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Adaptive Legged Locomotion via Online Learning
for Model Predictive Control

Hongyu Zhou

Abstract—We provide an algorithm for adaptive legged locomo-
tion via online learning and model predictive control. The algorithm
is composed of two interacting modules: model predictive control
(MPC) and online learning of residual dynamics. The residual
dynamics can represent modeling errors and external disturbances.
We are motivated by the future of autonomy where quadrupeds
will autonomously perform complex tasks despite real-world un-
known uncertainty, such as unknown payload and uneven terrains.
The algorithm uses random Fourier features to approximate the
residual dynamics in reproducing kernel Hilbert spaces. Then, it
employs MPC based on the current learned model of the residual
dynamics. The model is updated online in a self-supervised manner
using least squares based on the data collected while controlling the
quadruped. The algorithm enjoys sublinear dynamic regret, defined
as the suboptimality against an optimal clairvoyant controller that
knows how the residual dynamics. We validate our algorithm in
Gazebo and MuJoCo simulations, where the quadruped aims to
track reference trajectories. The Gazebo simulations include con-
stant unknown external forces up to 12g, where g is the gravity
vector, in flat terrain, slope terrain with 20° inclination, and rough
terrain with 0.25 m height variation. The MuJoCo simulations
include time-varying unknown disturbances with payload up to
8 kg and time-varying ground friction coefficients in flat terrain.

Index Terms—Legged control, online learning, adaptive model
predictive control, random feature approximation.

I. INTRODUCTION

EGGED robots promise to automate essential tasks such

as search and rescue, payload delivery, and industrial in-
spection [1]. Successfully accomplishing these tasks necessi-
tates accurate and efficient tracking. However, achieving both
accuracy and efficiency in legged locomotion is challenging due
to uncertainties arising from the robot’s imperfect model and
environmental disturbances. For example, quadrupeds need to
(i) pick up and transport packages of unknown weight and (ii)
navigate diverse terrains with varying friction and elevation.
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State-of-the-art methods for legged control under uncertain-
ties (i.e., residual dynamics) typically rely on reinforcement
learning [2], [3], [4], [5], [6], [7], [8], [9], [10] or robust and
adaptive control [11], [12], [13], [14], [15], [16]. The reinforce-
ment learning methods require offline training and high-fidelity
simulators, which can be costly and time-consuming. The robust
control methods can be conservative due to the assumption of
worst-case disturbance realization and can be computationally
expensive for real-time control of legged locomotion. The adap-
tive control methods assume parametric uncertainty additive to
the known system dynamics and update these coefficients online
to enhance the robustness against disturbances, but they often
assume the uncertainty to be either vector-valued or a linear
function of the state.

In this letter, instead, we leverage the success of online learn-
ing and model predictive control methods for accurate tracking
control under uncertainty [17]. To this end, we learn online a
predictive model of the residual dynamics in a self-supervised
manner (Fig. 2). Therefore, the method achieves: one-shot on-
line learning, instead of offline; online control that adapts to
the actual disturbance realization, instead of the worst-case;
and model predictive control (MPC) with a learned residual
dynamics model in a reproducing kernel Hilbert space (RKHS),
instead of vector-valued or linear functions. We elaborate on our
contributions below.

Contributions: We provide a real-time and asymptotically-
optimal algorithm for adaptive legged locomotion under un-
known residual dynamics. The algorithm is composed of two
interacting modules (Fig. 2): (i) a MPC module, and (ii) an
online learning module. At each time step, the MPC module
uses the learned residual dynamics model from the online
learning module to calculate the next control input. Given the
control input and the observed new state, the online learning
module then updates the residual dynamics model. The update
in the online learning module is based on online least-squares
estimation via online gradient descent (OGD) [18], where the
residual dynamics in RKHS [19] are parameterized as a linear
combination of random Fourier features [20], [21], [22]. This
allows us to learn residual dynamics from a rich functional
class while maintaining the computational efficiency of classical
finite-dimensional parametric approximations that can be used
in MPC. The algorithm is asymptotically-optimal in the sense of
achieving sublinear dynamic regret, defined as the suboptimality
against an optimal clairvoyant controller that knows how the
unknown residual dynamics.

Numerical Experiments: We validate the algorithm in simu-
lated scenarios in Gazebo with uncertainty up to 12g, where
g is the gravity vector. We test the algorithm in flat terrain,
slope terrain with 20° inclination, and rough terrain with 0.25 m
height variation. We compare our algorithm with a nominal
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Fig. 1.

Adaptive Legged Locomotion via Online Learning and Model Predictive Control: Tested Scenarios of Reference Trajectory Tracking subject to Various

Unknown Disturbances. In this letter, we focus on adaptive legged locomotion via online learning and model predictive control, where the quadruped aims to
achieve accurate reference tracking control despite unknown dynamics and external disturbances (i.e., residual dynamics). For example, the reference tracking
performance of the quadruped can be challenged by various terrain (first: flat terrain with fixed friction coefficient & second: flat terrain with changing friction
coefficients (indicate by colors) & third: rough terrain & fourth: slope terrain with 20° inclination) and payloads with unknown weights (all). We provide a control
algorithm that demonstrates adaptive legged locomotion by learning such unknown dynamics/disturbances online based on the data collected at runtime, and using

the learned model of residual dynamics for predictive control.

learned model of
residual dynamics

Online Learning of -
Model-Errors/Disturbances

MPC w/ Learned e o
Residual Dynamics control input Y ) state

Fig.2.  Architecture of Adaptive Legged Locomotion via Online Learning and
Model Predictive Control. The pipeline has two modules: (i) a model predictive
control (MPC) module, and (ii) an online learning module. The MPC module
uses the learned residual dynamics model from the online learning module to
calculate the next control input. Given the control input and the observed new
state, the online learning module updates the residual dynamics model.

reference
trajectory
i sataet AN

MPC that ignores the unknown dynamics or disturbances, and
a heuristic L1 MPC (L1-MPC) that uses an estimated vector
value of uncertainty across the MPC horizon. The algorithm
(1) achieves up to 67% improvement of tracking performance
over the nominal MPC and 21% improvement over L1-MPC,
and (ii) succeeds even when the nominal MPC fails, despite the
uncertainty due to external forces and challenging terrains. We
validate the algorithm in simulated scenarios in MuJoCo under
time-varying uncertainty in flat terrains of different ground coef-
ficients with up to 8 kg payload, showing the algorithm achieves
significantly better tracking performance than Nominal MPC.

II. RELATED WORK

We discuss related work on legged control using (i) reinforce-
ment learning and (ii) robust and adaptive control, and related
work on online learning for control.

Reinforcement learning: Reinforcement learning algorithms
have achieved dynamic legged locomotion by training control
policy in a simulator with massive parallelization [2], [3], [4],
[51, [6], [7], [8], [9], [10]. Despite their success, they often face
sim-to-real gap when deploying the policy trained in simulator
to hardware. To address this, a wide range of environment
parameters and sensor noises are used to learn the control policy
which is robust in this range [2], [4], [5], [6]. However, domain
randomization trades optimality for robustness, leading to a
conservative control policy [23]. Alternatively, a high-fidelity
simulator built by using real-world robot data can be used [2],
[3], butit can be time-consuming and not transferable to different
robots. [7], [8], [9], [10] train an environment encoder to obtain
environmental information based on onboard sensors in a latent
space that is used for the trained policy for adaptation. In this let-
ter, instead, our algorithm requires no offline data collection and

training, achieving one-shot online learning in a self-supervised
manner based on data collected online and adapting to real-world
environments on-the-spot.

Robust and adaptive control: Robust control methods [24],
[25] select control inputs assuming the worst-case realization of
disturbances. However, assuming the worst-case disturbances
can be conservative. In addition, these approaches are also
computationally expensive, thus limiting their applications to
real-time control of legged locomotion [11], [12], where con-
vexification of the MPC problem or a specialized MPC solver is
required. Adaptive control methods [26], [27], [28] often assume
parametric uncertainty additive to the known system dynamics
and update these coefficients online to enhance the robustness
against disturbances. Our method falls into the class of adaptive
control methods and learns a model of disturbances online to
be used in MPC. Notably, our method (i) requires no offline
system identification of basis functions as required in [13], and
(i1) learns a function in a Reproducing Kernel Hilbert Space
(RKHS) using random Fourier features, in contrast to a linear
function in [14], [15], [16].

Online learning for control: Online learning algorithms based
on online convex optimization (OCO) [17], [18], [29], [30],
[31], [32], [33], [34], [35] consider the control problem as a
sequential game between a controller and an environment. They
quantify the control performance through regret, i.e., the sub-
optimality against an optimal clairvoyant controller that knows
the unknown disturbances and dynamics. [29], [30], [31], [32]
update control inputs based on observed disturbances only since
they assume no model that can be used to simulate the future
evolution of the disturbances. The proposed approaches have
been observed to be sensitive to the tuning parameters in [30].
Instead of optimizing the online controller, [17], [34], [35] learn
the model of the disturbances, and use model predictive control
to select control inputs based on the learned disturbance model.

III. ADAPTIVE LEGGED LOCOMOTION VIA ONLINE LEARNING
AND MODEL PREDICTIVE CONTROL

We formulate the problem of Adaptive Legged Locomotion
via Online Learning and Model Predictive Control (Problem 1).
We use the following framework and assumptions.

Single Rigid Body Dynamics: We consider the single rigid
body dynamics of the form

4

i=1
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Jw :—wxjw—l—Zri X fi+ Tu,
i=1
(1)

0=T(0)w,

where p € R? and v € R? are position and velocity in the
inertial frame, @ is the Euler angle, w € R3 is the body angular
velocity, m is the mass, J is the inertia matrix, g is the gravity
vector, R € SO(3) is the rotation matrix from the body to
inertial frame, T : R3 — R3*3 is the Euler angle transformation
matrix, f; € R? is the contact force of the i-th foot, r; € R? is
the i-th foot’s position in body frame, f,, € R? is the unknown
force in inertial frame, and 7, € R? is the unknown torque in
body frame.

For convenience, we rewrite (1) into the form of a control-
affine system as follows:

&= f(z)+ [Oﬁﬂ u+ {,?6(;)} : )

where z2[p' 0" v' w']T €R'? is the state, w2
[fi fa f3 fi]" € R'? is the control input, f:R'?—>R!?
is a known locally Lipschitz function, J € R!2%6 is
the contact Jacobian matrix that depends on x and 7,

2 [fF #1177 . R% — RO is the unknown disturbances, and
z € R% is a vector of features chosen as a subset of [z u']".
h(-) represents unknown residual dynamics that depend on
system state and control input, which can be used to model the
effects of unknown payload and uneven terrains.

Using forward Euler discretization, we can obtain the discrete-
time system dynamics from (2):

_ 06x1 O6x1
Tip1 = f(xe) + [JtT } uy + [h (Zt)] ) 3

where we overload the notations used in (2) and omit the dis-
cretization time. We refer to the undisturbed system dynamics
as the nominal dynamics.

Model Predictive Control (MPC): MPC selects a control input
u; by simulating the system dynamics over a look-ahead horizon
N. In the presence of unknown residual dynamics, MPC can
utilize an estimate of h(-):

min
Lt+1:t+N, Ut:it+N-1

(4a)

subjectto  xpy1 = f(xg) + {;?1] K+ {f?f;;)} , (4b)

wp €U, kelt,....t+N—1)}, (4¢)
where ¢; (-, ) : R12 x R =R is the cost function, / is a com-

pact set that represents constraints on the control input due to,
e.g., controller saturation and friction cone, ft() is the estimate
of h(-). Specifically, h(-) £ h(-; &) where é is a parameter that
is updated online by our proposed method to improve the control
performance.

Control Performance Metric: We design u, to ensure a control
performance that is comparable to an optimal clairvoyant (non-
causal) policy that knows the disturbance function h a priori.
Particularly, we consider the metric below.
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Definition 1 (Dynamic Regret): Assume a total time horizon
of operation 7', and loss functions ¢;, t = 1,...,7T. Then, dy-
namic regret is defined as

T
Regret? = Z ¢t (g, ug, b

t=1

T
E Ct m,,uf,

t=1

zf)) )
(5)

where we made the dependence of the cost ¢; to the unknown dis-
turbance h explicit, u} is the optimal control input in hindsight,
i.e., the optimal (non-causal) input given a priori knowledge
of the unknown function h and x},, is the state reached by
applying the optimal control inputs (w3, ..., u}).

Problem 1 (Adaptive Legged Locomotion via Online Learning
and Model Predictive Control): Ateacht =1,...,T, estimate
the unknown dynamics ﬁ(), and identify a control input u; by
solving (4), such that Regret? is sublinear.

A sublinear dynamics regret means limy_, Regret? /T —
0, which implies the algorithm asymptotically converges to the
optimal (non-causal) controller.

IV. ALGORITHM AND REGRET GUARANTEE

We present the algorithm for Problem 1 (Algorithm 1) and
its performance guarantee. The algorithm is sketched in Fig. 2.
The algorithm is composed of two interacting modules: (i) an
MPC module, and (ii) an online system identification module.
Ateacht =1,2,..., the MPC module uses the estimated h(-)
from the system identification module to calculate the control
input u,. Given the current control input w; and the observed
new state x, 1, the online system identification module updates
the estimate ﬁ( -). To this end, it employs online least-squares
estimation via online gradient descent, where h(-) is parame-
terized as a linear combination of random fourier features. To
rigorously present the algorithm, we thus first introduce random
Fourier features for approximating an h(-) (Section IV-A), and
online gradient descent for estimation (Section I'V-B).

A. Function Approximation via Random Fourier Features

We overview the randomized approximation algorithm in [22]
for approximating an h(-). The algorithm is based on random
Fourier features [20], [21] and their extension to vector-valued
functions [36], [37]. By being randomized, the algorithm is
computationally efficient while retaining the expressiveness of
the RKHS with high probability.

Based on the assumptions of h : R% — R% lies in a sub-
space of a Reproducing Kernel Hilbert Space (RKHS) H [38]
and the Operator-Valued Bochner’s Theorem [36], we assume
that h can be written as h(-) = [o ®(-,0)c(0)dr (), [38]
and there exists a finite-dimensional approximation of h(-)
by h(-)~h(;a)2 &= M ®(-,0,)c;, where ®(z,0) =
B(w)¢(w 'z + b) is the feature map, B : R% — R%xd1_ ¢ .
R — [-1,1] is a 1-Lipschitz function, dy < d,, 0; ~ v are
drawn i.i.d. from the base measure v with @ = (w,b), w € Rz,
and b € R, a;; = «();) are parameters to be learned, and M is
the number of sampling points that decides the approximation
accuracy.

The following shows the expressiveness of the finite-
dimensional approximation of h(-), considering c; € D, where

D= {a||af < Bi}.
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Proposition 1 (Uniformly Approximation Error [22]): As-
sume h € F5(By,), where

Fo (Bp) = {h(-) = /@@(-,B)a(e)du(a)’a S D}.

Let § € (0,1). With probability at least 1 — §, there exist
{a;}M, € D, i.e., ||a;| < By, such that

1 o 1

Proposition 1, therefore, indicates that the uniformly approx-
imation error scales O( \/37)

Random Fourier features can be viewed as linearizations of
neural networks [39], [40]. Neural networks, in principle, can
perform better than kernel methods due to greater expressivity.
However, using neural networks poses challenges in such online
learning settings due to their data-hungry nature. In addition,
using neural networks in MPC can be computationally expensive
for embedded systems, and a customized solver or dynamics
representation is required [41], [42]. Therefore, we utilize ran-
dom Fourier features to balance computational efficiency and
expressiveness.

B. Online Least-Squares Estimation

Given a data point (z¢, h(z:)) observed at time ¢, we employ
an online least-squares algorithm that updates the parameters
a2 oy, ..., a,,]" to minimize the approximation error
L = ||h(z:) = h(z,)|%, where h(-) £ 47 500, ®(-,0:)d,
and ®(-, 0;) is the random Fourier feature as in Section IV-A.
Specifically, the algorithm used the online gradient descent
algorithm (OGD) [18]. Ateacht = 1,...,T, it makes the steps:
e Given (z, h(z;)), formulate the estimation loss
function (approximation error): [l;(é) = ||h(z;) —
7 ity Bz, 05) .

e Calculate the gradient of [;(&;) with respect to &;: Vy
Ve, li(o).

e Update using gradient descent with learning rate 1): &/} 1=

dt - 77Vf

* Project each &;,,, onto D: &1 = p(éy, )

argmin ||o — d;7t+1||2.

L

L

The ;lfgve online least-squares estimation algorithm enjoys
an O(v/T) regret bound, per the regret bound of OGD [18].

Proposition 2 (Regret Bound of Online Least-Squares Esti-
mation [18]): Assume 1 = O(1/+/T). Then,

T

T
Regret? £ th (o) — th (") <O (\/T) , (D
t=1

t=1

where a* £ argmin 3|, I;(x) is the optimal parameter that
achieves lowest cumulative loss in hindsight.

The online least-squares estimation algorithm thus asymptoti-
cally achieves the same estimation error as the optimal parameter

o* since limy_, o Regret% /T = 0.

Algorithm 1: Adaptive Legged Locomotion via Online
Learning and Model Predictive Control.

Input: Number of random Fourier features M ; base
measure v; domain set D; gradient descent learning rate 7.
Output: Ground reaction forces w;.
1: Initialize @1, &;,1 € D;
2: Randomly sample 6; ~ v and formulate ®(-, 6;), where
ie{l,..., M},
3: for each time stept = 1,...,7 do
4: Receive contact schedule, desired foothold positions,
and reference trajectory;
5: Formulate (4) with h(-) £ & Z£1 ®(-,0,)a; 4
6: Obtain ground reaction forces u, by solving (4) and
send u; to low-level leg controller;
7:  Observe state x; 1, and calculate h(z;) via (3);
8: Formulate estimation loss
Li(éy) £ |h(z) — 57 S B (2, 0:) 6|
9: Calculate gradient V; £ Vea,le(0);
10: Update é;, = &y — nVy;
11: Project &, onto D, i.e., &; 441 = lp(é ;). for
ie{l, ..., M},
12: end for

i

C. Algorithm for Problem 1

The pseudo-code is given in Algorithm 1. The algorithm
is composed of three steps, initialization, control, and online
learning, where the control and online learning steps influence
each other at each time steps (Fig. 2):

Initialization steps: Algorithm 1 first initializes the system
state 1 and parameter &; € D (line 1). Then given the number
of random Fourier features, Algorithm 1 randomly samples 6;
and formulates ®(-, 0;), where i € {1,..., M} (line 2).

Control steps: Then, at each t, given the current esti-
mate h(-) £ = Zf\il ®(-,0,)¢; 1, contact schedule, desired
foothold positions, and reference trajectory, Algorithm 1 applies
the ground reaction forces u; obtained by solving (4) (lines 4-6).

Learning steps: The system then evolves to state @41,
and, h(z;) is calculated upon observing x;;1 (line 7). After-
wards, the algorithm formulates the loss I;(&;) = ||h(z¢) —
Zi]\il ®(24,0;)&; )% and calculates the gradient V; £
Ve, (&) (lines 8-9). Algorithm 1 then updates the parameter
&y to & (line 10) and, finally, projects each d’i’t 41 back to
the domain set D (line 11).

D. No-Regret Guarantee

We present the sublinear regret bound of Algorithm 1 [17,
Theorem 1].

Theorem 1 (Dynamic Regret Guarantee [17]): Assume 1 =
O(1/V/T) in Algorithm 1. Consider the dynamics in (3) cor-
rupted with unmodeled noise e;. Algorithm 1 achieves

T
Ty lled | ®
t=1

In the absence of e;, which we consider in the paper, Theorem

1 reduces to Regret? < O(T%). Therefore, Theorem 1 serves
as a finite-time performance guarantee as well as implies that

Regret? <O (T%) + O
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TABLE I
PERFORMANCE COMPARISON FOR THE GAZEBO SIMULATIONS IN SECTION V-A. THE TABLE REPORTS THE AVERAGE VALUE OF TRACKING ERROR IN POSITION (cmn).
THE BLUE NUMBERS CORRESPOND TO THE BETTER OVERALL PERFORMANCE. FAILURE IS DENOTED BY —. OUR METHOD ACHIEVES BETTER TRACKING
PERFORMANCE THAN NOMINAL MPC.

Terrain Fu () x Y z Overall
Nominal L1 Ours  Nominal L1 Ours  Nominal L1 Ours  Nominal L1 Ours
0 2.23 2.64 2.70 0.31 0.36  0.32 0.84 0.51  0.51 2.51 2.79 2.85
Flat 4g 2.02 270 2.89 0.41 0.40 0.41 5.59 1.04  1.02 6.07 3.33  3.39
8g 1.04 2.88  3.06 1.66 0.57 0.60 11.60  2.68 2.10  11.87  4.61 4.30
12g - 299 3.58 - 0.84 0.87 - 4.58  3.00 - 6.17 5.69
0 2.86 2.78  2.33 0.57 0.52  0.54 1.83 1.85 1.82 3.58 3.50  3.12
Sl 4g 3.01 273 2.46 0.89 0.72 0.75 7.49 2.85 2.37 8.24 429  3.66
ope 8g 1.91 2.65 2.62 1.39 1.09 105 13.11 409 3.00 1343 540 4.44
12g - 321 3.85 - 2.87  2.99 - 6.96 6.10 - 873 8.44
0 0.93 1.00  0.95 2.32 1.69 1.73 1.30 1.00  1.04 3.14 246 2.52
Rough  2{|g]l, 0, llgl]™ - 0.94 0.98 — 3.38 247 - 1.35  1.24 - 413 3.26
4g 0.91 0.95 0.96 2.20 297 247 5.35 1.67  1.62 6.10 3.93  3.45
Algorithm 1 converges to the optimal (non-causal) control polic 0.5 m/s with =0.2 0 T and 4g. Wi h
g 2 P policy at 0.5m/s with f,, ,2[|lgll, 0,]lg]]]", and 4g. We use the

since limy_;~ Regret? /T — 0.
The bound holds under the assumptions of stability of the
estimated systems, Lipschitzness of ¢;(z,u) in « and wu,

Lipschitzness of h(-) in &, and h(-) can be expressed as

ﬁ > f\il ®(-, 0;);. We refer readers to [17] for detailed state-
ments of the assumptions.

V. NUMERICAL EXPERIMENTS

We evaluate Algorithm 1 in simulated scenarios of legged
control under uncertainty, where the quadruped aims to
track a reference trajectory despite unknown external distur-
bances. We conduct experiments on Gazabo (Section V-A) and
MulJoCo (Section V-B) simulators.

A. Gazebo Simulations

Simulation Setup: We employ the Unitree Go2 Robot in https:
//github.com/robomechanics/quad-sdk Quad-SDK [43] based
on Gazebo. The MPC runs at 200 Hz. It takes the contact
scheduling, desired foothold positions, and reference trajectory
as input, and outputs the desired ground reaction forces to the
low-level leg controller. The low-level leg controller runs at
500 Hz.

Control Design: The MPC uses look-ahead horizon N =
20 simulating the dynamics for 0.6s. We use quadratic cost
functions with @ = diag(Q,,, Qq¢, Q,, Q). Q, = 12.5I3,
Qy = diag([0.5, 0.5, 2.5]), Q, = diag([0.2, 0.2, 0.4]), Q,,
= diag([0.1, 0.1, 0.4]), and R = 5e°I;5. We use the forward
Euler method for discretization. We use as the feature z; the v,
0;, wy, and J :ut. We sample w; from a Gaussian distribution
with standard deviation 0.01. We use M = 50 random Fourier
features and 77 = 0.003, and initialize & as a zero vector. We
do not specify By, for the domain set D, and the projection step
is not applied. The nonlinear program in (4) is constructed by
CasADi [44] and solved by IPOPT [45].

Benchmark Experiment Setup: We consider three types of
terrains: flat terrain, slope terrain with 20° inclination, and rough
terrain with 0.25 m height variation, shown in Fig. 1 (third &
fourth). The quadruped is tasked to walk from position [0, 0]
to [6, 0] while maintaining height of 0.3 m above the ground.
In flat and slope terrains, the quadruped walks at 0.75 m/s with
f. =0,4g, 8¢g, and 12g. In rough terrain, the quadruped walks

tracking error in position as the performance metric.

Results: We compare Algorithm 1 with a nominal MPC
that assumes no uncertainty in the model, and a heuristic L1
MPC (L1-MPC) based on [46]. Specifically, at each time step,
L1-MPC first uses L1 adaptation law to estimate a vector value
of h Algorithm 1[46]. Then, L1-MPC solves (4) by setting
h(zy) = h for k e {t,...,t + N —1}. We choose L1 adap-
tation for comparison since it has been successfully applied
to quadrotors [46] and quadrupeds [15] recently for online
adaptation.

The results are given in Table I and Fig. 3. In Table I, all algo-
rithms perform similarly when f, = 0, as the nominal model is
sufficient to capture the quadruped dynamics. Across the scenar-
ios when f, is non-zero, Algorithm 1 demonstrates significant
improvement over the nominal MPC in terms of overall tracking
error. Specifically, Algorithm 1 achieves 67% improvement in
the case of slope terrain with f,, = 8¢g. Compared to L1-MPC,
Algorithm 1 achieves better tracking performance as terrain and
external forces become complicated, demonstrating the benefit
of learning a model instead of using a vector-value in MPC.
Specifically, Algorithm 1 achieves 21% improvement in the case
of rought terrain with f, = 2[||g|l, 0, [lg||]". In the case of
slope terrain with f,, = 12g, we observe that both algorithms
perform similarly as the quadruped reaches its limit of handling
uncertainty.

In addition, Algorithm 1 enables the quadruped to reach the
goal position while the nominal MPC fails, shown in Fig. 3. In
flat and slope terrains with f,, =, the nominal MPC fails due
to the heavy load. In rough terrain with f,, = 2[||g||, 0, [|gl]]",
the nominal MPC fails to move forward due to the z-component
of f,. Compared to LI-MPC, Algorithm 1 exhibits faster
response to f,, e.g., z-direction tracking in flat and slope
terrains (Fig. 3(a) & (b)) and z-direction tracking in rough
terrain (Fig. 3(c) & (d)). Despite being given the same velocity
command, our method enables the quadruped to walk faster in
the z-direction. .

Fig. 4 shows the learned residual forces and torques h(z¢; &)
over flat terrain with different f,: (i) constant f, = 0, 4g, 8¢,
and 12g, and (ii) time-varying f, which switches from 6g to
12g when z-position reaches 3 m. As expected, the main residual
dynamics come from the force in z-direction, to which h(z; é; )
converges as the online learning module collects more data
on-the-fly. This demonstrates that the online learning module
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(b) Slope terrain with f,, = 12g.

Fig. 3.

(d) Rough terrain with f, = 2[||gl, 0, [lg||] ": L1-MPC vs Nominal MPC.

Sample trajectories of the Gazebo Simulations in Section V-A. Three scenarios in flat, slope, and rough terrains are provided. Our method enables the

quadruped to reach the goal position while the nominal MPC fails. We plot our method and L1-MPC separately in the case of rough terrain since they move forward
at different speeds due to z-direction forces and results in different reference trajectories in = and z. (a) and (b): The nominal MPC fails due to the heavy load.
(c) and (d): The nominal MPC fails to move forward due to the z-component of f,,. Our method exhibits faster response to f,, than L1-MPC. (a) and (b): faster
tracking in z-direction, (c) and (d): faster tracking in z-direction despite the same velocity command, i.e., ours reaches x = 6 m faster.
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Fig. 4. Learned residual forces and torques h(z; &) over flat terrain with
different f,, in Section V-A. The main residual dynamics come from the force
in z-direction, to which ﬁ(zt; &) converges as the online learning module
collects more data on-the-fly. This demonstrates that the online learning module
is able to adapt to both constant and time-varying residual dynamics.

is able to adapt to both constant and time-varying residual
dynamics.

B. MuJoCo Simulations

Simulation Setup: We evaluate Algorithm 1 on a sim2sim
setting. Specifically, we employ the controller used in Section
V-A to control the Unitree Go2 Robot in https://github.com/
unitreerobotics/unitree_mujoco Unitree mujoco based on high-
fidelity physics engine DeepMind MuJoCo [47]. The control
frequency and parameters are kept the same as in Section V-A.

Benchmark Experiment Setup: We consider flat terrains with
constant and varying friction conditions, shown in Fig. 1 (first &
second). In the case of varying friction coefficients, the ground
coefficients switch between [0.5,0.5,0.01] (red rectangle) and
[0.05,0.05,0.001] (blue rectangle), which stands for sliding,
torsional, and rolling frictions, respectively. The quadruped is
tasked to walk at v,, = 0.5 m/s while maintaining its body height

at 0.3 m above the ground. In both terrains, the quadruped carries
either no payload or a payload weight at 0 kg, 4 kg, or 8 kg. The
4kg payload has inertia [0.00234,0.00304,0.00414] kg - m?
and the 8 kg has [0.00503, 0.00655, 0.00889] kg - m2. The pay-
load and varying ground friction coefficients create time-varying
disturbances in both forces and torques: (i) payloads with mass
and inertia that create state-dependent forces and torques, and
(ii) varying ground friction coefficients that affect the ground
reaction forces, therefore creating both force and torque distur-
bances. Note that under the scenario of no payload, the nominal
model in MPC used in Section V-A has around 0.8 kg mismatch
to the model simulated in MuJoCo, due to different weights
of knee motors. We use the tracking error as the performance
metric.

Results: The results are given in Fig. 5 (constant friction) and
Fig. 6 (varying friction). In both terrains, our method enables the
quadruped to track the 0.5 m/s velocity command while main-
taining the 0.3 m body height under different payload conditions.
While the Nominal MPC has larger tracking errors in z and v,,,
and fails under 8 kg payload.

C. Fuailure Cases

Despite the online learning module for adapting to the residual
dynamics, the method with L1 or random Fourier features may
still fail under extreme conditions, such as over 4¢ in rough
terrain in the Gazebo simulations and 8 kg in changing friction
coefficients in MuJoCo simulations. In those cases, the diffi-
culty of stable walking or learning residual comes from sudden
changes in foothold positions or unexpected contact.

D. Discussion on Real-Time Computation

All the experiments are run on a computer with i17-13700k and
32 GB RAM. Per Algorithm 1, updates of « are carried out at
every control cycle; that is, the gradient descent step is executed
every time before the MPC is solved. In our implementation,
this requires calling the nominal model and using the odometry
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(a) No payload.

Fig. 5.

(b) 4 kg payload.

(c) 8 kg payload.

Sample trajectories of the MuJoCo Experiments with constant friction coefficient in Section V-B. Scenarios with no payload, 4 kg, and 8 kg payload are

provided. Our method enables the quadruped to track the 0.5 m/s velocity command while maintaining the 0.3 m body height under different payload conditions.
While the Nominal MPC has larger tracking errors in z and v, and fails under 8 kg payload.
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(a) No payload.

Fig. 6.

(b) 4 kg payload.

(c) 8 kg payload.

Sample trajectories of the MuJoCo Experiments with varying friction coefficients in Section V-B. Scenarios with no payload, 4 kg, and 8 kg payload are

provided. Our method enables the quadruped to track the 0.5 m/s velocity command while maintaining the 0.3 m body height under different payload conditions.
While the Nominal MPC has larger tracking errors in z and v, and fails under 8 kg payload.

information to obtain the “ground truth” disturbance, then using
the learned residual dynamics to obtain the estimation loss.
The gradient for parameter update can be obtained analytically
from Iy(ée) 2 [|R(z) — & b, (24, 0;)éi]|? due to the
linearity of h in é. Therefore, the online update process is
a lightweight add-on to the original MPC loop. On the other
hand, the residual dynamics h add complexity to the nominal
model, and the MPC solve time will increase as M increases. In
our experiments, we use M = 50 so that the control frequency
remains 200 Hz. The complexity of the nominal dynamics also
affects the real-time computation. Residual dynamics in joint
space can be captured by incorporating joint dynamics into
nominal dynamics, but this increases the state dimension and
introduces additional computational burden.

VI. CONCLUSION

We provided Algorithm 1 for Adaptive Legged Locomotion
via Online Learning and Model Predictive Control (Problem 1).
The algorithm is composed of two interacting components: MPC
and online learning of residual dynamics. The algorithm uses
random Fourier features to approximate the residual dynamics
in reproducing kernel Hilbert spaces. Then, it employs MPC
based on the current learned model of the residual dynamics.
The model of the residual dynamics is updated online in a
self-supervised manner using least squares based on the data col-
lected while controlling the quadruped. Algorithm 1 guarantees
no dynamic regret against an optimal clairvoyant (non-causal)
policy that knows the residual dynamics a priori (Theorem

1). The proposed Algorithm 1 is validated in the simulation
environment with high-fidelity physics engines. Our simulations
include quadruped aiming to track a reference trajectory despite
constant uncertainty up to 12g in flat, slope, and rough terrains.
The algorithm (i) achieves up to 67% improvement of tracking
performance over the nominal MPC and 21% improvement over
L1-MPC, and (ii) succeeds even when nominal MPC fails. We
also validate Algorithm 1 under time-varying uncertainty in flat
terrains of different coefficients with up to 8 kg payload, showing
the algorithm achieves significantly better tracking performance
than Nominal MPC.
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