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On Transient Release Dynamics in Robot Throwing:
A Sliding Pivot Model

Yang Liu

Abstract—Humans regularly throw projectiles with high speed
and accuracy; some animals, including chimpanzees and elephants,
also throw objects occasionally. In comparison, robots are currently
lagging behind, despite having lower communication latency and
more accurate motor control. To understand this paradox and
ultimately achieve ubiquitous throwing robots, one of the major
obstacles is the lack of high-fidelity and tractable physical models
of the transient release dynamics, where the momentum exchange
between the hand and the object occurs within tens of milliseconds
via the frictional interface. In this work, we try to establish a
physical model for the release dynamics. We first demonstrate that
the conventional model, which combines rigid-body dynamics and
patch friction [limit surface (LS)], struggles to capture the release
dynamics and exhibits pathological behaviors, such as Zeno-like
oscillations, leading to poor accuracy in predicting throwing out-
comes. To mitigate this, we formulate a viscous-smoothed variant
of the limit surface model solved via implicit integration (ILS),
which achieves high predictive fidelity but incurs significant com-
putational cost. On the other hand, motivated by the dominant
effect of in-hand pivoting in release dynamics, we propose a sliding
pivot model that simplifies the contact dynamics by capturing
the sticking—pivoting—sliding behavior emerging under vanishing
normal force. This model achieves accuracy comparable to ILS,
with only 10% higher error while offering over 20 x faster compu-
tation. Compared to conventional LS models, our method reduces
horizontal velocity prediction error by 40% and angular velocity
prediction error by 63%, achieving 2.4-cm mean absolute error
(MAE) for landing position and 15.4° MAE for landing orientation.
These results provide a robust physically grounded foundation for
future scalable robot throwing systems.

Index Terms—Contact modeling, dynamic manipulation, robot
throwing, transient dynamics.

I. INTRODUCTION

BJECT transport is a major application of robots in logis-

tics and manufacturing automation. In the long-standing
effort to optimize operations, robot throwing introduces a new
paradigm to drastically increase efficiency and throughput. Un-
like conventional pick-and-place, a pick-and-throw robot can
set off on its next cycle immediately after releasing the current
object, moving to pick the next item while the released object
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Fig. 1. Robot throws a firmly grasped bar into the target cup, completing a full
flip. The bar’s angular velocity during free flight far exceeds that of the robot
hand. What happens during the short 50-ms window during the transient of
gripper opening? In this work, we aim to understand this phenomenon through
a physical model.

flies in the air toward its desired location, saving the time and
energy required to carry the robot’s heavy body all the way to
the target along with the payload.

Although robot throwing has been demonstrated to be pos-
sible under various laboratory conditions, a complete physical
model describing the momentum transfer during the throwing
process is still missing. Yet, this is essential to guarantee the
wide adoption and scalable deployment of robot-throwing sys-
tems. With such a model, several important questions can be
addressed.

1) What is the bottleneck in the hardware system for reliable
throwing? How fast and accurate should the sensing and
actuation be?

2) Can one construct throwing motions that are robust in the
presence of various sources of uncertainty?

3) How can we predict the object’s flying trajectory and
landing velocity to prevent damage upon landing?

Robot throwing unfolds into stages.

1) First, the hand firmly grasps the object to prevent unex-
pected slips before the release, causing deformation of the
fingers and the object due to the applied force.

2) The robot executes the throwing motion and begins to
accelerate. During this sticking phase, the object’s linear
and angular momentum are passively induced by the prop-
agation of rigid-body motion along the entire kinematic
chain, from the robot base to the object.

3) At a specific instant during the throwing motion, the
hand receives the opening command and begins to open
gradually. In response, the previously squeezed finger pad
and the object expand back to their original shapes, leading
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to changing normal force and changing patch friction
limits.

As the normal force continues to decrease, the frictional
interface can no longer maintain the object’s sticking,
causing it to begin sliding/spinning in hand. During this
stage, the object’s motion is governed by gravity and the
frictional transmission through the contact patch.

5) Finally, as the normal force vanishes, the object fully
detaches from the hand and begins flying and spinning
toward the desired target.

In the throwing process, rich and accurate models already exist
for robot dynamics [1] and the object’s free-flying dynamics [2],
[3]. However, the momentum exchange via the friction patch
during the transient phase of release remains poorly understood.
On the other hand, as demonstrated in the throwing-flipping
example in Fig. 1, this frictional momentum exchange plays
a crucial role in determining the object’s motion and landing
outcome.

In this work, we aim to build a forward dynamics model of the
release dynamics, i.e., given: 1) robot’s joint motion sequence in
position, velocity, and acceleration during the transient phase of
release; 2) object’s inertia and contact properties; and 3) gripper
normal force sequence during the transient phase of release,
predict: object’s state (pose and twist) upon entering free-flying
when the gripper normal force vanishes.

We start with a conventional modeling strategy: combining
rigid body dynamics with the common patch friction model
Limit Surface (LS) [4], [5], [6], and we identify that the velocity-
magnitude-independent frictional wrench, described by the LS
models, causes the robot—object dynamical system to be dis-
continuous, leading to pathological behavior (similar to Zeno
phenomenon [7]) and limited model accuracy due to its sen-
sitivity to uncertainty. In response, we propose sliding pivot
(SP), a physical surrogate model that offers smoother dynamics.
Extensive real robot throwing experiments are conducted to
validate and assess the models’ accuracies.

Contributions: To our knowledge, this work presents the first
study on the physical modeling of transient release dynamics in
robot throwing. We identify the limitations of conventional patch
friction models in describing the robot—object system during
breaking contact. To address this, we propose an SP model that
captures the sticking—pivoting—sliding behavior during the tran-
sient release. This model is physically grounded, interpretable,
and computationally efficient. For comparison, we also develop
a viscous-smoothed variant of the limit surface model, solved via
implicit integration (denoted as ILS), which yields the highest
prediction accuracy across tested models but incurs significant
computational cost. The SP model achieves similar predictive
accuracy—with only 10% higher error than ILS, while offering
over 20x faster computation. Compared to the conventional
nonsmoothed LS model, SP reduces horizontal velocity pre-
diction error by 40%, reduces angular velocity prediction error
by 63%, and improves landing prediction accuracy to a mean
absolute error (MAE) of 2.4 cm for landing position and 15.4°
for landing orientation, with significantly lower variability and
systematic bias across a wide range of experimental conditions.
The model’s simplicity and efficiency make it highly suitable
for integration into robot learning and planning frameworks.

4)

II. RELATED WORKS

Over the past decades, numerous approaches have been of-
fered to enable robots to throw objects [8], [9], [10], [11], [12],
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(13], [14], [15], [16], [17], [18], [19], [20], [21], [22], [23],
[24], [25], [26], [27], [28], [29], [30], [31]. Different works
have been developed based on various assumptions, using robots
with different capabilities (e.g., speed and accuracy) to throw
different sets of objects with distinct end-effectors.

A key differentiating factor across all of these works is the
ability of the assumed model or hypothesis classes to handle
eccentric throws. This distinction arises naturally: for center-
of-mass (CoM) grasps, the object’s linear motion and landing
position are unaffected by its in-hand spinning, allowing simple
models to capture the reality for position-targeted throws suffi-
ciently. However, when landing poses (i.e., position and orien-
tation) are desired, or when eccentric grasps are unavoidable (to
throw a tennis racket, only the handle end fits the robot’s hand),
richer models become necessary. Next, we review each of these
two categories in more detail.

A. Throwing With CoM Grasps

Early works in robot throwing mostly fall within the regime
of nonprehensile throwing, where objects are held immobile
in-hand using inertial forces during arm acceleration and are
released instantaneously by drastic deceleration [8], [9], [11],
[12]. In nonprehensile throwing, a “perfect release model” can
be assumed, where the object’s detachment state (CoM position
and velocity) matches the finger’s state at the release instant,
facilitating throwing planning. However, nonprehensile throw-
ing is restricted to specially shaped objects, such as balls with
concave supports [8], [9] or blocks with flat surfaces [11], [12],
and is limited in throwing postures.

Prehensile throwing, where the object is firmly held during
acceleration and gradually released by opening the fingers, is
more versatile—for instance, enabling throws with diverse pos-
tures and accommodating objects with irregular shapes. How-
ever, it also introduces uncertainties due to gradual gripper—
object interactions during the release phase, particularly for
deformable objects. These effects lead to both category-level
uncertainties—variations in landing outcomes across different
object types—and instance-level uncertainties, caused by un-
repeatable gripper grasping forces and opening motions. To
address such complexities, one approach is to design specialized
high-speed grippers. This has been shown to enable nearly
instantaneous object release, achieving high precision at the cost
of high-end hardware [13].

Another line of research focuses on synthesizing robust throw-
ing motions against the release uncertainty. Monastirsky et
al. [22] implicitly assume the “gripper opening delay” kine-
matic release model and apply reinforcement learning with
domain randomization on release timing. While directly de-
ploying a model trained purely in simulation results in highly
inaccurate throws, fine-tuning with a handful of real-world
experiments allows the system to accurately throw various ob-
jects, including deformable ones. Liu and Billard [28] explic-
itly assume the “gripper opening delay” model and develop
a convex formulation for the efficient and reliable synthe-
sis of robust release motions against timing uncertainty. The
online-generated robust throwing motion (<50 ms) achieves
high accuracy in throwing a variety of complex deformable ob-
jects with dexterous postures, without training on any throwing
data.

The results in these two works demonstrate the physical
fidelity of the “gripper opening delay” assumption for CoM
grasps. However, as noted in both works, neither the simulated
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throw nor the explicit “gripper opening delay” model can accu-
rately capture the release dynamics for eccentric throws.

B. Throwing With Eccentric Grasps

Compared to CoM grasps, eccentric throwing has received
much less attention, with two notable exceptions: Tossing-
Bot [21] and TossNet [27], both of which use end-to-end data-
driven approaches to model the process.

TossingBot [21] learns an end-to-end mapping from grasping
to throwing, leveraging visual observations (RGB-D images)
to implicitly capture the relationship between grasping offsets
from the CoM and throwing outcomes. The system uses trial
and error to optimize both grasping and throwing policies si-
multaneously, resulting in a robust throwing pipeline for rigid
objects. TossingBot achieves an 85% throwing accuracy with a
target box measuring 25 cm x 15 cm (25 cm in the throwing
direction) after 15 000 real throws, demonstrating its capability
to adapt to varying object properties such as mass distribution.
However, the approach assumes that visual information alone is
sufficient to infer an object’s mass distribution, which limits its
ability to handle more complex dynamics or deformable objects.
In addition, the object’s rotation is not modeled.

TossNet [27] incorporates proprioceptive sensing and
force/torque (F/T) data, to encode object CoM and inertia in-
formation. Using this additional sensory input, TossNet requires
fewer training samples (~3000 throws) to achieve much more
accurate results while also predicting the object’s orientation
during flight (MAE: position—3 cm; orientation—4.5°).

Despite their pioneering advancements, both TossingBot and
TossNet face inherent limitations as data-driven end-to-end
models. Their reliance on large-scale training data limits adapt-
ability to new robot embodiments and operational conditions,
whereas physical models, expressed in SI units, offer greater
transferability—even across planetary environments (e.g., imag-
ine a robot throwing on Mars). In addition, in structured settings
like warehouse automation, where object properties (e.g., mass
and CoM) are available, physical models can leverage this in-
formation effectively, reducing data requirements and enabling
efficient zero-shot deployment.

III. PRELIMINARIES

A. Problem Formulation

We are interested in building a forward dynamics model
that predicts the initial free-flying state of the object from
the prethrow grasp pose, robot motion, contact normal forces,
friction parameters, and object inertia. The transient phase only
lasts™ ~100 ms and is notoriously difficult to model due to the
time-varying contact patch friction.

A unique feature of patch friction is the coupling between
tangential friction and torsional friction, e.g., the torsional fric-
tion limit decreases with increasing tangential friction load [32].
Although there exist patch friction models integrated from static
Coulomb friction law, i.e., standard LSs [4], and have been
successfully validated in quasi-static sliding experiments [33],
we will show that such a friction model, when combined with
rigid body dynamics, leads to pathological behavior (Zeno-like
oscillations) even when simulating the simplest eccentric throw-
ing scenario: “object dropping.” Discovering this limitation, we
hypothesize that only relaxing the rigidness assumption in the
friction or object dynamics models can resolve this issue.

.z |

Fig. 2. Major notations for release dynamics modeling.

Instead of building a fine-grained finite-element model to
capture the microscopic bristle deformation for soft friction or
the continuum deformation for soft object body, we observe
that the majority of the object spatial momentum is injected
and vectored through the tangential friction during the release.
Therefore, we abstract the complex transient dynamics as a
simple and intuitive physical model of SP.

The list of assumptions is as follows:

1) the object is pinch-grasped by parallel fingers;

2) during release, the only forces acting on the object are the
normal force from the fingers, friction from the fingers, and
gravity, while air drag and the Magnus effect are neglected
during the short period of release;

3) the frictional patches on both fingers are identical and
isotropic, with the same normal force, friction coefficient,
and deformation, resulting in a symmetrical contact con-
dition between the fingers. Consequently, the net force
applied to the object lies within the plane in which the
object travels during free flight. Note that this assumption
could be less valid for anthropomorphic hands due to
asymmetric structures.

B. Parameters and Variables

The major notations are summarized in Fig. 2. We use the
robot base frame A as the world frame. The hand frame H is
located on the plane of motion, at the midpoint between the
two finger contact patches projected onto this plane. Given the
symmetrical contact condition, this corresponds to the center of
the projected contact patches. The object frame O is located at
its CoM. The generalized coordinates of the hand are denoted
by

q" = [2", 2", 0" e R® (1)

where " is the horizontal position of the hand frame # relative
to the robot base frame A, z” is the vertical position of the
hand frame 7 relative to the robot base frame A, and 6" is
the hand’s orientation relative to the vertical orientation. Twist,
acceleration, and applied wrench at the center of the fingers are
expressed in the world frame .4 and are denoted by

v = [vf, ol Wt e R )
a" = [al},al,a"]" € R® 3)
th = [, fh 77T e R, 4)
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The generalized coordinates of the object are denoted by
qo _ [mO,ZO,GO]T c RS (5)

where x° is the horizontal position of its CoM relative to the
robot base frame A, z° is the vertical position of its CoM relative
to the robot base frame A, and 0° is the object’s orientation
relative to the vertical orientation. Note that #° is unwrapped
from [0, 27| in order to differentiate different number of flips
during its free-flying. Likewise, twist, acceleration, and applied
wrench at the CoM are expressed in the world frame A and are
denoted by

vo = [v9,v,w’]" € R? (6)
a’ = [a2,a2,0°]" € R3 (7)
£ =[f2,f2, 7" e R®. (8)

Define the relative coordinates of object O w.r.t. hand H
qr _ [xr,zr,er]T = qo _ qh, c RS. (9)

For the contact point C on the object specified by a relative vector
q", the linear velocity of C expressed in the robot base frame A,
denoted as v, is

xrz°

c

v, =V, +w’ X —q., = [ (10)

o O T
v¢ —

vy +wz"
wow

z

where v, is the linear velocity of the object O. Hence, we can
define the transformation matrix G(q") that relates the contact
point twist v° and object twist v°

Vg vy +wz"
vi=|vS| = |v?—wx" | = G(q,)v° (11)
(& wO
with
1 0 2"
G)=1(0 1 —z"|. (12)
0 0 1
Similarly, the wrenches are related via [34]
fo=G'(q")f. (13)

The relative velocity v” is the difference between the velocity
of the contact point v¢ and the velocity of the hand v"

v = ve —vh (14)

The planar rigid body acceleration of the contact patch on the
object a“ can be written as

as a2 4 woia”
a“= |at| =a’+ | —a’2" + wo?2" (15)
af 0

Then, we define the relative acceleration a,. as the slip accel-
eration

a’:=a‘—al. (16)

; y ROBOT THROWING ) . .
Transactions on Robotics (T-RO) paper, presented at ICRA 2026, Vienna, Austria. Cite as T-RO paper.

135

I (t)
u(t) Jext (t)
fs(t)
D o —
lH 77777
Fig. 3. 1-D frictional sliding system.
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Fig. 4. Friction models: Coulomb, Karnopp, and Viscous.

IV. TRANSIENT DYNAMICS WITH PATCH FRICTION AND RIGID
BobDy DYNAMICS

In this section, we first revisit the Coulomb friction law and
its two variants: the Karnopp model and the viscous-smoothed
Coulomb model, in the context of 1-D dynamic frictional
sticking—sliding. Then, we introduce LSs, a common patch
friction model based on Coulomb’s friction law, and develop
a release dynamics model in conjunction with rigid body dy-
namics. We use an “object dropping” example to demonstrate
and discuss the limitations of LS-based models in capturing the
release dynamics.

A. Dynamic Frictional Sticking—Sliding in 1-D

In the 1-D system illustrated in Fig. 3, a block with mass m
is initially statically stuck on a rough surface with the friction
coefficient 1 and is subjected to a decreasing normal force
fn(t) and an external force fe(t). At some instant when the
external force exceeds the friction limit, the sliding onsets. To
describe such a system, we present three 1-D sliding friction
models commonly used in robotics, shown in Fig. 4, which
will also inform our discussion of patch friction modeling. For
more complex 1-D friction models, we refer the reader to the
survey [35].

1) Coulomb Friction Law:

_fexh

undefined

if o] = 0 and | fuu| < pufn (sticking)
if [v] = 0 and | fext| > pfn (onset)
—sgn(v)pfn, if [v| >0 (sliding).

fs:

The standard Coulomb friction law is undefined when the
external force exceeds the friction limit, i.e., at sliding onset.
Therefore, it is insufficient for modeling or simulating sticking—
sliding systems.

2) Karnopp  Friction Model: The Karnopp friction
model [36], a variant based on the Coulomb friction law, defines
a 0-dead zone with § > 0 to address the underdetermined
Coulomb frictional force at the onset instant and effectively
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describes this dynamics process. According to the Karnopp
model, the following ODE governs the dynamics of the block:

mi(t) = fex(t) + fs(t) (17)
where,
— fexts if |v| < 6 and | fext| < pfy (sticking)
fs = ¢ —sgn(fext)ufnv, if |v| < 6 and |fex| > pfn (onset)
—sgn(v)ufn, if|v] > 48 (sliding).
(18)

In this small sliding velocity zone, the effect of excess ex-
ternal load is accumulated. More specifically, if v =0 and
| fext] < pfn, the net horizontal force applied to the block is
zero; hence, v = 0, and the system remains sticking. If |v| < ¢
and | fexe| > pfn, the excess external load fex, — sgn(fexe) b fn
becomes the net force applied to the object, pushing its velocity
outside the dead zone. Physically, this dead zone represents the
unmodeled presliding regime, where the sliding interface may
undergo microscopic sliding while remaining macroscopically

stationary. In this regime, the net force applied to the object is

only a portion of the external load, (1 — %) The Karnopp

friction model has been used in [37] and [38] to model and
simulate 1-D sticking—sliding.

3) Viscous-Smoothed Coulomb Model: A simple way to reg-
ularize the Coulomb discontinuity is to let the tangential friction
force grow linearly with the slip velocity until it reaches the
static limit ufy. Denoting a small bandwidth parameter by
d > 0[m/s], the law is given by

fs(v) = pfx min{[v|/d, 1} sgn(v).

This introduces a transition band of width 2d, within which
the friction force ramps linearly from zero to the Coulomb limit.
Viscous smoothing results in a continuous and differentiable
force profile. Such regularization is widely adopted in robotic
simulators [39], [40] to improve numerical stability.

B. Dynamic LS Model for Patch Contact

Friction laws of patch contact can be determined by inte-
grating contact meshes with the local Coulomb friction law,
given normal force, material friction coefficient, and pressure
distribution. This results in a surface in the 3-D space of contact
wrenches [4]. Such integral is generally not integrable, and real-
world experimentations have shown that ellipsoidal LSs are good
approximations for common robot fingers [32]. Mathematically,
an ellipsoidal LS is implicitly defined by a quadratic function
H(f):R3 =R

w2 0 0
Hf)=fTAf=f" | 0 p2 0 f (19)
0 0 (crp)”?

where g is the contact patch’s friction coefficient, r is the
radius of the contact patch, and the constant ¢ € [0, 1] represents
the factor accounting for the contact geometry under uniform
pressure distribution. Here, we set ¢ = 0.6, in line with common
values in the literature [6], [41], [42]. This quadratic function
describes the patch friction limit as follows.
1) The fy-sublevel set L (H) = {f : H(f) < f}} corre-
sponds to the set F of all possible friction load that can
resist without sliding,

= 30 4 | imit surface with fy = 6N
S —— Limit surface with fy = 3N
= Limit surface with fy = 1IN
é...’ 254 -
; fext
> 204
<3
i<
C 15 -
'4% _fsl N
o N v
+ 10+ N
g —f
o s2
5 5 N
= \\
\
0 T
0 1 2 3 4 5 6

Tangential friction force (N)

Fig. 5. Illustration of LS and Karnopp treatment for transient patch contact.

2) The fn-level set Lg, (H)={f: H(f) = f%} corre-
sponds to the set of friction wrenches during sliding, which
lies on the boundary surface of F,

3) The fy-superlevel set L}'N (H)={f: H(f) > f%} cor-
responds to external loads that lie outside /. When such
a wrench is applied to the object, the onset of sliding oc-
curs. Following the Karnopp “cutoff” scheme, the friction
wrench f is a fraction of the external wfrench f., sustained

S . - N
by the frictional patch, i.e., fs = —mfem.

In Fig. 5,

the color-diminishing isolines represent the family of LSs
with decreasing normal force. For better intuition, the numbers
are comparable in scale to those obtained from real-world ex-
perimentation by Howe et al. [32]. When fy = 6 N, f lies
within the LS of 6-N normal force, and hence, the frictional
patch is sticking. When fx =3 N, f exceeds the LS of
3-N normal force, and it starts sliding. The pair (fex, —fs1)
illustrates the “cutoff” regime of the Karnopp model upon
onset.

During sliding, the sliding friction wrench is determined by
the sliding velocity direction. Given a local sliding velocity v €
R3, the sliding friction wrench in Ly, (H) is the one where
the surface normal VH (f) is parallel to the sliding velocity.
For ellipsoidal LS H (f) = f' Af, the sliding friction wrench is
given by a function I'(v) : R? — R3, with

Alv
VVTA-Ty

In Fig. 5, the pair (v, —f,2) illustrates the relationship between
sliding velocity and frictional wrench during steady-state slid-
ing. In other words, the sliding friction wrench only depends
on the sliding velocity direction, irrespective of the velocity
magnitude.

Mathematically, such a frictional wrench function that is
independent of the sliding velocity magnitude is positively ho-
mogeneous of degree zero [43]. This property holds for LSs
integrated from any contact pressure distribution with local
Coulomb friction law, including the typical ellipsoidal approx-
imation used here, as well as more complex-shaped LSs [44].
It leads to a codimension-3 discontinuity set in the state space
of the frictional dynamical system [45], which cannot be treated
using classical Filippov systems [46].

L'(v)=-
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To address this discontinuity, we borrow the idea of viscous
regularization from 1-D friction and propose a simple remedy

Alv
VvIiA-ly
where d is the smoothing factor, with d — 0 recovering the

sliding velocity-magnitude-independent friction wrench.
In summary, the dynamic LS model is described as follows:

La(v) = — min{||vf|/d, 1}

—foy, if |v|| < 6 and H (fux;) < f% (sticking)
f,— —ﬁ exts if ||| < & and H (fox) > f% (onset)
InTa(v), if |v]| >0 (sliding)
(20)

where f.,; € R? is the external force that the friction patch must
resist to remain sticking. In robot throwing, the external force
comes from the gravity acting on the object and the inertial forces
of the rotating and accelerating object.

C. Release Dynamics With Rigid Body Dynamics and LS
Friction

The rigid body dynamics expressed in the object frame is

Ma’ =G (q")f°+g (1)
where M = diag(m, m, I) denotes the mass matrix of the ob-
ject, g = [0, —g,0]% represents the gravitational wrench acting
on the object in the vertical plane, and £ is the frictional wrench
applied on the object.

1) Sticking Dynamics: During sticking, finger acceleration
a’ equals the acceleration of the contact patch on the object a,
i.e., relative acceleration a” is zero. Thus, we obtain the object

acceleration a® by setting a® = a” in (15), as follows:

ag a’z" + woix”
a’= [ag| =a" — | —aa" + w2’ (22)
aof 0

and the required friction wrench f? to achieve this acceleration
to remain sticking

" =G'(-q") (Ma’ —g).
If H(fP) < F%, then the required friction load lies within the
LS, and hence, friction wrench f¢ = 7.

2) Sliding Onset: Continue integrating the sticking dynamics
and as normal force Fy gradually decreases until H (f) just
bypass F%, sliding onsets. Following the Karnopp routine in
(20), we obtain

(23)

o IN g
H(f7)

(24)

where f? is determined from (22) and (23). The object acceler-
ation is then obtained from the rigid body dynamics as follows:

a’=M"(G'(q"f +g).

3) Sliding Dynamics: During sliding, the LS determines the
sliding wrench via f¢ = fyI'(v"), and object acceleration is
given by (25).

(25)

TABLE I
PARAMETERS IN THE DROPPING SIMULATION

Parameter Value
object mass m 0.2 kg
object CoM offset h 0.1 m
object radius of gyration p 0.05 m
gravity constant g 9.81 m/s?

friction coefficient p 0.8

radius of the contact patch » | 0.0075 m
integration step size dt 1075
Karnopp deadzone § 10~% m/s

0.0

— EuIer+Non-smoothng
—— Euler+Smoothing (d=0.01)
—— Implicit+Smoothing (d=0.01)

-0.1

vg (m/s)

-0.2

fz (N)

w° (rad/s)
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time [ms]

Fig.6. Simulation result for object dropping. The vertical dashed lines indicate
the instant of sliding onset.

D. Case Study on Object Dropping

Consider a bar with mass m, horizontally pinch-grasped by
parallel fingers with a CoM offset by h. As the grasp normal force
gradually decreases during release, the bar will first rotate around
the finger pad and then slide downward. When the gripper’s
normal force vanishes, the bar will free-fall while rotating around
its CoM. We examine whether the release dynamics model,
based on LS friction and rigid body dynamics, can predict this
behavior.

Table I summarizes the simulation parameters. The normal
force is set to start at 50 N, decrease linearly, and reach zero at
50 ms. By running the aforementioned release dynamics model
with different solving configurations, we obtain the trajectories
of object twist and friction wrench in the vertical and rotation di-
rections, as shown in Fig. 6. For models with viscous smoothing,
the half-band d is set to 0.01 m/s. The LSODA solver [47] is used
for implicit integration. Notably, all the terminal states of the
object are plausible (falling downward with negative rotation).

1) Euler Integration: As shown in Fig. 6, both the nons-
moothed and the smoothed models with Euler integration exhibit
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Fig. 7. Illustration of dropping simulation upon onset with LS friction and rigid body dynamics.

frequent oscillations in velocities and patch forces and result in
identical object detach motion. To understand this oscillatory
behavior, we next closely examine the instant of onset in the
nonsmoothed model. As shown in Fig. 7, during sticking, to
keep the bar remaining static, the contact patch must provide
tangential friction mg and torsional friction torque mgh, i.e.,
fox = [0, mg, mgh|. As the normal force decreases to fy1,
the friction patch cannot provide enough wrench to resist the
external load due to gravity, leading to the onset of sliding. At this
instant, according to the Karnopp routine, the friction wrench £,

s [0, (1 —¢)mg, (1 — €)mgh], where ¢ =1 — \/% Then,

ext
net wrench applied on the object is then [0, —emg, 0], resulting
in a small downward twist v; at this time step. Notably, the pure
downward net wrench and acceleration persist throughout the
onset phase, regardless of the value of §.

At a future time step, with a normal force of fyo after
bypassing the § dead zone, the system switches to the slid-
ing mode, where the friction wrench is determined only by
normal force and sliding twist direction, irrespective of the
sliding twist magnitude. In this case, the sliding twist v; is a
pure translation, causing the sliding friction wrench fy5 to be
a purely upward force, i.e., f5o0 = [0, ufn2, 0], which remains
large due to the significant fx2, compared to the object’s weight.
This explains the sudden jump of vertical patch force upon
sliding onset shown in Fig. 7. At this instant, the net wrench
is [0, nfno — mg, —pfn2h], leading to a large angular accel-
eration that causes the contact patch to move upwards. In the
next time step, however, this upward contact velocity results in
a large downward friction force, causing the contact patch to
move downward. Consequently, oscillation occurs.

Although the model “Euler+Nonsmoothing” can qualitatively
render a plausible detach motion for pen-dropping, the Zeno-like
behavior raises concerns when applying this model to estima-
tion, planning, and control for robot throwing.

1) Estimation: For a typical robotic system with irregular

sampling time, the nonsmooth dynamics may be sensitive
to communication delays, leading to poor model accuracy.

2) Planning: Numerical optimal control for nonsmooth dy-
namics requires sophisticated treatments for discontinu-
ities, such as softmax smoothing. However, these treat-
ments often resolve numerical difficulties at the expense
of physical fidelity, as discussed in [48].

3) Control: For a torque-controlled robot, it is impossible to
compensate for the oscillating frictional wrench, predicted
by the release dynamics model with LS and rigid body
dynamics.

Indeed, the observed rapid oscillations are numerical artifacts
arising from the time discretization of ill-posed or nonsmooth
friction models. These oscillations persist even with smaller
integration time steps and should not be interpreted as approx-
imations of the continuous-time dynamics. While running the
Karnopp routine throughout the release window without switch-
ing to the sliding mode can suppress this Zeno-like behavior,
the object would exhibit no rotation upon entering free fall,
rendering the motion physically inaccurate.

2) Implicit Integration: The implicit integrator for the nons-
moothed model failed to converge and is, therefore, not shown
in Fig. 6. On the other hand, the recipe of a viscous-smoothed
LS with implicit integration yields a smooth simulation result.
Interestingly, the smoothed model solved using the implicit
integrator (purple) does not merely average out the oscillations
observed with the explicit integrator (green and red); instead,
it yields a drastically different transient motion. The black box
nature of the implicit integrator obscures our understanding of
this behavior, motivating the alternative analysis presented in
the next section.

3) LS With Different Shapes: To illustrate the funda-
mental limitation of velocity-magnitude-independent friction
wrenches, we also apply a richer LSs described by a rotated
ellipsoid (nondiagonal A in (19) [33] and higher order ho-
mogeneous polynomial functions [44], extending beyond the
diagonal quadratic shape. The investigated LSs are shown in
Fig. 8(a). Note that, unlike the quadratic (elliptic) case, where
the friction wrench admits a closed-form solution, higher order
polynomial LSs do not yield an analytical expression for the
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Fig. 8. Simulation result for object dropping with different shaped LSs. (a)

Tllustration of LS shapes. (b) Simulation result.

friction wrench given sliding velocity. Instead, we adopt the it-
erative method proposed in [44], which finds the friction wrench
at which the surface normal aligns with the sliding velocity
direction.

The dropping simulation results for these LSs with different
shapes (without viscous smoothing), solved via Euler integra-
tion, are shown in Fig. 8(b), where oscillatory behavior is also
observed.

E. On Dynamic Patch Friction Models

In the future, a higher fidelity dynamic friction model can be
used for better accuracy. For example, Waltersson and Karayian-
nidis [49] propose a dynamic LS model integrated from the local
LuGre friction model [50], [51], instead of the local Coulomb
friction model. Unlike the Coulomb friction model, which was
originally designed to characterize steady-state sliding, the Lu-
Gre friction model describes friction as a consequence of micro-
scopic bristle deformation, making it potentially more accurate
and versatile than the Karnopp approach. However, since no
parameter identification procedure for LuGre friction is provided
in [49], we leave its application to release dynamics as future
work. The following points are worth noting.

1) Although the LuGre friction model may improve the conti-

nuity of sliding dynamics due to its differentiable nature,
the release dynamics may still be stiff, stemming from

paper, presented at ICRA 2026, Vienna, Austria. Cite as T-RO paper.

the high stiffness (on the order of 10° in the simulation
experiments of [49]) of the bristle. This stiffness could
resultin a similarly high sensitivity of the frictional wrench
with respect to the sliding twist during the release. In [49],
an implicit integrator is used to ensure numerical stability.
The viscous-smoothed LS model resembles the “damp-
ing” term of the microscopic bristle dynamics in the LuGre
model.

2)

V. TRANSIENT DYNAMICS WITH SLIDING PIvOoT

In this section, we propose a surrogate physical model of
SP to describe the release dynamics. As the name suggests, we
model the release process as the object pivoting around the finger
pad, with the pivoting point first sticking and then sliding on
the contact surface. This model can be regarded as a physical
regularization of the nonsmooth dynamics of planar sliding.

A. Physical Grounding: Stress Analysis via Overhanging
Beam

In the previous section, we observed that the classical patch
friction model, the LS, is highly sensitive in the transient re-
lease regime. Specifically, when the sliding twist is small, the
sliding direction of the patch can change drastically due to
the large friction wrench at the beginning of sliding, which,
in turn, leads to a drastic change in the friction wrench. The
velocity-magnitude-independent friction wrench induces oscil-
latory behavior in the transient dynamical system. Although such
oscillations can be suppressed by viscous smoothing and the
use of implicit integration, this is not sufficient to explain the
empirical phenomenon of “temporal hinge” during release.

In typical LSs, the frictional interface is modeled as a con-
tinuous patch, and the entity of interest is the SFE(2) sliding
motion and friction wrench at the center of pressure. Such a
holistic view does not capture the microscopic force—motion
relationship during the transient phase. In this regard, we attempt
to analyze and better understand the transient behavior using an
overhanging beam model, where two point contacts sustain both
the tangential and torsional friction during sticking. As shown
in Fig. 9, the bar is initially held horizontally and supported at
two contact points C and Cy, with friction forces f, fo € R2.
The positive directions of all force components are defined
w.r.t. the global X7 frame, as illustrated in Fig. 2. Assuming
a uniform pressure distribution, we have fn1 = fy2 = fn/2.
Let fC. (t) = ufn(t)/2 denote the time-varying friction limit
at each contact.

1) Sticking: Static analysis gives

flx+f21:0 flw:f2w:O
{flz+f222mg = flzZ%mg(l—%)
~fier & for = mgh for = Tmg (1+2).

Remarks:

1) The system is hyperstatic, as the horizontal force is un-

derdetermined. We apply the common minimum norm
principle [40], which yields zero horizontal friction force
at the two contact points.
In eccentric dropping/throwing, h > r, and therefore, the
contact stress at Cy is much larger than the weight of the
object. This explains why the contact patch begins sliding
before the normal force fn decreases to mg/u, the limit
required to sustain the object’s weight.

2)
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3) Since || f1]| < || f2||, C2 will always start sliding, while C;
remains sticking. Effectively, a temporal hinge around C';
is established when f§,, () = 2mg(1+ ).

2) Pivoting: In the short window of transient (~50 ms), we
assume that the sliding displacement is negligible to ease our dis-
cussion. After the pivot around C1 is established, as the normal
force keeps decreasing, according to the Coulomb friction law,
||f2H = max( ) < $mg(1+ ). Then, the net torque applied
at Cy i

Cy

T

—mg(h+7r)+2rfa,
1 h
< —mg(h+r)+ 27‘§mg 1+ )= 0.

In other words, the angular acceleration is negative (clockwise).
The net torque applied to the object’s CoM is

7%= fr.(h+7r)+ far(h — 7).

Since the angular acceleration is negative, we have

7 <0 |fis] < T lfall < Sl

This implies that the vertical hinge force at C; remains below
the friction limit ¢, . Therefore, the temporal hinge around C
can be sustained for an extended period once it is established,
until the bar’s angular velocity becomes large enough such that
£l > fS..(t), due to the contribution of centripetal force.

3) Sliding: Once the hinge force at C also exceeds the fric-
tion limit, the frictional contact patch transitions to spin-sliding,
with each contact point following the Coulomb friction law.

Discussion:

1) The analysis via the two-point overhanging beam model
gives a qualitative explanation to the “temporal hinge”
phenomenon, without requiring numerical simulation.
The behavior also resembles the “detachment wave” ob-
served in real-world rubber—glass sliding onset experi-
ments [52].

‘[fz

C C mg
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L
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Illustration of dropping simulation with two-point contact and rigid body dynamics.

2) The LS constructed from finite contact points admits
facets [4], leading to nonunique frictional wrenches for
sliding twists that are normal to the facets. The uniqueness
of the solution to the sliding dynamical system with such
LSs is discussed in [53, Sect. 3], which is analogous to an
implicit integration scheme. In contrast, our per-contact-
point analysis renders the transient release behavior more
transparent.

The pivoting dominance of the release motion resembles
sliding eigendirections, which have been studied exten-
sively in contact mechanics [43], [45], [53], [54]. How-
ever, prior discussions have focused on scenarios with a
constant normal force. In comparison, we observe that
the sustained pivoting in release dynamics arises from
the interplay between the vanishing normal force, the
nonsmooth Coulomb friction law at the two contact points,
and rigid-body dynamics.

The justified “temporal hinge” phenomenon from the over-
hanging beam analysis motivates the development of an SP
model. Unlike the LS-based model, which computes planar
sliding motion in S E(2) from the instantaneous sliding wrench
and rigid-body dynamics, the SP model constrains the motion
to progress through sticking—pivoting—sliding phases. This se-
quence regularizes the relative motion between the finger and
the object, while capturing the dominant transient phenomena.

3)

B. Decoupled Friction Limit

The SP model differs from the LS-based model in its de-
coupled treatment of sliding and spinning on the contact patch,
where the tangential friction limit fy,,, and torsional friction
limit 7,,,,« are represented as separate functions of normal force
I, with finax(t) = pfn(t) and Tax (t) = erpfa(t).

C. Obtaining External Load From Pivot Dynamics

Compared to the model in the previous section, where the
external load (to remain sticking) is determined by matching the
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contact patch’s linear and angular acceleration with the hand’s
and then solving the rigid body dynamics in (21), here for the
pivoting dynamics model, only the patch’s linear acceleration
needs to match that of the hand to satisfy the pivoting constraint,
leading to a constraint dynamical system with one-degree-of-
freedom (DoF) pivoting as the admissible relative motion.
Mathematically, the object’s force—motion relationship dur-
ing sticking—pivoting satisfies the following linear equations:
ay — o 2" — wo?a” Iz
Ma’ =M |a! + ag.a” —w?2" | = G'(q") | f?
g, TP

+8

(26)

with four unknowns: hinge reaction force [f?, f?], torsional
friction 7P, and a fictitious object angular acceleration at pivoting
of.. Equation (26) can be written as follows:

2 =m(a} - afea” —w?) @7

P =m(a" + afa" —w? + g) (28)
m(alz" — ala™) — mga” + 7P

g = T9s% — 9 29

tic (mh? +1I) 29

where [ is the rotational inertia in the throwing plane and
h=z", 2" = ||[z° 2M|| is the CoM offset. Ef-
fectively, (mh? + I) is the reflected rotational inertia at the
pivot, according to the parallel axis theorem. Note that the cal-

culation of hinge reaction forces is decoupled from the rest two

. — r .
variables 77 and ag,. Let ag,, = 2o z(m‘,llzi I)) mIT” | denoting

the object’s free pivoting acceleration in the absence of torsional
friction; then

P = (mh? + I)(ag. — af..)- (30)

For the pivot to remain sticking without relative rotation to the
hand, the required torsional friction can be obtained by setting

ag. = ah
= (mh® + I)(a" — af..) 31)
P =m(a" — alz" — wo?) (32)
12 =m(a" + ala" — w°?). (33)

During sticking, the solution is identical to the sticking dynam-
ics in (22). During pivoting, real-world measurement noise in
hand acceleration is amplified by the denominator in (29)—the
reflected inertia, which is small in scale—leading to spurious
hinge reaction forces via (27) and (28). Therefore, we choose
to calculate the external torsional load at the frictional interface
using (31) throughout the release window, which regularizes
the hinge reaction forces and thus mitigates oscillatory mode
switching between pivoting and sliding.

D. Release Dynamics With Sliding Pivot

1) Sticking Dynamics: If | 7P| < 7max and ||[f2, f2]]] < fmaxs
the object s sticking to the hand and its motion can be determined
by (22), i.e., propagating hand motion with the object be the
extended body.

2) Pivoting Dynamics: If |TP]| > Tmax and ||[f2, f2]|| <
fmax, then the friction patch cannot generate enough torsional
friction to resist spinning but can generate enough linear friction

RO) paper, presented at ICRA 2026, Vienna, Austria. Cite as T-RO paper.

to prevent the contact patch from sliding. In this case, the
system becomes a one-DoF pivot around the finger pad. This
pivoting can be conveniently described by the state of relative
rotation (67, w") = (0° — 0", w® — w™), with pivot acceleration
o' being

a" =" =

Sgn(|7-p‘)(|7-p| - Tmax(fN))
mh? 4+ 1 '
Recall that the external torsional load is determined via (31),
implying the Karnopp cutoff routine is applied throughout the
sticking—pivoting phase. With this, (32) and (33) capture the
enlarged tangential friction load with enlarged angular velocity,
while ignoring the variations in af_, as shown in (27) and (28).
Note that sticking dynamics and pivoting dynamics can be
written in the following compact form:

(34)

sgn(|7P|)(max{|T?|, Tmax } —
mh? + 1

3) Sliding Dynamics: If ||[f2, f2]|| > fmax. the pivot starts
sliding on the contact surface. The sliding dynamics is given by

[aﬂ _ ([f n fz,fz]H te, )
o TET
where [al,a

r,a”]" is the sliding acceleration, g,. = [0, —g] .
Pivot acceleration is also influenced by the decreased lever
torque due to the insufficient friction force to maintain pivoting.
Mathematically, a® is the amount of decreased pivot accelera-

tion, given by
{—f} y [f P - Hu??"’}?m )1
T P _ __Jmax
AR A 0 2411
mh? + 1 '
As a result, the pivot acceleration during sliding is

— Tmax(f~)) —at

(38)

Tmax(fN)) )

o =" =

(35)

(36)

(37

Qg =

sgn(|77]) (max{|7P], Tmax }
mh? + 1

a"=w" =

E. Numerical Comparison With LS

To justify the SP surrogate model, we rerun the bar-dropping
experiment using the SP model solved via Euler integration (de-
noted as “Euler+Sliding Pivot”), alongside a family of smoothed
LS models with different smoothing parameters d, solved via
implicit integration (denoted as “Implicit+Smoothing”). The
results are shown in Fig. 10(a). Recall that the parameter d (unit:
m/s) defines the width of the velocity “creep band” over which
the transition from sticking to sliding is smoothed. Smaller val-
ues more closely approximate the original nonsmoothed model.
We demonstrate a range from 0.05 to 0.01 m/s based on conver-
gence behavior—below 0.01 m/s (e.g., at 0.001 m/s), results
show no discernible difference. As the smoothing parameter
decreases, we observe the following.

1) For the bar detachment motion (v} and w®) and
the torsional friction torque (7°), the results of “Im-
plicit+Smoothing” is converging toward those of “Eu-
ler+Sliding Pivot.”

2) The tangential friction force exhibits a larger discrepancy,
which is expected, as the SP model neglects the cou-
pling between torsional friction and tangential friction.
However, in this case, the bar’s vertical CoM velocity
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Fig. 10. Comparison of simulation results: SP versus viscous-smoothed LS.

The colored area indicates the modes of the SP model. (a) 0.1-m CoM offset
(same as in Fig. 6). (b) 0.02-m CoM offset.

v¢ is dominated by the contribution from pivoting—i.e.,
the propagation of angular velocity from the pivot to the
CoM—while the effect of sliding is minimal. As a result,
this simplification has only a minor impact on the object’s
motion.

We also run the dropping simulation with a much smaller
CoM offset (2 cm). From Fig. 10(b), we obtain the following
results.

1) The onset angular velocity (—0.15 rad/s) is much smaller
than for a 10-cm CoM offset (—1.0 rad/s), which is con-
sistent with physical intuition.

2) There is a similar convergence behavior of the smoothed
LS family; however, the detachment twist exhibits a small
bias compared to the SP model in the small CoM offset
regime. The bias arises from two factors: a) the longer
“Sliding” phase in the small CoM case causes the dif-
ference between the coupled friction wrench in ILS and
the uncoupled friction wrench in SP to accumulate and b)
unlike the large CoM offset case, here, the shorter lever
arm reduces the pivoting-induced velocity at the CoM,
making the differences on the object CoM motion between
the two models more pronounced.

In summary, recall that “Implicit+Smoothing” demon-
strates different results compared to “Euler+Smoothing/Non-
smoothing” (as shown in Fig. 6). The consensus demonstrated
here in Fig. 10 makes the two models (“Euler+Sliding Pivot”
and “Implicit+Smoothing”) strong candidates for capturing the
reality.

VI. MODEL VALIDATION EXPERIMENTS

In this section, we conduct real robot throwing experiments
to systematically assess the accuracy of three candidate release
models: 1) nonsmoothed axis-aligned quadratic limit surface
with Euler integration (“LS”); 2) sliding pivot with Euler inte-
gration (“SP”); and 3) viscous-smoothed axis-aligned quadratic
limit surface with implicit integration and a smoothing factor of
d = 0.01 m/s (“ILS”). We design two sets of experiments.

1) Batch Experiments: To assess the overall capability of the
models in capturing the transient dynamics, we select a
mesh of throwing conditions that covers a large space
of landing poses. 36 experiment conditions (two CoM
positions, three throwing pitch angles, and six release
motion) with each condition repeated five times, resulting
in 180 throws.

2) Factor Analysis: Vary one throwing condition at a time,
and examine if the model can capture the distribution
shift of the throwing outcomes due to the “axis-wise”
change of throwing conditions. 6 throwing conditions are
varied and studied, including three conditions that are
not considered in the batch experiments for completeness
[surface friction, mass, and moment of inertia (MOI)].

A. Experimental Setup

1) Hardware: The throwing experiments are conducted by
a seven-DoF fully actuated manipulator (Franka Emika Panda)
mounted with Robotiq 2F-85 parallel gripper (60A black sili-
cone fingertip). To measure the vanishing normal force during
gripper opening, an ATI Nano 17 F/T sensor is attached behind
one of the gripper’s finger pads. The experimental hardware
setup is illustrated in Fig. 11. The thrown object is a 3-D
printed bar (material: ABS) with a known and configurable
mass distribution attached with markers, shown in Fig. 12. The
physical parameters of the configured bar are summarized in
Table II.
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Fig. 11.  Hardware setup: Franka Emika Panda manipulator with Robotiq 2F-
85 gripper. An ATI Nano 17 F/T sensor is mounted behind one finger pad.

Fig. 12.  Thrown object: a 3-D printed bar with configurable mass distribution
attached with markers.

TABLE I
PARAMETERS OF THE THROWN BAR CONFIGURED IN CASE STUDY AND BATCH
EXPERIMENTS
Parameter Value
mass m 0.24 kg
bar length [ 0.26 m

CoM offset from tip h 0.10/0.16 m
moment of inertia [ 535/802 kg - mm?
width of the finger patch | 0.015 m

2) Throwing Motion Generation: The robot is controlled us-
ing a jointimpedance controller running at 500 Hz. As illustrated
in Fig. 13, the throwing motion comprises two stages: LAUNCH
and RELEASE. The LAUNCH stage brings the robot from
stationary to a high-energy high-velocity state. In this stage,
the desired joint trajectory is generated from PolyMPC [55],
a trajectory optimizer with dynamic feasibility constraints and
time-optimal objective, given the initial robot state and nominal
throwing state. The RELEASE stage is a short segment of
constant-acceleration trajectory, explicitly designed to modulate

; Y ROBOT THROWING . . .
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sliding-pivoting

Fig. 13.

Schematic of robot throwing motion in the experiments.

the robot’s motion during release. The gripper opening com-
mand is given 50 ms before entering the RELEASE stage to
account for the gripper’s dwell time.

3) Data Recording and Processing: We use ROS [56] to
broadcast and record all the data from different hardware. The
robot joint position trajectory is recorded at 500 Hz and fil-
tered through a Butterworth filter with 35-Hz cutoff frequency.
Robot joint velocity and acceleration are obtained from cubic
spline interpolation of the filtered position data. The F/T sensor
measurement is recorded at 1000 Hz. The object’s pose is
tracked by an OptiTrack motion capture system at 250 Hz with
a spatial accuracy of 0.2 mm. The object velocity is obtained by
differentiating a Savitzky—Golay filter with a window length of
21.

4) Collected Batch Experimental Data: For the batch of
robot throwing data, the throwing conditions are configured as
follows.

1) Two CoM offsets: A metal cylinder payload (mass: 154 g)
is configured at two different slots in the 3-D printed bar
(mass: 92 g), yielding two distinct CoM offsets from the
tip (“CoM-1"—10 cm; “CoM-2"—16 cm).

2) Three throwing pitch angles: There are three different
nominal throwing postures with distinct pitch angles (6"
upon release).

3) Six release accelerations: There are six different release
motions ranging from acceleration to deceleration.

Each (CoM, pitch angle, and release acceleration) tuple is
thrown five times, resulting in 180 throws. The collection of
landing poses is shown in Fig. 14, demonstrating that the exper-
iment design covers a wide range of landing poses. Considering
that landing pose error amplifies linearly with flight time in
projectile flight dynamics, we report the flight time statistics
of our dataset to facilitate future study comparisons: the mean
flight time is 0.6 s, with a standard deviation (STD) of 0.06 s.

B. Parameter Identification

In all three candidate models (“LS,” “SP,” and “ILS”), the fric-
tion coefficient 1 and the radius of contact r are to be estimated.
Following the pioneering work on validating impact models
of robotics simulators [57], we identify model-specific contact
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TABLE III
PARAMETER IDENTIFICATION RESULTS

Model ~ Min Mean Error [m]  Max Mean Error [m]  Optimal (p*, »* [mm]) p* -7*  Solving Time Per Throw [ms] (mean+std)
LS 0.159 6.639 (0.6, 12.0) 7.20 48.37+3.77
SP 0.060 0.091 (1.0, 2.5) 2.50 43.42+3.01
ILS 0.051 0.086 (0.3, 8.5) 2.55 966.82+2260.47
Scatter Plot of Landing Poses in Batch Experiments % 2) Error laﬂdscap ¢ IL.S exh1b1t§ {fl Well-org.anlzed land-
n O CoM.1(10 cmoffse) 3 scape with a single isolated minimum region (hatched
O CoM-2 (16 cm offset) 2 area with deep purple color). However, the error is only
5300 b " 2 sensitive along the y - r direction, which means that the
k<) '. . n © error remains flat for families of contact parameters with
< ° ': H e the same torsional friction limit. “SP” captures a similar
§250 ¢ n® phenomenon, with the minimizer shifted to a larger p.
o ) b E‘ q, At the optimal parameter, ©/* - r* attains a similar value
5 200 . . " 3 for “SP” and “ILS” (2.50 versus 2.55). Although “SP”
L1 oy . . .
5 - . . c exhibits alocal maximal region at medium z - 7 values (the
150 . = bright stripe in the middle of the SP heatmap in Fig. 15),
" % its influence on parameter identification is minor, and the
12 13 14 1.5 1.6 17 3 lowest 10% error region remains consistent with “ILS.”
Landing Pose x (m) I . o Q S
n comparison, the “LS” model exhibits a strong local
Fig. 14.  Scatter plot of landing poses in batch experiments. The marker shape minimum in the upper-middle region, which shifts the

indicates the two bar CoM configurations tested. The color bar represents the
family of release motions, ranging from acceleration to deceleration. To avoid
clutter, the three pitch angles are not explicitly labeled in the scatter plot but can
be inferred from the three vertical clusters of landing poses.

parameters that best fit the experimental data, to examine each
model’s capacity to describe the reality. To mitigate concerns
about parameter “overfitting,” we conduct a sensitivity analysis
to understand the error landscape around the optimal contact
parameters.

1) Evaluation Metric: In the context of robot throwing, we
are primarily interested in the landing position and orientation.
Therefore, we define the error metric as the following scaled er-

ror: For a ground-truth landing pose ' = [pland pland gland] T
and a model-predicted landing pose ¢!a"d = [#land | sland gland) T
(qland7 qland _ |xland o jland| + aland o éland v (39)

where [ is the length of the bar. The scaled rotation error provides
a comparable scale to the position error, measured in meters,
which yields an interpretable error value.

2) Sensitivity Analysis: We perform a sensitivity analysis
by calculating the mean scaled error (over 180 throws) of a
20 x 20 grid of p and 7: p € [0.25,1.2] with 0.5 intervals,
r € [2.5,12] mm with 5-mm intervals. The heatmap of mean
scaled landing error is shown in Fig. 15, and the parameter
identification results are presented in Table III. The computation
is conducted on a desktop PC with an Intel 19-12900K CPU.

Discussion:

1) Mean scaled error: For “SP” and “ILS,” the errors are
of similar scale, with “ILS” achieving 5-15% smaller
error than “SP.” In contrast, “LS” yields much larger
errors (its minimum is even larger than the maximum
of the other two models across the parameter space) and
is highly sensitive (the white squares in the left panel of
Fig. 15 indicate contact parameters that produce spurious
predictions compared to neighboring parameter values).

optimal parameter far from the minimizer region of “ILS.”
3) Solving time: The lowest error of “ILS” among the three
models is achieved at the cost of approximately 20x
higher computation time due to its use of an implicit inte-
grator.! Notably, Fig. 15 was generated in 22 h for 3 models
x 180 throwing samples x 400 contact parameters =
216 000 predictions, with the majority of the computation
time spent on “ILS.” Moreover, the computation time of
implicit integrators is also less predictable, as shown by
the large STD in solving time, which may pose challenges
for scheduling downstream tasks such as optimal control
or reinforcement learning for throwing motion generation.
With the optimal parameters identified for each model, we
next examine their predictions.

C. Case Study

We compare the predictions of the three release dynamics
models through a case study, summarized in the collage shown in
Fig. 16. Fig. 16(a) illustrates the model predictions alongside the
real trajectory of the object within a 700-ms window after giving
the gripper opening command. This window includes in-hand
sticking, spinning-sliding, free-flying, and finally, touchdown.
In the “Linear Vel.” and “Angular Vel.” plots, the constant v$
and w? during free-flying verify that in our indoor low-speed
throwing experiments, the effect of air-drag on our 3-D printed
bar can be ignored.

For the model predictions, first, we notice that the “SP” pre-
dictions are very close to those of “ILS.” In the “Positions” plot,
the predictions of “SP” and “ILS” (x°—SP/ILS; z°—SP/ILS)
almost perfectly overlaps with the bar’s real flying trajectory
(xz°—Real; z°—Real), while the “LS” model’s prediction ex-
hibits a significant error. In the “Orientations” plot, although the
“SP”/“ILS” model exhibits some prediction error, it is signifi-
cantly smaller than the “L.S” model.

To closely examine the transient phase of the release,
Fig. 16(b) provides a zoomed-in view of the 150 ms after

'We used the “LSODA” solver, which is the fastest implicit integrator available
in SciPy—faster than alternatives such as “Radau’ and “BDF” [58].
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Scatter Plot of Landing Pose Errors in Batch Experiments
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Fig. 17.  Scatter plot comparing the model predictions on the 180 throws. The

“SP”/“ILS” error population is much more condensed around zero compared to
“Lg

giving the gripper opening command. It is important to note that
the object’s velocity/momentum changes drastically during the
transient phase: during the release phase (0-85 ms), the object’s
angular velocity w® accelerates from approximately 240 to
420°/s, while the end-effector’s angular velocity w” decelerates
from approximately 240 to 170°/s. In the “Angular Vel.” plot, the
“SP”/“ILS” models effectively capture the separation of w® and
w", while the “LS” model’s prediction upon detachment exhibits
amuch larger error. Consequently, the “SP”/“ILS” model yields
an almost perfect prediction of the bar’s horizontal velocity upon
entering free flight. In addition, the “LS” model’s prediction of
the object twists during the transient phase has significant jitter-
ing during the release phase, whereas the “SP”/“ILS” models’
predictions are much smoother.

The animated trajectories in Fig. 16(c) further show that the
“SP”/“ILS” models predict the bar’s flying motion and landing
pose more accurately than the “LS” model. Specifically, the “SP”
model reduces the landing horizontal position error by over 99%
(<1 mm versus 16 cm), and the landing orientation error is
reduced by 63% (23° versus 62°).

In this case study, the “SP” and “ILS” models demonstrate
superior accuracy and stability compared to the “LS” model.

D. Batch Experiment Validation Results

In this section, we examine the predictions for the entire batch
of throwing experiments with model-specific optimal contact
parameters.

The landing pose prediction errors, defined as the difference
between the predicted and actual landing poses, are shown in
Fig. 17. The “LS” predictions exhibit a systematic bias, tending
toward larger horizontal displacements (positive error in landing
x) and smaller rotations (negative error in landing 6). In contrast,
the “SP”/“ILS” predictions show no discernible trend or bias, in-
dicating the absence of systematic error. Moreover, “SP”/“ILS”
prediction errors are significantly more concentrated around
zero compared to “LS,” highlighting the superior accuracy
and consistency of “SP” and “ILS” in predicting landing
poses.

1) Quantitative Metrics: The quantitative results of the land-
ing pose prediction errors are summarized in Table IV, which
compares the MAE and STD of the absolute error of the predic-
tions. The metrics include free-flying twist variables, i.e., hori-
zontal velocity (v2) and angular velocity (w?), and landing pose

TABLE IV
MAE AND STD OF LS, SP, AND ILS PREDICTIONS FOR FREE-FLYING AND
LANDING METRICS. BOLDFACE INDICATES THE LOWEST MAE FOR EACH
METRIC.

Free-Flying Twist Landing Pose

Model

v2 (m/s) wO (deg/s)  xlend (m)  gland (deg)
LS 0.073+0.062  61.5£52.9  0.040+0.044  34.9+32.1
Sp 0.044+0.028  22.8+20.5  0.024+0.017 154127
ILS 0.034+0.024  23.7+232  0.021+0.016  13.7+13.8

Errors are reported as MAE + STD.
Boldface indicates the lowest MAE for each metric.

variables, i.e., horizontal landing position (2'*¢) and landing
orientation (6'"9).

The table highlights a significant improvement in prediction
accuracy and consistency achieved by the “SP” model and the
“ILS” model. Specifically, for free-flying twist predictions, SP
demonstrates over 40% reduction in MAE for horizontal velocity
(v2) and angular velocity (w®), with MAEs of 0.044 m/s and
22.8°/s, respectively, compared to 0.073 m/s and 61.5°/s for
“LS.” Similarly, “SP” outperforms LS in landing pose pre-
diction, achieving MAEs of 0.024 m and 15.4° for horizon-
tal landing position (') and orientation ('*"), respectively,
compared to the larger errors of “LS” (0.04 m and 34.9°).

In addition to achieving lower MAE, “SP” and “ILS” predic-
tions also exhibit significantly smaller STD across all metrics,
indicating a higher level of consistency in their predictions.
This is particularly evident in the free-flying angular velocity
and landing orientation, where “LS” predictions show high
variability (STD of 52.9°/s and 34.9°, respectively), whereas
“SP” predictions are much more concentrated (STD of 20.5°/s
and 12.7°). These results align with the visual analysis in
Fig. 17, further demonstrating that the “SP” model not only
eliminates the systematic biases observed in “LS” but also de-
livers robust and reliable predictions across diverse experimental
conditions.

2) Comparison to Learning-Based Models: The quantitative
metrics of MAE and STD used above are consistent with those
applied in TossNet [27], a data-driven deep learning model
designed to predict throwing outcomes based on propriocep-
tive measurements and F/T sensor data mounted between the
manipulator flange and gripper. Therefore, here, we highlight
the comparison of our results with TossNet.

Although TossNet achieves a comparable landing position
error [MAE + STD: 0.03 4+ 0.015 m] and smaller landing
orientation error [MAE + STD: 4.5 £ 2.3°], it operates under
much simpler experimental conditions. Specifically, TossNet’s
dataset includes limited flying ranges and little to no rotation,
whereas our experiments encompass a significantly broader
dynamic range, including complete bar-flipping motions.

More importantly, TossNet is an end-to-end black-box model
trained on 3000 real-world throwing samples, while “SP” and
“ILS” are purely physics-based models. This distinction allows
them to avoid the extensive data collection requirements of
TossNet and offers the advantages of interpretability and gener-
alization to “unseen” conditions.

3) Error Distributions: In addition to the quantitative met-
rics, the distribution of landing pose prediction errors for both
models is further analyzed using boxplots for the absolute
(unsigned) error and violin plots for signed error, as shown in
Figs. 18 and 19, respectively. The boxplots provide a concise
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models. “SP”” and “ILS” achieve consistently smaller median errors and IQR.
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representation of the median, interquartile range (IQR), and
potential outliers for each error metric, while the violin plots
offer a more detailed visualization of the error distribution’s
density.

Fig. 18 illustrates that the “SP”’ and “ILS” models consistently
achieve smaller median errors and a narrower IQR across all
metrics compared to the “LS” model. The large spread and
presence of significant outliers in the “L.S” model, particularly
for free-flying angular velocity and landing orientation, further
highlight the inconsistent performance of “LS.”

The violin plots in Fig. 19 corroborate these observations,
showing concentrated and symmetric error distributions for
“SP”/“ILS,” with the density centered around zero. In contrast,
“LS” exhibits wider and less symmetric error distributions,
reflecting its high variability and systematic biases.

4) Summary: In summary, the results of the batch experi-
ments demonstrate the superior performance of the “SP”” model
compared to the conventional “LS” model. Across all evaluation
metrics, “SP” and “ILS” achieve significantly lower mean errors
and exhibit far less variability and systematic biases. These
findings, validated through various analysis methods, provide
a comprehensive assessment of the robustness and accuracy of
“SP” and “ILS.” Furthermore, the performance of “SP” and
“ILS” is competitive with state-of-the-art data-driven end-to-end
models. Compared to “ILS,” “SP” offers the added benefits of
interpretability and fast solving speed, reinforcing its potential
for robot-throwing tasks.

E. Factor Analysis

In this section, we systematically evaluate the performance
of the three release dynamics models under various variations
in throwing conditions. The goal is to analyze the models’
robustness and generalizability by isolating individual factors

R
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that influence landing outcomes. We conduct throwing ex-
periments with six variations: CoM offset, pitch angle, re-
lease condition, friction, payload mass, and MOI. Notably,
the first three correspond to the 3-D mesh of batch experi-
ments in the previous section. The results are summarized in
Fig. 20. For each variation, we are interested in the following
questions.

1) Real domain shift: What is the influence of this variation
on the landing outcome? How do the landing poses of the
throwing condition A (shallow blue circles) shift compare
to the landing poses of condition B (deep blue squares)?
Predicted domain shift: Can the models capture the ob-
served shift by adjusting the corresponding physical pa-
rameters of the variation?

3) Model consistency: Do the models behave consistently
across the two throwing conditions? This is quantified by
conducting a Mann—Whitney U test [S9] on each model’s
prediction errors for the two throwing conditions. If the
error statistics are significantly different (p < 0.05), a “x”
symbol is added above the corresponding pair of bar plots
in Fig. 20.

1) CoM Offset: Small Offset — Large Olffset: Two distinct
CoM configurations are tested, as described in the batch exper-
iments (“CoM-1": 10 cm and “CoM-2": 16 cm).

1) Real domain shift: As shown in Fig. 20(a), increasing the

CoM offset results in a larger horizontal landing position
and a smaller landing angle.
Predicted domain shift: The “SP” model, with its accu-
rate landing pose predictions, successfully captures the
real domain shift (shallow yellow circles — deep yellow
squares).

2) Pitch Angle: Large Pitch — Small Pitch: Two nominal
pitch angles are tested, corresponding to the largest and smallest
pitch angles in the batch experiment. By decreasing the pitch
angle, the robot’s throwing motion changes from an “upward
throw” to a “forward throw.”

1) Real domain shift: As shown in Fig. 20(b), decreasing the

pitch angle leads to an increase in the horizontal landing
position and a decrease in the landing angle.
Predicted domain shift: The “SP” model accurately pre-
dicts the landing outcomes, correctly reflecting the ob-
served shift in reality. However, in this case, similar to
the other two models, “SP” exhibits performance incon-
sistency across the two scenarios.

3) Release Motion: Acceleration — Deceleration: After by-
passing the nominal throwing state and giving the gripper open-
ing command, it remains a design choice how to generate the
robot motion during the transient phase. Here, we compare
the shift from an accelerating release motion to a decelerating
release motion.

1) Real domain shift: As shown in Fig. 20(c), transitioning
from acceleration to deceleration during the release win-
dow increases the landing angle while slightly reducing the
horizontal landing position. Intuitively, for a decelerating
release, part of the angular momentum of the robot body
is transmitted to the thrown object.

Predicted domain shift: “SP” predictions accurately reflect
the shift caused by the release motion. Although “ILS”
achieves the smallest error for accelerating release, its
prediction of landing orientation degrades significantly
for decelerating release. In comparison, in the deceler-
ating release regime, where the “temporal hinge” is more

2)

2)

2)

2)
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prominent (as indicated by the large landing orientation),
“SP” yields the smallest landing orientation error.

4) Friction: Plastic — Papertape: By attaching papertape to
the tip of the bar, we decrease the friction coefficient and examine
its influence on landing outcomes. A set of model-specific con-
tact parameters in this case is identified via the same procedure
as described in Section VI-B. The identified parameters are (u,

r [mm], g -7): “LS——(0.3, 8, 2.4), “SP”—
(045, 2.5, 1.125).

“ILS”—

(0.4, 5, 2.0), and

1) Real domain shift: As shown in Fig. 20(d), the two differ-
ent contact materials produce no discernible changes in
the landing populations.

2)

Predicted domain shift:*“SP” correctly captures the blend-

ing of landing poses in the two scenarios. Although both
“SP” and “ILS” have smaller errors than “LS,” the “SP”
prediction is more consistent than that of “ILS.”

5) Mass: Metal Payload — Plastic Payload: The payload
is varied from a heavy metal payload (154 g) to a light plastic
payload (30 g) to examine the models’ ability to adapt to changes
in object weight.

1) Real domain shift: As shown in Fig. 20(e), increasing
the payload mass leads to a decrease in the horizontal
landing position and no distinguishable change in landing
angle.

2) Predicted domain shift: “SP” predictions align closely
with the real domain shift, effectively capturing the effects
of mass variation.

6) MOI: Small — Large: For our 3-D printed bar with four
payload slots, the MOl is varied by moving two metal payloads
from the middle slots to the outermost slots. This effectively
increases the MOI from 714 to 1961 kg - mm?, while keeping
the mass and CoM unchanged.
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1) Real domain shift: As shown in Fig. 20(f), increasing
the MOI decreases the horizontal landing position, while,
interestingly, causing no distinguishable change in the
landing angle.

2) Predicted domain shift: “SP” predictions successfully re-
flect the observed trends, capturing the reduced horizontal
landing position and the consistent landing angle.

Model consistency: In addition to the large prediction errors,
“LS” is inconsistent when the throwing conditions are subject
to shifts in throwing pitch angle and mass shift, indicating the
model’s sensitivity to multiple factors. In comparison, “SP” is
only inconsistent during pitch shifts (small pitch — small error),
suggesting that future improvements to “SP” should focus on the
large pitch regime.

Summary: The factor analysis demonstrates that the proposed
“SP” model is highly robust and generalizable across a wide
range of factors, including CoM offset, pitch angle, release con-
dition, contact friction, payload mass, and MOI. These findings
validate the “SP” model as a reliable tool for predicting landing
poses under diverse robot-throwing conditions.

VII. DISCUSSION ON IMPACT ON ROBOT THROWING

The proposed physical model on transient release dynamics
opens up new possibilities for scalable and industrial-grade robot
throwing.

A. Fast and Accurate Sorting

As shown in Fig. 17, the throwing displacement error is
bounded within £11 cm across a wide range of throwing
configurations and landing poses. This provides a direct com-
parison with TossingBot [21], an end-to-end learning model
that achieves an 85% success rate in throwing various objects
with a 25-cm tolerance, but at the cost of tens of thousands of
real throwing trials. In contrast, our physical model provides a
more interpretable and generalizable framework for throwing
planning, with the potential to reduce sample complexity and
improve accuracy across diverse object types. While reliable
throwing of deformable or complex objects remains an open
challenge, this work advances the modeling foundations nec-
essary for future high-technology readiness level (TRL) robot
throwing systems .

B. Throwing With Desired Landing Pose

Fig. 17 demonstrates that the landing orientation error is
bounded within £50°, indicating that it is possible to plan
throwing motions to achieve desired landing poses (position and
orientation) with high precision. This capability can facilitate
barcode scanning, optimize space utilization, and improve er-
gonomic access for human operators or other robots in industrial
automation.

C. Knowledge Transfer Among Fleets of Throwing Robots

Compared to end-to-end learning models, a key advantage
of physical models is their excellent transferability. Object
stock-keeping unit (SKU) information, sensor measurements,
and robot motion are all described in the common language of SI
units, allowing knowledge to be easily transferred across differ-
ent embodiments and operating conditions. In particular, object
inertial parameters (mass, CoM, and MOI) can be estimated
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onboard using standard payload identification techniques [60],
[61], [62], [63], [64], [65] and subsequently used for model-
based planning or learning in throwing tasks. On the other
hand, it is unclear how information can be transferred between
end-to-end learning models trained for individual robots under
varying conditions.

D. Physics-Guided Active Learning

Finally, recent studies in operations research [66], [67]
have shown that algorithms leveraging structural information
achieve better exploration—exploitation tradeoffs than classical
structure-free methods in online decision making. Therefore,
for robot throwing in unstructured environments where object
information is unavailable, the algebraic structure encoded in
the physical model has the strong potential to guide strategic
active learning and reduce sample complexity.

VIII. CONCLUSION

This work introduces SP, a novel physical model for capturing
the transient release dynamics in robot throwing. To evaluate
its performance, we develop a viscous-smoothed limit surface
model with implicit integration (ILS), which achieves the high-
est prediction accuracy among the models considered but at
substantially higher computational cost. The SP model offers
a favorable tradeoff: it attains comparable accuracy, with only
a 10% increase in prediction error, while providing over 20x
faster computation. This combination of physical interpretabil-
ity, accuracy, and efficiency makes the SP model well suited for
integration into model-based planning and learning frameworks.
Compared to conventional patch friction models (LS), the SP
model achieves over 40% reduction in horizontal velocity pre-
diction error and 63% reduction in angular velocity prediction
error, with significantly lower variability and systematic bias.
This results in high accuracy for predicting the landing poses
of thrown objects, with MAE of 2.4 cm for position and 15.4°
for orientation. Unlike data-driven approaches, the SP model is
a purely physics-based framework, offering both interpretabil-
ity and generalization across diverse robot embodiments and
throwing conditions. As a result, this work lays a foundation for
scalable robot throwing.

Despite these advancements, the proposed model is still lim-
ited by inconsistent prediction accuracies when throwing at
different pitch angles, indicating that the complex effects of
gravity and frictional wrenches are not sufficiently explained
by the SP model. To address this, soft contact models based
on microscopic bristle deformation, such as the LuGre friction
model, may be necessary. On the application side, it would
be interesting to investigate data assimilation in learning to
throw—specifically, how to effectively leverage this physics
model to improve throwing performance as robots start to gather
throwing data.
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