean of u; and a variance of Y Bdt, where T scales
the exploration noise. The adjustment involves multiplying the
diffusion term by a diagonal matrix T = /vI, where each v
determines the magnitude of noise variance along the corre-
sponding dimension. From this point onward, we consider a
discrete-time system for practical implementation on robotic
platforms. For notational consistency with the path integral
formulation, we continue to use dt to denote the (finite) time step
between discrete states. In discrete-time settings, the calculation
of the next state involves the relationship x;11 = x4 + dxy,
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where dx; = f(x,t)dt + Hu,dt + B e\/dt. Here, the diffu-
sion term follows Brownian motion, allowing us to represent
it as Be/dt, where € is a random variable following a standard
normal distribution. In the special case when H is square and
invertible, the coefficient term R-'HT (HR*H*)~! at (8) can
be shortened to H ! and this yields

Ep [exp(—f (x)) (Hutdt+Be\F)]
Ep [exp (—38(x))] dt

Ep [exp (—15(x)) H 1Bef}
Ep [exp (—S(x))] dt

=H!

I ©)

Control input displacements du = H ! Be/ V/dt can then be
sampled, and they can be used to generate path-integrated op-
timal control input ;. To streamline the process and eliminate
the calculation of importance sampling weights, compensation
terms for the importance sampling weight are added to the
running cost as follows:

I—v!

2

é(xp,up, day) = (g, t) + §ut Réuy

1
+ uf Rouy + 5ufRut. (10)
The calculation of S(x) remains the same, but the running
cost is replaced with the modified one. The MPPI algorithm is
summarized in Algorithm 1 for clarity.

C. Implementation on Robot Manipulation

For the task space control, where the end-effector pose is
denoted as ¢ € RS, the state is defined as z, = [0 67]7, with
6 € R7 representing the joint position vector. The control input
is defined as u; = 6,. To predict future states, the control input
én,t . 18 sampled from P, where the subscript ¢, denotes the kth
step starting from time ¢. Using the sampled control input 9.7,,,15 >
future state trajectories are predicted by deterministic nominal
state dynamics as follows:

Onies | _ (1 dt] [0ns,
b | |0 1] |

where dt is the time step. The measured joint state 6, 0 at each
control period is set to the initial state 0y, Binie for the future
prediction. én,tk is calculated through the forward kinematics
with the predicted robot state.

The running cost comprises multiple terms representing var-
ious factors related to the goal-reaching task and the kinematics
of the robot and dynamic constraints, expressed as follows:

-y ac

where C; represents the ith cost function among j distinct terms
and «; represents the weight parameter associated with C;.

1 742
Lt

+
dt

] Oty (11)

ltyuta lt;uta ) (12)

Algorithm 2: Proposed MPPI.

Given :z;, : Initial state (measured joint state)
Parameter : N: number of rollouts
K: Number of timesteps, K = [1,2,..., K]
P: Number of joints, P = [1,2, ..., P]
&, + Update forward kinematics(z¢,)
dty, < Calculate dynamic time step
for each sample n, p (parallel GPU execution) do
Oy, p < Generate one-step displacement
end for
for each sample n, k, p (parallel GPU execution) do
Un,t,,,p < Update mean of the samples(u; , OUn, p) >
Algorithm 3-1)
end for
for each sample n (parallel GPU execution) do
x,+ < Calculate predicted joint state trajectory
(Ut > Trgs Abgy > dir,) >

» II-C

»II1-A

Algorithm 3-2)

end for

for each sample n (parallel GPU execution) do
5;,,5 + Calculate predicted end-effector pose

trajectory(&y, +)

end for

for each sample n (parallel GPU execution) do
Cp,t < Cost function(&,, ¢, émt)
- K
Cn = Zk:l Cn,ty,

end for

for each sample n, (parallel GPU execution) do
Sy =y + (I - v‘l)équéutl

+uf Réuy, + $uf Ruy,
end for
u;, < Calculate control input using (25)

» I1I-D
»Eq. (18)

» Eq. (24)

Uemd = uil
Execute control input tcy,q

Algorithm 3: Prediction State in Proposed Method.

1) Update mean of the control input:
=i, , + Oun, p < Apply the previous
optimal input(ug, )

Un,ty,p

return Uy, ¢, p

2) Predict the joint state:

T, 1, < Calculate predicted state with (16)
return , ;

III. PROPOSED METHOD

The proposed method is for performing real-time MPC re-
flecting measured state at each time step, enabling the end-
effector to reach the target state without relying on a reference
trajectory while satisfying various constraints. It computes the
optimal joint positions in real-time, allowing the end-effector to
achieve a 6-D goal, including both position and orientation.

Building upon the MPPI framework, we introduce a single-
instance sampling MPPI method with GPU parallelization.
Fig. 1 and Algorithm 2 illustrate the operation of the proposed
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n S ) Command
Control Input Cost Function torque
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]

Fig. 1.

A4
—

PD Controller

>
| >

Overview of the proposed MPPI-based task-space control framework. The blocks in the yellow region are executed in parallel on the GPU, with bold text

indicating the outputs of the GPU computations, while nonbold text represents variables handled on the CPU.

State x (position)

State x (position)

Predictive horizon K

—— X (p,)

e R (Uz0)

HKtarget state —e- xw) o Lw) -+ fw.»

State x (position)

o Time (s) b

(2)

Fig. 2.

lustration of sampled trajectories under three scenarios: The target state is marked by the bold “X,” while executed states with the optimal control input

uy are shown as black dots. (a) With predefined reference control input: Blue dots represent predicted states derived from the reference control input u;. Colored
dots (other than blue) depict predictive states generated by sampled control inputs w,, ¢ = us + dun, ¢, centered around u;. (b) Without predefined reference
control input: Control inputs are sampled around the last executed optimal input u}. Trajectories exhibit small variance and remain close to the previous state, but
this limited exploration reduces the ability to identify potentially better trajectories. (c) Without reference control input, single-instance sampling: By keeping the
control input constant for each sample, this method introduces high trajectory variance due to the accumulation of initial control input variation. However, this
characteristic enables broader exploration of the trajectory space, which can uncover effective paths even in the absence of predefined reference control inputs.

MPPI algorithm for real-time control. In this section, we out-
line the theoretical consistency of our method with the MPPI
framework and describe the technical details required for im-
plementation in real robot control.

A. Concept of Single-Instance Sampling

We propose a novel approach “single-instance sampling”
involving the sampling of constant change in control input per
single predictive trajectory. This approach proves beneficial in
terms of both computation and exploration within our problem
domain. It is noteworthy that conventional MPPI methods [24],
[26] require a large number of samples to improve the quality of
the solution, which increases computational cost, limiting their
applicability in real-time control scenarios.

Fig. 2 illustrates the main concept of the proposed single-
instance sampling approach compared with the sampling method
of the conventional MPPI. In Fig. 2(a), a typical predictive

trajectory with a predefined reference and sampling method
is demonstrated. Here, the nth sampled control input at time
t is represented as uy ¢ = ut + du, ¢ Note that du,  is not
the time derivative of the control input, but merely a one-step
change or displacement in the control input. In this case, since
each sampled control input w,, ¢ is generated around a predefined
reference input u,, it is more likely to lie in a plausible region of
the control space, thereby facilitating the search for the optimal
control input. However, in the absence of predefined references,
as shown in Fig. 2(b) and (c), sampled random changes of control
inputs are aggregated to form the control input itself. In the
scenario of Fig. 2(b), the expected sampled control input can be
calculated as follows:

E[un,tk] Uty + E[éun,tk]

UZ + ]E[Zle 5un,tJ

(13)

¥
(9
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As the control input change du is sampled from a zero-mean
Gaussian distribution, the expected control input for generating
predictive trajectories converges to previously executed control
input, denoted as u; = wj in the demonstrated case. To ensure
sufficient exploration, it becomes necessary to increase both the
number of samples and the sampling variance.

In contrast, the single-instance sampling method that we
propose preserves the initial random change du,, +, throughout
the entire trajectory, and facilitates proactive exploration of the
control input space within the predictive horizons

E[u’nﬂtkl = Uy, + E[auﬂ,tk]
=u;, + E[(tr — t1)0Up 4, ]

=y, + (e —t1)0Un¢, - (14)

The proposed method reduces the computation time required
for sampling and cost calculation by simplifying the samples
to use uniform du,, ;, over the given time horizon. As a result,
unlike the conventional MPPI method, which involves multiple
complex for-loop computations as shown in Algorithm 1, the
proposed method, which is illustrated in Algorithm 2, replaces
for-loops with GPU-based parallel processing, achieving a sig-
nificant reduction in computation time. Moreover, as illustrated
in Fig. 2(c), it helps to explore a broader range of future states to
offer a better chance of finding a feasible solution. Remarkably,
our proposed method can discover effective control solutions
with fewer samples compared to the aforementioned sampling
approaches. It is notable that the single-instance sampling does
not generate constant changes in control input, although it
generates an optimal solution based on the constant du,, ¢,
trajectories, since it newly calculates the optimal solution at
every control period with the measured current state in real
time. By leveraging these characteristics, we aim to alleviate the
computational burden associated with MPPI while maintaining
satisfactory control performance in real-time manipulator task
space control applications.

B. Theoretical Validation of Single-Instance Sampling

The single-instance sampling introduces a constant change
in the control input for each trajectory. This generates the ini-
tial time step of the predictive trajectory to be stochastically
determined depending on the sampled control input variation,
while the subsequent steps become deterministic. These system
dynamics can be expressed as

f(.’ft7 t)dt —+ H((ﬂt, t)u(xt, t)dt —+ B(xt7 t)th7
fort = tl

f(ze, t)dt + H(zg, t)(u(xe, t) + dulay,, t1))dt,
fort; <t <ig.

det =

5)

After the initial time step for state trajectory prediction, the
sampled control input variation du,, ;, becomes a constant value
contributing to the control input of the nth trajectory.

Notably, the path integral formulation assumes trajectories
along stochastic dynamics, making it impractical to transition

from stochastic to deterministic dynamics when generating state
trajectories.

However, our nominal system equation can represent a se-
quence of states over a time series by assuming constant changes
in the control input. This approach allows the predictive trajec-
tory to be represented with a length of 1, while encapsulating
a horizon of K trajectories within a single state vector. By
vectorizing the state trajectory, we preserve the stochastic nature
of the system dynamics. The state space used in this formula-
tion is expanded to include all the state sequences of a given
horizon length, transforming the state space from r-dimensional
to r x K-dimensional. As a result, the system dynamics with
single-instance sampling is described as follows:

Ln,t = [xn,tlaxn,tza ceey $n,tK]T
2
b | |1 Edt| (0 (k)
Tty = |, = : + On,t,- (16)
Ot 0 1 Oty kdt

Again, we omit the explicit notation (x4, t) and denote u (¢, t)
as uy for the sake of simplicity. Bold symbols denote the aug-
mented matrices corresponding to the transformed state space
x;, which encapsulates the state trajectory over the predictive
horizon. Consequently, we can calculate the sampled state tra-
jectory from time ¢; to tx with a randomly sampled constant
change in the control input én,tl , thereby fulfilling the stochastic
dynamics of the original system. On the implementation side,
the system equation in (16) eliminates the repetitive trajectory
calculations demonstrated in the nested for loop iterating over
time step k and sample n in Algorithm 1. Instead, it reduces the
process to a single for loop over n in Algorithm 2, resulting in
improved computation time.

Adapting the single-instance sampling dynamics to a short-
horizon cost-to-go length of 1, the single-instance value function
can be expressed as

(Tt41)

t+1 1
+ / (E(mﬂT)—kQuZRuT) dT] (17)
t

reflecting the optimization of the immediate cost-to-go over the
short horizon from ¢ to ¢ + 1. For the running cost ¢, a modified
running cost ¢ is applied. With the state vectorized as xy =
[#¢,,...,7,]7T, the running cost is also represented as a vector
c(xy, t). The modified single-instance sampling running cost ¢ is
calculated as the sum of the elements in ¢(x¢, t). The definitions
of vectorized running cost ¢(x;, t) and modified running cost are
as follows:

J(x¢,t) = minEp

C((L’t, t) = [C($t17t1), ceey C(xtzﬁ tK)]T

K
é(xy,t) = Z c(xt,, tr).

k=1

(18)
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While the original cost-to-go function is defined as
S(x) = p(z4,) + ftth c(zr,7)dT, where x = (24,,...,T1,)
represents the state trajectory, the state trajectory X iS now
encapsulated as a single state x¢. Using the single-instance
sampling running cost, the cost-to-go function can be expressed
as S(x¢) = p(x, ) + é(xe, t). With the single-instance value
function and running cost, the calculation of the approximated
optimal control input in (8) can be reformulated as

[exp (—15(z)) (dxy — fodt)q(x,)da,
fexp 1S(xe))q(@)dy
t ) dxt_fzdt) (xtv"
J exp( f%S( Ng(zy ..,
fexp( ( )) (dmt fzdt) (xtl)dmtl
fexp (—1S(x1)) gz, )da,
_ o Jexp (38(@) (e — fedhg O

- J exp(~ L8 (@)a(er,) o) i,
Er [exp (—1S(@0)) (de, — fodt) 54

Ep [exp(—}S(@0)) 4605 | dt

u; =G

s Lt g )d(Etl ..d{EtK

:Gfexp(

T pe )dl’tl ..dl‘tK

e (19)

To solve the above (19), the importance sampling ratio %
t1

has to be known. State transition in discrete time setting yields
mean f(x;,t)At + Hus At with variance o2 = BBTAt.
We can substitute dz — f(x¢,t)At to z; and can define
ur = Hu(zy, t)At. Then, the Gaussian representation of g(x;)

is represented as follows:
1 128 %
exp | = .
oV2m Pl2 0

Adjusting the variance to Yo?Y7 to represent controlled
dynamics results in the following expression for p(x;):

q(y) = (20)

1 1 (Zt — Mt)T(Zt - Mt)
= s . 21
p<xt) TO‘ /7277 exp |:2 TTO'QT ( )
Then, 2212 becomes
(i)
q(ze,) — Texp 1 %2 (e — pue)" (20, — pur,)
p(ze,) 2\ o2 TTo2Y '
(22)
Given the term inside exp|-] can be expanded as
1 (Zh — l’l’tl)T(ztl — /u‘t1) _ (qu — /Lh)T(zh — /Lt1)
2 o2 YTo27
+ 2(/I“t1)T(Z2t1 B u’h) + uz;”;“) ) (23)
o o

The above terms can be integrated since both S(x;) and (23) are
inside the exponential functions. We can simplify the calculation
of the optimal control input u* by setting A = 1 with given
(2t — py) = HOuy At and the relationship BBT = AHR-'HT
assumed at (7). Optimal control input with the proposed method
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and its corresponding cost-to-go function are as follows:

1
S(wt) = S(wt) + 5([ — 71)5U£R5ut1
1
—+ ug R5Ut1 + Q’utj; Rutl (24)
EIP [exp (—%S(ﬂﬁt)) (5ut1}
uy = ug + (25)

Ep [exp (—%5’ (mt))}

In our problem formulation, there is no additional running cost
for compensating the likelihood ratio; rather, compensation is
provided for the initial sampled variable, denoted as duy, . By
adapting (24) and (25), single-instance sampling can be applied
accordingly in the path integral approach.

C. Dynamic Time Horizon

Traditional MPC encounters a significant drawback in real-
time applications due to its substantial computational overhead
for repetitive optimization. While longer horizons offer benefits
in optimizing output, the tradeoff between performance and
computational load often leads engineers to choose shorter time
horizons.

In task space control, a longer horizon does not always
improve control performance. When the goal pose is near the
end-effector, a long prediction horizon can increase the risk of
nonconvergence. Conversely with distant goals, an insufficient
horizon length may lead to local minima or slow convergence.
Therefore, we propose “dynamic time horizon” concept to en-
able adaptive adjustment of the time horizon length based on the
situation, while also allowing the MPPI problem for a long time
horizon to be solved quickly with fewer samples.

The dynamic time horizon has a variable prediction horizon
length and it utilizes a binary-segmented approach [34], which
divides the receding time horizon into two segments with dif-
ferent time steps. The prediction horizon in the near future is
calculated using a short time step dty,, while the far future is
calculated using a longer time step dty,. This approach enables
the prediction of a long horizon with a smaller computational
load. The resulting sampling table with the proposed single-
instance sampling and dynamic time horizon can be described
in Fig. 3. One can observe that the time horizon varies depending
on dty, since dtj, and the horizon length K are predetermined
parameters.

In this study, we designed dty, as a function of the distance to
the goal. For this, the distance to the goal position and orientation
is expressed using error components as follows:

epos = lez| + |ey| + [e]

3 3
_ goal cur
€ori = § E |Ri,j - Ri,j

i=1 j=1

€cur = €pos T VEori (26)

where ep,, and ey are the position error and orientation error
relative to the target, respectively, and their sum constitutes the
current state error eg,;, with -y being a weight parameter. Then,
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Fig.3. Sampling table: N x P of @ samples using Gaussian distribution with
mean g and variance o. P is the number of joints. The white colored area consists
of a time horizon formed by K and the blue colored area consists of a time
horizon formed by K.
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(b)
Fig.4. Example of the dynamic time horizon concept when parameter eg; =

0.0125 and ego = 1. (a) Sequential snapshots of the robot moving toward the
target. (b) Plot depicting the relationship between the dynamic time step (dty,, )
and the control error of the robot end-effector.

the following piecewise function determines dt, based on ecyr

max(dty, ), if e < ecur

max(dt, ), else if
max (dty,)—dty,
T (ep2—€p1)?

dtg,

dty, =
2 2
(ecur - 631) , ez < e < €1

otherwise
(27

where ep; and eps are tuning parameters with physical mean-
ing. These parameters determine the adjustment of the time
step dtx, based on the current state error e, ensuring a bal-
ance between control precision and computational efficiency.
In addition, they influence the overall time horizon, allowing
for dynamic adjustment depending on the system’s needs. An
example of dty, changes is shown in Fig. 4.

D. Cost Function

In MPPI, the multiobjective cost function (12) plays a critical
role in achieving sparse task objectives, such as tracking the goal
pose or maintaining specific constraints. Here, we introduce the
subsets of costs that we designed for accurate and feasible ma-
nipulation. The cost for each sample, indexed by n for samples
and k for the time horizon, ¢, ¢, , is defined as the summation of
multiple cost functions.

1) Tracking the Goal Pose: The designed cost Cl,x for
the robot end-effector to reach the target is composed of the
error between the current pose and the goal. To account for
the different units of position and orientation, i.e., meter and
radian, different weights are applied. The empirically designed
piecewise cost function is described as follows:

2 .
Wpos €pos + Wori€ori + Pgoap if €pos > b2
Curack = Wpos€pos + Wori€ori + Pgoals if by > €pos > by
0.5WposEpos + Wori€oris otherwise

(28)

where Wpos, Wori, and pgoql are constant parameters, and by and
by are the boundaries dividing the three intervals. The above
function applies different equations depending on the predicted
future position error eyos. Thus, the position error can be reduced
first, followed by the error in orientation. In addition, applying
the cost Cyamp for damping leads to smooth convergence

0, if ecyr > b3

) 29)
polf],

Caamp = otherwise

where p, and bs are constant parameters. When e, decreases
below a certain number, samples with high velocity are penalized
to ensure convergence toward the goal with reduced speed. Then,
the cost for the end-effector to follow the goal pose is designed
as follows:

Cgoal = Ctrack + C(damp' (30)

2) Joint Limit Avoidance: The designed cost CY;,, for joint
limit avoidance is represented in terms of joint position and
velocity as follows:

Chim = CP + Cia 31)
Plim + pvé; if 0 > Omax
Cho = ¢ piim + pob,  elseif § < Oy (32)
0, otherwise
; if 0] > 0
Cﬁill _ Plim, | | = max (33)
0, otherwise
where CP* and C}¢! represent the costs for position and velocity,

respectively; piin 1S a constant parameter. Here, pi, has a large
value to penalize the state when the predicted future exceeds the
position limits 6,,x and iy, or velocity limit Oimax. The term
Py 18 a constant parameter used to prevent high-velocity motion
when the joint state approaches the limits.

3) Self-Collision Avoidance: The designed cost Cyet.con for
self-collision avoidance utilizes a trained neural network that
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predicts whether self-collision will occur or not. In this study,
a neural network is trained offline to determine self-collision
based on the robot’s joint angles. The neural network employs
two fully connected layers and a softmax activation function to
calculate the probability of self-collision. Joint position vector
0 is the input and the output is a scalar value between 0 and 1.
The cost is expressed as follows:

Pself-coll s
C(self—coll = .
0, otherwise

if collision (34)

where pgeifcon 1S @ constant parameter that has a large value
that imposes a significant penalty for self-collision. While a
neural network is utilized for this cost, other approaches can also
be employed. In addition, it is notable that the discontinuous
cost function is allowable since the MPPI, which employs a
sampling-based optimization method, is gradient-free [35].

4) Local Minima Avoidance: Manipulability is an index that
indicates the extent to which a robot can move in specific
positions and orientations depending on its posture. Itis reflected
in the cost Cpyapi to penalize samples with a lower manipulability
value, as expressed in the following:

Cmani = wmani(l — \/det(JJT))

where wmay; 1S @ weighting factor and J is the Jacobian matrix.
In addition to Cip,ni, we designed a cost Cle,, to prevent drifting
motion of redundant joints, which can cause a joint to reach
its position limits. Notably, a joint that becomes saturated at its
limit often leads to a locally minimal posture

— 9)2
emax + emin
2

where wee, is a weighting parameter and 6., is the center
position of the joint. Then, the cost for avoiding local minima is
designed as follows:

(35)

Ceen = Ween (ecen (36)

(37)

ecen -

C110cal—min = C'mzmi + Ccen~ (38)

IV. EXPERIMENTAL AND SIMULATION VERIFICATION
A. Setup

In this section, the proposed method is validated through
several comparative experiments and simulations using a 2-DoF
planar arm and the 7-DoF robotic arm, FR3. The proposed
MPPI algorithm was implemented in C and C++, with compute
unified device architecture (CUDA) employed for GPU parallel
processing.

The robot control input is computed using the following
potential difference control scheme:

T4 = M(q){kp(84 — 0) + ky(64 — 6)} + h(q,q)

where 6 and 6 represent the desired state, M (¢) € R7*7 is the
joint space inertia matrix, h(q, ¢) € R7 is the joint space bias
force vector (including gravity and Coriolis/centrifugal forces),
and £, and k,, are proportional and derivative gains, respectively.
Here, the desired joint velocity is computed by integrating the

(39)

optimal acceleration 0, obtained from the MPPI algorithm over
a small time step (dt), and the desired joint position is updated
by integrating the newly computed velocity over the same time
step. To clarify, in the MPPI framework, the control input is
defined as u + du, where u is the joint acceleration and du is
the sampled perturbation. Thus, 04 corresponds to the resulting
acceleration applied at each time step. The specific integration
steps are as follows:

édzé—l—édth

ed:9+9xdt+9—;xdt2. (40)
Experiment environment: For the real-world experiments, we
used the Franka control interface implemented on an NUC13
equipped with an Intel Core i7 CPU and 32 GB of RAM. In
addition, a desktop computer with an Intel Core i9-10900KF
CPU and an NVIDIA GeForce RTX 2070 Super GPU was
employed for the MPPI computations. The NUC13 processed
the robot’s state and transmitted the control torques, computed
by the control law (39), to the robot at 1 kHz. It also sent
real-time robot state data to the desktop computer, which exe-
cuted the MPPI algorithm to compute the optimal control inputs,
such as reference accelerations. The 1-kHz real-time commu-
nication between the NUC13 and the desktop computer was
performed using ZMQ [36]. For comparison, feasibility-driven
DDP (FDDP) was implemented using the Crocoddyl library [37]
and Pinocchio [38].

Simulation environment: Simulations were conducted on a
desktop computer equipped with an Intel Core i7-12700F CPU,
32 GB of RAM, and an NVIDIA GeForce RTX 3080 GPU. To
evaluate the efficacy and performance of the proposed single-
instance sampling and dynamic time horizon, MuJoCo [39], a
physics-based robot simulator, was employed. In addition, for
comparison, cuRobo [40] and STORM [26] were implemented
inIsaac Sim [41] and Isaac Gym [42], respectively, both of which
are NVIDIA GPU-accelerated physics simulators.

B. Real-World Experimental Verification

For real-world experiments, the parameters for MPPI were set
as follows: the number of samples N = 128 and the prediction
horizon K = 64. Here, K was divided into two parts using a binary
segmentation approach. The first segment was consisted of 54
steps, and the second segment was formed with the remaining ten
steps. The time step for the first segment (d?y, ) was set to 0.001
s to match the robot’s joint control cycle of 1 kHz, ensuring
synchronization between the control algorithm and the robot
hardware. Unlike dt,, the time step for the second segment
(dty,) was determined dynamically using the proposed dynamic
time horizon algorithm. It dynamically adjusts dtx, within a
range of 0.001-0.25 s, allowing for predictions of the future
to range from a minimum of 0.064 s to a maximum of 2.55 s.
The dynamic time horizon parameters used in this setting were
ep1 = 0.6 and egs = 0.0125, and the overall cost was obtained
by summing all the cost functions in Section III-D. In addition,
since the proposed method can predict up to 2.55 s into the future,
a discount factor v* was applied to each cost function to prevent
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Fig. 5. Control error result when step command is given for the proposed
MPPI method.
TABLE I
COMPUTATION TIME OF THE COMPONENTS INFLUENCED BY THE
PROPOSED METHOD
Sections Min (ms) Max (ms) Var (ms)  Avg (ms)
Samples generation 3.00e3 3.40e792 1.56e"06 4.09e~03
State update 2.00e7%  3.40e792 1.09¢=96 3.07¢—03

the optimizer from fully relying on distant future predictions.
Here, ¢ denotes the prediction step index, and the discount factor
was set to v = 0.99.

1) Control Performance: To evaluate the control perfor-
mance of the proposed method, point-to-point control experi-
ments were conducted. At the beginning of the task, a 6-DoF
target position and orientation were commanded as a step com-
mand. Over time, the end-effector position and orientation errors
gradually decreased and eventually converged to the target, as
shown in Fig. 5. After convergence, the average position and
orientation errors were approximately 0.001 m and 0.018 rad,
respectively. The proposed MPPI achieved an average compu-
tation time of 0.298 ms, demonstrating its capability to stably
perform real-time control at over 1 kHz. It is notable that the
computation time required for the components influenced by the
proposed method was minimal. Within this 0.298 ms, generating
samples and predicting the robot’s end-effector state took an av-
erage of approximately 4.09¢ — 03 and 3.07e — 03 ms, respec-
tively, as detailed in Table I. In contrast, the cost calculation part,
which is independent of our proposed algorithm and is shared
with the existing MPPI, took an average of 1.64e — 01 ms. The
remaining computation time, beyond the three aforementioned
components, was consumed by other processes, including the
memory copy operation between the CPU and GPU, which
took an average of 1.11e — 01 ms. These results show that our
proposed method reduces the computational time for sample
generation and state updates to within just 3% of the total MPPI
computation. Furthermore, since the memory copy operation
between the CPU and GPU can be reduced through code opti-
mization, there is potential for even faster computations.

The proposed method in this study generates better control
performance with less computational time than the baseline
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Fig.6.  Task space control result under joint limit saturation with a gw rotation
command for the end-effector yaw angle. (a) Time-lapse snapshots of the robot
indicate when the rotation command is executed. (b) Plot showing the desired
and measured end-effector yaw angle, and plots showing the measured joint
position of first, second, and seventh joints that are highly relevant to the yaw
motion. In (b), the pink area denotes when joint 7 reaches its limit.

method [26]. A comprehensive comparison is further illustrated
in the subsequent section. In addition, it is evident that the
proposed method can effectively control both position and ori-
entation, despite employing a multiobjective cost function in
the MPPI. While this capability could potentially be attained
through empirical tuning, to the best of the authors’ knowledge,
no prior studies have reported such achievements with high-
frequency real-time MPC.

2) Control Under Constraints: Three experiments were con-
ducted to verify the performance under various constraints.

The first experiment was designed to validate the scenario
when the end-effector was controlled under the joint limit satu-
ration. To this end, the desired yaw angle of the end-effector was
commanded over gﬂ' rad, as shown in Fig. 6. Continuous rotation
commands are illustrated in Fig. 6(a), and the resulting plots of
the end-effector yaw angle and highly relevant joint angles are
shown in Fig. 6(b). The pink-colored area in the figure denotes
when the position limit of the seventh joint was saturated. After
the joint position reached the limit, the seventh joint maintained
its position while the first and second joints generated larger
movements than before at 7 s to track the target orientation.

The second experiment was designed to validate the singu-
larity avoidance scenario when the target position exceeded the
workspace boundary. Fig. 7(a) shows time-lapse snapshots of
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Fig. 7. Results of the workspace boundary singularity experiment. (a) Time-

lapse snapshots of the robot, where the target is set outside the workspace
boundary from 11 to 17 s. After 17 s, the target moves toward the vicinity
of the initial position, following the direction of the black arrow. (b) Plot of the
manipulability during the experiment.

the robot reaching beyond the workspace to achieve a target and
subsequently returning to its initial position. This is a typical
situation where a singularity occurs when a Jacobian-based
reactive controller is applied since the target position is outside
the workspace. However, thanks to the model predictive ap-
proach, the end-effector moved to the closest reachable position
to the target within the workspace and was able to return to
the initial position. The manipulability during the experiment is
shown in Fig. 7(b). Thanks to the manipulability-related cost,
the manipulability remained above 0.02 throughout the motion,
ensuring no loss of controllability.

The final experiment aimed to validate the self-collision
avoidance capability. The target pose was set within a region
where self-collision occurs, as shown in Fig. 8(a), and the
proposed method was executed. As a result, the proposed model
predictive approach, which incorporates a self-collision cost
function, and the robot successfully avoided self-collision and
achieved a posture as close as possible to the target, as shown in
Fig. 8(b).

The proposed method successfully satisfies multiple physical
constraints—including joint limits, self-collision, and singular-
ity avoidance—as demonstrated in the experiments. Further-
more, these results demonstrate that although the sampling
strategy is based on constant acceleration trajectories, the use
of joint acceleration increments and their integration at 1 ms
intervals produce smooth and stable joint motions, supporting
the method’s practical applicability in real-time control.

Target _»
pose

T @

Fig. 8. Snapshot of the self-collision experiment. (a) Target pose set to induce
self-collision. (b) Movement attempting to reach the target pose while satisfying
self-collision avoidance constraints.

TABLE I
PERFORMANCE COMPARISON OF SAMPLING METHODS

Methods Total Samples Errors (m)

(N x K x P) |z — @ref|o
Conventional [24] 500 000 9.53e-07
Proposed 10 000 8.72¢-08

C. Analysis of the Proposed Method

1) Single-Instance Sampling: To assess the effectiveness of
the single-instance sampling method, three simulations were
conducted.

The first simulation was performed on a 2-DoF planar arm to
compare the proposed single-instance sampling method with
the conventional multistep sampling approach. The = and y
positions of the end-effector were controlled using the MPPI
algorithm, with one simulation employing the proposed single-
instance sampling method, and the other utilizing the conven-
tional multistep sampling approach. All the other conditions
were set equal for a fair comparison. The total number of samples
was set to N = 5000, the prediction horizon was set to K = 50,
and the number of joints was set to P = 2. The cost function
was defined as described in the following:

K
c(x,u) = Z Q1% — X ref||? + ui Ruy, (€3]
k=1

B(x) = Qa|| XK — XK ref]|? (42)

where ()1, Q2, and R are weighting matrices, with values of
100 x Iz, 10000 x I7, and I, respectively, and I denotes the
identity matrix.

Table II presents the results, demonstrating the performance
of the proposed method. The table shows the total number of
samples used for each method and the average position error
measured over 7 s after convergence. The conventional [24]
method used a total of 500 000 samples, resulting in an average
error of 9.53e — 07 m. In contrast, the proposed method achieved
alower average error of 8.72e — 08 m with only 10 000 samples.
This indicates that the proposed method achieved comparable or
slightly improved performance with 50 times fewer samples than
the multistep sampling approach. Given the high computational
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Fig. 9. Comparison of target tracking performance between the proposed
method and the spline-based sampling method. The black dashed line represents
the convergence point (eq,r < 0.0001). The figures show the position and
orientation errors of the end-effector during a specific step of the tracking task,
with performance evaluated in the same environment.

cost of sampling in the MPPI algorithm, reducing the number
of samples has a significant impact on decreasing the overall
computation time, making the proposed method highly efficient.

The second simulation was conducted on the FR3 to compare
the single-instance sampling method with the spline-based sam-
pling method [43], [44], [45], which is another sampling method
proposed to improve computational efficiency similar to the
single-instance sampling method. The task and parameters were
identical to those in Section IV-B. The spline-based sampling
method was implemented following [44] and cubic interpolation
with two knot points was applied based on the performance rec-
ommendations in [45]. To ensure a fair comparison, the proposed
method was implemented without applying a dynamic time
horizon, as variations in the time step could affect performance
and lead to unfair comparisons. This implementation choice is
aligned with the fact that the spline-based sampling method [44]
is specifically designed for a fixed time step.

The resulting control performance is shown in Fig. 9. The
end-effector reaches the specified target and converges suc-
cessfully in both methods. The proposed method achieved an
average computation time of 0.255 ms, which is approximately
1.46 times faster than the spline-based method with an average
of 0.372 ms. This difference in computation time stems from
a structural difference in the sampling strategy: the proposed
method samples only one point per rollout, whereas the spline-
based method requires at least two nodes to generate an inter-
polated trajectory, inherently increasing computational load. In
particular, in MPPI-based approaches, the number of variables
to be sampled increases with the system’s DoF, directly resulting
in a significantrise in computational cost. Furthermore, due to its
fixed time step, the spline-based method becomes less practical
for longer prediction horizons, as it requires more time steps,
which further amplifies the overall computational burden.

A third simulation was conducted to evaluate the trajectory
tracking performance of the proposed method, in which the
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Fig. 10. Trajectory tracking performance when reference trajectories are

given. The trajectories were generated using cubic spline interpolation with
durations of 2, 3, and 6 s, respectively. In all three cases, the target position was
set to [0.65, 0.1, 0.65].

end-effector was commanded to follow reference trajectories
generated by cubic spline interpolation with durations of 2, 3,
and 6 s. Unlike point-to-point tasks where long-term predic-
tion is critical for exploring distant goals, trajectory tracking
provides a near-term references at every time step. Therefore,
in this simulation, the discount factor was set to v = 0.85 to
emphasize accurate tracking of the immediate future rather than
distant predictions. As shown in Fig. 10, the proposed method
demonstrated good performance in trajectory tracking tasks.
The average L2-norm errors for position and orientation were
approximately 0.001 m and 0.002 rad for the 2-s trajectory,
0.0005 m and 0.001 rad for the 3-s trajectory, and 0.0002 m
and 0.0005 rad for the 6-s trajectory.

2) Dynamic Time Horizon: To assess the effectiveness of the
dynamic time horizon, three experiments were conducted in
the FR3 simulation environment. The first simulation focused
on a point-to-point reaching task to quantitatively evaluate the
impact of different prediction horizon settings. The proposed
method divides the prediction horizon into two segments: a
fixed short-step segment (dt¢; ) and a variable-step segment (dt5).
Considering real-time control constraints, dt; was fixed 0.001 s,
which aligns with the robot control frequency, and tested three
variants by adjusting the time step size dts, while keeping all
other conditions identical to those described in Section IV-B. The
corresponding simulation results are shown in Fig. 11. From top
to bottom, the subplots illustrate the tracking performance for
the three different dt, variants: a medium step size (0.02 s), a
dynamic time horizon (proposed method), and a large step size
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Fig. 11.  Comparison of target tracking performance across three prediction

horizon configurations over 10 s. Each configuration consists of a short fixed-step
segment (dt; = 0.001 s) and a second segment (dt2) with either a medium step
size (0.02 s), a dynamic step size (proposed method), or a large step size (0.25 s).
The target pose is [0.65, 0.1, 0.65] with orientation quaternion [0, 1, 0, 0].

(0.25 s). For reference, the small-step setting (dto = 0.001 s)
corresponds to the proposed method column, as shown in Fig. 9.

First, both the medium-step and the dynamic-step approaches
successfully converged to the target, with the medium-step case
achieving convergence in approximately 1.816 s, which was
about 0.9 s faster than the dynamic-step case that converged
in 2.712 s. Convergence times were measured based on the
same criteria used in Fig. 9. This faster response is attributed
to the relatively shorter prediction horizon in the medium-step
setting, which led the optimizer to reach the target more directly
rather than planning along a longer trajectory. A similar trend
is observed in Fig. 9, where the small-step case (dty = 0.001 s)
converged in 1.63 seconds, further supporting the notion that
shorter prediction horizons can lead to faster convergence. In
contrast, the large-step case failed to fully reach the target; more
precisely, it approached the goal but did not converge, exhibiting
oscillatory behavior of the end-effector near the target.

To further evaluate the robustness of the proposed method,
a second simulation was conducted under a local minimum
scenario induced by joint limits. Although the fixed short time
step configuration (dts = 0.02 s) appears to perform better based
on the results of the first simulation alone, it does not fully
reflect the potential advantages of using a dynamic time horizon,
which allows for the exploration of longer prediction horizons.
In this experiment, the robot was commanded to sequentially
move through four task space targets, where the fourth target
was intentionally designed to induce a local minimum condition.
The results are presented in Fig. 12, where the relevant section
is highlighted in yellow. Detailed information for each target
is provided in the figure caption. As shown in the figure, the
medium-step setting failed to escape the local minimum and
remained trapped (indicated by nonzero error values in the
yellow area), whereas the proposed method successfully reached
the target, with all error values converging to zero in the same
section. This difference can be attributed to the length of the
prediction horizon used by each method. A short prediction
horizon, as used in Case 1, was insufficient to foresee and avoid
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Fig. 12.  Comparison of tracking performance between Case 1 (medium-sized
constant time step, 0.02 s) and Case 2 (proposed dynamic time horizon). The
yellow region highlights a local minimum. Four sequential targets were updated
every 6 s at positions: (0.45, 0.3, 0.65), (—0.35, —0.2, 0.6), (—0.4, 0.3, 0.55),
and (0.35, 0.3, 0.55). All targets share a fixed orientation (quaternion: [0, 1, 0,
0.

the local minimum. In contrast, Case 2, which utilized a longer
prediction horizon, was able to predict further into the future and
generate a trajectory that successfully avoids the local minimum.

As the third simulation, we conducted a parametric study to
assess how the dynamic time horizon parameters e 51 and e g5 af-
fect the performance of the proposed method. The experimental
parameters were kept identical to those in Section IV-B, except
for ep1 and eps. A total of nine cases were tested using eg; =
[0.6,0.8,1.0] and epa = [0.0125,0.1,0.4]. The resulting plots
are shown in Fig. 13. The results reveal consistent trends across
all experiments as ep; and epo vary. The convergence point in
this experiment is defined based on (26), where e, < 0.001.
When both ey and epy decrease, the time horizon becomes
relatively longer depending on the distance to the target, re-
sulting in a longer time to reach the target pose. In contrast,
when both ep; and eps increase, the time horizon relatively
shortens, allowing the target to be achieved more quickly. The
experimental results emphasize the critical role of the dynamic
time horizon in achieving both rapid convergence and robust
performance. While shorter time horizons can facilitate faster
convergence, they also increase the risk of converging to lo-
cal minima, highlighting the importance of careful parameter
selection. This study provides practical insights into determin-
ing appropriate parameter values by analyzing the observed
trends of ey and epo. These findings offer valuable guidelines
for optimizing dynamic time horizon settings in real-world
applications.

D. Comparisons

Additional comparative simulations were performed. The
state-of-the-art MPPI method STORM [26], which follows a
receding-horizon structure by warm-starting each optimiza-
tion with the previous solution, and the MPPI-based planner
cuRobo [40] were implemented for comparison. In addition,
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Fig. 13.

Simulation results showing error trajectories over time for different combinations of ep; and e o parameters. Each subplot corresponds to a specific

parameter pair (e 1, ep2) as labeled. The convergence point, defined as eq,r < 0.001, is indicated by a black dashed line.

FDDP [5], known as the fastest MPC-based manipulation ap-
proach, was implemented on a real robot for comparison. Other
QP optimization-based MPC approaches are not discussed, since
they cannot compute the real-time solution for manipulation.

1) Baseline MPPI (STORM): For comparison, the same
task space target pose for the end-effector was commanded
for the proposed method, STORM with its default parameters
(baseline), and STORM configured with the proposed method’s
parameters (N =128 and K = 64). In our experiments,
the baseline was configured with N = 500, K = 30, and
dt = 0.02 s. To ensure a fair comparison, the pose tracking cost
in the proposed method was set to match the cost function used
in STORM, as specified in the following:

— pos|[3

+Wori* ||13 —R

Ctrack = Wpos * HPOSgoal

43)

2
errorl ‘F'

As aresult, the proposed method showed improved performance
in both the control accuracy and computation time. As shown
in Fig. 14, the proposed method converged to the target pose
earlier while both STORM methods failed to converge the
orientation error to zero. In addition, the proposed method
achieved a significantly faster average computation time of
0.255 ms, compared to 4.62 ms for default STORM and 4.61 ms
for same-parameter STORM, with these values representing
the average over the entire duration of the experiment. This
indicates that the proposed method is approximately 18.12 times
faster than default STORM and 18.08 times faster than
same-parameter STORM. Furthermore, as shown in Table III,
the average pose error measured at around 10 s, when the position
converged, highlights the accuracy improvement achieved by the
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Fig. 14. Comparison results of position and orientation errors among

the proposed method, the STORM method using default parameters (N =
500 and K = 30), and the STORM method using the same parameters as the
proposed method (N = 128 and K = 64).

TABLE III
PERFORMANCE COMPARISON OF PROPOSED METHOD WITH STORM

Methods Total Samples Errors (L2-Norm)
(N x K xP) 1€ — &retll2
ST(EE%&?&"J;‘M 105 000 3.80e-01
(N:SggRII(\i[64) 57 344 7.44e-01
Proposed 896 3.09e-02
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Fig. 15. Tracking performance of position and orientation for the three meth-
ods: STORM (orange dashed line), proposed method (green dash-dotted line),
and cuRobo (red dotted line), compared against the target (blue solid line) over
nine sequential targets. Blue-shaded regions indicate out-of-reaching space, and
the green-shaded region indicates self-collision space.

proposed method. The proposed method achieved an L2-norm
error of 3.09¢ — 02, which combines position and orientation
errors, and is approximately 12 times more accurate than the best
performing STORM configuration, with an L2-norm error of
3.80e — 01. The computation time reported here is longer than in
the experimental results due to the utilization of the GPU for the
simulator, which adversely affects computational performance
through CUDA. Thus, while both methods may enhance com-
putation speed in an experimental environment where the GPU
is isolated from other computations, the ratio of the computation
time difference is not expected to change significantly.

2) cuRobo: cuRobo [40] is an MPPI-based trajectory opti-
mization framework. Although the role of MPPI differs from the
real-time controller, a comparative simulation was conducted
because cuRobo also applies MPPI to a manipulator. In the
simulations, the target pose was updated every 5 s, regardless
of whether convergence was achieved, with the goal of se-
quentially reaching nine target poses. To evaluate and compare
performance in handling complex scenarios, four target poses
were intentionally set outside the workspace or in self-collision
positions. The parameters for STORM and cuRobo were set to
their default values, as provided in their respective Git reposi-
tories, under the assumption that these were well-tuned. Fig. 15
illustrates the tracking performance of each method relative to

the given targets, where the blue and green regions indicate target
poses that are in out-of-reach space or result in self-collision,
respectively. As shown in the figure, the proposed method and
STORM avoided collisions and singularities by moving to the
nearest feasible poses. In contrast, cuRobo, due to its nature as
a trajectory planner, failed to function when targets involved
collisions or singularities, encountering an “IK solve fail” issue
that caused it to stop. For targets within the reachable workspace,
cuRobo demonstrated the fastest convergence, followed by the
proposed method, whereas STORM often failed to converge
within 5 s. However, in experiments where the target was updated
mid-motion, the proposed method and STORM immediately
adapted to the updated target, whereas cuRobo continued fol-
lowing its precomputed trajectory toward the previous target
and failed to respond to the update. In this simulation, cuRobo
demonstrated the fastest convergence speed within the reachable
workspace but was limited in handling scenarios where targets
were dynamically updated or when IK problems could not be
solved. In contrast, the proposed method and STORM avoided
collisions and singularities while maintaining poses as close
as possible to the target positions in real-time. These results
indicate that the proposed method effectively manages collisions
and singularities, offering more flexible control performance in
dynamic environments.

3) Feasibility driven DDP: As an MPC-based approach,
FDDP can also generate task space control solutions for a
7-DoF robotic arm while considering various constraints, as
demonstrated in [5]. Notably, FDDP has been reported to achieve
fast computation times sufficient to support 1 kHz control rates
even for 7-DoF systems. Given this real-time capability, which
aligns with the objectives of the proposed method, FDDP was
selected as a baseline for computation time comparison.

We compare the proposed method against FDDP [5] and
simulations reproduced using the settings described therein,
since direct comparisons are challenging due to differences in
solver types and sensitivities to hyperparameter tuning, which
significantly affect performance. In [5], FDDP for manipulation
employs a time step of 0.03 s and a horizon length of K = 30,
resulting in a time horizon of 0.9 s for 1 kHz control. Based on
this configuration, we executed the FDDP solver separately at
30 ms intervals and interpolated the resulting control sequence
to match the 1 kHz control loop. The maximum number of
iterations was set to 100; however, the solver typically converged
within approximately 15 iterations on average, and thus, the
actual computation time was not significantly affected. The
cost weights were heuristically tuned to achieve optimal per-
formance. Specifically, the end-effector tracking cost was set to
150 for the running stages and 200 for the terminal stage; state
regularization weights were set to 1 and 3, respectively; joint
limit penalties were set to 40 and 200. The input regularization
weight was fixed at Se — 08.

For a fair comparison, we implemented the FDDP formulation
proposed in [5] by incorporating the following three aspects.
First, while the reference paper considers only end-effector
position control, orientation tracking was additionally incorpo-
rated into the cost function to align the task formulation with
that of the proposed method. Second, to evaluate the target
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tracking performance of both FDDP and the proposed method,
we conducted experiments in the same FR3 environment using
three consecutive target poses. Since FDDP’s outputs are torques
and the proposed method’s outputs are joint accelerations, the
FDDP outputs were converted into joint accelerations using the
following:

G=M(q)""(r = h(g,9)).

The resulting accelerations were applied to control the system
using the same control law employed in the proposed method.
Finally, to align with the optimization process of FDDP, rigid
body dynamics computations were included in the proposed
method. However, these computations were used only during
cost evaluation and were not considered in the optimization
process for deriving the optimal solution. This decision was
made because implementing a full dynamics-based MPPI con-
troller lies beyond the scope of our study. Considering the 1-kHz
real-time control constraint, we set the prediction horizon length
to K = 32 and the second segment of the dynamics horizon to
a unit of 5.

Based on these experimental settings, we compared the com-
putational performance of both methods. Over the total duration
of 20 s, the proposed method achieved an average computation
time of 0.984 ms, while FDDP required 17.14 ms, making the
proposed method approximately 17 times faster. The average
L2-norm errors in position and orientation after convergence to
the target were 0.005 m and 0.037 rad for the proposed method,
and 0.035 m and 0.024 rad for FDDP. This demonstrates the
computational efficiency of the proposed method, even though
both methods incorporated dynamics in their computations and
achieved comparable tracking performance.

In addition, the dynamic time horizon formulation allows our
method to maintain longer prediction horizons, enhancing its
versatility compared to FDDP. Although FDDP can also operate
with a 1-ms time step, its horizon tends to be much shorter. In
contrast, our method supports both a short control time step and a
long prediction horizon, contributing to more robust and flexible
performance.

(44)

V. CONCLUSION

MPC has been underutilized as a real-time controller for
manipulation due to its heavy computational cost despite its
powerful advantages. To overcome this limitation, we adopted
the MPPI algorithm and developed a method that significantly
improves both computational efficiency and control accuracy.
The improvement is achieved through the introduction of two
novel concepts: single-instance sampling and a dynamic time
horizon. As a result, we have successfully implemented 1 kHz
real-time MPC on a 7-DoF manipulator, creating a method
that surpasses any conventional MPC-like approaches in com-
putation time while ensuring precise end-effector position and
orientation control performance.

The proposed method was validated through various
comparative experiments, demonstrating superiority in
computational efficiency and control performance compared to
existing methods. In particular, the proposed method computes
the solution in approximately 0.298 ms, marking the shortest

reported computational time for MPC-based task space control.
This is a very short time that allows real-time control even at
frequencies above 1 kHz.

While the current implementation does not explicitly incor-
porate system dynamics in the optimization process, it achieves
effective and stable control in a wide range of tasks by leveraging
fast sampling and feedback-based execution. Nevertheless, this
kinematics-based formulation may have limitations in scenarios
that require precise torque regulation or robustness under phys-
ical interaction. Motivated by this, we plan to extend our frame-
work to a dynamics-aware MPPI formulation that can generate
physically feasible and interaction-robust control commands.

Specifically, we aim to incorporate rigid-body dynamics into
the optimization process to directly compute joint torque tra-
jectories, thereby enabling advanced capabilities, such as force
and compliance control. Given the rapid computation time of the
current method, we expect that real-time performance can still
be maintained even with the increased model complexity. In ad-
dition, we will investigate how MPPI algorithmic structures and
sampling strategies can be adapted to maximize performance in
a dynamics-based setting.
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