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Abstract—This letter presents a novel decentralized approach
for achieving emergent behavior in multi-agent systems with min-
imal information sharing. Based on prior work in simple orbits,
our method produces a broad class of stable, periodic trajectories
by stabilizing the system around a Lie group-based geometric
embedding. Employing the Lie group SO(3), we generate a wider
range of periodic curves than existing quaternion-based methods.
Furthermore, we exploit SO(3) properties to eliminate the need for
velocity inputs, allowing agents to receive only position inputs. We
also propose a novel phase controller that ensures uniform agent
separation, along with a formal stability proof. Validation through
simulations and experiments showcases the method’s adaptability
to complex low-level dynamics and disturbances.

Index Terms—Autonomous aerial vehicles, decentralized

control, lie groups, swarm robotics.

I. INTRODUCTION

SWARM is a decentralized form of multi-agent system

(MAS) that displays emergent behavior —that is, complex
behaviors arising from local interactions governed by simple
rules without centralized coordination [1]. Swarm agents are
often robotic platforms such as uncrewed aerial vehicles (UAVs)
used in various domains, including entertainment, surveillance,
and defense.

This letter addresses the challenge of generating stable, closed
3D formations around a fixed point for UAVs using only local
position information. Such formations are relevant in dynamic
capture, surveillance, and mobbing scenarios [2], and relate
to applications such as lattice formation [3], encirclement [4],
epitrochoidal motion [5], target enclosing [6], and other dynamic
patterns [7].

Existing approaches often rely on consensus-based algo-
rithms. For example, [8] uses consensus control and heading
error compensation for 2D circular trajectories, with particle
swarm optimization (PSO) applied to tune controller gains.
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However, this method scales poorly, lacks real-world validation,
and is vulnerable to agent loss. Similarly, [9] applies consensus-
based optimization for simulated circular patrolling.

Prior work confines trajectories to circles due to their sim-
plicity and inherent collision avoidance through phase spac-
ing [10]. Some exceptions exist, such as [5], which introduces 3D
hypotrochoidal and epitrochoidal trajectories. However, these
paths depend on initial conditions, assume double integrator
dynamics, lack collision guarantees, and are not validated in
physical systems.

To overcome the above limitations, [11] introduced an embed-
ding approach where agents follow virtual circular paths with
uniform phase spacing enforced via angular velocity control.
The circular embedding is a projection of the multi-agent coor-
dination problem into a lower-dimensional space, enabling the
use of linear control laws that would otherwise not be directly
applicable. Actual trajectories are derived through quaternion-
based 3D deformations of this circular trajectory. While this
enables the representation of certain complex 3D shapes and
adapts to agent loss or addition, it suffers from ambiguities in
even-sized swarms: quaternion rotation may map two antipodal
agents to the same point, thereby causing a risk of collision.
Additionally, this approach is limited to generating lemniscate
curves and requires both position and velocity inputs, which
constrains the range of applications. Moreover, the previous
work restricted its validation to simulation. The authors identify
these shortcomings as areas for future work.

This letter leverages the concept of circular embedding pro-
posed in [11] and makes the following contributions:

e A Lie group SO(3)-based trajectory deformation method
that generalizes better than quaternion-based approaches,
enabling linear control in lower-dimensional space while
supporting a greater range of 3D formations, not achieved
in the previous literature.

® A resolution to the problem of antipodal collisions identi-
fied in previous work.

® A position-only reference generation technique, allowing
for broader applicability to UAVs without velocity control
(e.g., Crazyflies [12]).

® A scalable, electrostatic repulsion-inspired phase separa-
tion controller that maintains uniform angular separation
with formal guarantees of stability.

e Experimental validation on physical quadcopters, bridging
the gap between theory and practice and demonstrating
robustness to unmodeled dynamics.
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The remainder of the letter is organized as follows. Section II
introduces the relevant Lie group concepts. Section III details the
controller design for generating periodic formations. Stability
analysis is presented in Section IV. Section V outlines the
experimental setup for hardware validation, while Section VI
reports results for both simulation and physical experiments.
Finally, Section VII concludes the letter and outlines directions
for future work.

II. PRELIMINARIES

This section provides a concise overview of the mathematical
foundations relevant to this letter, focusing on the Lie group
SO(3) and its associated Lie algebra so(3). For a more compre-
hensive treatment, see [13], [14], [15].

The group comprising all 3D rotation matrices, includ-
ing the identity, is defined as SO(3) ;== {R € R¥3 | RTR =
I and det(R) = +1}. Its tangent space at the identity, 71 SO(3),
forms the Lie algebra, which consists of skew-symmetric matri-
ces and is defined as s0(3) := {2 € R¥3 | QT = —Q}.

Using SO(3) to represent rotations offers notable advantages
over unit quaternions. Quaternion rotations are sign-ambiguous
(i.e., ¢ and —q encode the same rotation). In contrast, SO(3)
avoids such ambiguities and is free of numerical drift, eliminat-
ing the need for periodic renormalization [16].

Rotations in 50(3) can be expressed via the hat operator (-)",
which maps a 3D angular velocity vector w = [wy,, Wy, W] Tinto
a skew-symmetric matrix:

0 —w, Wy
Q=w'=| w, 0 —wy | - (D)
—Wy Wy 0

The inverse mapping is given by the vee operator (-)".
The exponential map converts elements of s0(3) into SO(3):

R =, )

In this letter, s0(3) serves as the mathematical foundation
for a novel control strategy to generate periodic trajectories
in multi-agent robotic swarms. Working in so0(3) allows us to
specify unconstrained parametric deformations; this contrasts
with unit quaternions and rotation matrices, which must satisfy
norm constraints. Consequently, the elements in © € s0(3) may
contain any values in R, or be expressed as functions of other
system variables (e.g., parametric equations). If the matrix €2 is
mapped to a rotation matrix using (2), the resulting rotation can
be used to deform a 2D circular trajectory into a more complex
3D shape, similar to the quaternion-based method in [11]. This
flexibility in the range of values of 2 expands the range of
achievable 3D trajectories compared to quaternion-based ap-
proaches.

The swarm pipeline proposed in this letter controls the motion
of agents in 3D by regulating their angular velocity in a 2D
circular plane. The angular velocity is represented as a skew-
symmetric matrix s0(3) and mapped to a rotation matrix using
(2). Another advantage of this formulation is that it simplifies
the low-level controller, requiring only position references rather
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than position and velocity as in [11]. This process is discussed
in detail in Section III-D.

Additionally, the position noise and uncertainties can be en-
coded in the Lie algebra, where rotations are defined as linear
disturbances that are projected back to the group space using
the exponential map. This approach of encoding uncertainties
in Lie algebras is widely used in state estimation, particularly
with the invariant Kalman filter [17].

III. CONTROLLER DESIGN

This section outlines the control system architecture for a
swarm using SO(3) rotations, where the Lie Group embedding
acts as a form of feedback linearization, enabling standard
control of the desired periodic motion.

Each agent 7 is modeled as a particle in free space, charac-
terized by its position (x;~ € "R?), velocity (v;~ € "R?), and
control input (u;~ € "R3). The agent’s dynamics is governed
by the following second-order system:

T; = v,

) 3

Vi = Uy,

where u; = &; is the agent’s acceleration input.

A. Lie Group Embedding

Let us introduce a geometric embedding based on Lie group
theory. Consider a circular trajectory of radius  and phase angle
¢ €[0,27). Let wy(¢) and wy(¢) define parametric angular
velocities that deform this trajectory over time about the X and
Y axes, respectively. These deformations are encoded in the
following angular velocities vector in s0(3):

T

Wiy (6) = [wal@) i) 0]+ uy(9) = way(0)".
“)

The exponential map transforms this Lie algebra element into
a rotation matrix in SO(3):

R = v (9), 5)

where R € SO(3) is the time-varying rotation that deforms
the base circular trajectory into a 3D curve. Applying this
transformation yields the deformed trajectory:

z = Rz, (6)

where

T = [r cos (¢) rsin (¢) O] ! 7

is the original circular trajectory in the X'Y -plane.

Fig. 1 shows four distinct trajectory deformations using this
method. For example, the distortion shown in Fig. 1(b) results in
a Dumbbell-shaped projection in the Y Z plane — analogous to
the XY -plane Dumbbell structure in [11] — demonstrating the
versatility of the approach.

The distortion factor s governs the degree of deformation:
s = 0 corresponds to an undistorted circle (i.e., a real-world
circular trajectory), while larger values of s induce increasingly
complex 3D structures. Parameters for each shape are provided
in the figure captions.

Authorized licensed use limited to: Queen's University. Downloaded on February 17,2026 at 23:07:33 UTC from IEEE Xplore. Restrictions apply.



844

IEEE Robotics and Automation Letters (RA-L) paper, presented at ICR

— ref. traj
—— XY proj.

— ref. traj

(a) wg = ssin(6¢) cos(6¢), wy =
s, ¢q = 0.8 rad/s, s = 0.3

(b) wy = ssin(e) cos(¢), wy = 0,
g =2radls, s =1

— ref. traj
— XY proj.
— YZ proj.

— ref. traj
— XY proj.
— YZ proj.

©) wz =
scos?(¢), ¢q = 0.5 radls, s = 0.6

scos(2¢), wy = (d) wz = scos(3¢) sin(¢), wy =

0.58, ¢pg = 1.8 rad/s, s = 0.9

Fig. 1. Examples of 3D geometries generated using the method described in
Section ITI-A along with X Y and Y Z projections. (a) wy, = ssin(6¢) cos(6¢),

wy =5, g = 0.8radls, s = 0.3 (b) wy = ssin(¢) cos(¢), wy =0, g =2
rad/s, s = 1(c)wy = scos(2¢),wy = scos?(¢), éq = 0.5tad/ls, s = 0.6 (d)
Wy = scos(3¢) sin(@), wy = 0.5s, dg = 1.8 rad/s, s = 0.9

B. Controller Overview

Consider an agent ¢ following a 3D trajectory derived via
the rotation (6) from a circular reference path with radius 4 and
phase ¢; = (w;.q.;)t, rotating about the Z axis. The virtual agent
x; is defined by mapping the agent’s position into the circular
embedding via the inverse of (6):

& =R, ;. (8

To achieve the desired behavior, we regulate &; to asymptotically
track the reference circular trajectory:

T

lim &;(t) = rgsin(w, qt) 0 , (9

lim 4 cos(w qt)

where w, 4 is the common desired angular velocity for all agents,
which is constant over time. Regulating this embedding indi-
rectly regulates real-world coordinates ;. This control strategy
is implemented in two stages: a phase controller and a position
controller. These stages ensure, respectively, the convergence of
both angular velocity and radial distance, and are designed to
satisfy:

lim w, 4,:(t) = w4, (10)

t—00 tlggo ri(t) = ra-
where w, 4,(t) is the z angular velocity of the virtual agent ¢ at
the time instant ¢, and r;(¢) is the radius of this same agent at
the same time instant, calculated from the center of the circular
embedding.

The phase controller governs the emergent behavior by ad-
justing each agent’s angular velocity based on the phase dif-
ferences with its leading and lagging neighbors. This promotes
uniform angular spacing and avoids collisions in the embedding.
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Meanwhile, the linear position controller ensures each agent
converges to the appropriate point on the desired trajectory.

C. Phase Control

The phase of agent i is ¢, = arctan 2(&, ;, &, ;), where &, ;
and 2, ; are the x and y coordinates of the virtual agent in the
circular embedding, according to (7). Let us define the phase
of the leading and lagging agents of i as ¢z, and ¢;, which are
obtained in the same way as ¢;, using the respective coordinates
of the agents. The phase control law driving the agent’s desired
angular velocity w q; is given by:

1 1
Wadi = Wea+ kg ¢7 + ¢7
4 ji

where w 4 is the nominal angular velocity shared by the swarm,
ori = ¢; — ¢y is the phase difference between the agent ¢ and its
leading agent k, ¢;; = ¢; — ¢; is the phase difference between
agent 7 and its lagging agent j, and k, > 0 is a control gain.
To ensure consistent angular relationships, both ¢; and ¢;; are
constrained to (—, 7).

This control law induces a repulsive behavior between neigh-
boring agents, analogous to electrostatic repulsion between like
charges: the repulsion strength increases as the agents approach
each other in phase, due to the inverse dependence on ¢y; and
¢;i. Notably, ¢y; is always negative (as k leads ¢), while ¢; is
always positive (as j trails ). When agent ¢ moves too close to its
leader (i.e., |¢ri| < |¢;:]), the term 1/¢y; dominates, reducing
w;,q4,; and thus slowing the agent down. This causes ¢y; to in-
crease and ¢;; to decrease, restoring balance. Conversely, when
i is closer to its follower than its leader, the term 1/¢,; prevails,
increasing w, 4 ; and accelerating the agent to reestablish even
spacing.

(1)

D. Position Control

While the phase controller ensures uniform angular separa-
tion, a separate controller is required to stabilize each agent’s
radial position. This is accomplished by first defining the current
desired position in the circular embedding:

.

Tqi = [rd cos(¢;)  rasin(¢;) 0} (12)

where 7 is the desired radius and ¢; is the current phase of agent

1. Next, an incremental rotation about the Z-axis is constructed

using the agent’s desired angular velocity w. 4 ;, calculated with
(11). The corresponding Lie algebra vector is:

.
wz,i:[o 0 wz,d,i} . (13)

Applying the exponential map yields the incremental rotation
matrix:

AR, = ¥, (14)

which advances the agent’s phase. This rotation is applied to the
current desired position &4,; to form the next desired position
x,; ;, following

ﬁ:im =AR.Z,;. (15)
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The updated phase is then extracted from this position as
¢; = arctan 2(#}, ;, @), ;). The new phase ¢/ is used to obtain
the angular velocity matrix €2, ;, according to (4). Substituting
. into (5) obtains the distortion matrix R,;.

The desired updated position is obtained by applying the
embedding transformation R; in (5):

xq; = Ry ,, (16)

where, x4 ; is given with respect to the center of the embedding.
To drive the agent toward this target, we employ a linear
proportional-derivative (PD) controller:
U; = kwew + kvdd%y
where e, = x4; — x;, and k, and k, are controller gains se-
lected to ensure stability and desired dynamic performance.
Although we adopted a PD controller under double integra-
tor dynamics for simplicity, the proposed trajectory generation
framework is agnostic to the low-level controller. As demon-
strated in Section VI-C, it remains effective with more complex
systems, including quadcopter platforms.

A7)

IV. STABILITY ANALYSIS

The stability analysis is divided into two parts: (1) stability of
the embedding, and (2) stability of the transformed trajectories.

A. Stability of the Embedding

The following theorem establishes the Lyapunov stability of
the embedding under the phase control law in (11).

Theorem 1: Letn > 3 be the number of agents in a swarm that
rotate in a common plane around a fixed point. If each agent’s
angular velocity w, 4, is governed by the control law in (11),
then the system is Lyapunov stable, and all agents converge to a
steady-state angular velocity w, 4; = w. g, and uniform phase
separation (i.e., 360°/n).

Proof: Define the angular phase errors for agent ¢ with respect
to its leading (k) and lagging (j) agents as:

€ji = ¢; — ¢j = @ji,

€ki = ¢i — P = Pki- (18)
Consider the following Lyapunov function:
11 1)
ier) = s (—+— . I
Vi(ejis exi) gz(eﬁ*ekJ (19)

Its time derivative is given by:

. n 1 1 €ji €ki
V(ejisexi) = Z Ke + %) (ejg - 62>] - (20)
i=1 J ¢ Ji ki

At equilibrium, where e;j; = —ey;, we observe:

® V(eji,—eji) = 0and V(ej;, ex;) > 0 elsewhere;

° V(eji7 —ej;) = 0 and V(ejz-, eri) < 0 elsewhere

To establish that V(eﬁ,e;ﬂ-) < 0 outside equilibrium, we
analyze the two components of (20). From (11), we derive:
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z,d,t T 1 1
Wz.d, Wz.d _ < + > ) (21)
k¢ €L €ji
Taking the time derivative of both sides yields:
W di €ji ki
I [ .y 22
ke ( ef; eii) .

Now consider a perturbation where |e;;| > |ex;|,i.¢., the agent
is closer to its leader than to its follower. Since e;; > Oand e; <
0, the right-hand side of (21) is negative, causing a decrease in
Wz,4,i (.e.,w; 4 < w; q). This slows the agent down, increasing
ler;| and decreasing |e;;|, eventually restoring balance (i.e.,
W2.,d,i = Wz q). During this process, the angular acceleration
Wz.a,i > 0, 50 (22) is positive, ensuring that V(eji, eri) < 0.

A symmetric argument holds for the case |e;;| < |e;|. In all
non-equilibrium configurations, the terms in (21) and (22) have
opposite signs, guaranteeing that vV <0.

Therefore, the control law (11) ensures Lyapunov stability.

B. Stability of the Trajectory

The next result establishes that the stability of the embedding
is preserved when mapped into the 3D trajectory via rotation.
This is achieved by showing that the mapping is a one-parameter

homeomorphism.
Theorem 2: Let C: A&y, &ay ..., &0 |7 ||2s]| =
r"V7i, @; € R3,"n > 1} represent points uniformly

distributed on a circle of radius r in a fixed plane. Define
a family of mappings

fir @i =z = Ri(¢i(t)) i
where R;(¢;(t)) € SO(3) is a time-varying rotation matrix
parameterized by the phase ¢;(t) € [0, 27). If each R;(¢;(t)) €
SO(3) is continuous, then the family f; defines a one-parameter
homeomorphism.

Proof: A similar result is proven in [11] using quaternion-
based rotations. Since both SO(3) and the unit quaternions H!
are Lie groups with equivalent topological properties, the proof
extends naturally to SO(3).

To confirm that f; is a homeomorphism, we verify the follow-
ing properties [18]:

® Bijectivity:

- If R(¢p)x1 = R(¢)xo, then T = a2
— For every x € R3, there exists & = R~ !(¢)z such that
R(¢)x = x.

¢ Continuity of the forward transformation follows from the

continuity of matrix multiplication.

¢ Continuity of the inverse transformation also holds due to

the continuity of transposition and inversion in SO3.

Therefore, the mapping from the embedding to the 3D trajec-
tory is a homeomorphism and preserves stability.

V. EXPERIMENTAL METHODOLOGY

The architecture described in Sections III-A and III-B was
implemented in a physical swarm of five UAVs to validate
the proposed approach. The experimental platform consisted
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Fig. 2. Platform used for physical experiments.

of Crazyflie quadcopters, by Bitcraze, shown in Fig. 2. Each
UAV was controlled by cascaded PID controllers [19] that take
position waypoints as input, which justifies the design decision
for the trajectory generator to output only position commands,
omitting velocity information. The flights were conducted in a
5 x 7.5 x 3 m indoor test area. The overall experimental setup
is illustrated in Fig. 3. The proposed algorithm, represented in
the green box, was implemented in Python !, with inter-process
communication managed using ROS2. The inertial coordinate
frame is fixed at the center of the room at ground level, with
the X — Y plane representing the horizontal plane, and the
Z-axis pointing upward. Position vectors x and x4 correspond
to coordinates in this frame. As shown in Fig. 3, each agent
(gray box) comprises a UAV (orange box) and a ROS2 node
(green area) running externally on a ground station, at 10 Hz.
Global position data are provided by a Vicon Camera System
(not shown in the diagram). This data is fused onboard with
internal sensor readings to estimate the UAV’s position x;, which
is then passed to the corresponding ROS2 node. Each ROS2 node
also receives phase values (¢, ¢;) from its leading and lagging
agents, computes the desired 3D target position x4 ; using the
control algorithm, and sends it to the UAV over a radio interface.
Communication with the Crazyflie hardware is handled by a
dedicated Python library.

Although the control computations were performed on an
external computer for implementation convenience, the dis-
tributed nature of the proposed architecture permits deployment
on embedded systems, such as the Crazyflie’s STM32F405
microcontroller or another platform of choice. Each UAV was
aware of its leading and lagging agents (e.g., UAV 2 recognized
UAV 1 asits leader and UAV 3 as its follower). An external node,
with access to the Vicon coordinates, assigned the numbers to
each UAV.

VI. RESULTS

This section provides results from both simulation and phys-
ical experiments.

A. Simulation With 50 Agents

The simulation results demonstrate the effectiveness of the
proposed pipeline for a 50-agent swarm. The phase controller
discussed in Section III-C ran independently for each agent
and was responsible for coordinating the swarm and avoiding
collisions between agents. Regardless of the number of agents in

![Online]. Available: https:/github.com/QUARRG/Lie_group_swarm
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the swarm, this local controller required only the phase position
of two neighbouring agents. For this reason, communication
requirements did not change with an increase in the swarm’s
size. Therefore — as long as the trajectory is large enough to
fit the agents — the approach scales well to larger swarms. For
example, let us consider the case where each agent is a sphere
with radius r, such that r, comprises the dimensions of the
agent plus a buffer distance to avoid collisions. Given a circular
embedding with perimeter 2774, the maximum number of agents
that could fit in a trajectory would roughly be 1,4, & 2774/7.

The agent dynamics follow the double integrator model (3),
with a white Gaussian noise of o = 0.03 added to position
measurements to test robustness.

The gains used were k, = 6, and k, = 6.5v/2 for the position
controller (17), and kg = 0.02 for the phase controller (11). The
time step for incremental rotation updates (14) was dt = 0.1 s.

The radius of the circular embedding trajectory was rq =
10 m, the angular velocity was w, 4 = 1.5 rad/s, and the height
was h = 10 m. Note that assuming that r, = 0.2 m, the max-
imum number of agents iS 7,4, =~ 314 > 50. The parametric
equations governing the embedding deformation in so(3), de-
fined in (4), were:

wa,i(¢i) = s(cos (¢;) sin (¢;) — sin® (),

wy.i(¢i) = s cos® (¢;) sin (—¢;), (23)
where s = 0.4.

The agents were initialized with random positions up to 10 m
away from the desired trajectory. Fig. 4 illustrates the resulting
3D trajectories, showing both the reference and the executed
paths. As seen in Fig. 5, which plots the components X, Y, and
Z over time, agent 1 quickly converged to the desired trajectory.
This figure also shows that the deformation defined in (23)
yielded z coordinates ranging from approximately 5 mto 11 m.
These results confirm the controller’s ability to handle large
initial deviations while maintaining robustness to noise. Fig. 6
shows that the phase controller (11) maintained a target phase
separation of 7.2° between agents, as expected. The system
converged to this value within approximately 5 s. Oscillations
of up to 0.8° amplitude were observed, representing just 11%
of the target separation. These results confirm the controller’s
effectiveness in achieving precise phase regulation with nu-
merous agents in the presence of noise. Considering an agent
radius plus buffer distance of r, = 0.24 m (consistent with the
platform used in the real experiments), the minimum distance
for collision avoidance was ensured by the controller, as shown
in Fig. 7. Inter-agent distances ranged from 16.5 m to 0.54 m.
The steady-state behavior was reached within the initial 5 s

B. Simulation Inserting One Agent

In this simulation, the swarm was initiated with three agents.
A fourth agent was added after 15 s to analyze how long the phase
controller would take to restore equilibrium. The trajectory
parameters were k, = 6, k, = 6.5v/2, kg =3, w,,q = 1 rad/s,
rq = 3m,and h = 1.5 m. The embedding deformation followed

(COF
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Fig. 5. Desired vs. simulated positions of Agent 1, in X,Y and Z axes, as a
function of time.

Fig. 8 shows the angular separations between agents. Initially,
with three agents, the phase controllers took 5 s to converge
to the uniform phase separation (120°). After the insertion
of the fourth agent, the controllers self-adjusted within 2.5 s,
thereby accommodating all agents with a new desired angular
of 90°. Fig. 9 shows a minimum separation between agents of
0.8 m. Considering 7, = 0.24 m, as defined in Section VI-A,

Experimental setup containing the vehicle (orange box), and the control strategy implemented on each UAV (green boxes).
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Fig. 6. Phase difference between 50 agents in simulation.
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Fig. 7. Cartesian distance between 50 agents in simulation.

this means collision between agents was avoided throughout the
simulation. These results demonstrate our technique automat-
ically re-partitions the phase when an agent is added, with no
centralized coordination or reparameterization required.

C. Physical Experiment

For the physical experiment that follows, the parametric equa-
tions for deformation at (23) and the parameter s were kept
identical to those used in the previous simulations. This design
choice was intended to demonstrate that the proposed algorithm
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Fig. 8. Angular separations between agents in the simulation initiated with
three agents and one agent added at 15 s.
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Fig. 9. Distances between agents in the simulation initiated with three agents
and one agent added at 15 s.

consistently generates the desired positions, regardless of the
agent’s underlying dynamics. However, the desired angular ve-
locity was reduced to w, 4 = 0.8 rad/s — lower than in the sim-
ulation — for safety reasons. When operating multiple Crazyflie
UAVs simultaneously, the radio communication channel can
become congested, occasionally causing one or more drones
to lose communication and control. Operating at lower speeds
provides a safety margin, allowing time to trigger emergency
stop procedures and prevent potential collisions. Although our
technique is decentralized, all information exchanged between
Crazyflies and the ground station is done via the same radio
channel, due to Bitcraze’s design choice.

The experiment was conducted with five Crazyflies units. Ini-
tially, all agents were placed aty > 0, with randomly-distributed
x and z values between —2 m and 2 m. The phase controller gain
was set to kg = 8, the desired radius was 4 = 1 m, the height
of the circular embedding was h = 0.9 m, and the time step
remained dt = 0.1 s, as in Section VI-A. The UAVs operated
under the manufacturer-provided low-level PID controller.

Fig. 10 shows the 3D trajectory of Quadcopter 1 in the same
view as the simulation result in Fig. 4. The strong similarity
between the two confirms that the proposed pipeline yields con-
sistent and reliable behavior in both simulation and real-world
settings, validating its applicability to physical UAV systems.
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Fig. 10.  Desired vs. actual 3D trajectories of Quadcopter 1 and XY and Y Z
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Fig. 11. Desired vs. actual positions of Quadcopter 1 in X, Y, and Z axes, as
a function of time.

Fig. 11 displays the desired and actual trajectories for one
quadcopter along the X, Y, and Z axes over time. A comparison
with the simulation results in Fig. 5 reveals a strong correspon-
dence between the simulated and real-world responses across
all three dimensions, confirming the consistency and accuracy
of the proposed pipeline in replicating the desired behavior
on physical hardware. Although Fig. 11 resembles Fig. 5 in
shape, its dimensions are smaller, as the desired radius was ten
times smaller. Fig. 11 also shows that the agent followed the
reference trajectory closely. Fig. 12 illustrates the effectiveness
of the phase separation controller, which converged to the tar-
get angular separation of 72° in about 10 s and maintained it
consistently throughout the experiment. Although with minor
fluctuations about the desired value, the overall stability of
the phase separation was preserved. Fig. 13 shows that the
inter-agent distances achieved a minimum value of 0.6 m, and
a maximum of 2.9 m in the transient state. After about 15 s, it
converged and remained within 1.05 mto 1.35 m, confirming that
collisions were successfully avoided, considering 7, = 0.24 m.
Periodic behavior is noticed in Fig. 12 and Fig. 13 due to the
periodic nature of the 3D shape.

The results in this section demonstrate that the pipeline pro-
posed in this work can be applied to real-world agents, with
more complex dynamics than a double-integrator.
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VII. CONCLUSION

This letter introduced a novel method for generating closed
3D trajectories by deforming circular embeddings using the Lie
group SO(3). By leveraging the relationship between SO(3) and
its Lie algebra so(3), we defined parametric equations directly in
the algebra and converted them into rotation matrices, allowing
for a richer class of closed curves than previously possible.

Our approach requires only position inputs, eliminating the
need for velocity inputs, and reducing computational overhead.
This design is well-suited for resource-constrained platforms
such as Crazyflies quadcopters.

We also proposed a novel phase controller that maintains
uniform angular separation (i.e, 360° /n, where n is the number
of agents) among agents. A formal Lyapunov stability analy-
sis confirmed the robustness of this controller in maintaining
collision-free formations.

The method was validated through simulations involving 50
agents with high angular velocity, demonstrating scalability
and fast convergence even under dispersed initial conditions.
Physical experiments with five quadcopters further confirmed
the algorithm’s effectiveness under unmodeled dynamics and
with a different low-level controller architecture. Those results
proved our technique to be agnostic to the agent and the low-
level controller implied. As future work, we aim to implement
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IES

fully decentralized agent recognition, enabling each UAV to
autonomously identify its leading and lagging neighbors without
relying on an external coordinator. Furthermore, the method
could be extended by adding orientation control for vehicles
such as fixed-wing aircraft.

Additionally, our work assumed perfect position measure-
ments. In future work, we will relax this assumption and encode
the measurement noise and uncertainties in the Lie algebra, as
we mentioned in Section II, obtaining a more robust trajectory
generation method.
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