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Stability Analysis of a Dual-Rate Haptic System: A
New Closed-Form Solution

Ahmad Mashayekhi

Abstract—Haptic devices (HDs) play a vital role in simulating
the sense of touch in various virtual environments (VEs). Ensuring
stable interaction between the HD and the VE is critical, particu-
larly when simulating stiff virtual objects. One approach to enhanc-
ing stability is increasing the sampling rate; however, excessively
high rates can compromise velocity information, thereby reducing
damping stability. Dual-rate haptic devices address this issue by
sampling position at higher rates and velocity at lower rates. This
paper presents a novel closed-form equation for predicting the
stability boundary of a dual-rate HD without restrictions on time
delay or virtual damping. The proposed equation, which depends
on the physical parameters of the HD and VE, sampling times, and
time delay, is validated through simulations and experiments.

Index Terms—Dual-rate, haptic device, stability, time delay.

I. INTRODUCTION

APTIC devices (HDs) transmit forces from virtual envi-
H ronments (VEs) to human operators. Their applications
include teleoperation simulators [1], haptic guidance [2], and
human-robot interaction [3]. To ensure effective performance,
HDs should have minimal mass, inertia, and friction, making
their dynamics negligible compared to those of the VE.

When interacting with a real object, the contact force can
be modeled using a spring and a damper. Similarly, the virtual
environment is modeled as a discrete spring with stiffness K
and a damper with damping coefficient . Position data is used
to calculate velocity through the backward difference method,
enabling the simulation of virtual damping.

Haptic devices (HDs) are often multi-DOF manipulators,
typically simplified to a 1-DOF system when simulating a virtual
environment (VE) for an operator. In this simplification, the
HD’s dynamics are represented by an effective mass with viscous
and Coulomb friction, and its position is measured with an ef-
fective sensor resolution, which indicates the smallest detectable
displacement [4], [5] in movement direction. This approach has
been widely used in stability and passivity analyses [6], [7], [8],
[9].
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Increasing the maximum renderable value of K is a key focus
of research in haptic rendering. One way to achieve this is by
using faster sampling rates to read sensor data and calculate
velocity using the backward difference method, as demonstrated
in various studies (e.g., [6]). However, excessively high sampling
rates can lead to inaccurate velocity estimation, making the HD
unstable [10]. This issue worsens with higher sampling rates,
lower sensor resolution, or when calculating acceleration from
the velocity signal, which is essential for simulating virtual mass
applications [11], [12], [13].

Using more precise sensors can reduce the resulting error
in velocity estimation, but this solution can be costly. Another
option is applying a velocity filter or using adaptive window-
ing for velocity estimation. Instead of computing velocity us-
ing the backward difference method, this approach calculates
the difference over multiple previous steps. As a result, ve-
locity is determined at a slower rate, but the viscous force
is updated more frequently—once per sampling period [14],
[15].

An alternative approach to address this issue is by using two
different sampling rates for reading position and calculating
velocity. Specifically, a higher sampling rate is used to read the
sensor position, which is then used in the required control loop,
while a lower sampling rate is employed to calculate velocity
in order to avoid noise and inaccurate estimation. This type of
system is called a dual-rate (haptic) system. This concept has
been applied in control systems, as in [16], as well as in haptic
systems, such as [17].

The novelty of this paper lies in presenting an analytical
stability analysis of a dual-rate HD, resulting in a new set of
closed-form equations that can predict the stability boundary
of the dual-rate HD as a function of the physical parameters
of the HD and VE, sampling times, and time delays. The key
contribution is that these new closed-form equations are valid for
both small and large values of virtual damping and time delays.
Based on these equations, the entire stability boundary can be
determined directly (i.e., without the need for any iteration),
quickly and precisely.

The structure of this paper is as follows. Section Il begins with
a review of previous analyses, followed by Section III, which
presents the modeling and stability analysis of the dual-rate
HD. Simulations and experiments are presented in Section IV to
verify the theoretical results. The obtained results are discussed
and compared with the existing literature in Section V. The paper
concludes in Section VI with conclusions and future work, and
finally ends with the references in Section VI.
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II. PRIOR WORK

The stability of single-rate haptic systems was first studied by
modeling the HD as a continuous linear system with a mass of m
and viscous friction of b [18]. The VE was modeled as a virtual
stiffness of /&, and a time delay of one sampling time was consid-
ered in the control loop (i.e., 4 = 7). In this analysis, the effect
of operator dynamics was neglected—an approach commonly
referred to as uncoupled stability. In many subsequent studies,
the backward difference method was also used for discretization.
These two assumptions are widely adopted in the literature and
are also used in the theory presented in this paper. The result
was the following theoretical stability boundary equation:

b
K=z (1)

Further studies in this field have confirmed this factor of two
through theoretical approaches [10]. Stability analysis of a
1-DOF single-rate HD with mass and viscous friction, while
modeling the VE as a digital spring (K') and damper ( B) without
time delay, was conducted in [7], leading to the following
stability equation:

2(B +b)

The above equation is valid only for small values of the virtual
damping (B). When considering a time delay of ¢, in the control
of the HD, the following stability equation is determined [8]:

_ B+b
CT/2+tg

It should be noted that both (2) and (3) are valid for small values
of B and t,. Whereas, in the case of no time delay (i. e. t; = 0),
the stability boundaries for large values of virtual damping were
plotted, and the entire stability region was determined in [7], [8],
[11].

The stability, passivity, and fidelity of haptic simulation sys-
tems using a generalized discretization method, considering
dimensionless parametrization and rational delay for device-
independent analysis is analyzed in [19].

A closed-form stability equation is presented in [20] that can
predict the entire stability boundary without any limitations on
B or ty, as follows:

3)

o mwcos((T+tqg)w) + bsin((T+tq)w)
K = Tw?™ dsi:)(Tw) ‘

_ mwsin((T/2+tq)w) — beos((T/2+tq)w)
B=Tw = dsin(Tw)CO ‘ ’

“)

where w is the frequency, which varies from zero to a maximum
value of wp,ax that makes the numerator of K equal to zero. The
nonzero answer for wy, .« 1s determined as follows [20]:

1 —(pe—aq)—/ (p2—ag1)> ~4ps (p1 — )
T+ty 2(191 - a)

Wmax =

(&)

In this equation, a = m/b(T + t4) and p; = —0.4087, py =
1.325, p3 = 0.07507 and ¢; = —7/2 [20].

Using this pair of equations, the stability boundaries can
be determined quickly and with good precision, without any
limitations on time delay or virtual damping. This method is
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extended in the current paper to determine the new stability
boundaries for the dual-rate haptic system.

Dual-rate control for motion control applications is a concept
used in research such as [16] to improve performance. Dual-rate
control in haptic systems was introduced in [21] to extend the
stable range of the control system, particularly for virtual models
that were simulated slowly. It was demonstrated that the energy
produced by the traditional controller could be balanced by the
additional high-frequency controller. This was shown through
experiments and the development of stability inequality equa-
tions. By adding the high-frequency controller and accounting
for user dynamics, the stiffness was increased by 1.5 times.

Subsequently, in [22], it was demonstrated that this dual-rate
control technique can increase the maximum virtual stiffness,
particularly for the stability of a haptic dental training system.
This was shown experimentally, taking into account the dy-
namics of the user, as well as computationally using inequality
equations.

As recommended in [23], improving velocity estimation re-
quires sophisticated techniques such as the Kalman filter, first-
order adaptive windowing, and low-pass filtering. However,
these techniques increase the time required to calculate velocity,
which could raise the total delay and reduce the stable zone.

The idea of dual-rate sampling for haptic interfaces to ex-
pand the stability region of the HD is introduced in [24]. The
traditional single-rate controller is modified by sampling the
position and velocity loops at different rates, rather than incor-
porating a high-frequency controller. They proposed using two
different sampling rates: one for reading position and another
for calculating velocity. However, they did not account for time
delay, and no closed-form equation was provided for estimating
the stability boundary. Additionally, the following equation is
derived for small virtual damping values:

_ 2(B+1D)
K= T/7N7 (6)

where T"and 7'/ N are the sampling times for calculating velocity
and reading position, respectively.

The discrete-time root-locus method is used to perform a the-
oretical stability analysis of a dual-rate haptic system [25]. For
two distinct configurations, the boundaries of virtual damping
and stiffness were determined iteratively as a function of the ratio
between the sampling times. In the first setup, the sampling pe-
riod of the velocity loop remained constant, while the sampling
period of the position loop was shortened. In the second setup,
the sampling period of the velocity loop was extended, while the
sampling period of the position loop remained fixed.

Later, time delay was also taken into account [26]. Using the
precise discrete-time approach, stability boundaries were identi-
fied. However, since the system’s order depends on the sampling
rate and the magnitude of the time delay, these analyses are
computationally intensive, particularly for large time delays. To
reduce the high dimensionality, slow-fast model decomposition
was explored for model order reduction [27]. Additionally, the
equivalent continuous-time technique, which is only applicable
for small time delays, was used to obtain less conservative stabil-
ity boundaries. By employing various transformations through
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Fig. 1. The nonlinear model of a single-rate haptic device.

discrete-time root locus methods, it became possible to derive a
discrete-time root locus as a function of either K or B.

Recently, Ganiny et al. extended stability analyses to multi-
DoF dual-rate haptic systems [28]. Their study formulated the
coupled dynamics of a multi-DoF haptic device with a dual-rate
sampling system and analyzed its stability using a discrete-time
state-space approach with dynamic decoupling. It examined the
effects of time delay, mechanical design, and dual-rate sampling
on stability across the workspace. Additionally, a model-order
reduction (MOR) framework was employed to simplify stability
limit determination, independent of time delay and sampling rate
variations. Using this MOR framework, the stability boundaries
can be determined through a few iterations. It will be shown that
the stability equations presented in this paper are significantly
faster than even the MOR framework.

Based on the reviewed literature, closed-form stability equa-
tions exist for single-rate haptic systems that can predict the
stability boundary of the HD without any limitations on time
delay and virtual damping. However, such equations do not exist
for dual-rate haptic systems. Therefore, this paper addresses
this gap, and the results are verified through simulations and
experiments.

III. MODELING AND STABILITY ANALYSIS
A. Modeling

The effect of a human operator’s hand on stability analysis has
been studied in various works, showing that it can improve the
stability boundary of the haptic system [8], [29]. Thus, while
studying the stability or passivity of HDs, the effect of the
operator’s hand is often neglected.

Based on the results of [4], [5], we assume that the nonlinear
dynamics of the HD can be simplified to a 1-DOF mass m, with
viscous friction b and Coulomb friction c. Its output is sensed by a
sensor with limited resolution, and after sampling, the sampling
time 7" is used in the VE model (as shown in Fig. 1). Since most
real objects can be simulated by spring and damper elements,
the VE is assumed to be a discrete spring-damper model. The
force/torque from the VE passes through a zero-order hold
block (ZOH) and a time delay of ¢4. In Fig. 1, two nonlinear
phenomena are depicted: Coulomb friction and sensor quanti-
zation. The former dissipates energy during motion, while the
latter may introduce energy into the haptic system. Studies such
as [30], [31] have shown that the maximum energy introduced
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Fig. 3. Schematic diagram of a dual-rate haptic device.

by quantization is always less than the energy dissipated by
Coulomb friction in most commercial HDs. Therefore, these
two nonlinear phenomena are omitted from the haptic model to
facilitate stability and passivity analyses such as those in [7],
[8], [9], [32] (as depicted in Fig. 2).

In Fig. 2, a continuous model of the VE is presented, which
has been previously used in [6], [20], [29]. Additionally, the
sampler and zero-order hold are combined, and the time delay
is represented in its continuous form.

In the case of using two different sampling rates for position
and velocity, the HD model will be modified as depicted in
Fig. 3. In this figure, two feedback loops exist. One feedback
loop relates the stiffness of the VE (K') with the sampling time
of T and the time delay of Tp i . The other one calculates the
velocity with the sampling time of 75 and relates the damping
(B) with the time delay of Tp 5. This figure will be used for the
determination of the new stability equations.

B. Stability Analysis

Here it is assumed that the existence of a dual-rate HD that
utilizes appropriate sampling rates to mitigate the noise and un-
certainty in velocity calculation, and based on this assumption,
the stability analysis is performed. To study the stability of the
dual-rate HD shown in Fig. 3, the closed-loop transfer function
of the system is first derived as shown in (7):

Ge(s) = %, (7)
where its denominator is the characteristic equation:
d(s) = (ms® + bs)sTxTp + Ke *T0x (1 — ¢ T) Ty
F BT ST (1T T

The roots of the characteristic equation correspond to the poles
of the closed-loop transfer function. All of the transfer function’s
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poles must lie in the left half-plane for stability. When a pole
is purely imaginary (i.e., s = jw), the boundary of stability is
reached. By substituting s = jw and e/ = cos(w) + j sin(w)
into the characteristic equation, it simplifies to R+ jI =0,
where IR and [ represent the real and imaginary parts of the
characteristic equation, as shown in (9) and (10) shown at the
bottom of this page, respectively.

By solving R = 0 and I = 0 for K and B, and after simpli-
fication, the following equations are obtained:

2 mwcos(w(Tp+Tpg))+bsin(w(Ts+TpE))
K= TK 2s zn( €K>cos<w< KJrTDK Tp— TDB>)

(1)

wmsin(w(Tk /24+Tpk))—bcos(w(Tk /24TpK))
B= TBw 231n<w§BK>cos((fE( K +Tpk— T}; TDBD)IS

In this pair of equations, w represents the frequency, which
ranges from zero to a maximum value that results in K = 0.
By comparing the K of this equation with K in the case of the
single-rate HD (i.e. (4)), it is found that to obtain the nonzero
value of wmax, 1" and t4 should be replaced by 75 and Thp
in (5), respectively, as follows:

1
Wnax = —————.
Y Tp+Tps
—(p2 —aq) — \/(Pz —aq)? — 4p3 (p1 — a)
. (12)
2(p1 —a)
In this equation, a = m, and the constants are p; =

—0.4087, po = 1.325, p3 = 0.07507, and ¢; = —7/2.

Using these new equations, the stability boundaries of a
dual-rate haptic system can be determined quickly and easily,
without any limitations on time delays or virtual damping. These
equations will be verified through simulations and experiments
in the following sections. It should be noted that when using a
rotary HD, the inertia value should be used instead of m. In this
case, b represents the rotary viscous damping, while K and B
correspond to the rotary system with appropriate SI units.

The need for real-time determination of stability boundaries
arises in several situations. For example, when using a multi-
DOF haptic device (HD), such as a phantom desktop HD with
6-DOF, the effective mass and viscous friction values change sig-
nificantly depending on the location and orientation of the HD’s
stylus [S] and [4]. These variations, in turn, affect the stability
boundaries and the z-width of the HD. By using the presented
closed-form stability equations, the entire stability boundary
can be determined very quickly—more than 10° times faster
than the reduced-order method. Another application is when the
simulated environment parameters are estimated online rather

6475
A 2026, Vienna, Austria. Cite as RA-L paper.

x10*

== Theoretical stability boundary

[ ITheoretical stable region

K (Nm/rad)

0 5 10 15 20 25 30 35
B (Nms/rad)

Fig.4. Typical stability boundary of a dual-rate haptic system plotted by (11),
for the mentioned parameters.

than known beforehand. In such cases, while rendering a virtual
environment, it is essential to ensure that the required stiffness
is renderable. If necessary, additional virtual damping or virtual
mass can be introduced to maintain stability, as suggested in [33]
and [20].

A typical stability boundary with sampling times of Tx =
0.1 ms and Ts = 0.2 ms, time delays of Tpx = 0.2 ms and
Tpp = 0.4 ms, and physical parameters of m = 0.0128 kg.m?
and b = 0.0324 Nms/rad (according to the physical parameters
of the experimental setup) is plotted as shown in Fig. 4. The
solid red line represents the stability boundary. Operating points
below this curve will result in stable operation, while points
above the curve will lead to unstable behavior.

The starting point of the stability curve corresponds to
w = 0. Using limit techniques, it can be shown that, regardless
of the physical parameters of the HD, sampling times, and time
delays, the stability curves always begin at (B, K) = (—b,0).
This finding is consistent with the results of [22] and [24] for
dual-rate HDs.

It can be shown that, when using the same sampling times
and time delays (i.e., Tk =T =T and Tpx = Tpp = tq),
the dual-rate stability equations from (11) simplify directly to
the single-rate stability equations of (4). In this case, with the
additional assumption of small values for the virtual damping
and time delay, the new stability equations are simplified to (3).

IV. VALIDATION

In this section, the stability equations determined in (11) are
verified through simulations and experiments.

R = KTg [sin (Tkw) sin (wTpk) — cos (WIpk) (cos (Tkw) — 1)]

— BTxw [Sin (% (3T + 2TDB)) —sin (% (T + 2Tpp) )} TsTww?b 9)

I = KTg [sin (Tgw) cos (wWIpk) + sin (wTpk) (cos (Trgw) — 1)]

— BTgw {cos

bO\ S

(3T5 + 2TDB)) — cos (g (Tp + 2TDB))} — TpTxwm

(10)
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Fig.5. The theoretical stability boundaries (dash-dotted blue lines, determined from (11)) are compared to the stability regions determined by simulations (dashed

red lines) for different values of sampling times and time delays.

A. Simulations

In this section, the theoretical stability boundaries (derived
from (11)) are compared with the stability boundaries obtained
from a series of simulations using MATLAB Simulink. For
this purpose, a rotary haptic device with physical parameters
of 0.0128 kg.m? and 0.0324 Nms/rad (according to the physical
parameters of the experimental setup) is selected. The VE is
modeled as a discrete spring-damper system, while various
values of sampling times and time delays are considered, along
with zero-order hold blocks. The theoretical stability boundaries
are plotted using (11), and the simulation results are obtained
by iteratively adjusting K through a bisection search method,
based on the stability behavior of the system, to determine the
maximum achievable value of K for stable interactions. The
result is shown in Fig. 5. From this figure, it can be concluded
that the theoretical equations presented here accurately predict
the stability boundary for different combinations of time delays
and sampling times.

B. Experiments

As mentioned in the Introduction, using a single-rate control
system with a very high sampling rate (e.g., 10 or 20 kHz)
leads to noisy velocity estimation, which negatively impacts
the maximum renderable stiffness. This phenomenon has been
experimentally observed in many previous studies across various

fields (e.g., [10], [23], [24]). Therefore, this paper does not aim
to repeat experiments to demonstrate this effect again. Instead,
it focuses on validating the theoretically established stability
equations through experiments.

A dual-motor actuator (DMA) consists of two motors coupled
through a planetary differential. These two independent motors
rotate the sun and the ring of the planetary gearbox, while the
carrier of the planetary gearbox is considered the output [34].

Locking the ring, effectively making it equivalent to a regular
drivetrain consisting of a motor (Maxon ECi-52) and planetary
gearbox, is used as a 1-DOF experimental haptic setup in this
paper.

The paddle side of this haptic device has an inertia of
0.0128 kgm2 and viscous friction of 0.0324 Nms/rad [35]. The
inertia of the paddle side of the HD was determined using the
CAD model and the mechanical properties of each component,
based on known material characteristics. The calculated inertia
was then reflected at the system’s output, accounting for the
gear ratio. To estimate viscous friction, a simple identification
procedure was performed by observing the system’s free motion
without any interaction with the environment. The recorded
torque during motion was then fitted using Coulomb and viscous
friction models to determine the friction parameters.

A 3-channel incremental encoder with 4096 pulses per revolu-
tion is used to measure the angle of the paddle. The resolution is
enhanced through a gear train and sensor quadrature, effectively
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The theoretical stability boundaries (red solid lines, determined from (11)), the stability regions determined by simulations (highlighted areas), and the

experimental stability boundaries (blue dashed line with stars), for the different mentioned values of the sampling times and time delays.

increasing the measurement precision. As a result, the final
angular resolution of the system is approximately 3 arc-seconds,
ensuring accurate tracking of the paddle’s motion. Gravitational
torque and Coulomb friction are compensated by an internal
controller.

The desired torque was commanded to the Sun motor by
a Maxon EPOS4 70/15 driver. To avoid high values of K
and severe vibrations, time delays were chosen such that the
maximum renderable stiffness was limited. Due to limitations of
the electrical equipment for real-time communication between
the HD and the PC, the fastest achievable sampling rate was
1 ms. During the experiments, different sampling times and time
delays were set and used. The theoretical stability boundary,
determined from (11), was verified by both simulations and
experiments through the trial-and-error method mentioned in
the previous section, as depicted in Fig. 6.

V. DISCUSSION

From Fig. 6, it can be seen that for all four different values
of the sampling times and time delays, the theoretical stability
boundaries (shaded areas) align well with the simulation results

(red solid lines). However, there are some slight differences
between the theoretical and experimental results (blue dashed
lines with stars). A closer inspection of Fig. 6(d) provides an
explanation for this slight difference. The haptic system studied
inthis figurehas Tx = Tp = 1 msand Tpx = Tpp = 40 ms,
meaning the dual-rate HD is effectively turned into a single-rate
HD. The stability analysis of this system was reported in prior
works, e.g., [6], [20], [29], and it is shown to have very good
accuracy in predicting the stability boundaries of the HD. Thus,
the difference between the experimental results and theory exists
even in the single-rate HD, possibly due to different sources of
sensor quantization, internal controllers inside motor drivers,
motor saturation, and limited accuracy in parameter identifica-
tion of the HD.

As mentioned earlier, both the theoretical and experimental
analyses assume that the sampling rates are not excessively high,
and that velocity calculation noise is negligible. This assumption
was also used in [26] when performing stability analysis using
the discrete-time approach or the model-order reduction method.
In this case, increasing the sampling time introduces greater time
delays into the system, which can lead to instability in the HD.
This is illustrated in Fig. 6(c) and (d): since velocity estimation

Authorized licensed use limited to: Vrije Universiteit Brussel. Downloaded on September 29,2025 at 12:51:09 UTC from IEEE Xplore. Restrictions apply.



6478

noise is absent in both figures, a lower sampling time results in a
larger stability boundary. Furthermore, in all cases, including the
other figures, the experiments validate the determined stability
boundaries.

The reduced-order model approximates the original higher-
order model, as published in [26]. However, both models share
the same stability properties. This is achieved by applying the
model order reduction technique to the closed-loop state-space
model of the time-delayed dual-rate HD. For this purpose, a
variety of stable and unstable time delay and sampling rate
combinations were selected to determine the expected order of
the reduced-order model. Based on these empirical observations,
the dual-rate HD can be represented by a third-order reduced
model for stability analysis in the most common time delay
and sampling rate combinations. This implies that determining
the order of the reduced model requires simulations and added
effort. In contrast, deriving the closed-form stability equations
of (11) is straightforward and can be done easily. The situation
becomes even more complex when introducing a new linear
block (e.g., a velocity filter, actuator dynamics, or operator hand
dynamics) into the dual-rate HD model. In such cases, it should
be examined whether the third-order model remains sufficient
or if a higher-order model is required. In [20], [29], continuous-
time stability analysis was performed, demonstrating that any
linear block can be added to the system while still determining
its effect on the stability boundary. For example, the impact of
a low-pass filter was studied in [20], while the effect of the
operator’s hand was analyzed in [29].

The new closed-form stability equations presented in this
paper significantly reduce computational time compared to the
method used in [26] for determining stability boundaries. As re-
ported in [26], stability boundaries were determined by gradually
increasing B and iteratively searching for the maximum stable
K using a discrete-time Lyapunov equation, requiring multiple
iterations. In contrast, the proposed closed-form equations allow
the entire stability boundary to be plotted without iterations,
making the process much faster.

Computational time comparisons highlight this advantage:
while the reduced-order model in [26] required 0.030 seconds to
compute a single pair of (B, K) on the stability boundary, our
method determined 106 pairs of (B, K) in under 0.1 seconds—
computing each pair in less than 10~7 seconds, which is substan-
tially faster than the reduced-order model. This demonstrates
the significant advantage of using closed-form equations over
iterative numerical methods for stability analysis.

This benefit was utilized in our experiments. Specifically,
the low computational time of the entire stability boundaries
allowed us to determine suitable values for the time delays and
sampling times, ensuring that our experimental setup could im-
plement them. For example, empirical observations indicate that
rendering stiffness greater than 100 Nm/rad leads to actuator
saturation and severe vibrations. Additionally, the maximum
value of B is quickly determined and can be divided into the
required intervals, allowing the maximum of K to be found at
each point of B.

Model order reduction simplifies the determination of stabil-
ity boundaries for the dual-rate HD, but reduced-order models
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remain approximations and require validation before use in
system identification [26]. In contrast, the proposed closed-form
stability equations can be directly applied to system identi-
fication, as demonstrated in [36] using stability boundaries
from [20], [29]. Since these equations are derived from [20],
they can also be utilized for identification.

Another advantage of using closed-form equations is the
ease with which the effect of each parameter on the stability
boundaries can be explored. For instance, the effect of parameter
changes can be analyzed by partially differentiating K and B
with respect to the parameter. As demonstrated in [20], the max-
imum renderable stiffness for large time delays was determined
using this differentiation method.

VI. CONCLUSION AND FUTURE WORK

In this brief, a new stability analysis of a dual-rate haptic
system was conducted. A fast sampling rate is used for reading
position and calculating the force of the virtual spring to increase
the maximum renderable stiffness. A lower sampling rate is used
for calculating velocity via the backward difference method,
ensuring that uncertainties in velocity calculation are minimized.
This dual-rate control system can lead to rendering larger values
of virtual stiffness and consequently more stable regions (a larger
z-width). A new stability analysis was performed to predict the
stability boundary of this dual-rate haptic system. The result is
a new closed-form equation that relates the physical parameters
of the HD to the sampling times, time delay, and the impedance
parameters of the VE. Using these equations, the entire stability
boundary can be determined without any limitation on sampling
times, time delays, or virtual damping. It was shown that these
closed-form equations are consistent with prior work in specific
cases and have been verified by simulations and experiments.

Simulating virtual mass is a challenging task that can enhance
the stability and transparency of the HD. In single-rate haptic
systems, this task becomes difficult due to the uncertainties
involved in calculating acceleration via backward differencing
from velocity. However, using a dual-rate control system can
reduce these uncertainties, making the calculation of accelera-
tion via backward differencing of velocity more accurate. Future
work will focus on extending the dual-rate control to haptic
systems that render virtual mass. Designing dual-rate controllers
to improve stability and transparency in dual-rate HDs is an open
challenge. Another area for future exploration is extending the
results achieved here to multi-DOF haptic systems.
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