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Hybrid Contact Dynamics and Residual-RL
Framework for Multi-Point Object Pushing

Chen Chen , Xu Dai , and József Kövecses

Abstract—Robotic contact manipulation involves applying con-
trolled forces at contact points to guide an object along a desired
trajectory while respecting the underlying physical interactions.
This letter presents a novel framework that integrates dynamic
modeling and Reinforcement Learning (RL) to achieve robust ob-
ject pushing with a redundant robotic arm. First, a comprehensive
dynamic contact model is formulated, incorporating unilateral
constraints and a box friction model to capture the nonlineari-
ties present in real-world contact dynamics. Second, the model is
extended to handle multiple simultaneous point contacts, enabling
effective trajectory planning and tracking for a redundant robotic
arm in multi-contact pushing tasks. Third, an RL strategy is intro-
duced as a residual module that augments a model-based controller
to improve pushing performance. Simulation and real-world ex-
periments with a Kinova Gen2 arm demonstrate that the proposed
method achieves accurate trajectory following and stable contact
interactions, significantly outperforming traditional PD control
strategies in dynamic pushing scenarios.

Index Terms—Contact modeling, manipulation planning,
integrated planning and control, reinforcement learning.

I. INTRODUCTION

PUSHING objects precisely is crucial in robotic manip-
ulation, especially in contact-rich tasks. Robots without

grippers, often chosen to save cost or space, rely on pushing
as a practical alternative to traditional grasping. Additionally,
pushing is essential when manipulating heavy objects, where
conventional pick-and-place methods become challenging, even
with large grippers. Achieving accurate placement or trajectory
tracking through pushing is complicated by unknown object
geometries, complex frictional interactions, and the inherent
nonlinearity and sensitivity of initial contact conditions [1].

Previous research has extensively studied robotic pushing
tasks, often adopting simplified assumptions such as quasi-static
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conditions or prioritizing path planning without detailed mod-
eling of contact dynamics. For instance, Lynch and Mason [2]
analyzed stable quasi-static pushing, identifying directions that
maintain continuous object-manipulator contact through heuris-
tic methods. Miyazawa et al. [3] employed the rapidly-exploring
random tree (RRT) algorithm [4] to plan flexible contacts for
pushing planar objects. Lee et al. [5] developed a hierarchi-
cal approach that segments pushing tasks into selecting ob-
ject contact points, pose estimation, and manipulator contact
planning.

Recent work has increasingly utilized high-fidelity datasets
for data-driven planar pushing. Researchers like Lynch [2]
and Yoshikawa [6] used sensor-vision feedback to estimate
dynamic parameters such as friction distribution. Yu et al. [1]
assembled extensive push datasets with systematic variations in
object shape, materials, and velocities to learn contact behaviors.
Building upon these datasets, Zhou et al. [7] proposed a rapid
stochastic contact model, while Bauza et al. [8] developed prob-
abilistic predictions of planar push outcomes using Gaussian
processes. However, these methods rely on different sensors and
do not explicitly address scenarios with complex, multi-contact
dynamics.

Learning-based methods have recently advanced planar ma-
nipulation but typically involve restrictive assumptions. Bauza
and Rodriguez [9] presented a data-efficient push planner with
local Gaussian processes. Yang et al. [10] learned tactile-based
RL policies transferable to novel objects. Chi et al. [11] used dif-
fusion models conditioned on target end poses. Cong et al. [12]
trained a recurrent forward model in simulation under quasi-
static conditions, employing MPC for control. Dengler et al. [13]
utilized DRL frameworks for goal-directed pushing in cluttered
environments based on depth and contact feedback. Jin et al. [14]
examined the sensitivity of transformer models to physical and
visual domain shifts in trajectory predictions, highlighting their
high data dependence. Although promising, these methods: (i)
require large-scale data or additional sensing modalities, (ii)
optimize mainly for target pose and leave the time-parameterized
trajectory implicit, an issue for contact-rich pushing where this
can break continuous contact, induce abrupt accelerations, and
yield inconsistent force profiles, and (iii) neglect comprehensive
multi-contact friction dynamics.

To overcome the limitations of purely model-based or model-
free methods in planar pushing tasks, we propose a Hybrid
Contact Dynamics and Residual-RL Framework. The term Hy-
brid denotes the integration of analytical contact modeling with
data-driven residual learning. Our contributions are as follows:
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Fig. 1. Constraint modeling: (a) Unilateral constraint and (b) box friction
model.

TABLE I
COMPARISON WITH PRIOR ROBOTIC PUSHING METHODS

1) Introduce a comprehensive dynamic contact model for
a redundant robotic arm that includes unilateral con-
straints [15] and a box friction model (see Fig. 1) [16], [17].
This approach handles contact dynamics that are typically
nonlinear and challenging in real-world tasks.

2) Extend the model to accommodate multiple point contacts,
enabling a redundant robotic arm to push an object along
a specified trajectory.

3) Integrate RL not as a standalone model-free controller, but
as a residual learning module that fine-tunes control inputs
on top of the model-based controller. We design a novel
force-based reward function that enables the RL agent to
adaptively correct errors due to friction uncertainties and
contact disturbances.

Table I summarizes key differences compared to existing
methods.

II. METHODS

A. Contact Dynamics Modeling

Pushing an object along a predefined trajectory and achieving
accurate positioning is a contact-rich manipulation problem, as
illustrated in Fig. 2. The dynamics of any robotic arm under such
conditions can be described by the following equations:

Mq̈+ c = fa +ATλ (1)

Fig. 2. Schematic of the planar multi-contact pushing configuration. Multiple
contact points pi apply planar forces {λni , λti} to the object. All contacts are
positioned at the same z-height.

Aq̇ = w (2)

where M is the joint space mass matrix, and c includes cen-
trifugal and Coriolis forces. q̇ denotes the joint velocities, and
fa represents the control input torques. The matrix A is the
constraint Jacobian, which maps joint velocities to constraint-
space velocities w. The contact forces λ stack the normal and
tangential components applied at multiple contact points:

λ = [λn1
, λt1 , . . . , λnk

, λtk ]
T, i = 1, . . . , k (3)

where λni
and λti represent the normal and tangential forces at

the ith contact point. Given the planar nature of the pushing task,
tangential forces λti significantly influence planar translation
and rotation about the vertical (z) axis; the orthogonal tangential
direction is omitted. Similarly, the relative constraint velocities
are:

w = [wn1
, wt1 , . . . , wnk

, wtk ]
T, i = 1, . . . , k (4)

where wni
and wti denote the normal and tangential constraint

velocities at contact point i. To model contact interactions,
we adopt the unilateral constraint and the box friction model.
The unilateral constraint enforces non-penetration between the
pusher and the object, expressed via a linear complementarity
relationship between the normal relative velocity and the corre-
sponding normal contact force. The box friction model, derived
from the Coulomb friction cone [18], discretizes the friction
constraint within a bounded box along two orthogonal tangential
directions. The friction bounds are defined using a coefficient
vector μ = [μ1. . .μk]

T, and the resulting friction forces satisfy:

λti ∈ [−μiλni
,+μiλni

] , i = 1, . . . , k (5)

where μi is the friction coefficient at the ith contact point. While
the box friction model is an approximation of the true quadratic
Coulomb friction cone, we choose it for its trade-off between
physical fidelity and computational efficiency. By representing
friction limits as linear inequalities, the contact dynamics can
be formulated as a Mixed Linear Complementarity Problem
(described subsequently) rather than a nonlinear one, making
it more tractable for real-time control and ensuring a unique
solution at each time step [16], [17]. To simulate the contact
interaction, we discretize the dynamics at the velocity level using
a first-order method. Over a time step h from t to t+, the velocity
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update is approximated as:

q̈ ≈ q̇+ − q̇

h
(6)

Introducing time discretizations, unilateral constraint, and box
friction model, the system is formed as:[

M −AT

A 0

][
q̇+

hλ+

]
+

[
−Mq̇+ hc− hfa

hȦq̇

]
=

[
0

w+

]
(7)

with the complementarity condition:

0 ≤ w+
n ⊥ λ+

n ≥ 0

w+
t ⊥ λ+

t ∈ [−μλ+
n ,+μλ+

n ] (8)

The contact dynamic model, formulated as a Mixed Linear
Complementarity Problem (MLCP), serves as the computational
backbone of our system. Unlike prior work that often relies
on simplified or quasi-static approximations, our formulation
captures the underlying physics of multi-point frictional contact
with high fidelity. It allows joint velocities and contact forces
to be computed together within a single formulation, ensur-
ing physical consistency and numerical stability. This unified
approach makes the model directly usable in both simulation
and control pipelines. To the best of our knowledge, this is the
first use of such a dynamic model in an object pushing scenario
using a redundant robotic arm. As such, it provides a reliable
foundation for learning and executing complex contact-rich
tasks in both simulation and real-world settings.

B. Trajectory Planning and PD Control

Accurate trajectory planning and appropriate control selection
are crucial for achieving reliable performance in contact tasks.
A general approach can be structured into three main stages: (i)
objectlevel trajectory generation, (ii) mapping of the trajectory
into desired contact force distributions and contact positions,
and (iii) robotic joint space control.

1) Object Trajectory Planning: To effectively plan the ob-
ject’s motion during the pushing task, we employ the instant
center of rotation (ICR) method [19]. The ICR is a conceptual
point in the plane of a moving rigid body at which the instan-
taneous velocity is zero. Under this formulation, the motion
of every other point on the object can be interpreted as pure
rotation around the ICR. By leveraging the ICR representation,
the combined translational and rotational motion of the object
is transformed into a single continuous rotation about a moving
center. This approach enables smooth, coordinated trajectory
generation from an initial pose to a target pose without requiring
piecewise interpolation or switching between different motion
primitives. Moreover, it provides a natural way to design feasi-
ble pushing trajectories that maintain stable contact, minimize
abrupt velocity changes, and reduce control complexity.

2) Force Distributions: Once the desired object trajectory is
defined, the primary challenge is determining the magnitudes
and positions of contact forces that the robotic arm should apply
to achieve this motion. At the ith contact point, the desired

applied force is expressed as:

Fi,des = Fni,desen + Fti,deset (9)

where scalar magnitudes Fni,des andFti,des represent the normal
and tangential force components, and unit vectors en and et
indicate local normal and tangential directions respectively.
Under Coulomb friction, the following friction cone must hold:

Fni,des ≥ 0, |Fti,des| ≤ μiFni,des, i = 1, . . . , k (10)

The object’s dynamics are governed by Newton–Euler equa-
tions, relating applied forces to translational and rotational ac-
celerations, all expressed consistently in the local coordinate
frame:

Mobv̇ob,des + cob = A�obFdes + f (11)

Aobvob,des = wp (12)

where Mob = diag(m,m, Iz) is the mass matrix, v̇ob,des =
[v̇n,ob,des, v̇t,ob,des, ω̇z,ob,des]

� represents desired generalized
accelerations at the object’s center of mass, and cob captures
Coriolis and centrifugal terms. The Jacobian matrix Aob trans-
forms generalized velocities at the object’s center of mass into
translational velocities wp at all k contact points. The vector
Fdes = [Fn1,des, Ft1,des, . . . , Fnk,des, Ftk,des]

� represents the set
of desired normal and tangential forces for all k contact points.
The vector f = [fn, ft, τz]

� denotes external friction forces and
torque resulting from ground interaction. Each contact point’s
position relative to the object’s center of mass, in the local
frame, is given by ri = nien + tiet. To compute optimal forces
and contact positions, we solve the constrained optimization
problem:

min
{Fni,des,Fti,des,ni,ti}

∥∥Mobv̇ob,des + cob −A�obFdes − f
∥∥2

s.t. Fni,des ≥ 0, |Fti,des| ≤ μiFni,des,

(ni, ti) ∈ R, i = 1, . . . , k
(13)

where R denotes the admissible set of contact locations on
the object’s surface, ensuring that all contact points remain
within the object’s geometry and are physically realizable given
the pusher’s configuration. In practice, R is computed as the
intersection between feasible object-surface contact regions and
the spatial constraints imposed by the pusher’s geometry. The
resulting optimized parameters serve as direct inputs for robotic
trajectory planning and control.

It is worth noting that the cube in Fig. 3 serves as a simplified
3-D illustration. The proposed optimization framework for force
distribution and contact selection is applicable to a wide range of
convex rigid bodies, such as cuboids, polyhedra, and cylinders,
where surface normals and contact geometries are well defined.
While the approach extends to arbitrary convex shapes, non-
convex or geometrically complex objects may require additional
constraints or tailored numerical methods to ensure feasible and
accurate solutions.

3) Operational Space Velocity Planning and PD Controller:
Given the desired object trajectory and the computed contact
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Fig. 3. Illustration of pushing an object at a representative contact point ci.
Fni,des andFti,des are the desired normal and tangential force represented at the
local frame. The contact point ci is located on one face of the object at the same
vertical height as its center of mass o. p denotes the instant center of rotation
(ICR) that constrains the object’s motion.

force distribution, the final stage of the control pipeline involves
commanding the robot’s end-effector motions to realize the
planned object behavior. At each control cycle, the desired
end-effector velocity vedes is computed to guide the end-effector
toward the target contact point. This operational space velocity
must be translated into joint level velocity commands that the
robot can execute. For redundant manipulators, inverse kine-
matics [20] computes joint velocities to achieve the desired
end-effector motion:

q̇des = J†vedes (14)

where J† is the Moore–Penrose pseudoinverse of the Jacobian
matrix J. The null space velocity command is not utilized
in this push task scenario. Joint space tracking of the com-
puted reference trajectories is enforced through a torque-level
proportional-derivative (PD) control scheme:

τ = Kp(qdes − q) +Kv(q̇des − q̇) (15)

where q and q̇ are the current joint positions and velocities,
and Kp,Kv are positive definite control gains tuned to ensure
convergence and stable tracking. The command torque τ is
applied as external forces to the robot’s dynamic model (as
described in (7)), resulting in joint velocities and subsequent
motion of the end-effector. Through this closed-loop structure,
deviations in joint space positions and velocities are continually
corrected by torque adjustments.

4) Limitations of PD Controller in Force Regulation: De-
spite this structured control pipeline, the actual contact forces
exerted by the robot still differ from the desired ones computed
by the contact dynamic model in (7). Contact forces are not
directly commanded but instead arise from the nonlinear interac-
tion dynamics between the robot and the object. If, at time t, the
realized contact forces deviate from the desired values, the object
may not reach the expected configuration at time t+. This devia-
tion can lead to drift in the contact location and loss of alignment
with the precomputed trajectory. In other words, relying solely
on a PD motion controller is insufficient to guarantee precise
contact force application [21] or accurate trajectory tracking in
dynamic pushing tasks. This limitation of purely position-based

Algorithm 1: Residual-RL Assisted Multi-Contact Pushing.
Require: Nominal policy πH (hand-engineered, tracks
ICR-based planned trajectory and desired force
distribution Fdes); residual policy πθ (trained RL policy
for corrections)

1: Initialize: observe current robot state (q, q̇), nominal
contact set r, object position p, and contact forces λ

2: for n = 0 to N − 1 Steps do
3: vH

e ← πH(q, q̇, r) // nominal end-effector velocity
4: if object pose deviates from ICR trajectory then
5: vθ

e ← πθ(q, q̇, r, λ,Fdes) // residual velocity
6: else
7: vθ

e ← 0 // no residual correction needed
8: end if
9: ve ← vH

e + vθ
e // combined end-effector velocity

command
10: q̇des ← J† ve; qdes ← q+ q̇des Δt // inverse

kinematics
11: τ ← Kp(qdes − q) + Kv(q̇des − q̇) // PD controller
12: (q+, q̇+, p+, λ+)← MLCP(q, q̇, p, τ ) // simulate

one time-step with our contact dynamic model
13: (q, q̇, p, λ)← (q+, q̇+, p+, λ+) // update state for

next step
14: end for

control is well recognized in robotics research, prompting the
development of other force control approaches [22], [23].

C. RL Assistance

1) Residual Velocity Learning: To overcome the limitations
of this velocity- and position-based PD controllers in achieving
precise contact forces and contact locations, we introduce a RL
policy that provides augmentation of the end-effector velocity.
The central concept is to learn a residual velocity correction term,
enabling the robot to dynamically compensate for deviations
from the planned motion and desired force profiles. Formally,
the commanded end-effector velocity is defined as:

ve = vH
e + vθ

e (16)

where vH
e is the nominal velocity computed by the hand-

engineered PD controller, and vθ
e is the RL-generated residual

velocity. This residual term addresses real-time discrepancies in
the robot’s motion, particularly slight misalignments in contact
positions or inaccuracies in the contact forces.

Critically, velocity corrections introduced by the residual
policy not only affect the end-effector’s position but also di-
rectly influence the contact forces applied to the object. Specif-
ically, adjustments in the end-effector velocity translate into
corresponding changes in joint velocities. These joint velocity
variations, in turn, produce adjustments in joint torques through
the PD control law (15). Because these torques serve as external
control inputs within the contact dynamics model (7), any al-
teration in joint torques immediately impacts the contact forces.
Consequently, improper residual velocity adjustments can lead
to unintended contact forces, causing the object to deviate from
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TABLE II
PHYSICAL PROPERTIES OF THE PUSHER AND OBJECTS

its desired trajectory. In extreme scenarios, such adjustments
may even result in the loss of stable contact.

2) Reward Function Design: The reward function is de-
signed to align with the physical objectives of the pushing
task, emphasizing accurate force application over pure trajectory
tracking. Specifically, it penalizes deviations between the actual
and desired contact forces and torques across all k contact points
at n timestep:

R = −
n∑

j=1

k∑
i=1

[
w1|F j

ni,des
− λj

ni
|+ w2|F j

ti,des
− λ

j
ti
|

+w3|τ jzi,des
− τ jzi |

]
. (17)

where λj
ni

, λ
j
ti

, and τ jzi denote the actual contact normal force,
tangential force, and torque at the ith contact point at timestep
j, respectively. The terms with subscript “des” indicate the
corresponding desired values computed from our dynamic opti-
mization. The scalar weights w1, w2, and w3 are introduced
to balance the relative importance between translational and
rotational tracking objectives.

This learning strategy is inspired by Residual Policy Learning
(RPL) [24], which combines model-based controllers with data-
driven corrections. However, in contrast to prior applications
that focus on trajectory-based or sparse rewards, we integrate
Newton–Euler dynamics into the reward formulation to guide
learning at the force level. Moreover, the reward computation
relies solely on internal state variables available in simulation,
avoiding the need for external sensing such as vision and force
sensors. The entire training process is conducted in a simulated
environment using our dynamic model, and the learned resid-
ual velocities are directly deployed on the real robot without
additional adaptation.

III. EXPERIMENTAL SETUP

We evaluate our proposed method through experiments using
a Kinova Gen2 7-DOF robotic arm to perform planar pushing
with two different objects (a cube and a wedge shape). A custom
two-point pusher is mounted on the robot’s end-effector to
interact with the objects. The simulation and real-world setups
are shown in Fig. 4, and the key physical parameters of the
objects and pusher are summarized in Table II.

The primary objective of our experiments is to validate the
robot’s ability to accurately track entire planned trajectories
generated by the ICR method across a variety of target con-
figurations. In each trial, we randomize the object’s target
pose, including its final (x, y) position and orientation, within

Fig. 4. Pushing task scenarios in simulation and real world.

predefined ranges. Given any specific start and end pose, the
ICR planner produces a unique circular arc trajectory; thus,
this randomization ensures each trial evaluates a distinct trajec-
tory. To increase motion complexity, we evaluate three angular
velocity profiles along the ICR trajectory: constant (uniform
rotation), trapezoidal (acceleration, steady speed, and decelera-
tion) [25], and chirp-like (oscillating rotation rate that increases
over time) [26]. These profiles share the same geometric arc
but vary the temporal characteristics of rotation, introducing
different dynamic challenges for trajectory tracking.

A. Simulation Environment

The simulation experiments are conducted using Vortex Stu-
dio, which accurately models complex contact dynamics con-
sistent with our derived formulation (7). Initially, the pusher is
moved from the home position to the initial contact points using
an inverse kinematics solution. These pre-contact motions rely
purely on model-based planning to achieve the nominal con-
tact configuration. Once the pushing phase begins, the system
continuously monitors the interaction forces. If the object pose
deviates from the ICR trajectory, the RL-based residual velocity
correction is activated to augment the end-effector velocity.

During simulation training, we expose the RL agent to both
object types and to the full range of trajectory profiles to ensure
broad generalization. Each training episode randomly selects
an object shape and a target pose, resulting in different ICR
trajectories with one of the three angular velocity profiles. This
diversity of training scenarios allows the learned residual policy
to handle different objects and trajectories. Furthermore, to
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bridge the gap between simulation and reality, domain random-
ization techniques [27] [28] are systematically applied to en-
hance robustness against uncertainties and model discrepancies
in simulation environment. Specifically, we randomize physical
properties such as object mass, pusher mass, contact friction, and
ground friction coefficients within realistic bounds. We employ
the Deep Deterministic Policy Gradient (DDPG) algorithm [29],
[30] to learn this residual velocity policy. The actor network
receives a compact state input comprising actual and desired
contact forces, end-effector velocities, and object positions,
outputting the continuous end-effector velocity correction vθ

e .
The critic network evaluates the quality of the selected action
using a temporal-difference error and guides the policy update.
Both actor and critic networks consist of fully connected layers
with ReLU activations and are trained using an off-policy re-
play buffer with soft target updates. To encourage exploration,
Ornstein–Uhlenbeck (OU) noise [31] is added to the actor output
during training. The raw actions are normalized to [−1, 1] and
then scaled by an action coefficient to produce feasible velocity
corrections at the end-effector. The training is executed within
this environment on a workstation equipped with an NVIDIA
RTX 3060 GPU.

B. Real-World Experimental Platform

In real-world validation, we utilize the same PLA-based
pusher and objects from the simulation setup to maintain con-
sistency in geometry and inertial properties. The Kinova Gen2
robotic arm executes commands at a high-frequency control loop
of 100 Hz. Pose data of objects are obtained using an Intel
RealSense D455 RGB-D camera mounted above the experi-
mental workspace. To achieve reliable pose estimation, ArUco
markers are affixed to the top face of the objects to reduce
measurement noise [32]. The camera provides pose measure-
ments at 30 Hz, necessitating synchronization strategies to align
lower-frequency camera data with the high-frequency robotic
control loop. Specifically, object poses are recorded every three
control steps to match the camera’s frame rate, ensuring coherent
comparisons between simulated and real-world trajectories. No-
tably, the camera system is employed solely for post-experiment
performance evaluation; it does not serve as feedback for the
robot’s control policy during real-time execution.

IV. RESULTS

In this section, we evaluate our proposed RL assistance ap-
proach by comparing its performance against the PD controller.
We focus on both simulation and real-world experimental re-
sults, analyzing trajectory-tracking accuracy and contact force
performance. In addition, we assess the accuracy of the con-
tact dynamic model by comparing simulated predictions with
real-world measurements.

A. Simulation Training

Each training episode runs for 20 s, equivalent to 2000 simu-
lation time steps. For each episode, we evaluate the performance
of PD-only baseline and RL assistance approach by calculating

Fig. 5. Error dynamics during the training. Each point is the per-episode mean
absolute error (averaged over the 2000 time steps in that episode). Left axis: force
errors (normal, tangential); right axis: torque error.

Fig. 6. Trajectory/angle tracking comparison. Green: desired; blue: PD-only;
red: RL-assisted. Means are computed over 50 trials per condition.

the mean absolute tracking errors in normal force, tangential
force, and torque. Fig. 5 presents these per-episode errors across
2500 episodes. The RL-assisted approach demonstrates a clear
reduction in all error metrics within the initial hundred episodes,
achieving stable convergence around episode 1500. In con-
trast, the PD-only controller maintains higher errors and greater
noises, indicating its limited ability to adapt to different object
geometry and angular velocity profiles.

B. Trajectory Tracking Accuracy (Real Experiments)

Fig. 6 summarizes experimental tracking performance com-
paring our RL assistance approach with a PD-only baseline
over 50 real-world pushing trials per scenario. The designed
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TABLE III
MEAN TRACKING PERCENTAGE ERRORS FOR EACH OBJECT AND ANGULAR

TRAJECTORY OVER 50 REAL-WORLD TRIALS

Fig. 7. Representative contact conditions under RL-assisted control (left) and
PD-only baseline (right) for cube (top) and wedge (bottom) objects.

objects are tested along different ICR trajectories. For clarity,
representative trajectories are selected to illustrate key varia-
tions: (i) translational and rotational tracking of the cube under
a constant angular velocity (Fig. 6(a) and (b)), and (ii) rota-
tional tracking of the wedge under trapezoidal and chirp angular
velocity profiles (Fig. 6(c) and (d)). In all selected examples,
the RL-assisted controller achieves notably closer adherence to
the desired trajectory compared to the PD baseline. Table III
summarizes mean percentage tracking errors, computed over
the entire trajectory and averaged over 50 trials per scenario,
clearly showing RL assistance approach improvements across
all shapes and profiles.

Fig. 7 presents two representative real-world experimental
trials for each object under different ICR rotation trajectories,
clearly demonstrating the contrast between stable and unstable
contact conditions. Under conditions where the PD controller
produces inaccurate or suboptimal contact forces and positions,
the pusher may lose contact at one of its points. This loss reduces

Fig. 8. Cube object, constant angular velocity ICR trajectory: sim–to–real
comparison of planar force and torque tracking errors at each time step (mean
over 50 trials).

TABLE IV
MEAN PLANAR FORCE/TORQUE TRACKING ERRORS

both the applied force and torque on the object, leading directly
to deviations from the intended ICR trajectory. Consequently,
the object’s rotational motion slows noticeably relative to the
desired trajectory.

C. Force and Torque Error (Sim–to–Real Transfer)

To further validate our residual policy approach and the
contact dynamic model, we evaluate planar contact forces and
torque in simulation and real-world experiments. Because no
external force–torque sensor is available in the experimental
setup, we utilize the Kinova arm’s internal force/torque estimates
only for offline validation after real-world trials. Crucially, these
internal readings are never used as inputs to the residual policy
during deployment. The policy operates entirely without force
sensing on the physical robot, relying on force feedback only
in simulation training as part of the reward function. Fig. 8 and
Table IV summarize the force and torque tracking evaluation.
Fig. 8 presents a representative scenario (cube with constant
angular rotation), displaying the average force and torque track-
ing errors at each time step across 50 trials, separately for
simulation and real-world experiments under PD controller and
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RL assistance approach. In contrast, Table IV provides aggre-
gated scalar metrics, each representing the mean tracking error
computed by averaging absolute force and torque deviations
over all 2000 time steps, and then further averaging these results
across the 50 trials. Two key conclusions can be drawn from
this analysis. First, under the PD-only controller, the similarity
between simulation and real-world results indicates that our
dynamic model accurately captures the true contact behavior.
Second, the RL-assisted policy significantly reduces force and
torque tracking errors compared to the PD-only baseline.

V. CONCLUSION

This letter introduced a novel hybrid approach for robotic
manipulation tasks involving precise object pushing. The key
contributions include: (1) a comprehensive contact dynamic
model featuring unilateral constraints and a box friction model,
accurately capturing nonlinear, multi-contact frictional dynam-
ics; (2) an ICR-based trajectory formulation that enables smooth
and physically feasible motion between poses; and (3) a residual
velocity policy that augments the baseline controller using a
force-level training objective in simulation, while requiring no
external force sensors at deployment. In both simulation and
hardware experiments, the RL assistance approach achieved
lower object translational and rotational tracking errors com-
pared to a PD-only controller. Force/torque analysis further
indicates a small gap between simulation and real measurements,
supporting the accuracy of the dynamic model. Future exten-
sions may explore generalization to a wider range of contact
configurations (e.g., more contact points) and assess modeling
limitations for tall or top-heavy objects subject to out-of-plane
effects.
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