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Abstract—Vector fields are advantageous in handling nonholo-
nomic motion planning, as they provide the robot with reference
orientation across the workspace. However, additionally incorpo-
rating curvature constraints presents challenges due to the inter-
connection between the design of the curvature-bounded vector
field and the tracking controller under limited actuation. In this
article, we present a novel framework to co-develop the vector field
and the control law, guiding the nonholonomic robot to the target
configuration with curvature-bounded trajectory. First, we formu-
late the problem by introducing the target positive limit set, which
allows the robot to either converge to or pass through the target
configuration, depending on its dynamics and the specific tasks.
Next, we construct a curvature-constrained vector field (CVF) via
blending and embedding elementary flows in the workspace. To
track such a CVF, a saturated control law with dynamic gains is
proposed, under which the tracking error’s magnitude decreases
even when saturation occurs. Under the control law, the kinemat-
ically constrained nonholonomic robot is guaranteed to track the
reference CVF and converge to the target positive limit set with
bounded trajectory curvature. Numerical simulations show that
the proposed CVF method outperforms other vector-field-based
algorithms. Experiments on Ackermann uncrewed ground vehicles
and semiphysical fixed-wing uncrewed aerial vehicles demonstrate
that the method can be effectively implemented in real-world sce-
narios.

Index Terms—Curvature constraint, mobile robot, motion
planning, nonholonomic constraint, saturated control, vector field
(VF).

1. INTRODUCTION

OTION planning, a fundamental problem in robotics,
is critical for fulfilling various robotic tasks, such as

Received 21 August 2025; accepted 26 November 2025. Date of publication
15 December 2025; date of current version 5 January 2026. This work was
supported in part by the National Natural Science Foundation of China under
Grant 62425301, Grant U2241214, Grant T2121002, Grant 62503042, Grant
62373008, and Grant 62533017 and in part by the Beijing Natural Science
Foundation under Grant 4254102. This article was recommended for publication
by Associate Editor Weijia Yao and Editor Rafael Murrieta-Cid upon evaluation
of the reviewers’ comments. (Corresponding author: Zhongkui Li.)

Yike Qiao, An Zhuo, Zhiyong Sun, and Zhongkui Li are with the
School of Advanced Manufacturing and Robotics, Peking University, Bei-
jing 100871, China (e-mail: giaoyike @stu.pku.edu.cn; zhuoan @stu.pku.edu.cn;
zhiyong.sun@pku.edu.cn; zhongkli @pku.edu.cn).

Xiaodong He is with the School of Automation and Electrical Engineering,
University of Science and Technology Beijing, Beijing 100083, China (e-mail:
hxd@ustb.edu.cn).

Weimin Bao is with the China Aerospace Science and Technology Corpora-
tion, Beijing 100048, China (e-mail: baoweimin@cashq.ac.cn).

This article has supplementary downloadable material available at
https://doi.org/10.1109/TR0O.2025.3644358, provided by the authors.

Digital Object Identifier 10.1109/TR0O.2025.3644358

, Graduate Student Member, IEEE, Xiaodong He

, Member, IEEE, An Zhuo ",
, and Zhongkui Li"¥, Senior Member, IEEE

autonomous driving, aerial surveillance, and underwater explo-
ration. A key objective in motion planning is to provide feasible
reference trajectories and control inputs to guide the robot to
the target configuration. To achieve feasibility and efficiency,
motion planning algorithms should take into account the robot’s
kinematic constraints, among which the nonholonomic and cur-
vature constraints are frequently encountered. Nonholonomic
constraints are typically imposed by the lateral velocity of robots
being zero [1], [2], [3], under which the longitudinal linear
velocity and angular velocity are considered as the control inputs
in motion planning [4], [5], [6]. In addition, as a result of the
limited actuation of nonholonomic robots, such as uncrewed
ground vehicles (UGVs) with minimum turning radius [7], [8],
uncrewed aerial vehicles (UAVs) with maximum lateral accel-
eration [9], [10], and autonomous underwater vehicles (AUVs)
with limited control moment [11], [12], the trajectory curvature
of these robots is subject to an upper bound, termed the curvature
constraint. The coexistence of the nonholonomic and curvature
constraints poses significant challenges for motion planning, due
to the tightly coupled position and orientation kinematics as well
as the robots’ limited actuation.

Existing motion planning methods addressing the afore-
mentioned constraints fall into several categories, each of
which has limitations that hinder its practical implementation.
Search-based methods are widely used, but they require post-
processing and high computational cost to handle kinematic
constraints [13], [14], [15]. Optimization-based methods can
effectively manage various constraints but often suffer from
issues related to local minima and substantial computational bur-
dens [16], [17], [18]. Although the Dubins curve-based method
is a well-studied algorithm for generating curvature-bounded
trajectories for nonholonomic robots, it usually does not incor-
porate control input design for path following [19], [20], [21].
Moreover, the common drawback of the aforementioned meth-
ods is that they operate in an open-loop manner, necessitating
replanning when deviations occur.

Unlike the preceding open-loop methods, the vector field
(VF)-based approaches specify the desired orientation based
on the nonholonomic robot’s position by assigning a vector
to each point in the workspace. One classic way to gener-
ate VFs is by calculating the gradient of potential functions,
known as the artificial potential field [22], [23], [24]. However,
this method is prone to local minima, which possibly leads
to deadlock. To address this problem, Lindemann et al. [25]
utilize cell decomposition approach to design a nongradient VF
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for each polygonal cell and achieve convergence to the target
position [26], [27]. With dipole-like VF for guidance, Panagou
et al. [28] further derive the tracking control laws for the VF
to stabilize a nonholonomic robot and coordinate the motion
of multiple unicycles [29]. He et al. [30] generalize dipole-like
VF to 3-D motion planning, guiding multiple nonholonomic
robots to their target positions with a specific heading direction
except for a singular set of measure zero. To address the issues
that arise from the singularity of VFs, singularity-free VFs and
control laws for fixed-wing UAVs are proposed to achieve path
following and motion coordination in [31] and [32].

Although the aforementioned VFs naturally address the non-
holonomic constraint, few existing works incorporate the cur-
vature constraint into the VF-based motion planning. The chal-
lenges in addressing both the nonholonomic and curvature con-
straints lie in at least two aspects. On the one hand, designing a
curvature-constrained vector field (CVF) is far from trivial, par-
ticularly for the simultaneous position and orientation planning
problem as discussed in [33]. When the robot’s orientation aligns
with the VF, the robot’s trajectory is the same as the VF’s integral
curves by moving along the VF. To ensure the boundedness of
the curvature of the trajectory and the continuity of the control
input, the curvature of the VF should be not only bounded but
also continuous [34]. Furthermore, navigating toward the target
configuration requires the VF to coincide with the target ori-
entation while approaching the target position, which becomes
challenging since the adjustment of the orientation of the VF
is limited by the curvature constraint. For example, the VFs
proposed in [35] would converge to the desired position but
do not guarantee alignment with a specified orientation, further
highlighting the difficulty of VF design in simultaneous position
and orientation planning.

On the other hand, the design of tracking control laws for the
CVF becomes significantly more difficult under the nonholo-
nomic and curvature constraints. In most cases, a nonholonomic
robot’s orientation differs from the CVF, leading to the deviation
of its trajectory from the CVF’s integral curve. Moreover, the
curvature constraint imposes an upper bound proportional to the
linear velocity on the angular velocity, restricting the robot from
aligning its orientation with the CVF and hence exacerbating
the deviation. Take [36] and [37], for example, although their
VFs have prescribed curvature limits, the control laws designed
to track these VFs do not account for the limited actuation
mentioned earlier. Hence, the actual trajectories may violate
the curvature constraint when deviations occur. To ensure the
existence of feasible control laws that can track the VF under
curvature constraint, the co-design of the VF and control laws
is crucial. Due to the aforementioned challenges, developing
a feedback motion planning method to guide a nonholonomic
robot with curvature constraints to the target configuration re-
mains unsolved.

In this article, we formulate the simultaneous position and
orientation planning as guiding the curvature-constrained non-
holonomic robot to the target positive limit set, a positive limit
set containing the target configuration. To achieve this objective,
we aim to find the reference trajectories and control inputs that
satisfy the curvature constraint while converging to the target

positive limit set. This formulation is more general and applies
to real-world scenarios, including Ackermann UGV converg-
ing to a configuration, and fixed-wing UAV passing through
a configuration with nonzero velocity. In order to address the
difficulties mentioned earlier, we propose a unified VF-based
motion planning framework, under which the VF provides the
curvature-bounded reference trajectories, and the control laws
ensure that the nonholonomic robot tracks the proposed VF
under the curvature constraint.

The theoretical contributions of this article are summarized
as follows.

1) We construct a CVF with a stable limit cycle as the target
positive limit set. A novel VF is proposed by partitioning
the workspace and embedding the blended source, sink,
and vortex flows into different regions with conveniently
tunable parameters. Moreover, we derive the sufficient
condition ensuring that the CVF’s integral curves have
a prescribed curvature bound and serve as the reference
trajectories converging to the limit cycle except at an
isolated singular point. Compared with the dipole-like
VF in [28] and [30] with singular target position and the
CVF in [36] and [37], this construction strategy reduces
the effect of singularity during trajectory convergence,
while allowing a flexible selection of CVF parameters,
facilitating the co-design of CVF and control laws.

2) We design novel control laws comprising the linear ve-
locity with specified bounds adaptive to the planning
objective and the saturated angular velocity, which ensures
that the actual trajectory curvature is also bounded when
tracking the CVF. To guarantee that the closed-loop sys-
tem tracks the CVF under saturation of angular velocity,
we propose a state-dependent dynamic gain that responds
to changes in the CVF. In this way, the orientation error
between the robot and CVF is monotonically stabilized
even when saturation occurs.

3) We unify the co-design of CVF and control laws under
curvature constraint by establishing an explicit condition
on CVF’s parameters to guarantee the existence of control
inputs that track the CVF. This condition reveals the in-
trinsic coupling between the CVF and control laws under
curvature constraint, and limits the orientation changing
rate of CVF by allocating sufficient space in the blending
regions of flow fields for a gradual transition. Based on
aforementioned results, we prove that the closed-loop
system almost globally converges to the target positive
limit set with bounded trajectory curvature.

To validate the theoretical results and facilitate reproducibil-
ity, we conduct and open source the implementations, including
the numerical simulations and hardware experiments.'

1) We carry out numerical simulations demonstrating sup-
portive phenomena for the theoretical propositions and
Monte Carlo experiments comparing our method to other
VF-based algorithms in [29], [31], [33], and [36]. The
presented approach outperforms the existing methods by

! Implementation details and source code are available online at https://github.
com/Y 1kee/CVF-for-Nonholonomic-Motion-Planning
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achieving a 100% success rate in ensuring convergence
under curvature constraints.

2) We implement the proposed planning algorithm on an
Ackermann UGV with a minimal turning radius. The ex-
periment results show that they can successfully converge
to different destinations from various initial conditions,
demonstrating that the proposed feedback motion plan-
ning algorithm is robust with respect to (w.r.t.) dynamics
uncertainties.

3) We extend the proposed method to 3-D fixed-wing UAVs
with coordinated turn constraint by deriving the attitude
and thrust control laws. In the hardware-in-the-loop (HIL)
experiments with target configuration switching during the
flight, the UAV reaches its destination under the extended
control laws. The HIL results highlight that our algo-
rithm given by closed-form expressions enables real-time
motion planning despite limited onboard computational
resources.

The rest of this article is organized as follows. Section II
presents the nonholonomic kinematics with curvature constraint
and formulates the motion planning problem. Section III shows
how to build the CVF and demonstrates its desired properties
of convergence and bounded curvature. To track the proposed
CVF, saturated control laws with dynamic gains are introduced
in Section IV, where almost global convergence under curvature
constraint is established. Section V conducts numerical sim-
ulations to validate the theoretical results and compares our
algorithm with other existing VF-based motion planners. In
Section VI, the proposed method is further evaluated through
experiments using an Ackermann UGV and a semiphysical
fixed-wing UAV with curvature-bounded trajectories. Finally,
Section VII concludes this article.

II. KINEMATIC MODEL AND PROBLEM STATEMENT
A. Modeling of Kinematics and Constraints

In this article, we let g = (p, #) denote the configuration of
a 2-D mobile robot, where p = [z, y]T € R? is the position and
0 € [0, 27) the orientation. For the considered configuration, the
nonholonomic constraint is imposed by confining the transla-
tional motion along the robot’s heading direction, i.e., the x-axis
of the body-fixed frame. In this case, the most commonly used
nonholonomic kinematics are expressed as

T = v, cos b
1 = vy sinf
0 =w (1)

where the control inputs consist of the linear velocity v, and the
angular velocity w.

Due to the limitation on the steering mechanism of nonholo-
nomic robots, the trajectory curvature is subject to an upper
bound, known as the curvature constraint. For kinematics de-
picted by (1), the curvature constraint is written as

R =

Vg

<K @)

where « is the curvature of robot’s actual trajectory, and & is the
maximum curvature. In addition, the minimum turning radius
of the nonholonomic robot is denoted by

p=1/Fk.

B. Problem Formulation

In real-world scenarios, mobile robots are usually required
to reach the target position with predefined orientation to ac-
complish specific tasks. For robots with lower bounded linear
velocities due to task requirements or dynamics constraints, the
convergence to a specific configuration is not always achievable.
For a more general problem formulation, we employ the concept
of positive limit set in [38, Ch. 4.2] and define the target positive
limit set as follows.

Definition 1: The positive limit set of the trajectory ¢(t; go)
with initial configuration g is defined as

LF(go) = {g | IH{tr}7L1 = 00, (tr; go) = g as k — oo} .

Definition 2: The target positive limit set £ (go) is the
positive limit set that contains the target configuration gy, i.e.,
ga € L} (go), implying that

IH{tr}hl1 — 00, ¢(tr; go) = ga as k — oo.

According to the aforementioned definitions, a controlled
robot could approach the target configuration by converging to
the target positive limit set. To achieve this objective, the motion
planner aims to derive curvature-bounded reference trajectories
that converge to the target positive limit set, along with control
inputs that track these reference trajectories. In this way, the
nonholonomic system (1) subject to the curvature constraint (2)
converges to the target positive limit set, i.e.,

lim d(g(1). £ (g0)) = 0 3)

where d(g1,G) = infg,eg \/||P1 — p2||? + (01 — 02)? denotes
the distance from g; to the set G.

Remark 1: For nonholonomic robots like wheeled UGVs,
they are able to converge to certain configuration with velocity
approaching zero. In this case, the problem formulation is re-
ducedto LT (go) = {ga} andlim;_,, g(t) = gq. Besides, there
exist dynamics constraints and task requirements that require
nonzero velocity at the target configuration, such as fixed-wing
UAVs and glider AUVs. It makes sense to guide these robots to
the target positive limit set that contains the target configuration,
i.e., {ga} C L} (go), and hence, they reach the target configu-
ration repeatedly, i.e., 3{t; }3>; — oo such that g(tx) = g4 as
k — oo.

C. Proposed Algorithm Framework

To address the motion planning problem formulated earlier,
the algorithm to be proposed in this article employs a feedback
structure, as illustrated in Fig. 1. In this framework, the reference
trajectory and reference orientation are provided by the VF
presented in Section III, and the control laws to track the vector
field are derived in Section I'V. Due to the co-design strategy, the
vector field adjusts its parameters to ensure that the boundedness
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ning.

Methodology of co-designing VFs and control laws for motion plan-

of control inputs and the control laws updates the feedback gain
in response to the change of vector field. In this manner, the
robot tracks the vector field and converges to the target positive
limit set with prescribed curvature bound.

III. CURVATURE-CONSTRAINED VECTOR FIELD

In this section, we will construct the CVFE, where a stable limit
cycle that contains the target configuration is established as the
target positive limit set. To provide the robot with curvature-
bounded reference trajectory, we further derive the condition to
ensure that the integral curves of CVF have a prescribed upper
bound on the curvature while converging to the limit set.

Before moving forward, we present several concepts about
the VF [39, Chs. 8 and 9].

Definition 3: The VFisamap F : R” — R" and a VF is of
class C* if each component of the vector field has continuous
derivatives up to order k.

Definition 4: A point p is a singular point for the vector field
F,if F(p) =

Definition 5: The integral curve ((t) of a vector field F
definedont > Oisamap ¢ : R>g — R"™ that satisfies

<
dt

For simplicity, we consider the polar coordinates (r, ) trans-
formed by r = \/2? + y? and ¢ = arctan (y/x). Denote the
basis of the Cartesian and polar coordinates as {e,,e,} and
{e,, ey}, respectively. Then, the components of the VF repre-
sented in the polar coordinates are defined as F,. = (e,, F) and
F, = (e,, F), where (-, -) is the inner product.

Since the VF designates the desired velocity direction of the
robot by assigning a vector to each position in the workspace, the
integral curves could be regarded as the reference trajectories for
the robot. By aligning the orientation with the VF, the nonholo-
nomic robots’ actual trajectories converge to the integral curves.
Therefore, to navigate a curvature-constrained nonholonomic
robot, the integral curves should not only converge to the target
positive limit set but also have prescribed bound on the curvature.
In the following lemma, the computation of curvature of integral
curves is shown.

Lemma 1: Consider a VF F : R? — R? given in the polar
coordinates (7, ). The curvature of its integral curves at the
nonsingular point p is given by

=F(¢), €(0) = Co.

|(F, KpF)|
KR (P) = —————=— “4)
I ()|
where Ky is defined by
__9F,
Ky = 1 oF, 1o’ B, |- 5
r acp T 9p r
Proof: See Appendix A. |

To construct a desired CVF with the aforementioned proper-
ties, we utilize the elementary flows of vortex, source, and sink,
which can constitute a wide variety of VFs by superposition
[40, Ch. 8]. Specifically, the normalized elementary flows are
given, respectively, by the following equations:

ervFv T:071T7 p7é0
o[ R R =00 o
0, p=0.
Fou[ _ [Fout,ra FOut,ip]T = [1, O]T , P 7é 0 (7)
0. p=0.
En.raEn TZ*LOTa p#o
o[ Ve FagdT =10 N
0. p=0.

Fig. 2 shows the aforementioned elementary flows, where the
integral curves of the vortex are concentric circular arcs around
the singular point, while the integral curves of source and sink
are straight lines diverging from and converging to the singu-
lar point, respectively. The geometric forms of these integral
curves match the motion pattern of nonholonomic robots, since
the trajectory of such systems can generally be described as
compositions of circular arcs and straight-line segments.
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Fig. 2. Three types of elementary flow with a singular point at the origin. (a)

Vortex F. (b) Source Fy. (¢) Sink Fy,.

Drawing intuition from the phase portrait of a nonlinear
system featuring a stable limit cycle, we construct a desirable
VF with the following transition of the elementary flows as
the distance from the singular point increases: from the sink
near the singularity, to the vortex around the limit cycle, and
finally to the source further out. To achieve this transition, we
partition the workspace with three concentric circles with radii
0<r <re<rs

A1 ={p|0<r<mr}
Ay ={p|r <r<rg}
As={p|roe <r<rs}
As={p|r=>rs} 9)

where Oy = {r = 1y} is targeted as the stable limit cycle with
the singular point at the origin. Given the aforementioned de-
composition, we embed the source and sink in the regions A;
and Ay, and then blend the vortex with source and sink in the
regions Ay and Ajg, respectively. Consider a blending function
A(8; 81, 8,) that monotonically decreases from 1 to 0 on its
domain [s;, s,,], and denote ):(s; S1,84) =1 — A(s; 81, 84). The
blended VF can be given by

Fouta pc -Al
F;uta p S -A2
F(p)=14 _ (10)
Fn,  pecAs
Fi, peA

where the transition between elementary flows is specified by
(11)
(12)

Fgut = )‘(Tv 7'1a7ﬁ2)]:;‘out + X(T’;T‘l,'l’g)FV, pc -AQ
F = A(r;re,r3)Fy + A(r;r2, 73)Fin, p € As.

According to Definition 3 and Lemma 1, the aforementioned
blended VF has continuous curvature, which is a requirement
for the continuity of the tracking control inputs, when the VF
is of class C'!' at least. By calculating the partial derivatives of
(10), we can find that the blended VF is of the same class C*
as the blending function within A;—» 3. Moreover, the blended
VF has continuous partial derivatives on the boundaries between
Ai=1,23,4 only when the blending function has zero derivatives
at these boundaries. Therefore, the necessary and sufficient

— — 7y Ty X Singular point
Source Vortex Sink

T3—'\\\'\\\"\—¥ 'O B A AT Ay oy 4
QXNNNXNNV Y NLL
N7

ra b ==
SR N
SoNrae AN oo
U U SRR A N
Y i (0L
Ly \&/ \ Dy
b L e \Z::/ ~=T
v AR NN
I3 NV LN D NS
S AN AN
A S A= TN NN
A L £ ol L NN
27727 AAXNNNYN
~r3ba A4 22 F LF =t TR X NN N %
—T3 —T2 -1 0 1 ra r3

Fig. 3. Blended VF F, where the domains of source, vortex, and sink are
shaded in red, blue, and green, respectively. Within the transition region between
red and green dotted circles, the blended VF evolves from source to vortex and
then to sink as the distance from the singular point increases.

condition for the blended VF to have continuous curvature is

that the blending function A(r;r,7,) is of class C*=! and

o2y | _ Or
Or IT=T17" Or

In this article, we employ the blending function given by

3 2
A(s; 81, 8u) =2 (SSl> -3 (Ssl> +1 (13)
Su — 81 Su — 81
which smoothly decreases from 1 to 0 on the interval [s;, s,,| and
has zero derivatives on the boundaries.

It is worth noting that the derivative of this blending function
is related to the width of domain. As a result, the transition
behavior between different elementary flows in the blended VF
can be easily adjusted by modifying the region radii r;, as shown
in Fig. 3. Based on appropriate selection of r;, we ensure that
the integral curve of the blended VF has a prescribed curvature
bound ~ while converging to the limit cycle. This is formally
stated in the following theorem.

Theorem 1: The blended VF defined in (10) satisfies the
following properties.

1) F has a unique and isolated singular point at p = 0, and

F is of class C* over D = R?\ 0.

2) Oy is an almost-globally stable limit cycle for the integral

curves with dynamics ¢ = F(¢).

3) The integral curves of F have continuous curvature

bounded by &, if

r=r, = 0.

Tiv1 — T > 3p, t=1,2. (14a)
TP 2 Tip1y2, i=1,2. (14b)
Proof: See Appendix B. |

Remark 2: The physical meaning of the condition (14) is
explained as follows. In A and A3, the VF gradually evolves
from the source and sink to the vortex as it approaches the limit
cycle. As the regions A3 and A3z expand, the transition becomes
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Fig. 4. Proposed CVF T, where the singular point is the origin.

smoother, and the curvature in the blended region decreases.
Condition (14a) allocates enough space for the blended VF to
steer its orientation with bounded curvature when approaching
the limit cycle. Moreover, the domain of vortex should be
expelled away from the singular point by increasing the region
radii r;, since the curvature of the vortex becomes unbounded
around the singular point. The condition (14b) imposes a lower
bound on the region radii such that the domain of vortex in the
blended VF, i.e., Az | J As, is far enough from the singular point
to avoid violation of the curvature constraint.

Since the stable limit cycle O is circular, we can always find a
point py, € O, where the tangent vector aligns with the target
orientation 04, i.e., F(py,) = [cosf4,sinf4]T. By translating
Py, to the target position p,, we establish the limit cycle as the
target positive limit set and present the CVF as follows:

F(p—ps)

T(p) = { T pol> P 7 Ps 15)
0; P =DPs
where ps; = pq — pe, is the singular point, and pg, =

ro[cos(0q — w/2),sin(04 — w/2)]T.

The properties of the CVF are summarized in the following
theorem.

Theorem 2: The CVF given by (15) has the following prop-
erties:

kr(p) € C°, k(p) <& Vp#ps (162)
pa € L1(Co) VCo # Ps (16b)
T(pg) = [cosOg,sin O4]" (16¢)
where £(¢o) is the positive limit set of the integral curves.
Proof: See Appendix C. ]

The proposed CVF is illustrated by Fig. 4. In the aforemen-
tioned theorem, the property (16a) means that the curvature of
integral curves of the CVF is continuous and bounded by &
for any nonsingular position. The property (16b) indicates that
the integral curves of the CVF converge to a stable limit cycle

containing the target position p, almost globally. Moreover, the
property (16¢) ensures that the orientation of the CVF aligns
with the target orientation 6 at p4. By moving along the integral
curves of the CVF, the nonholonomic robot approaches the target
configuration while converging to the target positive limit set
with continuous trajectory curvature bounded by k.

Remark 3: Compared to existing VF-based motion planners
with curvature constraints, the proposed CVF offers several key
advantages. In [35], the VF only converges to the target position
and depends on empirical parameter tuning. In contrast, our
CVF guarantees that curvature-bounded integral curves simul-
taneously plan both position and orientation, as specified by the
explicit condition in (14). While the work in [41] also addresses
position and orientation planning, it places the singularity of
the curvature-constrained VF at the target position. Unlike this
approach, our CVF establishes a stable limit cycle as the target
positive limit set, keeping the target configuration away from
the singular point and avoiding singularity during convergence.
Although the work in [36] utilizes a stable limit cycle, the limited
flexibility in its VF design makes it challenging to derive control
inputs that both track the VF and maintain the curvature con-
straint. In contrast, our CVF offers more flexibility in parameter
tuning, facilitating the co-design of the CVF and control laws in
the subsequent section.

IV. SATURATED CONTROL LAWS WITH DYNAMIC GAIN

The CVF presented in Theorem 2 provides reference trajec-
tories with desired curvature bound, converging to the target
positive limit set. As pointed out in Section II-C, we will, in this
section, find feasible control inputs of the nonholonomic robot,
including the linear velocity v, and angular velocity w, to track
the CVF under curvature constraint.

In accordance with the motion planning objective, we first
specify the control law with user-defined bounds as follows:

— 95
o= o by o (1222 1)
Cp Co

where vy, 18 the lower bound, ¢, and ¢y are positive scalars, and
the gainis given by ky, = Umax — Umin Such that the linear velocity
is upper bounded by v, Moreover, 6, is the orientation error
between the robot and CVF defined by

A7)

f.=6—-0, (18)
where the reference orientation 6,. of CVF is specified as
T
0,(p) = arctan (T(p).ey) (19)

(T(p).es)’ 27 P%

Since p; is the singular point of the CVF, in the following, we
adopt the polar coordinates centered at ps:

rs = ||p — ps||
s = arctan 7@ ~Psey) .
(p—ps,€z)

Remark 4: 1t can be observed that the linear velocity v,
decreases to the lower bound vy, only if the robot reaches the
target configuration g4, where p = py and 6 = 0; = 0,.. For
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robots such as wheeled UGV, v, could be chosen as zero so
that the robot could asymptotically converge to g,. As for fixed-
wing UAVs and other robots with v, > 0, they are not able to
converge to a specific configuration, and thereby, the result of
convergence to the target positive limit set and repeated arrival
at the target configuration is the best we can achieve.

When the robot’s orientation 6 aligns with the reference
orientation ,., the robot’s trajectory becomes the time reparam-
eterization of the integral curves of the CVF under the proposed
linear velocity, referring to [42, Ch. 1.5]. This implies that the
robot is able to track the CVF and converge to the target positive
limit set by aligning its orientation with 6,. under the angular
velocity

wo = —ku0e + wy. (20)

In the aforementioned equation, —k,, 0, is the feedback term,
and the feedforward term, i.e., the time derivative of 6,., is given
by

Wy = 0.7" = A(’I‘g)vw cos Af (21)

where A =6 — Oy, and Oy and A(rs) denote the direction
and magnitude of the gradient V6, of reference orientation,
respectively. The detailed derivations of (21) are provided in
Appendix D.

To ensure that the robot has curvature-bounded trajectory
before it tracks the CVF, we refer to (2) and impose the angular
velocity with a saturation bound given by

W = VyK.
Therefore, the saturated angular velocity is expressed as

wo, lwo| < @

Yo {wsgn(wo)7

where wy is determined by (20), and sgn(-) is the sign function.
According to (45) and (46) in Appendix D, there holds that

(22)
|wo| > @

sup ||w-(g)]| > @ Vrs < p.

This equation implies that the upper bound of the feedforward
term is larger than the saturation bound when g € S = {g |
lp — psl| < p}. Therefore, the angular velocity (22) possibly
saturates in S even when the feedback term is omitted. In other
words, S is the minimal region, where saturation occurs with
the presence of feedback term.

To stabilize the orientation error 6., we aim to establish
the condition under which the angular velocity (22) does not
persistently saturate. In this way, 6. is ultimately stabilized by
w = wy. From a geometric perspective, the robot’s trajectory,
whose curvature is bounded by &, cannot be enclosed in an open
circular area with radius p = 1/& such as S. Enlightened by this,
we ensure that (22) does not saturate persistently by confining
the region where saturation occurs to the minimal extent of S,
as elaborated in the following theorem.

Theorem 3 (Dynamic gain): The angular velocity only sat-
urates in the region S = {g | ||p — ps|| < p}, when the gain in

(20) is specified by

— ,UCE

kw(g) = min {kw,
10|

(k — k(rs)| cos A0|)} (23)

where k,, is the user-defined maximum gain, and k(rs) is a
continuous nonlinear function satisfying

0<k(rs) <k Vrs>0 (24a)
k(rs) > A(rs) Yrs > p. (24b)
Proof: See Appendix E. ]

Remark 5: The proposition that the angular velocity does
not saturate persistently can be verified with a counter example.
Assume that the angular velocity saturates all the time, which
requires the robot to stay in S. Since the target configuration
ga ¢ S, the linear velocity satisfies v, > vmin > 0. In this case,
the robot moves along a circular arc with radius p since |w| = @
and k = |@/v,| = K = 1/p. However, such a circle cannot be
contained within S, as S is itself an open circular region with
radius p. This implies that the robot will leave S even when its
angular velocity persistently saturates, which contradicts with
Theorem 3. Aforementioned discussions further imply that the
robot leaves the region S and the saturation only occurs in finite
time.

Due to the geometry of the CVF, the magnitude A(r;) of gra-
dient V6, exceeds the maximum curvature around the singular
point ps. Therefore, the saturation of the angular velocity within
S is inevitable. To ensure that the robot leaves such region and
hence the angular velocity only saturates in finite time, we pro-
pose the dynamic gain in the aforementioned theorem. However,
this dynamic gain vanished when the robot circulates on the
boundary of S, i.e., k, =0, Vg € Ny, ={g |15 = p,|0c| =
7/2}. In addition, due to the singularity of the CVF and the
definition of orientation error, there are two singular sets for the
robot, i.e., Np ={g | p=ps} and Ny = {g | |0.| = 7}. The
aforementioned singular sets together form the nonconverging
set N' = N U Ny U N, of the closed-loop system.

It is worth noting that the dynamic gain not only responds
to the change in CVF under robot’s motion, it also imposes the
inherent constraint A(rs) < R, Vrs > p on the geometric prop-
erties of CVF. To address the aforementioned intrinsic coupling
between the CVF and control laws under the curvature constraint
and to ensure the existence of dynamic gain, the co-design of the
CVF and control laws is of great necessity. Based on the flexible
adjustment of the CVF’s parameters under (14), we establish the
condition that ensures that the orientation error is stabilized by
the saturated control laws with dynamic gain in the following
theorem.

Theorem 4 (Stabilization condition of orientation error): For
the closed-loop system (1), (2), (17), (22), the orientation error
6. is monotonically stabilized except for initial condition in the
measure-zero nonconverging set N = Np U Ny UN},_ when
the parameters of CVF satisfy
1 1

+
Ti—1

Proof: See Appendix F. ]

IN

R, i=23. 25)

Ty —Ti-1
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Remark 6: In [32], the angular velocity for Dubins-car-like
robots to track the VF is also subject to saturation. However,
the orientation error is shown to be stabilized only when the
angular velocity does not saturate persistently. To achieve this,
implicit constraints on the system dynamics are introduced.
Howeyver, it remains unclear how to establish these constraints
in practice. In contrast, our approach offers a straightforward
criterion for the co-design of the CVF and control laws. Under
the proposed control inputs, the nonholonomic robot exits the
saturation region under curvature constraint, and hence, the
angular velocity would not saturate persistently, leading to the
results that the orientation error is monotonically stabilized.

According to the decomposition of workspace in (9), the first
term on the left-hand side of (25) reflects the distance between
the singular point ps and the region A;—» 3, where the flow fields
are blended. The second term depicts the range of the blending
region A;—2 3. To ensure the existence of dynamic gain that
minimizes the saturation region to S, the changing rate in CVF’s
orientation should be limited by the saturation bound @ outside
S. When the blending region is close to the singular point, and
hence, the CVF changes rapidly and the first term is large, the
range of the blending region should be enlarged to reduce the
effect of singularity, which requires a smaller second term.

Through the co-design of the CVF and control laws, the
orientation error is stabilized, as stated in Theorem 4. In this
way, the nonholonomic robot tracks the CVF without violating
the curvature constraint. Building on these results, we further
utilize input-to-state stability (ISS) to demonstrate the almost
global convergence of the robot’s configuration in the following
theorem.

Theorem 5 (Convergence to target positive limit set): With
the control inputs (17) and (22), the nonholonomic robot (1)
subject to curvature constraint (2) converges to the target positive
limit set £} (go) > ga, except for initial configuration in the
measure-zero nonconverging set /.

Proof: See Appendix G. |

Remark 7: 1In the literature, most VF-based motion planning
algorithms for nonholonomic robots with curvature constraints
focus on incorporating the curvature constraint either in the
design of the VF [35], [36], [37] or in the derivation of control
laws [32]. Consequently, it remains unclear whether these robots
can reliably follow the VFs under limited actuation. We fill this
gap in the article by integrating the curvature constraint into the
co-design of the CVF and saturated control laws with dynamic
gain, providing rigorous guarantee on the convergence of the
nonholonomic robot under curvature constraint.

V. NUMERICAL SIMULATIONS

In this section, we verify the results in Section IV with nu-
merical simulation examples and compare the proposed method
with several existing VF-based motion planning algorithms via
Monte Carlo experiments.

A. Theoretical Result Verification

1) Setup: To validate our theoretical results in Section IV,
we conduct numerical simulations and investigate the behavior
of the nonholonomic robot under the proposed framework.

TABLE I
INITIAL AND TARGET CONFIGURATIONS FOR SIMULATIONS

Examples go = (z0,¥0,60) gd = (Td,Yd; 0a)
Exp.1 O 05 57/4) 4 43 57/6)
Set1 [ Exp2 | (1.2 0 E) -8 0 o)
Exp3 | (07 0  57/6) 4 -4\/3  7l6)
Exp.4 O  -15 5a/4) | V2 42 3wld)
Set 2 | Exp5 | (14 0 -27/3) | (42 42  -3u/d)
Exp.6 | (0 13 273) | (-4v2  -4V2  -wi4)
Exp.7 | (-12 0 0) 42  -4v2 w4

In the simulation, the nonholonomic robot has the minimum
turning radius p = 1. The design parameters for CVF satisfying
(14) and (25) are specified by 1 = 4p, ro = 8p, and 73 = 12p.
For the linear velocity control law (17), itis bounded by vy, = 0
and vpmax = 1, and the parameters are set as ¢, = 12p and ¢y =
. The nonlinear function & (-) in the dynamic gain (23) is chosen
as

r5/p?, rs < p

k(rs) =
{1/7'5 + 07”,7"57

where 6, ,; is given in (46) and the maximum gain is k,=1.

We present two sets of simulation examples, each of which
is conducted independently. In the first set, we prepare three
examples in which the robot starts in or passes through the
saturation region S = {g | r5 = ||p — ps|| < p}. The second
set includes four examples, where the robot stays outside the
region S. The initial and target configurations for each example
are summarized in Table I.

2) Results: We begin with the saturation behavior depicted
in Theorem 3. In Fig. 5(a) and (b), the unsaturated angular
velocity wp in (20) is represented by the gray dotted line. It
exceeds the bound w presented by the red dotted line; thereby,
the angular velocity saturates when the robot is in the saturation
region S = {g | 75 < p}. In contrast, in Fig. 5(c)—(g), the con-
dition w = wy always holds, implying that the angular velocity
does not saturate. Moreover, the dynamic gain also enables the
robot to leave the saturation region in finite time such that the
angular velocity would not saturation persistently, as shown by
Fig. 5(a)—(c).

Following the aforementioned discussion, we illustrate the
evolution of the orientation error §. in Fig. 6. By co-designing of
the CVF and control laws, the orientation error ., asymptotically
converges to zero in all examples, as stated in Theorem 4.
It should be noted that the initial orientation of the robot in
Example 7 aligns with the CVF, such that the orientation error
0. remains zero.

Finally, Fig. 7 shows the results of almost global convergence
in Theorem 5. Under the proposed motion planning algorithm,
the configuration error of the nonholonomic robot converges to
zero, while the curvature of the actual trajectory maintains the
prescribed upper bound K = 1, as illustrated in Fig. 7(a), (b).
The snapshots of trajectories shown in Fig. 7(c)—(f) and (g)—()
depict the convergence toward the target configuration for all
examples.

(26)
s > p
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Fig. 5. Simulation results that verify Theorem 3. (a)—(c) present the results for Exp 1-3 in the first set. The time intervals during which the robot is moving in

the saturation region S are highlighted with magenta shaded area. The entire simulation results are on the left, and the shaded areas are magnified on the right. The
results of Exp 4-7 in the second set are shown by (d)—(g). (a) Exp 1, time in S emphasized on the right. (b) Exp 2, time in S emphasized on the right. (c) Exp 3,
time in S emphasized on the right. (d) Exp 4 without saturation. (¢) Exp 5 without saturation. (f) Exp 6 without saturation. (g) Exp 7 without saturation.
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Fig. 6. Orientation error 6, of each example monotonically converges to zero,
confirming Theorem 4. The time is in logarithmic scale.

B. Comparative Study

1) Setup: In this section, we conduct 1000 trials of Monte
Carlo experiments with different initial and target configurations
to compare the performance of the proposed CVF method,
w.r.t. other VF-based motion planning algorithms with feed-
back control laws for nonholonomic robots. The benchmarks
include the dynamic vector field (DVF) [33, Egs. 20 and 24],
the dipole-like attractive vector field (AVF) [29, Egs. 8 and 18],
the curvature-constrained Lyapunov vector field (CLVF) [36,
Egs. 16 and 50], and the guiding vector field (GVF) [31, Egs.
4 and 24]. Among these candidates, the DVF and AVF guide
the unicycle to the target configuration, while the CLVF and
GVF enable the UAV to follow a target circular path, with both
scenarios falling within the scope of the proposed approach.
The comparisons are categorized into two groups: comparisons
between the DVF and AVF on the unicycle, and comparisons
between the GVF and CLVF on the UAV.

For the unicycle with linear velocity bounded by vm.,x = 3
and vmin = 0, we prepare four sets of target configurations,
where the target positions are uniformly distributed on the
circle 2% + y? =73, and the target orientation is tangent to
the circle. For the UAV, the linear velocity is selected to be
constant at vy, = 3, and the target positive limit set is specified
by L} = {||p|| = r2,60 = ¢ + m/2}, where four sets of target
configurations are also uniformly distributed. The maximum
curvature is defined as k = 1, the minimal turning radius as
p = 1, and the parameters of the proposed method remain con-
sistent with those in the previous section. We conduct 250 trials
of Monte Carlo simulation for each target configuration, totaling
1000 trials for each candidate, with the initial configuration
randomly distributed over zy € [—15p, 15p], yo € [—15p, 15p],
and 6 € [0, 2m).

2) Metrics: The metrics are divided into two categories to
compare the reference trajectory quality and the control per-
formance, respectively. To evaluate the quality of the refer-
ence trajectories, we compute the percentage of trials in which
the integral curves have curvature bounded by x. In addition,
the relative length of the integral curves is defined as L, =
L/|lpa — pol|, where L is the length of the integral curve from
initial position py to the target position p,4. Regarding the control
performance, the percentage of trials where the control inputs
satisfy the curvature constraint (2). Next, the average curvature
of the trajectories over time is computed to reflect the feasibility
of the control inputs w.r.t. the capability of the nonholonomic
robot. Moreover, we record the average time required for the
robot to converge to the target configuration. Finally, we define
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the ith example as ?; and the terminal time as ¢; . (a) and (b) show that the

configuration in each example converges to the target configuration g4 = (24, Y4, 04) under the control inputs. (¢)—(f) present snapshots of Exp 1-3 at different
time instances. (g)—(j) present snapshots of Exp 47 at different time instances. (a) Configuration errors and control inputs for Exp 1-3. (b) Configuration errors

and control inputs for Exp 4-7. (c) Snapshot at ¢ = 0. (d) Snapshotatt; = ¢; 5 /3.

(e) Snapshot at t; = 2ti,f/3. (f) Snapshot at t; = t; r. (g) Snapshotat t = 0.

(h) Snapshot at t; = t; ¢ /3. (i) Snapshot at t; = 2t; ¢ /3. (j) Snapshot at t; = t; 5.
TABLE II
COMPARISON RESULTS ACROSS VF-BASED ALGORITHMS, CVF PROPOSED IN THIS ARTICLE
Metrics CVF (Unicycle) | DVF [33] | AVF [29] | CVF (UAV) | CLVF [36] | GVF [31]
Trajectory Quality Percentage of kK < < 1.0000 \ 0.9960 1.0000 1.0000 0.8050
Relative length L, 4.1448 4.5976 4.1448 3.7906 3.1228
Percentage of |w|/[va] < & 1.0000 0.5330 0.9080 1.0000 0.0050 0.5840
Control Performance Average curvature 0.1415 0.2144 0.1902 0.1415 1.0350 0.1737
Average time 28.5228 50.2299 19.9667 28.1643 14.6227 11.5851
WRSME 0.0589 0.0081 0.0513 0.0587 6.7624 1468.9937

The bold values denote the best performance.

the root-mean-square error between {w(t;)} and {w(t;41)} to
measure the acceleration of control inputs, where ¢; is the :th
time step in the simulation.

3) Results: The comparison results are presented in Table II.
It can be observed that the proposed method outperforms the
other algorithms by generating control inputs that adhere to the
curvature constraint across all trials.

For the results of the unicycle, the DVF is not taken into
account for the comparison of trajectory quality since it is a
map from R2 x S to R?, and hence, the integral curves do not
represent the reference trajectories we consider in this article.
Throughout 1000 trials, the control inputs provided by DVF
and AVF contain sharp turns that exceed the capability of the
unicycle since the curvature constraint is not addressed in [29]
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and [33]. In contrast, the proposed CVF-based algorithm pro-
vides reference trajectories with control inputs that both satisfy
the curvature constraint under the guarantees established in
Theorems 2 and 5.

In the simulation based on the fixed-wing UAYV, only 80.5%
of the reference trajectories provided by GVF exhibit bounded
curvature. The percentage of actual trajectories with bounded
curvature drops to 58.4% since the actual trajectories may devi-
ate while tracking the GVF. Moreover, the control inputs of the
GVF become singular when the UAV approaches the singular
point, which is reflected by the high value of wrsmg. It is worth
noting that the CLVF solely integrates the curvature constraint
into the design of VF and generates reference trajectories with
curvature bounded by & as in this article. However, only 0.5% of
the actual trajectories guided by CLVF can achieve the desired
curvature bound, since it requires overly large angular velocity
to track the CLVF when deviation occurs. The aforementioned
comparative study reveals the necessity and also the challenge of
the co-design of the VF and control laws, as considered in this ar-
ticle. According to the results of the proposed algorithm, both the
reference and actual trajectories are provably curvature-bounded
in all trials. As a tradeoff between reliability and efficiency, the
proposed method requires relatively longer time to converge to
the target positive limit set. Nevertheless, the proposed method
successfully guarantees the curvature constraint and generates
the lowest acceleration during convergence, as indicated by the
lowest value of wWrsMmE-

VI. HARDWARE EXPERIMENTS

As mentioned in Section II, the proposed method under the
problem formulation is applicable to a wide range of nonholo-
nomic robots. In the real-world implementations presented in
this section, we utilize two distinct robotic systems, namely, the
Ackermann UGV and the fixed-wing UAYV, to further demon-
strate the effectiveness of the proposed method.

A. Experiments With the Ackermann UGV

1) Setup: To verify the efficacy of the closed-loop motion
planning algorithm in real-world applications, we select the
Ackermann UGV? with minimum turning radius p = 0.6 m
and maximum linear velocity vm,x = 1 m/s to conduct exper-
iments. The experimental setup is illustrated in Fig. 8, where
the ground station executes the motion planning algorithm,
transmits real-time control inputs to the Ackermann UGV, and
receives feedback on its configuration from FZMotion motion
capture system?® via the robot operating system.

Similar to the setup in the previous section, we prepare two
sets of independently conducted examples for the Ackermann
UGV. In the first set of three examples, the UGV starts in or
passes through the saturation region S, while the UGV remains
outside S for the four examples in the second set. The initial and
target configurations are summarized in Table III. To generate
control inputs that start from zero, we specify the linear velocity

2 [Online]. Available: https://github.com/agilexrobotics/limo-doc
3 [Online]. Available: https://ymate3d.com
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Fig. 8.  Experimental architecture for the Ackermann UGV.

TABLE III
INITIAL AND TARGET CONFIGURATIONS FOR THE ACKERMANN UGV

Examples go = (0, yo0,600) 9d = (%4,Yd, 04)
Exp.dl | (2733 -135 3.08) | (29.12 281 2.60)
Set 1 Exp.2 | (2641 -1.30  -1.15) 2192 -135 -1.57)
Exp.3 | (26.59 -1.14 1.68) 29.12 -5.51 0.52)
Exp4 | (32.86 -7.50 -1.24) (30.11 2.04 2.36)
Set 2 Exp.5 (32.57 4.59 -0.03) (23.32 2.04 -2.35)
Exp.6 | (21.43 2.36 0.48) (23.32 474 -0.78)
Exp.7 | (19.96 -4.99 0.80) (30.11 -4.74 0.78)
gainby k, = (1 — e~ 3%, where ¢ is the runtime, and other

control parameters are consistent with those in the previous
section.

2) Results: The experimental results are presented in Fig. 9.
Fig. 9(a) and (b) shows the tracking results of the control
inputs. The errors between the current and target configurations
are plotted in Fig. 9(c). The snapshots of Examples 1-3 and
Examples 4-7 are presented in Fig. 9(d), (f), (h) and (e), (g),
(1), respectively. Due to measurement noise, we observe that
the tracking results of the linear velocity exhibit small fluctua-
tions around the desired value. In the case of angular velocity,
the tracking error increases due to parameter uncertainties and
the response time of the UGV’s chassis. However, despite the
aforementioned real-world disturbances, the Ackermann UGV
consistently converges to the target configuration with bounded
trajectory curvature in all examples. The experimental results
showcase the effectiveness and robustness of the feedback mo-
tion planning algorithm in real-world applications.

B. HIL Experiments With the Fixed-Wing UAV

1) Setup: To demonstrate that the proposed algorithm, rep-
resented by closed-form expressions, can be implemented for
real-time onboard computation, we conduct HIL experiments
with the fixed-wing UAV. The HIL system is illustrated in
Fig. 10. In this architecture, the onboard computer manages all
the computations of the motion planning algorithm, the autopilot
functions as the flight control unit and generates commands for
actuators based on our planned control inputs, and the simulator
replicates the real-world flight environment while providing
configuration feedback.

We consider a fixed-wing UAV with minimum turning radius
p =30m and linear velocity bounded by v, = 16 m/s and
Umax = 18 m/s. Due to the cruising speed constraint, this UAV
has positive lower bound on its linear velocity and hence can
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— Exp 1: Inputs with tracking error = o — Exp 4: Inputs with tracking error + o —Expl —Exp4 —Exp7
— Exp 2: Inputs with tracking error + o — Exp 5: Inputs with tracking error + o —Exp2 —Exp5
Exp 3: Inputs with tracking error + o — Exp 6: Inputs with tracking error + o Exp3 —Exp6
| — Exp 7: Inputs with tracking error + o
2/ - - £ s
Eos / 05 /TN § O — =
8 ~ 5 I -5
=3 -
0 S ® 10
0
(d) (e)
(h) ®
Fig. 9. Experimental results with the Ackermann UGV. The tracking errors of the control inputs are presented by the shaded areas around the desired values in

(a) and (b). (a) Control inputs tracking of Exp 1-3. (b) Control inputs tracking results of Exp 4-7. (c) Configuration errors. (d) Initial configurations for Exp 1-3.
(e) Initial configurations for Exp 4-7. (f) Halftime of Exp 1-3. (g) Halftime of Exp 4-7. (h) Full trajectories of Exp 1-3. (i) Full trajectories of Exp 4-7.
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Hardware-in-the-Loop

Onboard Computer (Intel NUC) -

2D Planning S int C "
Motion Planning ~ Results et;_)on.l onver
X Pitch: Eq.(27)
CVF: Eq. (15) X
Yaw: Eq.(28)
Vz: Eq. (17) X
w: Eq. (22) Roll: Eq.(29)
Q- Thrust: Eq.(30)
Current 3D Planning
Configuration Results
X-Plane Simulator ~ Actuator PX4 Autopilot
Command

TABLE IV

INITIAL AND TARGET CONFIGURATIONS FOR FIXED-WING UAV

Examples go = (z0,%0,00) 9ga = (Td,Yd,0a)
Exp.1 (2.809 10.65 -1.699) | (-180.0 -311.7 -0.524)
Exp.2 (-4.683  -9.393 1.368) (360.0 0 1.571)
Exp.3 (10.43 0.146 -2.830) | (-180.0 311.7 -2.618)
Exp.4 (152.7 260.3 0.248) (-180.0 -311.7 -0.524)
Exp.5 (-294.4  -6.373 2.273) (360.0 0 1.571)
Exp.6 (149.0 -262.9  -1.831) | (-180.0 311.7 -2.618)
Exp.7 (338.3 520.6 -0.538) | (-180.0 -311.7 -0.524)
Exp.8 (-619.7 31.18 1.596) (360.0 0 1.571)
Exp.9 (280.6 -552.7  -2.673) | (-180.0 311.7 -2.618)

Fig. 10. HIL experiment platform which is same as [43] except the planning
algorithm.
== Target Limit Set [ Exp 4 = Exp 8
[ Exp 1 B Exp5 [ Exp9
[ Exp 2 B Exp6
[ Exp 3 CIExp7
s00 T T T T =
]
/ >
/ \
/ \
= R
B  of R4 -4 |
=)
\ 1
\Y 4
N *2
e
-500 1
. . . . L&
-600 -400 -200 0 200
x (m)
Fig. 11. Initial configuration and trajectory for each example, where all the

target configurations are on the same target positive limit set, illustrated by the
green dotted circle.

only converge to the target positive limit set rather than the target
configuration. The parameters of the CVF are specified by r; =
6p, 72 = 12p, and 73 = 18p.

The HIL experiments are conducted following the procedure
outlined below. Initially, the fixed-wing UAV takes off and
maneuvers to the initial configuration g, at which point the
motion planning algorithm is activated, directing the UAV to the
target configuration g,4. Once the UAV reaches g4, the motion
planning algorithm is deactivated, while the autopilot guides
the UAV to the subsequent initial configuration without landing.
This process is repeated for all the examples in Table IV, where

all the target configurations are encompassed by a common
target positive limitset £ = {g | r = ra, 0 =0, }.

2) Setpoint Derivation: The control inputs of linear velocity
and angular velocity in 2-D provided by our algorithm cannot
be directly applied to 3-D fixed-wing UAVs. Therefore, we first
convert the linear and angular velocities into the corresponding
setpoints of attitude and thrust for the autopilot platform as
follows.

For simplicity, we assume that the attack angle is sufficiently
small and that there is no slide-slip angle. Therefore, the body-
fixed frame and the velocity frame of the fixed-wing UAV are
equivalent. The setpoint for the UAV’s attitude is represented
by the yaw—pitch—-roll Euler angles, denoted by («, 3, v). The
attitude matrix R € SO(3) is given by

R =R.(0)Ry(P)R.(7)

where R;(-) is the rotation matrix about the i-axis.

To deploy the proposed 2-D motion planning algorithm in the
experiment with the UAV, we confine the flight in the horizontal
plane at the height hy by adjusting the pitch angle /5 toward the
setpoint specified by

Kg(h — hq)
Ba = v 27)
where K is the gain, h is the current flight height, and V' is the
airspeed. When the experiment begins, the UAV takes off and
then circles in the horizontal plane where h = hg, waiting for
the motion planning algorithm to take over. In this context, we
assume that the pitch angle [ is already stabilized at zero in the
subsequent derivation.

Next, we align the heading direction of the UAV with the CVF

by setpoint of the yaw angle

T ([p2;py]7) s €})

(T ([pzspy]T) - €1)

where T(-) is given by (15), p, and p,, are the first two compo-
nents in the position vector of the UAV, and e’, and e; are the
first two basis vectors of the inertial frame.

Subsequently, we aim to track the desired angular velocity
with the time derivative of the yaw angle. In accordance with
the coordinated turn constraint defined by

(28)

g = arctan

. ag B=0 Qg4
o = ——tanycos = ——=tan
y tany B p tany
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Results of HIL experiments with the fixed-wing UAV, where the tracking errors o of v, w, and k are shown by shaded areas around the desired value.

The intervals between two examples, where the motion planning algorithm is deactivated and the autopilot takes over, are demonstrated by gray areas.
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Fig. 13. C f the CVF for the diff t robot: hard

ments, where the singular point ps = [, ys]T is presented by the red cross.
(a) CVF for the Ackermann UGV with minimum turning radius p = 0.6 m.
(b) CVF for fixed-wing UAV with minimum turning radius p = 30 m.

we derive the setpoint of roll angle that enables ¢ to follow w as

|4
4 = — arctan — (29)

ag
where a, is the gravitational acceleration and w is determined
by (22). Finally, to track the planned linear velocity v, given by
(17) with airspeed V', we assign the thrust by
Fr = max{(—

BUL

Kr(V =) + 0.)m+ Fp,0} (30

where v, =
drag.

p+a

3) Results: To evaluate the convergence toward the target
positive limit set and the tracking performance of 3-D setpoints,
we define the distance error between the current position and
the target positive limit set as d. = r5 — ro and present the
attitude error with || logsg(s) Rel|, where R. = RR" and
R, = R.(aq)Ry(Ba)R.(a). The results of the HIL experi-
ments on fixed-wing UAV are presented in Figs. 11 and 12.

Despite the errors introduced by the simplification in the
derivation of setpoints and dynamic uncertainties, the control
inputs can be effectively tracked by the fixed-wing UAV. This
is because the proposed algorithm addresses both the curvature
constraint and the nonholonomic constraint, which are the most
critical kinematic constraints for the UAV. Consequently, both
the distance error d. and the attitude error || loggg(s) Re|| in
Fig. 12 are stabilized as soon as the motion planning algorithm
is activated. This confirms the convergence of the UAV to the
target positive limit set and its arrival at the target configuration
under curvature constraint, as shown in Fig. 11. Moreover, the
results also demonstrate that the proposed algorithm can be
implemented onboard in real time and can handle time-varying
tasks where the target configuration switches during the flight,
which is another advantage of the closed-form motion planning
method.

C. Parameter Selection for Different Robots

In this section, we explain the effect of the curvature constraint
in the construction of the CVF and provide a practical strategy
for radii selection in the CVF on different robot platforms.
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The theoretical foundation for this parameter selection strat-
egy is established in Theorems 1 and 4, which provide a range
of feasible values for the region radii, rather than designating
specific values. This flexibility allows the region radii to be con-
veniently adjusted according to real-world scenarios, promising
a wider applicability of the proposed method. For robots with
better maneuverability and small turning radius (e.g., ground
vehicles and unicycle-type robots), smaller and tighter region
radii can be employed to create more compact CVFs with
narrower transition regions. This enables faster convergence to
the target positive limit set while maintaining desired curvature
with a prescribed bound. In contrast, for robots with stricter
dynamic constraints and larger turning radius (e.g., fixed-wing
UAVs and large marine vessels), their CVFs are more sensitive
to the change of control inputs. Therefore, larger and more dis-
parate region radii are preferred to improve the robot’s tracking
performance with smoother control inputs.

The experimental validation in this section demonstrates the
aforementioned principle. In Section VI-A, the CVF for the Ack-
ermann UGV with p = 0.6 m is constructed with compact pa-
rameters 71 = 4p =24 m, ro =8p =4.8m, and r3 = 12p =
7.2 m. Itcan be seen that the CVF evolves from source and sink to
vortex in a narrower region with widthrs — 7y = 8p = 4.8 m, as
shown in Fig. 13(a). In Section VI-B, the fixed-wing UAV with
p = 30 m requires more conservative parameters specified by
r1 =8p=240m, ro = 12p = 360 m, and r3 = 18p = 540 m
to accommodate its sensitivity to control input variations un-
der strict curvature constraints. The CVF with larger region
radii and wider transition region is shown in Fig. 13(b). The
aforementioned parameter selection strategy ensures that the
CVF-based motion planning is both theoretically sound and
practically implementable across diverse robotic platforms.

VII. CONCLUSION

In this article, we have investigated the curvature-constrained
motion planning problem for nonholonomic robots. A novel
framework that co-develops the CVF and the saturated control
law with dynamic gains has been presented. The proposed
method ensures that the robot’s orientation aligns with the refer-
ence orientation and the robot’s trajectory converges to the target
positive limit set with bounded curvature almost globally. The
effectiveness of the obtained results is verified by both numerical
simulations and hardware experiments on the Ackermann UGV
and the semiphysical fixed-wing UAV. Potential future research
includes the CVF planning in 3-D and multirobot motion plan-
ning under both curvature and nonholonomic constraints.

APPENDIX A
PROOF OF LEMMA 1

The curvature of a curve can be computed by

_ B < pll

BTN b

as provided in [44, Ch. 13.3], where the cross product in R2 is
defined as [a,b] X [¢,d] := ad — be.

In the polar coordinates, the integral curve satisfies the fol-
lowing ordinary differential equation:

F B [FT} - { 7;..} )
F, rY
Moreover, the integral curve equation in Cartesian coordinates
can be transformed from the polar coordinates into

p=[rame] = reo [

(32)

F F
p=| " =R " 33
P=\p () F, (33)
where the 2-D rotation matrix R(¢) is defined as
__|cosp —singp
() = L‘incp cos ¢ } ' (34

In light of the aforementioned equations, we further derive the
second-order derivative of p as follows:

d F, d | F,.
p=—(R R(p)—
b= (R(¥)) F, +R(e) F,
O *80 Fr FT
=R(p) | . + R(p) |
o 0 F, F,
F,
0 = | | F,
=R(p) | r " :
£ 0 I,
oF, oL | | g
+R(9) | oF, 5%] ]
or rdp e
OF, OF,.  F,
=R(p) |or,” £, "%r, " |F- (35)
or r roe

By substituting (33) and (35) into (31), we can obtain (4).

APPENDIX B
PROOF OF THEOREM 1

The proof for Theorem 1 is divided into three parts, where
we first demonstrate the smoothness of the blended VF F', then
show the existence of stable limit cycle, and finally derive the
condition for the integral curves to have a prescribed bound on
the curvature.

1) According to (11) and (12), we know F # 0, Vp € D since
both F o and Fy, are orthogonal to F',. Therefore, p = 0 is the
unique singular point for F. Subsequently, the VF F' is shown
to be of class C'' by computing the first-order derivative of the
components of F', where continuous components are given by

17 0 <r<mnr
A(s2), ry <r <y
F, = (36a)
AMsz)—1, r<r<rs
-1, rg <r < oo
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0
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r r
Fig. 14. Plot of OF). /0y and OF, /D¢.
0, 0<r<mnr
1—x(s2), 1 <r<r
F, = (36b)
)\(53) ro <1 <1r3
0, rg <r < o0

Since the VF is symmetric about p = 0, we know JF,./0p =
O0F,/0¢ = 0. The derivatives of F. and F, w.r.t. r are given by

0, 0<r<m
OF, (653 —652)/(ra —71), 11 <7 <72
Or ) (63— 653)/(rs —ra), ra<r <y
0, rg <r < oo
0, 0<r<m
oF, | —(6s3—06s3)/(r2—m1), m<r<my
or (653 —653)/(r3 —12), 12 <7 <713
0, r3 <r < oo

which are continuous, as shown in Fig. 14. Therefore, the VF F
is of class C'* over D.

2) To prove that O is an almost stable limit cycle for integral
curves with kinematics in Definition 5, we first show the exis-
tence of the limit cycle and then analyze its stability. Consider
a closed annular region Ajn, = {p | ||p|| € [01, d2], 0 < &1 <
r9, 02 > ro} containing Os, and denote the inner and outer
boundaries of Aj,, as Zi,y and Oy, respectively. Since both
boundaries are smooth, the tangent cone of Ay, in p € Ay, is
the tangent half-space of 0.Ai,, depicted by

Ca,(p) =1{&| (P, &) >0} Vp € Tiny
Can,(P) ={&| (P, &) <0} Vp € Ohpy. (37)

Given (10), it can be verified that F(p) € C4,,(p), VP € 0 Ainy,
implying that Ay, is positively invariant according to Nagumo’s
theorem [45]. In addition, the positively invariant annular region
Ay contains at least one limit cycle since it contains no singular
point and (F(p), p) # 0, Vp € 0.Ajyy indicates the existence of
forward orbit from the boundary [42, Thm. 1.179].

Next, we show that O, is the unique and stable limit cycle
on D. Define 74 := ||€|| — 72 € [0, 00), whose time derivative
is given by

ta = d||C]|/di =

According to (36a), there hold 74 > 0 for —ry < ry <0 and
rq < 0 for rqy > 0. Subsequently, we choose a positive-definite

(38)

; |E1| + | k2] 3 k3| + |Fal

2 2

1 1

0 0

0 0.5 1 0 0.5 1
52 83

Fig. 15. Plot of |k1 (82)| + ‘k’Q(SQ)‘ on s € [0, 1) and ‘k‘g(s;g)‘ + |k‘4(83)|
on sz € [0,1).

Lyapunov function candidate

L o

Virg) = 37 39)
and the time derivative is given by
V(ra) =rqta <0 (40)

implying that lim; ., |||| = r2 for any initial condition {o # O,
and thereby, O is almost globally stable.

3) Since the VF F is of class C', we can conclude that the
curvature is continuous over D according to Lemma 1. To show
the boundedness of the curvature, we first discuss the trivial
case where p € A; \ 0. In this case, there holds that F,. = 1,
F, =0, and Kr = 0. Substituting these values into (4), we
have kg (p) = 0,Vp € A; \ 0. Similarly we can obtain the same
result that kg (p) = 0, Vp € Ay, where F,. = —1 and F, = 0.

Next, consider p € A, where 1y <71 <79, F. = A(s2),
F, = A(s2), M(s2) =253 —3s3 + 1, and sy = (r —11)(rg —
r1) € [0, 1). Substituting the aforementioned equations into (4)
yields

kF(p)
B 1—A(sy) 1 OH52) ) (5) 1
T (52)? T A(s2)2) 2T (h(s2)? + A(s2)?)2 12— 71
_ ‘kl(SQ) 4 kQ(SQ) TZS kl(SQ) 4 k2(52)

T ro — 7T 1 To —T1
(lib) |k1(s2)] + [k2(s2)] (lia) |k1(s2)] + |k2(s2)] <

- Ty — 171 - 3p -
41)

where k; and k5 are single variable functions of so, and the term
|k1(s2)| + |k2(s2)| is bounded by 3 on s2 € [0, 1), as illustrated
in Fig. 15. Therefore, the curvature of the integral curves in 4o
is bounded by %. Finally, we consider p € A3, where r > ro,
F, = —(s3), F, = A(s3), A(s3) = 253 — 352+ 1, and s3 =
(r —r2)/(rs — r2). In this case, the curvature can be written as

kF(P)
2(s3) 1 B -as)
(A(s3)2 + A(s3)2)1/2 71 (A(s3)2 + A(s3)2)3/2 13 — 12
_ k3 (s3) n ka(ss3) 7"2’2 ks(s3) n ka(s3)
r r3 —1To T2 rs —Tg
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Uib) |k3(s3)] + |ka(s3)] Uia) |k3(s3)] + |ka(s3)]
- r3 —To - 3p

R

(42)

IN

where |k3(s3)| + |k4(s3)| is bounded by 3 on s3 € [0,1). B
analogous inequality scaling, we can show that kg (p) < & stlll
holds for p € As.

APPENDIX C
PROOF OF THEOREM 2

In this proof, we show that the proposed CVF has a bounded
and continuous curvature, and the target position p, belongs to
the positive limit set of integral curves and T'(pg)/|| T (pa)| =
[cos B4, 8in64]T.

1) Upper bounded continuous curvature: According to [42,
Ch. 1.5], the normalization operation reparameterizes the time
of the integral curves of T from F'. In other words, the shape of
integral curves of T with y = p remains the same as those
of F with ¢y = p + ps. Therefore, the integral curves from
F to T are translated by ps. In addition, the translation is a
positive isometry, which preserves the curvature of the integral
curves [46]. Therefore, the integral curves of T still have con-
tinuous curvature bounded by &, as shown in Theorem 1.

2) Positive limit set of integral curves of T': In the aforemen-
tioned discussion, we have shown that the integral curves of T
are translated from those of F' by ps. Consequently, the stable
limit cycle for integral curves of T, which is a special case of
the positive limit set, is depicted by £ (Co) = {p | |p — ps|| =
T2}, Co # Ps. Since ps = pg — Py, and ||py, || = 72, we can
conclude that py € £+(<o), Vo # ps.

3) T (pq) aligning with 04: Given (15), we transform the com-
ponents of F from (7, ¢) coordinates into Cartesian coordinates
by rotation matrix R(¢), and there holds that

S $5p3| 4o, EEQ;H
=t w [0 [0

1 sin 0,4

APPENDIX D
KINEMATICS OF REFERENCE ORIENTATION

Knowing || T|| = 1 and 0, = arctan T}, /T, we have

wo =TTy — Ty — [T, T H (44)

T,
In this section, we consider the polar coordinate centered given
by
= llp - psll

<p — Ps, ey>
(P —ps, ex)
which is centered at the singular point ps with basis {e,,, €,; }.
The transformation of T between Cartesian coordinate (x,y)

(ps = arctan
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and polar coordinate (75, ¢s) is given by

] = men 1)

Ps

where the components of T in polar coordinates are defined as
T,, = (T,e.,)and T,; = (T, ey, ). Correspondingly, we have

-7, T.] = [T Ta]B(=(05+3)).

Next we compute T as follows:

=[] = £ (o [12])

Sita) E}] + Rips) o {T]

Substituting the aforementioned equations into (44), we have
wp = s + (TTsTW — Tops Tm)

where the first term is introduced by the rotation of the polar
coordinate (s, ps), while the second term is due to the robot’s
relative motion in the polar coordinate. Furthermore, by de-
composing the linear velocity v, into v, = vll ers +vre,;,the
aforementioned equation can be rewritten as

100 o 9

rs Dy T Ors T

1

mv + O s J:

= A(rs)v, cos Af

Wr

(45)

[\ 497«,61,

where Af = 0 — Oy, and 6y = arctan 0.

and A(rs) =
[V, || denote the direction and magnitude of the gradient V0,.,
respectively. Moreover, given the partial derivative of 0, w.r.t.
rs:

0 p—ps €A
06 _ ) et popse
97’,T6(T5) - B - 653—6532
"s (ra—r2)(2A2 5.3 P Ps € As
0 P—ps €A
(46)
where s; = (r —7;_1)/(r; —ri_1) and A; = 2s? —37s? +1

for i = 2,3 and A; are defined in (9); the direction and mag-
nitude of V6, can be computed by Oy = s + arccot(rs6,. ;)

and A(rs) = /1/r3 + 62, respectively.

APPENDIX E
PROOF OF THEOREM 3

When the angular velocity gain is specified by (23), the bound
of wp in (20) can be computed by

|OJ0| < kw|oe| + ‘UJ7-|
< 03 (5 — K(rs)| cos A9]) + A(rs)o cos A9
=W+ (A(rs) — k(rs)) ve| cos Af)|

= @p. 47)
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Furthermore, the saturation region on the configuration space
SE(2) can be estimated by

S={glrs <p} ={g|k(rs) < Alrs)}

D{g|w>w}D{g||wo|>w} (48)

since there is k(rs) < &k < A(rs) = 1/rs, Vrs < p according
to (24a) and (24b). Therefore, the angular velocity can only
possibly saturate when the robot is in the open circular region
with radius p, centered at the singular point p;.

APPENDIX F
PROOF OF THEOREM 4

In this proof, we first explain the composition of the non-
converging set. The subsets N and Ny are nonconverging
because the orientation error ., = 6 — 6,. is not well defined for
go € Nor UNy. Asforg € Ny, itcanbe shown that k,, = 0.In
this case, there hold that w = w,, = @ and |6.| = /2, meaning
that the system will stay on one of the following limit cy-
cle:Ct ={g|rs=p, 0c=7/2}orCL={g |75 =p, 0. =
—m/2}. Therefore, the set NV}, is also nonconverging. However,
these limit cycles are unstable since any arbitrary perturbation on
the configuration will induce k,, > 0, driving the system away
from the limit cycles. As a result, we can obtain that k, > 0,
Vt > 0 when gy ¢ N . Since each subset of A/ is of measure
zero, we can conclude that the nonconverging set N is also of
measure zero from the subadditivity property of measures.

Moreover, to ensure the existence of the nonlinear function
k(-) satisfying (24a) and (24b), the CVF should satisfy

A(rs) <k Vr>p. (49)

Forp <rs < ryorrs > rs,wheref, ,, = Oandhence A(r;) =
1/rs according to (46), the condition (49) is satisfied. Otherwise,
for r;_1 <rs <7, i =2,3, where 0, ,, is nonzero, we show
that (49) still holds by the following inequality:

1
+97%7‘5 < *+9rm
6

A(rs) =

< max — + max
ri-1<rs<ri T's ri-1<rs<rj

1 1

Ti-1

9""7""5

(25)
<

< R

Ti = Ti-1

where max,, | <rs<r; Orrs
ple algebra.

When there exists a dynamic gain that ensures that the angular
velocity only saturates in S, we consider the Lyapunov candidate
Vo = %93 and discuss its evolution twofold. On the one hand,
when the angular velocity control law (22) does not saturate,
there are w = wy and 0, = w — w,, = —k,0.. Therefore, the
time derivative of Vj is given by Vy = —k, 62 < 0. On the other
hand, if the angular velocity saturates, implying that g(¢) € S,
we kKnow fgrg = 6, + /2 according to (15) and (45). Then, the
kinematics of #,. can be rewritten into

wy =6, = A(rs)v, sin .

+—r— can be examined by sim-

<
— T

h(rs) h"!(e)

™ T3
/2 T2
0 T1
71 T2 T3 0 /2 T
rs €

Fig. 16.  Plot of h(-) and h~1(-).

which means that the feedback term —k, 6. and the feedforward
term w, in (20) have different signs. In addition, the dynamic
gain (23) ensures that |k, 0.| < ©. Therefore, we can conclude
that (22) saturates, i.e., |wo| = | — kwbe + w;| > @, if and only
if |w,| > @ + |kwbe|. When 6, > 0 and the angular velocity
saturates, there holds that

wr > w+k“’96} =0, =w—w, < —kyl. <0
w=w

and thereby Vs = 0.0, < —k,, 62 < 0.By similar computations,

we can obtain that Vg < 0 for 0, < 0. Therefore, Vg is always

negative definite, no matter whether the angular velocity (22)

saturates or not, which implies that the orientation error 6, is

monotonically stabilized.

APPENDIX G
PROOF OF THEOREM 5

Since the orientation error 6, is proved to be monotonically
stabilized to zero, we can claim that there exists a finite time
T such that 6.(t) < 7/2, Vt > T. Without loss of generality,
assume that the initial condition gg € N has initial orientation
error 6. < /2. In this case, the kinematics of the closed-loop
system can be reformulated into the following cascade system:

s = f1(rs,0 (50a)
ée = f2(9

For the sake of simplicity, we denote h(rs) = 6, — @5, and the
plot of h(rs) wrt. rs > 0 is presented in Fig. 16. Now, we
regard 6, in (50b) as the input of (50a), and define the Lyapunov
candidate Vs = (rs — r9)?/2 for (50a), whose derivative is

) = vy cos (0, — s + 0.)

) =W — Wy (50b)

Vs = vg (15 — 13) cos (h(rs) + 6,). (51)
Analyzing h(rs) and (51), we have
Vs <0 Vlrs —ra| > 7(16e])
where  ([6c]) = max {71,792}, y1(|fe]) =72 — A7 (/2 =

0c]) < 72—, and a(6e]) = b1 (m/2 4 [8e])) — ra <
r3 —ro are class K functions, as illustrated in Fig. 16.
Referring to [38, Thm. 4.19], the aforementioned Lyapunov
analysis suggests that the subsystem (50a) with bounded input
|0c| < /2 is ISS. Furthermore, since Theorem 4 indicates that
the origin of (50b) is asymptotically stable, we conclude that
the cascade system (50) converges to the equilibrium, where
rs = rq and 6, = 0 [38, Lemma 4.7].
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The ISS of the cascade system (50) can be interpreted twofold.
For the robot with vy, > 0, the closed-loop system tracks the
CVF and moves along the integral curve of CVE. According to
Theorem 2, the integral curves of CVF converge to limit cycle
that contains the target position p,4, and the CVF aligns with the
target orientation 6, at py. Therefore, the closed-loop system
is guaranteed to converge to the target positive limit set ﬁj =
{g|rs =712, 6. =0} > g4, and the planning objective (3) is
satisfied. As for the robot with vy, = 0, its linear velocity v,
vanishes as the robot approaches the target configuration g4
along the integral curve of CVF. In this case, the target positive
limit set is £ = {gq}, and the objective (3) is simplified as
lim¢ o g(t) = ga.
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