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QP Chaser: Polynomial Trajectory Generation for
Autonomous Aerial Tracking

Yunwoo Lee™, Jungwon Park™, Seungwoo Jung

Abstract—Maintaining the visibility of the target is one of the
major objectives of aerial tracking missions. This paper proposes
a target-visible trajectory planning pipeline using quadratic
programming (QP). Our approach can handle various tracking
settings, including 1) single- and dual-target following and 2)
both static and dynamic environments, unlike other works that
focus on a single specific setup. In contrast to other studies that
fully trust the predicted trajectory of the target and consider
only the visibility of the target’s center, our pipeline considers
error in target path prediction and the entire body of the target
to maintain the target visibility robustly. First, a prediction
module uses a sample-check strategy to quickly calculate the
reachable areas of moving objects, which represent the areas
their bodies can reach, considering obstacles. Subsequently, the
planning module formulates a single QP problem, considering
path homotopy, to generate a tracking trajectory that maximizes
the visibility of the target’s reachable area among obstacles. The
performance of the planner is validated in multiple scenarios,
through high-fidelity simulations and real-world experiments.

Note to Practitioners—This paper proposes an aerial target
tracking framework applicable to both single- and dual-target
following missions. This paper proposes the prediction of the
reachable area of moving objects and the generation of a target-
visible trajectory, both of which are computed in real-time. Since
the proposed planner considers the possible reach area of moving
objects, the generated trajectory of the drone is robust to the
prediction inaccuracy in terms of the target visibility. Our system
can be utilized in crowded environments with multiple moving
objects and extended to multiple-target scenarios. We extensively
validate our system through several real-world experiments to
show practicality.
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I. INTRODUCTION

ISION-AIDED multi-rotors [1], [2], [3] are widely

employed in applications such as surveillance [4] and
cinematography [5], and autonomous target chasing is essen-
tial in such tasks. In target-chasing missions, various situations
exist in which a single drone has to handle both single- and
multi-target scenarios without occlusion. For example, in film
shooting, there are scenes in which one or several actors should
be shot in a single take, without being visually disturbed
by structures in the shooting set. Moreover, the occlusion
of main actors by background actors is generally prohibited.
Additionally, autonomous shooting can be used in sporting
events to provide aerial views of athletes’ dynamic play.
Similarly, the athletes’ movement should not be obstructed
by crowds. Therefore, a tracking strategy capable of handling
both single and multiple targets among static and dynamic
obstacles can benefit various scenarios in chasing tasks.

Despite great attention and research over the recent decade,
aerial target tracking remains a demanding task for the fol-
lowing reasons. First, the motion generator in the chasing
system needs to account for visibility obstruction caused by
environmental structures and the limited camera field-of-view
(FOV), in addition to typical considerations in UAV motion
planning, such as collision avoidance, quality of the flight
path, and dynamical limits. Since the sudden appearance of
unforeseen obstacles can cause target occlusion, a trajectory
that satisfies all these considerations needs to be generated
quickly. Second, it is difficult to forecast accurate future paths
of dynamic objects due to perceptual error from sensors, sur-
rounding environmental structures, and unreliable estimation
of intentions. Poor predictions can negatively impact trajectory
planning performance and lead to tracking failures.

In order to address the factors above, we propose a real-time
single- and dual-target tracking strategy that 1) can be adopted
in both static and dynamic environments and 2) enhances the
target visibility against prediction error, as illustrated in Fig. 1.
The proposed method consists of two parts: prediction and
chasing. In the prediction module, we calculate reachable areas
of moving objects, taking into account the obstacle configura-
tion. For efficient calculations, we use a sample-check strategy.
First, we sample motion primitives representing possible tra-
jectories, generated by quadratic programming (QP), which
is solved in closed form. Then, collisions between primitives
and obstacles are checked while leveraging the properties
of Bernstein polynomials. We then calculate reachable areas
enclosing the collision-free primitives.
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Fig. 1. Target tracking mission in a realistic situation. (a): A target (red) moves
in an indoor arena, and a dynamic obstacle (green) interrupts the visibility of
the target. (b): Two targets (red and green) move among stacked bins (grey).
A chaser drone (cross) generates a trajectory (blue) consistently tracking the
targets without occlusion.

In the chasing module, we design a chasing trajectory via a
single QP. QP is known for being solvable in polynomial time
and guaranteeing global optimality. We adopted this method
because the optimization was solved within tens of millisec-
onds during numerous tests. The key idea of our trajectory
planning is to define a target-visible region (TVR), a time-
dependent spatial set that keeps the visibility of targets. Two
essential factors of TVR enhance the target visibility. First,
analyzing the homotopy classes of the targets’ path helps avoid
situations where target occlusion inescapably occurs. Second,
TVR is designed to maximize the visible area of the target’s
reachable area, considering potential visual obstructions from
obstacles and ensuring robust target visibility against the
prediction error. Moreover, by allowing the entire target body
to be viewed instead of specific points, the TVR enhances the
target visibility. Additionally, to handle dual-target scenarios,
we define an area where two targets can be simultaneously
viewed with a limited FOV camera. Table I presents the com-
parison with the relevant works, and our main contributions
are summarized as follows.

e We propose a QP-based trajectory planning framework
capable of single and dual target-chasing missions amidst
static and dynamic obstacles, in contrast with existing
works that address either single-target scenarios or static
environments only.

e (Prediction) We propose an efficient sample-check-based
method to compute reachable areas of moving objects,
leveraging Bernstein polynomials. This method reflects
both static and dynamic obstacles, which contrasts with
other works that do not fully consider the obstacle con-
figurations in motion predictions.

o (Chasing) We propose a target-visible trajectory genera-
tion method by designing a target-visible region (TVR),
in which the target visibility is robustly maintained. This
approach considers 1) the path homotopy, 2) the entire
body of targets, and 3) the prediction error of moving
objects. This contrasts with other works that fully trust
potentially erroneous path predictions.

The remainder of this paper is arranged as follows. We
review the relevant References in Section II, and the rela-
tionship between the target visibility and the path homotopy
is studied in Section III. The problem statement and the
pipeline of the proposed system are presented in Section IV,
and Section V describes the prediction of the reachable areas
of moving objects. Section VI describes TVR, designs the
reference trajectory for the chasing drone, and completes
QP formulation. The validation of the proposed pipeline is
demonstrated with high-fidelity simulations and real-world
experiments in Section VII.

II. RELATED WORKS

In this section, we review UAV trajectory planning research
on target tracking.

A. Single Target Chasing in Empty Space

Research on motion planning to follow a single target in
a empty space has been widely studied. References [6], [7],
and [8] propose vision-based controllers to prevent the target
from moving out of the camera’s FOV. References [9] and [10]
propose viewpoint planners for high-quality video creation and
accurate 2D human pose estimation, respectively. Although all
these works improve target perception, they are only applicable
in obstacle-free environments, making them unsuitable for
real-world scenarios.

B. Single Target Chasing in Static Obstacle Environments

There have been various studies that take the target visibility
into account in single-target chasing in static environments.

1) Chasing Trajectory Planning: [3] and [5] design cost
functions that penalize target occlusion by obstacles, while
[18] designs an environmental complexity cost function to
adjust the distance between a target and a drone, implicitly
reducing the probability of occlusion. These methods combine
the functions with several other objective functions related to
actuation efficiency and collision avoidance. Such conflicting
objectives can yield a sub-optimal solution that compromises
tracking motion. Therefore, the visibility of the target is not
ensured. In contrast, our approach ensures the target visibility
by incorporating it as a hard constraint in the QP problem,
which can be solved quickly. On the other hand, there are
works that explicitly consider visibility as hard constraints
in optimization. Reference [19] designs sector-shaped visible
region and [20] designs select the view region among annulus
sectors centered around the target. They use their target-visible
regions in unconstrained optimization to generate a chasing
trajectory. However, these works focus on the visibility of
the center of a target, which may result in partial occlusion.
In contrast, our method considers the visibility of the entire
body of the target and accounts for the prediction error, thus
enhancing robustness in target tracking.

2) Moving Target Prediction: Also, there are works that
handle target path prediction for aerial tracking. References
[21] and [22] use past target observations to predict the
future trajectory via polynomial regression. On the other
hand, [23] propose prediction method leveraging advantages of
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Gaussian process regression and gated recurrent unit. However,
their methods can generate erroneous results by insufficiently
considering surroundings, resulting in path conflicts with
obstacles. With inaccurate target path prediction, planners may
not produce effective chasing paths and fail to chase a target
without occlusion. Some works [11] and [24] predict the
future target’s movements by formulating optimization prob-
lems that encourage the target to move towards free spaces.
However, these approaches are limited to static environments.
In contrast, our framework predicts the target’s movement
considering both static and dynamic obstacles.

C. Single-Target Chasing in Dynamic Environments

Some studies treat tracking a target in dynamic environ-
ments. There are works that attempt to solve the occlusion
problem by approximating the future motion of both dynamic
obstacles and targets using a constant velocity model. Ref-
erence [12] designs a target-visibility cost that is inspired
by GPU ray casting model. Reference [13] uses a learned
occlusion model to evaluate the target visibility and tests the
planner in dynamic environments. [14] aims to avoid occlusion
by imposing a constraint that prevents a segment connecting
a target and the drone from colliding with dynamic obstacles.
Since [12] and [13] use the constant velocity model to predict
the movements of dynamic objects, there are cases where
the target and obstacles overlap, leading to incorrect target-
visibility cost evaluation, which can ruin the planning results.
Furthermore, the constraint in [14] cannot be satisfied if the
predicted path of the target traverses occupied space (e.g.
obstacles), which makes the optimization problem infeasible.
In contrast, our approach predicts the movements of objects
by fully considering the environment and incorporates the
prediction error into planning to enhance the target visibility.

On the other hand, the approach in [15] makes a set
of polynomial motion primitives and selects the best path
under safety and target visibility constraints to acquire a
non-colliding target path and generate a chasing trajectory.
However, when the target and drone are near an obstacle,
the planner [15] may select the path toward a region where
occlusion is inevitable from the perspective of path homotopy,
as will be shown in Section VII-C. In contrast, our method
directly applies concepts of the path homotopy to prevent
inescapable occlusion.

D. Aerial Tracking of More Than One Target

Aerial tracking of more than one target using a single drone
has been studied in a few works. References [25] and [26]
minimize the change in the target’s position in the camera
image; however, they do not consider obstacles. Reference [16]
designs a dual visibility score field to handle the visibility
of two targets among obstacles and a camera field-of-view
(FOV) limit. Because the field is constructed heuristically, the
success rate of tracking heavily depends on parameter settings.
In contrast, our work handles these issues by applying them as
hard constraints that must be satisfied. Reference [17] tracks
multiple targets by simultaneously controlling the camera’s
intrinsic and extrinsic parameters. However, it is limited to

\
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Fig. 2. Comparison between two viewpoints. The target can be observed
at Viewpoint A (on a blue path), and the target is occluded by an obstacle
at Viewpoint B (on a yellow path). Each arrow (purple, orange) represents
the Line-of-Sight between the target and the drone. A red cross means target
occlusion by an obstacle.

systems where the intrinsic parameters can be controlled. In
contrast, we ensure simultaneous observation of the targets
using fixed and limited FOV cameras.

E. Target Following Using Quadratic Programming

Few aerial tracking works utilize QP for chasing trajectory
planning: [24] and [27]. Reference [24] calculates a series of
viewpoints and uses QP optimization to interpolate them, but
it does not ensure the target visibility when moving between
the viewpoints. Reference [27] generates safe flight corridors
along the target’s path and pushes the drone’s trajectory toward
the safe regions, but the target visibility is not considered in
its QP problem. In contrast, we formulate the target visibility
constraints for the full planning horizon. Also, in conventional
drone trajectory generation methods using QP, the trajectory
is confined to a static half-space over time intervals. This
makes it particularly difficult to keep the target visibility in the
presence of dynamic obstacles. In contrast, by incorporating
time-varying spatial constraints, our method allows the drone
to operate within a broader region, offering an advantage in
target tracking.

III. PRELIMINARY

This section presents the relationship between target occlu-
sion and path homotopy. In an obstacle environment, there
exist multiple path homotopy classes [28]. As shown in
Fig. 2, the visibility of the target is closely related to path
homotopy. We analyze the relation between them and take it
into consideration when generating the chasing trajectory.

As stated in [29], the definition of path homotopy is as
follows.

Definition 1: Paths 01,0 : I — X c R? are path-homotopic
if there is a continuous map F : I x I — X such that

F(s,0) = 01(s) and F(s,1) = 02(s), (1)

where 7 is unit interval [0, 1].
In this paper, Line-of-Sight is of interest, which is defined
as follows.
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TABLE I TABLE II
COMPARISON WITH THE STATE-OF-THE-ART ALGORITHMS NOMENCLATURE
Scenarios Prediction Planning Symbol Definition
Method Dual- Dynamic | Environ. PE- WB of p.(t) A trajectory of the drone.

target obstacles | informed aware target An optimization variable that consists of
[11] X X v X X ¢ Bernstein coefficients representing p,.(¢).
[12] v v X X v Ne The degree of a polynomial trajectory p,.(¢).
[13] X v X X X T Planning horizon
[14] X v X X X 0f FOV of the camera built on the drone.
[15] X v v X X Vmax , Gmax Maximum drone speed and acceleration
[16] v X v X X F Free space
7l v X X X v O,0; A set of obstacles. An j-th obstacle in O
Ours v v v v v The number of elements of O

N, 0, N, samp

v/ means that the algorithm explicitly considers the corresponding item. (PE:
Perception-error, and WB: Whole body)

Definition 2: Line-of-Sight is a segment connecting two
objects X, X : [0, 00) — R3.

L(x1 (1), %2(1)) = (1 — x1(1) + €x2(0),

where t represents time.

Based on the definitions above, we derive a relation between
the path homotopy and visibility between two objects.

Theorem 1: When two objects are reciprocally visible, the
paths of objects are path-homotopic.

Proof: Suppose that two objects x;(f),X,(f) move along
paths o, 0 in free space F C R3 during time interval [fo, t/],
respectively. i.e. 01 = X1 0&, 0 = Xp0&, where € : I — [to, 1]
is the time mapping function such that ¢ = £(s). If the visibility
between x; and X, is maintained, the Line-of-Sight does not
collide with obstacles: L(x;(t),x2(t)) € F for Vt € [to,tf].
Then, by definition, L(o1(s), 02(s)) = (1—€)o1(s)+€02(s) € F
for Ve, s € I. Since such a condition satisfies the definition
of continuous mapping in Definition 1, the two paths are
homotopic.

From Theorem 1, when the drone chooses a path with a
different homotopy class from the target path, target occlusion
inevitably occurs. Therefore, we explicitly consider path-
homotopy when planning a chasing trajectory.

Throughout this article, we use the notation in Table II. The
bold small letters represent vectors, calligraphic capital letters
denote sets, and italic lowercase letters mean scalar values.

Yeel 2)

IV. OVERVIEW
A. Problem Setup

In this section, we formulate the trajectory planning problem
for a tracking drone with firmly attached camera sensors
that have limited FOVs 6; € (0,7) [rad]. We consider an
environment W, which consists of separate cylindrical static
and dynamic obstacles. Our goal is to generate a trajectory
of the drone so that it can see the single and dual targets
ceaselessly in WW over the time horizon [0, T]. To achieve the
goal, the drone has to predict the future movement of moving
objects, such as targets and dynamic obstacles, and generate
a target-chasing trajectory. To reflect the prediction error, we
compute the reachable areas of moving objects. Then, based
on the reachable areas, the planner generates a continuous-
time trajectory that satisfies dynamical feasibility and avoids

and samples of end-points in the prediction.
A reachable area of an j-th target. A center
trajectory and radius of Rg; (). We omit
a subscript j to handle an arbitrary target.
A reachable area of an j-th obstacle. A center
trajectory and radius of Ro; (t). We omit
a subscript j to handle an arbitrary obstacle.
End Point Set, a set of candidate

qu (t)v (ij (t)v Tq; (t)

ROJ' (t)7 6]' (t)7 rOj (t)

Sp, Pp, Ps trajectories and a set of non-colliding
candidate trajectories.
L(x1,X2) Line-of-Sight between x; and xa.

Target visible region against a single
obstacle (TVR-O) and target visible region
that can see the two targets simultaneously

with camera FOV (TVR-F).

A region where the drone cannot see
both targets with the limited camera FOV.
Visibility score against the -th obstacle.
Visibility score against all obstacles.
Relative position between x; and x2 at time ¢.

Vo (1), Vr(t)

D (t)

w(pc (t); (i(t)v OZ)’
Y(p.(t);d(t), 0)

x%1(t) x1(£) — xa(t).
x| p Ly norm of x
x (1), x"(t),x"(t) First, second, third time derivatives of x(t)
al BT Transposed vector a and matrix B
<> <,> elementwise inequality symbols
X(2): X(y) z- and y-components of x.

(n) Binomial coefficients, the number of
k k-combinations from a set of n elements.

[ An m X n matrix with all-zero elements.
Lxm An identity matrix with rank m.
tr(-), det(-) Trace and determinant of a matrix.

0A A boundary of a closed set A.
B(x,r) A ball with center at x and radius 7.

[A; B] Row-wise concatenation of matrices A and B

[X] The number of elements in set X

AB, Segment connecting points A and B.
LABC Angle between BA and BC.

collision while preserving the target visibility. The whole
pipeline is summarized in Fig. 3. Within this pipeline, we set
up two problems: 1) Prediction and 2) Chasing problem.

1) Prediction Problem: The prediction module forecasts
reachable areas of moving objects such as targets and dynamic
obstacles, over a time horizon ¢ € [0, T]. The reachable areas
Rq(?) and R() are sets that encompass the future positions
of the targets ((f) and obstacles o(¢), respectively. The goal
is to calculate the reachable areas considering an obstacle set
O. Specifically, we represent the j-th target (j = 1,2) and k-
th obstacle (k € {1,...,N, :=|O|}) as q; and oy respectively.
Since the methods to compute R,(f) and R4(?) are equivalent,
we use a symbol p instead of q and o to represent information
of reachable areas of moving objects, in Section V.

2) Chasing Problem: Given the reachable areas of the
target and the obstacles obtained by the prediction module,
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Input Data Trajectory Generation (Section VI)

1. Drone State (pos, vel), QP Formulation

Path Homotopy Check |
Constraint ¥

2. Target State (pos, vel, rad), > |
3. Obstacle State (pos, vel, rad)

I Visibility Constraint Generation |

Prediction (Section V) l
Sample

I Dynamic Constraint Generation |

| Collision Constraint Generation |

L A ]

| Affine Constraint Formulation |

| End-Point Sampling |

| Primitive Generation |

Check L] Lot !
| Reference Trajectory Design |
I Collision Check |
Select * | Quadratic Cost Formulation I

QP Solver ¥

Quadratic Programming-based
Trajectory Optimization

| Center Trajectory Selection |

| Reachable Area Computation I >

Fig. 3. Pipeline of the proposed chasing system.

we generate a trajectory of the drone p.(#) that accounts for
the following factors.

e Occlusion avoidance: To robustly prevent target occlusion
by obstacles, we make the Lines-of-Sight between the
drone and all points within the target’s reachable area
R4(?) do not intersect with the obstacle’s reachable area
Ro(D).

L (p.(1), Rq(0)) NRo(t) =0, Yt €[0,T] A3)

o Field-of-view: While tracking two targets, the drone
should keep both targets within the limited FOV 6y of
its camera. The angle made by the two Lines-of-Sight,
L(p.(®),q,() and L(p.(1), q,(¢)) should not exceed 6.

-1 ( p.91() " p, (D)
cos
Ilp. 41 Dll2llp, a2 DIl2

e Collision avoidance: To ensure safety, the drone should
not collide with both targets and obstacles.

) <0, Vie[0,T] (4

B (1), r) N {Ro() URG(D} =0, V1 €[0,T]  (5)

r. is the radius of the drone, and B(:,-) is the operator
representing a ball with a center and radius.

e Dynamic feasibility: Considering the drone’s actuator
limits, the planned trajectory should not exceed the max-
imum velocity v, and acceleration dpx.

IPeDll2 < Vinaxs 1P D2 < @max, Y2 € [0, ] (6)

3) Assumptions: For the Prediction problem, we assume
that (API) the moving objects do not collide with obstacles,
and (AP2) they do not move in a jerky way. In the Chas-
ing problem, we assume that (ACI) the maximum velocity
vmax and the maximum acceleration ap,x of the drone are
higher than the target and obstacles. Furthermore, based on
Theorem 1, when the targets move along a path with differ-
ent homotopy classes, occlusion unavoidably occurs, so we

assume that (AC2) all targets move along homotopic paths
against obstacles.

In addition, we set the flying height of the drone to a fixed
level for the acquisition of consistent images of the target.
From the problem settings, we focus on the design of chasing
trajectory in the x — y plane.

4) Trajectory Representation: Due to the virtue of differ-
ential flatness of quadrotor dynamics [30], the trajectory of
multi-rotors can be expressed with a polynomial function of
time 7. In this paper, Bernstein basis is employed to express
polynomials. Bernstein bases of n-th order polynomial for time
interval [¢,,t,] are defined as follows.

n) (ty — K (t = 1)k

<k<
T

bin(tite, ty) = (

Since the bases defined above are non-negative in the time
interval [t,,,], a linear combination with non-negative coefi-
cients makes the total value become non-negative. We utilize
this property in the following sections.

The trajectory of the drone, p,(f) € R?, is represented as an
M-segment piecewise Bernstein polynomial.

Cib,.1() 1€([ToTil

C; b, 2(t) quadt € [Ty, T)

p.() = (8)

Cybum(@) 1€ [Ty-1,Tul

b () € R@+D g a vector that stacks the Bernstein basis
functions by, (t; Tyu—1, ) vertically for k = 0 to n, and
Cn = [Cni Cmiy] € RETDX2 s a coefficient matrix with
n. + 1 control points stacked row-wise, where each col-
umn represents the x and y coordinates of the trajectory:
pc(t) = [c:,—l(x)bnc,m(t)ac,—:,(y)bnp,m(t)]T for t € [Ty-1,Tn]. We
define ¢, = [¢) ), €]’ € R¥+D_ and collect them into
¢ =[c],...,cj]7 € RPM0AD which serve as the decision
variable of the polynomial trajectory optimization.

5) Objectives: For the Prediction Problem, the prediction
module forecasts moving objects’ reachable area Rp(#). Then,
for the Chasing Problem, the chasing module formulates a QP
problem with respect to ¢ and finds an optimal ¢ so that the
drone chases the target without occlusion and collision while
satisfying dynamical limits.

V. REACHABLE AREA PREDICTION

This section introduces a method for calculating reachable
areas using the sample-check strategy. We sample a set of
motion primitives and filter out the primitives that collide with
obstacles. Then, we calculate a reachable area that encloses
the remaining collision-free primitives. Figs. 4a-4c visualize
the prediction process.

A. Candidate for Future Trajectory of Moving Object

We sample the motion primitives of the target by collecting
the positions that can be reached at + = T and interpolating
them with the current position.
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(b) Collision Check

(a) Primitive Sampling

Tp0

=

(d) Reachable Area, €, = 0.3

.
(c) Reachable Area

Fig. 4. (a): Sampled endpoints S, (red) and primitives P, (black) among
obstacles (grey). (b): Primitives P, (black) and non-colliding primitives Py
(green). (¢): The best primitive p(¢) (blue), reachable area R (f) (light blue),
and the farthest primitive (magenta). (d): The prediction with the outlier factor
€, =0.3.

1) Endpoint Sampling: The positions of a moving object
at time t = T are sampled, using a constant velocity model
under disturbance:

[p’(l)} _F, [p@} L Gw, w~(0,0),

p”(® p’'(1)
0252 Inyo 0252
F,= , G, = 9
b |:02><2 02x2] b |:sz2] ©)

where p(f) € R? is position of the moving object, and w €
R? is white noise with power spectral density Q. Then, with
no measurement update, estimation error covariance P(f) in
continuous-time Kalman filter propagates with time [31].

P'(t) = F,()P(1) + P(t)F;(t) +G, QGIT, (10)

We collect Ny, points from a 2-dimensional Gaussian dis-
tribution NV(p, + P, T, P(T)) where P, and Py, are position and
velocity at current time ¢ = 0, respectively. It is illustrated
in Fig. 4a, where the samples are shown as red points,
and we refer to the set of the samples the Endpoint Set
Sy =1sp; €RYi=1,..., Nyamp}-

2) Primitive Generation: Given the initial position, veloc-
ity, and end positions s,,; € S,,, we design trajectory candidates
Pi(®), i=1,..., Nymp for moving objects. Under the assump-
tion (AP2) that moving objects do not move in a jerky way,
we establish the following problem.

min

T
A / by (IBdr
pi(0) 0
st PiO) =Py DO = B D) =5y (11)

Recalling that the trajectory is represented with Bernstein
polynomial, we write an i-th candidate trajectory as p;(f) =
Pb,, (1), i = 1,..., Nymp where P; = [p;,), p;,)] € R D>
and bnp(t) = [bo,,,p(t; 0, T),...,bnp,np(t; 0,7)]". By defining

p, = [PiT(xypIy)]T as an optimization variable, (11) becomes a
QP problem

1
gk P

st App, =by, (12)

where Q, is a positive semi-definite matrix, A, is a 6 x (n,+1)
matrix, and b,,; is a vector composed of Py, Py, and Spi. (12)
can be converted into unconstrained QP, whose optimal p; is
a closed-form solution as follows.

-2 8]
a4 A, O6xs b,

where A is a lagrange multiplier. A set of candidate trajectories
of the moving object is defined as P,, and Fig. 4a shows an
example, where the trajectories are shown as black splines.

13)

B. Collision Check

Under the assumption (API) that moving objects do not
collide, trajectory candidates p;(f) € P, that violate the below
condition are filtered out:

1B;(t) = 6,113 — (rpo + 70,(H)* 2 0, Y1 €[0,T] (14)

where 0;() and r,(f) denote the predicted trajectory and
radius, including the prediction error bounds, of the j-th
obstacle, respectively, while r,y represents the radius of the
dynamic object of interest. Due to the fact that all terms in (14)
can be represented in polynomials, and Bernstein bases are
non-negative in the time period [0, T], entirely non-negative
coeflicients make the left-hand side of (14) non-negative. We
examine all coefficients of (14) for the primitives belonging
to P,. For the mathematical details, see Appendix A. We call
a set of primitives that pass the test P,. Fig. 4b shows an
example, where the green splines are collision-free out of all
the black trajectories.

C. Prediction With Error Bounds

With the set Py, the reachable area RRp(7) is defined as a
time-varying ball enclosing all the primitives in P;.

Rp(1) = B(p(1), rp(1))

We determine a center trajectory p(¢) as the primitive with the
smallest sum of distances to the other primitives in Pj:

15)

1Pyl -
p(r) = argmin ) IB,(5) = D, (Dldzt.  (16)
BOEPs jaip (neP,

Proposition 1: The optimization problem (16) is equivalent
to the following problem.

[Pyl
p(t) = Pi-(1), i* = argmin Y _llsy; — sp,ll,
1 j:()
where s,,; = p;(T), sp,; = f)j(T), p;(®), f)j(t) e P,
Proof: See Appendix B.

a7
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TABLE III
COMPUTATION TIME IN PREDICTION PROCESS

(Nsamp, No) (500,2)  (500,4) (2000,2)  (2000,4)
Endpoints Sampling & 4397 4723 168.3 184.1
Primitive Generation [us]
Collision Check [us] 146.3 185.3 487.9 750.7
Reachable Area 0245 0172 2921  2.073
Computation [ms]
Total Time [ms] 0.435 0.405 3.577 3.008
100
g 80 g %
> >
& 60 & 80
5 5
g 40 g 70
< <
20 60
0 1000 2000 3000 4000 0 1000 2000 3000 4000
Nsamp NmmP

(a) Vt € [0.1T, T (b) Vt € [0.5T, T}

Fig. 5. Prediction accuracy. Red, green, and blue lines represent Q = 0.1,
0.5, 1.0 [m2/53] cases, respectively.

From Proposition 1, p(¢) is determined by simple arithmetic
operations and the process has a time complexity of O(|P;?).
Then, we define r,(f) so that Rp(7) encloses all the primitives
in P, for YVt € [0,T].

rp(f) = ;max B(®) = P;Dll2 + rpo (18)

The second term in the right hand side of (18) allows the
whole body to be contained in Rp(f). Fig. 4c illustrates how
Rp(t), shown as the blue area, is determined. The use of r,(f)
and r,(¢) in chasing problem allows for the consideration of
the visibility of the entire bodies of the targets, as well as the
potential movements of moving targets and dynamic obstacles.

D. Evaluation

We measure the computation time of prediction in obstacle
environments. We set n, as 3 and test 1000 times for different
scenarios (Nyump, No) = (500,2), (500,4), (2000,2), (2000,4).
The prediction module is computed on a laptop with an Intel
i7 CPU, with a single thread implementation, and execution
time is summarized in Table III. As Ny, and N, increase,
the time needed for calculating primitives and collision checks
increases. However, environments where obstacles are densely
located around moving objects, as shown in Fig. 4b, may result
in a small P;. Accordingly, the time to compute a reachable
area decreases as the number of close obstacles increases. On
the other hand, if the object moves while staying far from
the obstacles, the computation time for the reachable area
increases as the number of obstacles grows.

Also, we test the accuracy of the presented prediction
methods. For evaluation, discretized models of (9) with power
spectral density of white noise Q = 0.1, 0.5, 1.0 [m?/s3] are
considered. We confirm whether B(p(?), r,0) C Rp(?) is satis-
fied in obstacle-free situations while progressively increasing
the Ny, For each Ny, the tests are executed 10000 times,
and the acquired accuracy is shown in Fig. 5. Contrary to

the assumption (AP2) that a moving object follows a smooth
trajectory, the discretized model used for evaluation can exhibit
jerky movements. This indicates that our prediction approach
is capable of handling non-ideal target motions when a suffi-
cient number of samples Ny is used. As Ny, increases, the
accuracy improves, as shown in Fig. 5, but the computation
time also increases, as presented in Table III. Therefore, Ny,
should be determined according to the computation resources
for a balance between accuracy and running time. In this paper,
we set Nymp as 2000. With this setting, B(p(?), rp0) € Rp(t),
Vt € (0, T] was satisfied 98.8% empirically in the simulations
in Section VII-C.

As elaborated in Section IV-A, we specifically calculate
the reachable areas of moving targets and obstacles: Rq(?) =
B(q(@), ry,(1)) and Re(1) = B(0(1), r,(t)). Subsequently, in the
following section, we generate a trajectory that maximizes the
visibility of Rq(#) while avoiding R (?).

VI. CHASING TRAJECTORY GENERATION

This section formulates a QP problem to make a chas-
ing trajectory occlusion-free, collision-free, and dynamically
feasible. We first define the target visible region (TVR), the
region with maximum visibility of the target’s reachable area,
and formulate constraints regarding collision avoidance and
dynamic limits. Then, we design the reference trajectory to
enhance the target visibility. Regarding the target visibility, all
the steps are based on the path homotopy.

A. Homotopy Class Check

In 2-dimensional space, there exist two classes of path
homotopy against a single obstacle, as shown in Fig. 6a.
As stated in Theorem 1, the drone should move along a
homotopic path with the target path to avoid occlusion. Based
on the relative position between the drone and the obstacle,
aP. () = p.(t)—0(), and the relative position between the target
and the obstacle, q(7) = q(¢) — 6(¢), at the current time t = 0,
the homotopy class of chasing path is determined as follows:

Class O1 (if det([sp] (1):64" ()]) > 0,at 7 = 0)

Class 02 (if det([sp] (1):64" ()]) < 0,at = 0) (19)

where [A; B] means the row-wise concatenation of matrices A
and B. After conducting the homotopy check above, we define
the visibility constraint and reference chasing trajectory.

B. Target Visible Region

To robustly maintain the target visibility despite the predic-
tion error, the target visible region TVR is defined considering
the reachable areas of the moving objects: Rq(?) and R,().

1) Target Visibility Against Obstacles: We define the target
visible region against an obstacle (TVR-O), for each obstacle.
To maximize a visible area of the targets’ reachable area that
is not occluded by the reachable area of obstacles, TVR-O is
set to a half-space so that it includes the target’s reachable
area and minimizes the area that overlaps with the obstacle’s
reachable area. There are two cases where the reachable areas
of the target and obstacles overlap and do not overlap, and
TVR-O is defined accordingly.
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Rq® L. Rq(0)

| AU

Ro (t;

Class O1

(a) Homotopy class
Vo(t) (Class Qlﬁ)
(Class 02)

(b) Occlusion area

(e) TVR-F

(f) Collision-free region

Fig. 6. (a): Homotopy class against a single obstacle. (b): A drone in a black-
colored area cannot see the whole reachable area of the target. (¢) TVR-O
(blue: Class O1, green: Class O2) when the reachable area of the target (red)
and obstacles (grey) are distant from each other. (d) TVR-O (purple) when
the reachable areas of the target (red) and obstacles (grey) overlap. (e) TVR-F
(blue: Class F1, green: Class F2). (f): Collision-free region (blue) against an
obstacle (grey).

Case 1: In the case where the reachable areas of the target
and an obstacle do not overlap, the target invisible region is
made by straight lines which are tangential to both R4(f) and
Ro(1), as shown in Fig. 6b. Accordingly, we define TVR-O as a
half-space made by a tangential line between Rq(f) and R, (7)
according to the homotopy class (19), as shown in Fig. 6c.
Vo(t) denotes TVR-O and is represented as follows.

rqo(t) + dZ(t)
+d,(1)

O O 0}

Vo(t) = {x(0) 47 () [ } X(0)

rqo(1)
(20)

where ry,(1) = ry() + r,(t), di(®) = [lsq(Dll2, and da(t) =
‘/d%(t) - rgo(t). The double signs in (20) are in the same order,
where the lower and upper signs are for Class Ol and Class
02, respectively.

Lemma 1: If p.(t) € Vo(t), L(P.(t), Rq(1)) N Ro(t) = O is
satisfied.

Proof: Vo(t) is a half-space which is convex, and both p_.(¢)
and Rq4(?) belong to Vp(t). By the definition of convexity, all
the Lines-of-Sight connecting the drone p.(f) and all points
in the reachable area of the target R4(f) are included in
Vo(t). Since the TVR-O defined in (20) is disjoint with R, (),
L(p.(), Rq(1)) N Ro(1) = 0.

Remark 1: In dual-target scenarios, in order to avoid the
occlusion of a target by another target, (20) is additionally
defined by considering one of the targets as an obstacle.

Case 2: For the case where the reachable areas overlap,
TVR-O becomes a half-space made by a tangential line to
Ro(?), which is perpendicular to a line segment connecting
the centers of the target {(¢) and the obstacles 6(¢), illustrated
as straight lines in Fig. 6d. Then the TVR-O is represented as

Vo(t) = {(x(DlsG " (gX (1) + rg(t)di(7) = 0}

The reachable areas include the volumes of the moving
objects along with the prediction error. Since TVR-O is
defined based on the reachable areas, it enhances the visibility
of the entire body of the target against the prediction error. For
detailed formulations of (20) and (21), see Appendix C-A.

2) Bernstein Polynomial Approximation: In defining TVR-
O, all terms in (20) and (21) are polynomials except d;(f)
and d, (). To make p.(f) € Vo(?) affine with respect to the
optimization variable ¢, we first convert d,(t), d>(¢) into Bern-
stein polynomials using the following numerical technique
that originates from Lagrange interpolation with standard
polynomial representation [32].

Suppose that, by using Lagrange interpolation, a non-
polynomial function f(f) is approximated by an 7i-th degree
Bernstein polynomial function f(f) over the time interval
[ta, th]:

2y

x =T
f (@) = 1;ba(2),
where f; € R"T! and b;(r) € R"*! are a coefficient vector and a
Bernstein basis vector for [t,, ], respectively. To calculate the
coefficients of approximated function f;, we utilize Bernstein
Vandermonde matrix Bj; [33] as follows.

1€ [tq, 1] (22)

fﬁ = B;lfﬁ,

where Bj; = {b;;} € RATDx@+D

AYEAWLET A N
bjk=1, (g)( P ) ,0< k<,
7 l l
fﬁ:[f()’fla"'»f}l]-r’ ﬁ:f((l_%) ta“v‘%tb) (23)

Using this technique, d;(¢#) and d)(¢) in (20) and (21) are
approximately represented as d,(t) and d (1), respectively. With
the approximated terms, we represent the target visibility
constraint as follows.

Case 1: t € [Thy_1,Tnl, s.t. RqONRe(t) =0

AT o(1) Fd
" () [ o qu(ﬁ?] 2.0 - (OO 20 (24a)

Case 2: t € [Ty_1,Tyl, s.t. Rq(O)NRe(t) #0:
6Q " (Dgp.(D) — ry(Hd1(H) > 0

3) FOV Constraints: In addition to (24), the drone should
avoid the region where it cannot see the two targets with
its limited camera FOV. As shown in Fig. 6e, circles whose
inscribed angle of an arc tracing points Q; and Q, at q,(?),
q,(?) equals 6, are represented as follows:

D;(1) = {xllIx(t) = £i(D)lla < rp(0)}, j=1,2

(24b)
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cotd . R
R (D) a0

1 N . N N
re(f) = m”qd}z(ﬂ”za 4,40 = 40 — q,(0)

1
£;(0 = 5@ 0 + (1) +
(25)

where R(0) is the rotation matrix for a rotation of 8. According
to the geometric property of an inscribed angle, 201XQ; > 6y,
LQ1Y Qs < 8y for VX € D (1) \ID,(t), VY ¢ D,(t), where D,(r)
is represented as follows.

Dy () 1 Da(t) (if oy > ) o6

D.(1) =
D=1 iy U Dre) (if o, < ’—Zr)

Since the camera FOV is 6y, the drone inside D.(¢) misses at
least one target in the camera image inevitably, and the drone
outside of D,(¢) is able to see both targets.

We define the target visible region considering camera FOV
(TVR-F) as a half-space that does not include D,(f) and is
tangential to D,(¢), as shown in Fig. 6e. Vg (f) denotes TVR-F
and is represented as follows.

qle(t):D _ 1 +cosbf

Ve(t) = %x(t)| =+ det ([qlqg(,) 2sin 6y

la, @013 > 0
27

The upper and lower signs in (27) are for Class F1 and Class

F2, respectively, which are defined as

Class F1 (if det([g,p. (1): 4,85 ()]) > 0,at t = 0)

2
Class F2 (if det([g,p (1); 4,3 ()]) < O,at ¢ = 0). (28)

We enforce the drone to satisfy p.(f) € Vp(#) in order to see
both targets. For the details, see the Appendix C-B.

C. Collision Avoidance

To avoid collision with obstacles, we define a collision-
free area as a half-space made by a tangential line to a set
that is inflated by r. from R,(#). The tangential line is drawn
considering a trajectory p,(¢), which is the previous planning
result. This is illustrated in Fig. 6f and represented as follows.

*T
x01-LLD) ~ 60) 2 (1,0 + 1)
llaPoll2
where p7,(t) := pl(t) — 0(¢). As in (22), we approximate a
non-polynomial term ||3p},(#)[2 to a polynomial d+(t). With the
approximated term ds(f), the collision constraint is defined as
follows:

Fo(t) = (29)

Do (D6 (1) — (ro(t) + r)ds(1) = 0

Due to the fact that the multiplication of Bernstein polyno-
mials is also a Bernstein polynomial, the left-hand side of
the (24), (27), and (30) can be represented in a Bernstein
polynomial form. With the non-negativeness of Bernstein
basis, we make coefficients of each basis non-negative in order
to keep the left-hand side non-negative, and (24), (27), and
(30) turn into affine constraints with the decision vector ¢. The
constraints can be written as follows, and we omit details.

(30)

Atvr-o€ — brvr0o 20,
A1vrR.E€ — brvrF 2 0,

Aconi€ — beoni 2 0 3D

_________

a0
s\
pe@ P/

(a) Single-target

t=0

(b) Dual-target

Fig. 7. Reference trajectory design in single- and dual-target (red) cases
among obstacles (grey). (a): The points having the maximum visibility score
¢ in C4(q(1), rq) (green), a trajectory with the maximum ¢, s*(f) (magenta),
and the reference trajectory p; () (blue line) considering current position of the
drone (blue dot). (b): C;?" (g (1), q>(2)) (black circle). The trajectory with high
¥, d*(r) (magenta), and the reference trajectory pi(¢) (blue line) considering
current position of the drone (blue dot).

D. Reference Trajectory for Target Tracking

In this section, we propose a reference trajectory for target
chasing that enhances the visibility of the targets.

1) Single-Target Case: In designing the reference trajec-
tory, we use the visibility score, as discussed in [34]. The
definition of the visibility score i is the closest distance
between all points in an j-th obstacle, O;, and the Line-of-
Sight connecting the target and the drone:

®:40),0;) = min 32
Y (p(:4(), O)) xeﬁ(pc((;)fl([)) 2
yeo,

lx = yll2.

In order to keep the projected size of the target on the camera
image, we set the desired shooting distance r;. With the
desired shooting distance ry, a viewpoint candidate set can
be defined as C,(q(2), rq) = {x()|||x(#) — §(0)|l> = r4}. Under the
assumption that the environment consists of cylindrical obsta-
cles, half-circumference of C4(q(?), ry) acquires the maximum
visibility score, as illustrated in green in Fig. 7a. Therefore, the
following trajectory maintains the maximum y(p.(1); (1), O;).

a0 -9,
a(®) = 6,(0ll2
The upper and lower signs are for Class Ol and Class O2,

respectively. We define the reference trajectory as a weighted
sum of s;(?).

(1) = () + raR (F5 ) 80,0, 8,0 = (33)

N, N,
S0 =) wysi), where Y wy;=1 (34)
J=1 j=1
wy,;’s are weight functions that are inversely proportional to
the current distance between the target and each obstacle.

2) Dual-Target Case: In order to make aesthetically pleas-
ing scenes, we aim to place two targets in a ratio of 1 : 7y, : 1
on the camera image. To do so, the drone must be within a
set C;"(ql(t), q, (1)), which is defined as follows and illustrated
as a black circle in Fig. 7.

C @y (0. @) = XOIIXO = Ol = 7.
., N N
) = 5@ 0+ D0) £ 6k (<3) 4,80,
r1e0) = 2l G0l
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Case 11 = 1a Case 2
”61 fl(la)lh = rqa(’u) I } I
i Case 1 I =1p Case 2
lla, @251z = rao(ts) | : { |
Case 1 r=1.
Ilg, all2 = | : | |
rq, () +rq2(tc) i | i
1 I
To=0 T T, 5 T,=T

Fig. 8. Time segmentation. Green and blue regions are time intervals when
the (24a) and (24b) are adopted as the target visibility constraints, respectively.

+2 6 2 )
Kl:er cot L I—Ltanz—f ,
Ye +2)? 2

4y, 2 (e
Ye+2 ef 7? 2 Hf
Ky 4y, co > + e + 27 an >

The upper and lower signs are for Class F1 and Class F2.
AA.
We define the reference trajectory d*(¢) to acquire a high
visibility score ¢ while maintaining the ratio.

* 54(1)
d = fc c s
O = L0+ rOys o
N{)
8a(t) = 6,()) + Y Wit ;651,11 + W2, ;62,(0),
=1
T 40 -q,®
) =R - = 36
0 =R (¥3) a0 — 4,0l (56)

The upper and lower signs in 8,(f) are for Class FI and Class
F2, respectively, and wyy j, 851 j(t) and wy, j, 6, (1) correspond
to the wy;, 8,;(t) in (33) and (34) for the target 1 and
2. 6,(t) is defined as the farthest direction from the two
targets to maximize a metric, Y(p.(?); q(#), B(Q,(1), re0)) +
Y(P(); @y(1), B(§,(1), r40)), representing the visibility score
between two targets.

For the numerical stability of the QP solver, the reference
trajectory is redefined by interpolating between u*(¢), u = s,d
and the current drone’s position p,,. With a non-decreasing
polynomial function a(¢) that satisfies (0) = 0 and a(T) = 1,
the reference trajectory is defined as follows.

P.(1) = (1 —a())pey + a(Op* (1) (37

Since trigonometric terms for u*(f), g = s or d in (34), (36) are
non-polynomial, the Lagrange interpolation is used as (22).
The approximated p(f) is denoted as P (f). Based on the
construction of reference trajectory and the target visibility
constraints, we formulate the trajectory optimization problem
as a QP problem.

E. QP Formulation

1) Trajectory Segmentation: The constraint (24) is divided
into the cases: when the reachable areas are separated and
when they overlap. To apply (24) according to the situation,
the roots of two equations [|aq(9)ll2 = 74.(t) and |lg, @2 (DIl2 =
r41(8) + r42() should be investigated for # € (0, 7). We define
[To,...,Ty] by arranging the roots of the above equations
in ascending order, and we set M time intervals, as stated

in (8). Fig. 8 visualizes the above process. Thanks to De
Casteljau’s algorithm [35], the single Bernstein polynomial
such as (), 0(z), r4(t), ro(¢) can be divided into M Bernstein
polynomials. Using an M-segment-polynomial representation,
we formulate a QP problem.

2) Constraints: The drone’s trajectory is constrained to
maintain the target visibility (3) and (4), avoid collisions
(5), and satisfy dynamic feasibility (6). To construct the QP
problem, we formulate the constraints to be affine with respect
to c¢. By leveraging the properties of Bernstein polynomials,
which include PI) the first and last coefficients correspond-
ing to the endpoints and P2) the convex hull property, we
can effectively formulate dynamic constraints. Also, the /-th
derivative of an n-th order Bernstein polynomial is an (n—[)-th
order polynomial. The coefficients of the /-th derivative of a
polynomial are obtained by multiplying the coefficients of the
original polynomial by the following matrix.

n—l—+1En_1E(,_1) 11
ED, = Tn=Tn w ,n>1>0,
Lot st ifl=0
0 .l el kXD
Ey = eR (38)
S0
0.+ 0-11

First, the trajectory is made to satisfy the initial conditions:
the current position and velocity. Using PI), we can get

e, 1.1 EnmCon = P, (39a)
en 1 ESCon = P, (39b)

where e,; is an n x 1 one-hot vector where the /-th element is
1, and all other elements are 0. Second, by using PI), the C,
continuity between consecutive segments is achieved by the
following constraints.

T ) —al )
en(.+1—1,/1(»+1—1En(,mcm - en(»Jr]—l,lEnp,erlCerl’

1=0,1,2, m=1,2,...,M—1 (40)

Third, by using P2), the constraints of velocity and accelera-
tion limits, (6), are formulated as follows.

1
lley kESConlleo < —=Vimax. (41a)
(Vk C o ﬁ
1
”e’I»—IJEI(’Z?mCm”m < %amax,
k=1,...,n,, I=1,....,n.-1, m=1,...,M (41b)
Since ¢ can be acquired by flattening [Ci,...,Cy], the

dynamic constraints (39)-(41) are affine with respect to c.
Then, the constraints in (31) are applied to ensure the target
visibility and the drone’s safety.

3) Costs: The optimization cost is divided into two terms:
Jj and J.. First, J; penalizes the jerkiness of the drone’s path.

T
Jj= / oL (DIRd,
0

M- T
= Z / b, 3, (DES, Cpll3dt
m=1 0
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TABLE IV
COMPUTATION TIME IN QP SOLVER

Computation Nne =4 Ne=2>5 Nne =6
time [ms] # polynomial segment (M) # polynomial segment (M) # polynomial segment (M)
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
# obstacle 1 0.17  0.54 . . -1 019  0.77 . . -1 021 1.16 . . .
%)D (No) 2] 0.18 0.71 2.07 . 0.22 1.12 295 . 0.24 1.66 4.45 .
':/E) 31029 098 291 6.05 -1 034 123 458 8.05 -1 043 1.82 562 123 .
41032 101 275 781 122 | 039 138 424 126 188 | 0.55 1.88 6.81 16.8 24.8
— #obstacle 1 | 0.18 0.66 194 5.34 -1 020 091 295 7.61 -1 026 138 446 105 .
£ (No) 21021 1.21 394 582 136 | 046 1.72 6.78 9.48 214 | 055 241 108 178 36.3
A 31043 167 3.8 854 17.8 | 0.78 251 562 135 286 | 081 3.72 891 21.8 43.6
M
= Zt (CT Or'm m) , Wwhere tr(-) is a trace operator,
m=1 target target
Lo T =T 0 T ol EO) dynami ~
— ynamic dynamic
Onm 2, (E m) Q"‘ Eym: obstacle obstacle
=3\ (n.-3
J; Ji )xm-2) )i (" )Gy ) )(“7)
an = {q } c R("‘ )X (ne—2) qkl = e (42)
(i)
Sec.:ond, Je~m1m1mlzes tracking error to the designed reference (2) Proposed (b) Penin et al. [3]
trajectory pi(?).
T
= 2
-]e — [ ”pc(t) _ pZ(t)||2dt target target
0 dynamic dynamic
obstacle obstacle

3 / b (0(C — €)IBds

m=1

S (€a-Cm 0k n(C,

m=1

c)

Tu=Tut
2n.+1

{%{fz} € RUADXAD

where Q‘,{j_,m =

0!,
)

L (O
kl — ne
(1)

Similarly to the constraint formulation, the cost, J = w;J; +
weJ,, can be expressed with ¢ and becomes quadratic in ¢,
where w; and w, are nonnegative weight factors.

Since all the constraints are affine, the cost is quadratic

ok 43)

with respect to ¢, and Hessian matrices of the cost, w; Q{ m+

weQ,,L msm =1,..., M, are positive semi-definite, the proposed
trajectory optimization problem can be formulated as a convex
QP problem.

min  ¢'Qc.c+glc
<

s.t. Ace > b, (44)

FE. Evaluation

1) Computation Time: We set n. as 4, 5, 6 and test 5000
times for different scenarios N, = 1,2,3,4. qpOASES [36] is
utilized as a QP solver, and the execution time to solve the QP
problem is summarized in Table IV. As shown in the table,
the computation time increases as the number of segments and
obstacles increases.

In the realistic simulations and hardware experiments pre-
sented in Section VII, the number of polynomial segments

—_— —_—

(c) Bonatti et al. [5] (d) Négeli et al. [12]

Fig. 9. Comparison results with relevant chasing planners: proposed (blue),
[3] (green), [5] (magenta), and [12] (cyan).

is reported to be at most M = 3, and a planning frequency
exceeding 40 Hz is achieved under the setting with n,
6. However, in extreme scenarios where multiple obstacles
aggressively approach the target, the number of active con-
straints can significantly increase. Additionally, an increase
in M results in a higher number of optimization variables.
These factors combined may lead to a sharp increase in the
planner’s runtime. To satisfy real-time criteria (10 Hz) even
as the number of close obstacles increases, we reduce r,(f)
by defining N, furthest primitives as outliers, removing them
from Py, and recalculating Rq(f). We determine the number
of outliers N = ¢,|P,| with a factor €,. The effect of €, is
visualized in Fig. 4, and it can lower the number of segments
M. Although there may be a potential reduction in respon-
siveness to unforeseen target movements, real-time planning
is achievable even in complex and dense environments with
this strategy.

2) Benchmark Test: We now demonstrate the proposed
trajectory planner’s capability to maintain the target vis-
ibility against dynamic obstacles. The advantages of the
proposed planner are analyzed by comparing it with non-
convex optimization-based planners: [3], [5], and [12]. We
consider a scenario where the target is static and a dynamic

Authorized licensed use limited to: Carnegie Mellon University Libraries. Downloaded on March 13,2026 at 04:44:25 UTC from IEEE Xplore. Restrictions apply.



24188

IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING, VOL. 22, 2025

IEEE Transactions on Automation Science and Engineering (T-ASE) paper, presented at ICRA 2026, Vienna, Austria.

TABLE V
CHASING PLANNER COMPARISON

E) [5] [12]  Proposed
Avg. of jerk [m/s%] 7339 4304 774.1 2.379
(Safe duration)
(Total duration) 1.0 0.986  0.938 1.0
(Visible duration)
(Total duration) 0.587 0.092 0.046 1.0
Computation time [ms] 15.5 5.67 28.7 0.42

occlusion-free

=
v

Re@)

occlusion

=
o

Visibility Score (32) [m]

w;j : we =1:100 w;j : we =1:1000 w; : w, =1:10000

Fig. 11. Effect of weight factors (w; and w,) on the optimization result.
The grey circle represents an obstacle, while the red, magenta, and blue
splines indicate the target trajectory, reference trajectory, and optimization
result, respectively.

TABLE VI
IMPACT OF WEIGHT FACTORS ON OPTIMIZATION

wjtwe | J; [m2/s°]  Je [m?-s] 4 (32) [m] (min/mean)
1:100 0.1721 0.011 0.5897/0.7982
1:1000 3.1809 0.0032 0.6071/0.8128
1:10000 9.3761 0.0097 0.6201/0.8234

o(7) 0.5
baseline
0.0
0.0 0.5 1.0 1.5
proposed Time [s]

Fig. 10. Comparison of planning with and without consideration of the
path prediction error. Left: A blue spline is a generated trajectory by the
proposed planner, considering Rq(#) (red-shaded) and R, (¢) (green-shaded).
A magenta spline is a trajectory generated by the baseline [15], which fully
trusts §(r) (red-dashed) and 6(f) (green-dashed). If a target and an obstacle
move along red and green solid lines respectively, the Line-of-Sight (cyan,
solid) connecting our trajectory and the target’s trajectory does not collide
with the obstacle, whereas the baseline’s Line-of-Sight (cyan, dashed) collides,
indicating occlusion. Right: The plot of visibility score (32) when the target
and obstacle move along the solid splines. A value equal to the red line
represents occlusion.

obstacle cuts in between the target and the drone. The total
duration of the scenario is 10 seconds, and the position and
velocity of the obstacle are updated every 20 milliseconds.
We set n. as 5 and the planning horizon as 1.5 seconds for all
planners. Fig. 9 visualizes the history of the positions of the
target, the drone, and the obstacles, and Table V summarizes
the performance indices related to jerkiness, collisions, and
occlusions.

All other nonlinear optimization-based planners fail to avoid
occlusion and collision because the constraints are applied
softly or the optimization converges to a sub-optimal solution.
In contrast, our planner considers future obstacle movements
and successfully finds trajectories by treating the drone’s
safety and the target visibility as hard constraints in a single
QP. In addition, the computation efficiency of our method is
an order of magnitude greater than other methods.

We also compare our planner with a motion-primitive-based
planner [15] that does not account for the path prediction
error. Fig. 10 illustrates a situation where occlusion may
occur, highlighting that the success of planning can depend
on whether the prediction error is considered. Even if the
results of the planning method that does not consider the
error are updated quickly, occlusion can still occur if the
error accumulates. In contrast, our planner generates relatively
large movements, which are suitable for maintaining the target
visibility when obstacles approach.

3) Weight Factor Effect: We test the influence of the two
weight factors, w; and w,, in the QP problem (44) on the
tracking trajectory. Fig. 11 shows the resulting paths according

to the ratio of the two weight factors, and Table VI presents
the quantitative results. A higher w; reduces jerkiness, while
a higher w, decreases the tracking error. Although there are
differences in the visibility score (32), they are not significant
enough to affect mission success. Within this range, the
weights can be set according to the user’s preference.

4) Critical Analysis: We now study the harsh situations that
can fail to maintain the target visibility. The optimization can-
not be solved for the following reasons: 1) conflicts between
the target visibility constraints and actuator limit constraints
and 2) incompatibility among the target visibility constraints.
For example, when a dynamic obstacle cuts in between the
target and the drone at high speed, the huge variation in
the TVR over time conflicts with the actuator limits. Next, a
situation where two dynamic obstacles cut in simultaneously
from opposite directions may incur conflicts between the target
visibility constraints. These obstacles force the drone to move
in opposite directions. Target occlusion inevitably occurs when
the target and obstacles align. In these cases, we formulate the
optimization problem considering constraints, excluding the
target visibility constraint. While occlusion may occur, drone
safety is the top priority, and planning considering the target
visibility resumes once conditions return to normal.

VII. CHASING SCENARIO VALIDATION

In this section, the presented method is validated through
realistic simulators and real-world experiments.

A. Implementation Details

We perform AirSim [37] simulations for a benchmark test
of our method with [15] and [16]. In real-world experiments,
we install two ZED?2 cameras facing opposite directions. The
front-view camera is used for object detection and tracking,
while the rear-view camera is used for the localization of the
robot. Since the rear-view camera does not capture multiple
moving objects in the camera image, the localization system
is free from visual interference caused by dynamic objects,
thereby preventing degradation in localization performance.
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TABLE VII
PROBLEM SETTINGS

Scenario Settings
Name Single Target  Dual Target
drone radius (r.) [m] 0.4 0.4
camera FOV (6¢) [°] 120 120
Prediction Parameters
Name Single Target  Dual Target
time horizon (7") [s] 1.5 1.5
# sampled points (Nsamp) 2000 2000
Planning Parameters

Name Single Target  Dual Target
polynomial degree (n.) 6 6

max velocity (vmax) [m/s] 4.0 4.0
max acceleration (amax) [m/ s2] 5.0 5.0
shooting distance (rg) [m] 4.0 .
screen ratio (yc) . 1.0
tracking weight (we) 10.0 10.0
jerk weight (w;) 0.01 0.01

Additionally, we utilize 3D human pose estimation to deter-
mine the positions of the humans. The humans in experiments
are distinguished by color as described in [16]. By using depth
information and an algorithm from [38], we build a static
map. To distribute the computational burden, we use the Jetson
Xavier NX to process data from the ZED2 cameras and the
Intel NUC to build maps and run the QP-Chaser algorithm.
To manage the payload on the drone, we utilize a coaxial
octocopter and deploy Pixhawk4 as the flight controller.

The parameters used in validations are summarized in
Table VII. As the planning result is frequently updated to
respond to dynamic obstacles and targets, a long planning hori-
zon is unnecessary; therefore, 7 is set to a short value of 1.5
seconds. The desired distance r, is set to 4 meters, as this value
yields visually pleasing target capture with the ZED2 camera’s
intrinsic parameters, as determined empirically. Additionally,
we set the screen ratio, y., to 1 to pursue the rule of thirds
in cinematography. Lastly, the QP weight parameters were set
to w, : w; = 1 : 1000 based on the results in Section VI-F.3,
in order to achieve an appropriate balance of visibility and
smoothness.

B. Evaluation Metrics

In the validations, we evaluate the performance of the
proposed planner using the following metrics: drone safety and
target visibility. We measure the distances between the drone
and targets (45a), and the minimum distance between the drone
and obstacles (45b), to evaluate drone’s safety against targets
and obstacles, respectively. To evaluate the target visibility,
the visibility score (32) is computed against all obstacles, and
we calculate the minimum value (45c) to assess the degree of
occlusion in Cartesian coordinates, as discussed in [34].

x1(®) = llgpcOll2 — re = 14 (452)

o0 3= min o POl = ro, = (45b)

1) := min min X — . 45¢

(o) D ﬁ(p(g),qa)) IIx = yll2 (45¢)
yed;

Also, we assess the tracking performance in the image plane.
First, we measure multi-object tracking accuracy (MOTA) and
IDF1 to evaluate tracking accuracy. Then, we measure the
visibility proportion (46) to evaluate the degree of occlusion
caused by obstacles in the image plane. The score i, (f) means
the proportion of the unobstructed part of the targets’ bounding
box. Since the bounding boxes can generally be obtained by
most object detection algorithms, this metric is employed for
generality and is formulated as follows:

_mmnmm

by(1)
1 (otherwise)

Gf llgpcDll2 = [loP (Dl2)

Yo () = (46)

where b,(f) and b,(t) represent the bounding boxes of the
targets and obstacles in the camera image, respectively. In the
dual-target chasing scenarios, one target can be an obstacle
occluding the other target, and the above metrics are measured
accordingly. Throughout all validations, we use YOLO11 [39]
for the object tracking.

C. Simulations

We test the proposed planner in scenarios where two actors
run in the forest. To show the robust performance of the
planner, we bring the following four scenarios. In the first two
scenarios, one actor is the target and the other is the interrupter.
In the remaining two scenarios, both actors are targets.

e Scenario 1: The interrupter runs around the target, cease-
lessly disrupting the shooting.

e Scenario 2: The interrupter intermittently cuts in between
the target and the drone.

e Scenario 3: The two targets run while maintaining a short
distance between them.

e Scenario 4: The two targets run while varying the dis-
tance between them.

Of the many flight tests, we extract and report some of the
30-40 seconds long flights. We compare the proposed planner
with the other state-of-the-art planners [15] in single-target
chasing scenarios and [16] in dual-target chasing scenarios.
Fig 12 show the comparative results with key snapshots, and
Table VIII shows that the proposed approach makes the drone
follow the target while maintaining the target visibility safely,
whereas the baselines cause collisions and occlusions. There
are rare cases in which partial occlusion occurs with our
planner due to the limitations of the PD controller provided
by the Airsim simulator. However, in the same situation, full
occlusions occur with the baselines.

In single-target scenarios, [15] fails because it alters the
chasing path homotopy when obstacles are close to the drone.
In dual-target scenarios, [16] calculates good viewpoints con-
sidering the visibility score (45¢) and camera FOV, but the path
between these viewpoints does not guarantee the target visi-
bility. In contrast, our planner succeeds in chasing because we
consider these factors as hard constraints. Moreover, despite
the heavy computational demands of the physics engine, the
planning pipeline is executed within 25 milliseconds, which is
faster than the baselines.
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Fig. 12. Aerial tracking in AirSim environments. Scenarios 1-2 and 3-4 show simulation results for single-target and dual-target scenarios, respectively. Top
figures present total position histories of moving targets and chasing drones. The bottom figures are snapshots of the camera images when the interrupter
intersects the target’s path and tries to conceal the target’s body. The proposed planner (a blue cross) generates the trajectory (cyan) maintaining the target
visibility. At the same time, [15] and [16] (magenta and orange crosses) fails to avoid target occlusion by the interrupter.

TABLE VIII
COMPARISON BETWEEN THE PROPOSED PLANNER AND BASELINES (SIMULATION)

Metrics Planner Scenar?;nig e Ta;%::lario 2 Scenargu;ll Taggcztnario 4
Targe Distance (43 [m (1) FEREED | 11003008 0313280 | 106036010 03902611
Obstacle Disance (430) (m (1) FUREE | 5005 0aohasa0 | 03021901 0059/5.207
visivily Seore (456) tm) (1) R | O0UNSSS “ooneds | 00083 0oios
MOTA (1 Toeine | 093 osor | oss2 08
IDFI (1) Baeine | 0909 o4 | o091 oom
visivilty Proporton 4) (1) FREE | (G00ss  “oosze | 000942 000951
Computation Time [ms] Ig;gl)jb:: ;ggg 53 382? éi%g

The upper and lower data in each metric represent the reported metrics of the proposed planner and the baselines (single target: [15], dual target: [16]),
respectively. The values for the first, second, third, and sixth metrics indicate the (minimum/mean) performance. T means that a value eqaul to or below 0

indicates a collision or occlusion. 1 means that higher is better.

D. Experiments

To validate our chasing strategy, we conduct real-world
experiments with several single- and dual-target tracking sce-
narios. Two actors move in an 8 x 11 [m?] indoor space with
stacked bins. As in the simulations, one actor is the target, and
the other is the interrupter in single-target scenarios, while the
two actors are both targets in dual-target scenarios.

For the single-target chasing, we bring the following sce-
narios.

e Scenario S1: The drone senses the bins as static obstacles

and follows the target.

e Scenario S2: The target moves away from the drone, and

the interrupter cuts in between the target and the drone.

e Scenario S3: Two actors rotate in a circular way, causing

the target to move away from the drone, while the
interrupter consistently disrupts the visibility of the target.

e Scenario S4: The interrupter intentionally hides behind

bins and appears abruptly to obstruct the target.

For the dual-target chasing, we bring the following scenar-
ios.

e Scenario D1: The targets move in a circular pattern. To

capture both targets in the camera view, the drone also
moves in circles.

e Scenario D2: The targets move while repeatedly increas-
ing and reducing their relative distance. The drone adjusts
its distance from the targets to keep them within the
image.

e Scenario D3: The drone detects the bins and follows the
targets among them.

Figs. 13 and 14 show the histories with key snapshots of
the single- and dual-target experiments, respectively. The plan-
ner generates chasing trajectories in response to the targets’
diverse movements and obstacles’ interference. Table IX con-
firms that the drone successfully followed the targets without
collision and occlusion.

We use compressed RGB and depth images in the pipeline
to record the camera images in limited onboard computer
storage and to transfer images between computers. Since
the compressed data is acquired at a slow rate, information
about moving objects is updated slowly. Therefore, as shown
in Figs. 13 and 14, due to intermittent data, the planning
module interprets the target as making sudden movements.
Nevertheless, the drone keeps the target in view and ensures its
own safety by quickly updating its trajectory, taking prediction
error into account. This implicitly shows that the proposed
system can effectively handle situations where the target
actually exhibits abrupt motions.
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Fig. 13. Autonomous aerial tracking in an indoor environment with single-target scenarios. Blue, red, and green curves represent reported paths moved
by the drone, the target, and the interrupter, respectively. Blue crosses mean the position of the drone at captured moments, and purple segments represent
lines-of-sight between the target and the drone. The short, thick blue splines, which start from blue crosses, represent the generated trajectory for 1.5 seconds.
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Fig. 14. Autonomous aerial tracking in an indoor environment with dual-target scenarios. Blue, red, and green curves represent reported paths moved by the
drone, target 1 and target 2, respectively. Blue crosses mean the position of the drone at captured moments. The short, thick blue splines, which start from

blue crosses, represent the generated trajectory for 1.5 seconds.

E. Adaptability, Scalability, and Practicality

As shown in the validations, our planner can be used in
environments such as forests or crowds, where obstacles can
be modeled as cylinders. Extension to environments with
ellipsoidal objects is manageable, but the QP-based approach
that can handle unstructured obstacles should be studied
further. Extension to multi-target chasing is also feasible. As
in dual-target missions, we apply occlusion avoidance and
FOV constraints to all pairs of targets, but the reference

trajectory to keep high visibility of all targets needs further
study.

In real-world experiments, we confirmed that despite the
path prediction error, the drone successfully tracked the tar-
gets by quickly updating its chasing trajectory. However, to
handle greater sensor noise and more severe unexpected target
behaviors, not only is a fast planning algorithm required, but
also greater maneuverability of the drone. Two cameras used
for stable localization and two onboard computers to meet
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TABLE IX
REPORTED PERFORMANCE IN EXPERIMENTS

Metrics Single Target Dual Target

’ Scenario S1 ~ Scenario S2  Scenario S3  Scenario S4 | Scenario DI ~ Scenario D2  Scenario D3
Target Distance (45a) [m] (}) 1.668/2.303 1.301/2.153 1.793/2.382  0.805/1.739 1.336/2.037 1.061/3.349 1.567/2.358
Obstacle Distance (45b) [m] (1) | 0.534/2.289  0.701/2.285 1.405/2.109  0.545/1.862 2.316/2.877 1.094/3.277 0.209/1.889
Visibility Score (45¢) [m] (}) 0.393/2.111 1.020/1.678 1.302/1.831  0.765/1.461 2.403/2.809 1.397/3.099 0.534/2.289

MOTA (1) 0.998 0.990 0.987 0.990 0.991 0.844 0.990

IDF1 (1) 0.999 0.995 0.995 0.993 0.996 0.990 1.0

Visibility Proportion (46) (1) 1.0/1.0 1.0/1.0 1.0/1.0 1.0/1.0 1.0/1.0 1.0/1.0 0.901/0.995

Computation Time [ms] 12.61 14.63 16.12 15.32 14.61 13.94 20.81

The values for the first, second, third, and sixth metrics indicate the minimum/mean performance. f means that a value below 0 indicates a collision or

occlusion. 1 means that higher is better.

the pipeline’s real-time constraints significantly increase the
overall weight of our system. Reducing the drone’s weight
will be beneficial for its agility.

VIII. CONCLUSION

We propose a real-time target-chasing planner among static
and dynamic obstacles. First, we calculate the reachable areas
of moving objects in obstacle environments using Bernstein
polynomial primitives. Then, to prevent target occlusion, we
define a continuous-time target-visible region (TVR) based
on path homotopy while considering the camera field-of-view
limit. The reference trajectory for target tracking is designed
and utilized with TVR to formulate trajectory optimization as a
single QP problem. The proposed QP formulation can generate
dynamically feasible, collision-free, and occlusion-free chas-
ing trajectories in real-time. We extensively demonstrate the
effectiveness of the proposed planner through challenging sce-
narios, including realistic simulations and indoor experiments.
In the future, we plan to extend our work to chase multiple
targets in environments with moving unstructured obstacles.

APPENDIX A
IMPLEMENTATION OF COLLISION CHECK

The collision between the trajectories of the moving object
and the j-th obstacle in (14) can be determined using coeffi-
cients of Bernstein polynomials.

[19:(1) = 8,015 — (rpo + r0,(1)* 2 0

2n, -1
2np .. v .
= (7] Cbian,:0.T) 20, Yje (L, Ol
k=0
where
min(k,n,)

iic, = Z

n n ij ij
( ;’) (k v 1) (Pl eyl 11
I=max(0,k—n,)

o+ Ipo 1) Pl = 11 = el etk = 1),

P = Piy) — Oj(x)»i;jp(y) = Pipy) — 95> JT =Ty +1p0 (47)
[/] represents [-th elements of a vector, and r,, is the Bernstein
coefficient representing the radius of the j-th obstacle. The
condition YCy > 0, k= 0,...,2n, makes the moving objects
not collide with obstacles during [0, T].

(a) Case 1

(b) Case 2

Fig. 15. TVR-O Formulation.

APPENDIX B
PROOF OF THE PROPOSITION 1

Motion primitives for object prediction derived from (11)
are represented as follows.

p,(t) = P], b, (1,T)

— T *
where P,A,np = U3,np P30

oMo 1,2 1 1, T
P3 =[Py, Do + gpoT, 3P0+ 38t gpoT, Spi|
bn,,(t’ T) = [bO,np(t, 09 T)s ML bn,,,n,,(t’ 0, T)]Ts np Z 39
Unn = {ujk} € R(n+1)><(m+l)’
OO
Ujj+k = (IT)
J+k

m>n,

(48)

The dzifference between p,(7) and P (@), |Ip;(1) — ;DI = lIsp; —
Sp, j||%. Therefore, in order to minimize distance sum in (16),
it is sufficient to investigate sampled endpoints s, ;.

APPENDIX C
TVR FORMULATION

We derive TVR-O, which are represented as (20) and
(21), and TVR-F, which are represented as (27). For the
mathematical simplicity, we omit time ¢ to represent variables.

A. TVR-O Formulation

As mentioned in Section. VI-B, there are two cases where
the reachable areas of the target and obstacles Case 1: do not
overlap and Case 2: overlap.
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Fig. 16. TVR-F Formulation.

1) Case 1: Non-Overlap: Fig. 15a shows the TVR-O, when
the relation between the target, the obstacle, and the drone
corresponds to Class O1. TVR-O is made by the tangential
line, and its normal vector is represented as ng,. TVR-O is
represented as follows:

n;,(x -0)>r, (49)

n,, is perpendicular to the tangential line, and the line is
rotated by 6,, from a segment connecting the centers of the
reachable areas. By using rotation matrices, ny, becomes as
follows.

_r(-T G-0
o = R (=5 ) RO e (502)
sinf,, = ﬁ cosf,, = 1/1—sin®6,, (50b)

By multiplying ||q — 6||% to (49), we can acquire (20).

2) Case 2: Overlap: Fig. 15b shows the TVR-O, when the
reachable areas overlap. TVR-O is made by the tangential line
that is perpendicular to the segment connecting the centers of
the reachable areas. TVR-O is represented as follows:

(=}

n,(x-§) +r,20, n = (5D

=2 [ 2>
>

(51) is equivalent to (21).

B. TVR-F Formulation

Fig. 16 shows the TVR-F, when the relation between the
targets and the drone corresponds to Class F1I. The blue circle
has inscribed angles of an arc tracing two points at q, and
g, equals camera FOV 6;. The position of its center, f, is
obtained by a relation: rotation of the segment connecting f;
and q, by an angle 27 — 26, becomes the segment connecting
f] and QZ'

RQ2r -20p)(q, - 1) =q, - (52)

The angle 27 — 26 comes from the property of the inscribed
angle. The radius of the circle. ry, is equal to the distance
between the points at ¢, and f;.

1 cot 0
—cotfy 1

N 1 PO
re=|lfi —qll = 5 :|((12_‘11)

1
— s & 53
251n6f”q‘ @l (53)

TVR-F is made by the tangential line that is parallel to
the segments connecting the two targets, and is represented as

follows: A
(X - fl)TR (—7—1-) M > ry

- > (54)
2718, — ql

By substituting f; and r; in (54) with terms represented by
and ,, we can acquire (27).
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