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Abstract— This paper presents a real-time control framework
for nonlinear pure-feedback systems with unknown dynamics
to satisfy reach-avoid-stay tasks within a prescribed time in
dynamic environments. To achieve this, we introduce a real-
time spatiotemporal tube (STT) framework. An STT is defined
as a time-varying ball in the state space whose center and radius
adapt online using only real-time sensory input. A closed-form,
approximation-free control law is then derived to constrain the
system output within the STT, ensuring safety and task satis-
faction. We provide formal guarantees for obstacle avoidance
and on-time task completion. The effectiveness and scalability
of the framework are demonstrated through simulations and
hardware experiments on a mobile robot and an aerial vehicle,
navigating in cluttered dynamic environments.

I. INTRODUCTION

Autonomous systems must safely and efficiently execute
complex task specifications with strict time constraints. Tasks
such as reaching a target, avoiding obstacles, and remaining
within safe bounds, collectively known as temporal reach-
avoid-stay (T-RAS) specifications, are essential in applica-
tions like autonomous driving, drone delivery, and robotic
exploration. They also serve as building blocks in high-level
task-planning frameworks using temporal logic [1], [2]. It
becomes even more challenging when the system dynamics
are unknown and the environment is dynamic, with obstacles
that change unpredictably. In such settings, there is a growing
need for real-time control strategies that ensure safety and
prescribed-time task completion.

Several approaches have been proposed for navigation in
dynamic environments. Classical techniques, such as Artifi-
cial Potential Fields (APF) [3], use virtual electrostatic-like
forces to guide the agent toward the goal while avoiding
obstacles, but struggle with local minima in cluttered envi-
ronments. Similarly, the Dynamic Window Approach (DWA)
[4] offers real-time collision avoidance via velocity sampling
but lacks formal safety guarantees and scales poorly in dense,
dynamic environments. Other path planning algorithms [5]
include graph-based methods, like A* and Dijkstra, and
sampling-based methods [6], like PRM and RRT, that can
generate feasible paths. However, these solutions typically
require separate tracking controllers, lack formal guarantees,
and fail to enforce prescribed-time requirements.

Optimization-based approaches, such as Model Predictive
Control (MPC) [7] and Control Barrier Functions (CBFs) [8],
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offer real-time safety enforcement under known dynamics.
Significant efforts have been made in works such as [9],
[10] to integrate CBFs with APF or sampling-based planners
to improve safety in dynamic environments. In [11], the
authors proposed a Collision Cone Control Barrier Function
(C3BF) framework to enable safe trajectory tracking in
dynamic environments. The idea of combining CBF with
control Lyapunov function (CLF) has also been used in
[12] to avoid obstacles in real time. While effective, these
methods typically require accurate system models and online
optimization, making them less suitable for high-dimensional
or uncertain systems.

Funnel-based methods have emerged as an elegant way to
design feedback controllers that ensure trajectories remain
within guaranteed bounds [13]. These methods have been
effective for reachability and tracking [14], but tasks such as
avoiding unsafe regions remain challenging [15]. Some stud-
ies [16] integrate path planning with funnel-based tracking
by planning paths within an extended free space, created by
obstacle expansion [17]. However, they only address static
obstacles, which limits their use in dynamic environments.

The Spatiotemporal Tubes (STT) framework [18] offers a
time-varying, goal-directed tube in state space that ensures
safety and prescribed-time task completion. It has also been
extended to handle more complex tasks [19], [20] and multi-
agent systems [21]. However, the approach in [18] constructs
tubes using circumvent functions, which can introduce abrupt
changes in tube geometry and are restricted to static unsafe
sets. In contrast, the sampling-based optimization approach
in [22] can handle time-varying unsafe sets, but it requires
complete knowledge of obstacle trajectories in advance and
involves computationally expensive offline synthesis. These
limitations make existing methods unsuitable for real-time
use in environments where obstacles may change dynami-
cally.

In this work, we introduce a real-time STT framework to
address these challenges. Specifically, we propose a spherical
STT, modeled as a time-varying ball in the state space whose
center and radius adapt online based on real-time sensory
input. By constraining the unknown system to remain within
this evolving tube, we ensure that it avoids the dynamic
unsafe set and reaches the target within a prescribed time.
The main contributions of the work can be summarized as:

‚ A real-time STT formulation that ensures safe
prescribed-time convergence in environments with dy-
namic unsafe sets. The approach relies only on current
sensor data and does not need any offline computation
or prior knowledge of unsafe set trajectories.

‚ A computationally lightweight and model-free con-
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troller that keeps the system trajectory within the STT
under unknown dynamics and disturbances, providing
formal safety and timing guarantees suitable for real-
time operation.

We validate the proposed framework through extensive sim-
ulation and hardware experiments on a 2D omnidirectional
mobile robot and a 3D Quadrotor. We also present detailed
comparisons with state-of-the-art algorithms, demonstrating
improved computational efficiency and success rates.

II. PRELIMINARIES AND PROBLEM FORMULATION

A. Notation

For a, b P N with a ď b, we denote the closed interval in
N as ra; bs :“ ta, a ` 1, . . . , bu. A ball centered at c P Rn

with radius r P R` is defined as Bpc, rq :“ tx P Rn |

}x ´ c} ď ru. We use x ˝ y to represent the element-wise
multiplication where x, y P Rn. An identity matrix of order
n P N is represented using In. All other notation in this
paper follows standard mathematical conventions.

B. System Definition

We consider a class of control-affine, multi-input multi-
output (MIMO), nonlinear pure-feedback systems. This
structure is common in many practical systems such
as torque-controlled manipulators, acceleration-controlled
quadrotors, and magnetic levitation systems [13], [22], [23].
It is described by the following dynamics:

9xkptq “ fkpxkptqq ` gkpxkptqqxk`1ptq ` wkptq,

for all k P r1;N ´ 1s,

9xN ptq “ fN pxN ptqq ` gN pxN ptqqupxN , tq ` wN ptq, (1)
yptq “ x1ptq,

where for each t P R`
0 and k P r1;N s,

‚ xkptq “ rxk,1ptq, . . . , xk,nptqsJ P Xk Ă Rn is the state,
‚ xkptq :“ rxJ

1 ptq, ..., xJ
k ptqsJ P Xk “

śk
j“1 Xj Ă Rnk,

‚ upxN , tq P Rn is control input vector,
‚ wkptq P W Ă Rn is unknown bounded disturbance,

and
‚ yptq “ rx1,1ptq, . . . , x1,nptqs P Y “ X1 is the output.

The functions fk : Xk Ñ Rn and gk : Xk Ñ Rnˆn

satisfy the following assumptions:
Assumption 1: For all k P r1;N s, the functions fk and gk

are unknown but locally Lipschitz continuous.
Assumption 2 ([24], [25]): For all xk P Xk, the sym-

metric part of gk, defined as gk,spxkq :“ gkpxkq`gkpxkq
J

2
is uniformly sign definite with known sign. Without loss
of generality, we assume gk,spxkq is positive definite, that
is, there exists a constant gk P R`,@k P r1;N s such that
0 ă gk ď λminpgk,spxkqq,@ xk P Xk, where λminp¨q denotes
the smallest eigenvalue of a matrix.
This assumption ensures that in (1) global controllability is
guaranteed, i.e., gk,spxkq ‰ 0, for all xk P Xk.

C. Problem Formulation

Let the output yptq of system (1) be subject to a temporal
reach-avoid-stay (T-RAS) specification [22] defined next.

Definition 2.1 (Temporal Reach-Avoid-Stay (T-RAS) task):
Given the output-space Y “ X1, a prescribed time tc P R`,
a time-varying unsafe set U : R`

0 Ñ PpYq, an initial set
S Ă YzUp0q, and a target set T Ă YzUptcq, we say the
output yptq satisfies the T-RAS task if:

yp0q P S, yptcq P T, and yptq P YzUptq,@t P r0, tcs.
Remark 2.2: The unsafe set Uptq is defined as a union of

no time-varying balls, U pjqptq for j P r1;nos, each centered
around a dynamic obstacle:

Uptq “

no
ď

j“1

U pjqptq, with U pjqptq :“ Bpopjqptq, rpjq
o ptqq,

where opjqptq P Rn and r
pjq
o ptq P R`

0 denote the time-
varying center and radius, capturing the region surrounding
the jth dynamic obstacle. Since these regions are defined
independently, it allows for modeling multiple, disjoint, and
independently evolving unsafe regions.

We now state the control problem addressed in this work.
Problem 2.3 (Real-time T-RAS Control): Given the sys-

tem (1) under Assumptions 1-2, and a T-RAS task as defined
in Definition 2.1, synthesize a real-time, approximation-free,
and closed-form control law upxN , tq that guarantees the
output trajectory yptq satisfies the T-RAS specification.

To solve Problem 2.3, we utilize the STT framework,
which defines a time-varying region in the output space that
remains safe and goal-directed throughout the time horizon.

Definition 2.4: Given a T-RAS task in Definition 2.1, a
spatiotemporal tube (STT), Γptq “ Bpcptq, rptqq, is charac-
terized by a time-varying center c : R`

0 Ñ Rn and radius
r : R`

0 Ñ R`, if the following holds

rptq ą 0,@t P r0, tcs, (2a)
Γp0q Ď S, Γptcq Ď T, (2b)
Γptq X Uptq “ H,@t P r0, tcs. (2c)

Remark 2.5: If one designs a control law that constrains
the output trajectory within the STT, i.e.,

yptq P Γptq,@t P r0, tcs, (3)

then one can ensure the satisfaction of the T-RAS specifica-
tion.

For solving T-RAS tasks, [22] synthesized STTs offline,
assuming full knowledge of future obstacle trajectories. This
limits applicability to real-world settings where only real-
time sensory information is available. In this work, we over-
come this by synthesizing and adapting STTs online using
only current environment data. This enables safe operation
in dynamic and partially unknown environments. In the next
section, we describe the real-time STT synthesis approach.

III. DESIGNING SPATIOTEMPORAL TUBE (STT)

We begin by selecting the points s “ rs1, ..., sns P intpSq

and η “ rη1, ..., ηns P intpTq in the interior of the initial set
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(S) and the target set (T). Around these points, we define
balls of radius dS , dT P R`, denoted by Ŝ and T̂, as follows:

Ŝ “ Bps, dSq :“ tx P Rn| ∥x ´ s∥ ď dSu (4)

T̂ “ Bpη, dT q :“ tx P Rn| ∥x ´ η∥ ď dT u (5)

such that Ŝ Ă S and T̂ Ă T. As introduced in Definition 2.4,
the STT Γptq “ Bpcptq, rptqq is defined by a time-varying
center c : R`

0 Ñ Rn and radius r : R`
0 Ñ R`. Additionally,

to ensure a safe approach to the target, we make the following
separation assumption:

Assumption 3: At time t “ tc, the unsafe set is separated
from the STT center cptcq by at least a known minimum
distance rmax P R`, i.e., @x P Uptcq, }x ´ cptcq} ą rmax.

Note that this assumption does not restrict obstacles from
being near the target, but requires them to move away as t
approaches tc to ensure a safe, collision-free entry into the
target.

Now, the evolution of the center cptq is governed by the
following dynamics:

9cptq “ k1
tc

tc ´ t
pη ´ cptqq

`

no
ÿ

j“1

´

k2,jmjptq ` k3,jvjptq
¯

θjptq, cp0q “ s, (6)

where k1 ą 1{tc and k2,j , k3,j P R` are arbitrary positive
constants. The switching function θjptq activates the obstacle
avoidance condition in the second part of Equation (6) when
the STT center cptq approaches the j-th dynamic obstacle.

θjptq “

$

’

’

&

’

’

%

1

∥cptq´opjqptq∥´r
pjq
o ptq

´ 1
rmax

,

if }cptq ´ opjqptq} ´ r
pjq
o ptq ď rmax

0, otherwise,
(7)

where rmax ď minpdS , dT q is the maximum allowable tube
radius and can also be interpreted as the sensing radius for
detecting nearby obstacles. This implies that the avoidance
part is engaged only when the STT center comes within a
distance of rmax of the jth unsafe region. Setting rmax ď

minpdS , dT q ensures that the tube remains inside S at t “ 0
and T at t “ tc.

The avoidance term in Equation in (6) is governed by two
vectors mjptq, vjptq P Rn, where for all j P r1;nos

mjptq “
cptq ´ opjqptq

´

}cptq ´ opjqptq} ´ pr
pjq
o ptq ` rminq

¯3 ,

and vjptq P Rn lies in the null space of mjptq, i.e.,
mJ

j ptqvjptq “ 0. rmin P R` is the minimum tube radius.
The tube radius rptq is dynamically adjusted according to

the proximity of the tube to obstacles, and evolves as:

9rptq “
e´νdptq 9dptq

`

e´νrmax ` e´νdptq
˘ , (8)

where ν P R` is an arbitrary smoothing parameter and dptq
denotes the smooth minimum distance to obstacles:

dptq “ ´
1

ν
ln

˜

no
ÿ

j“1

e´νd̂jptq

¸

, (9)

d̂jptq “ }cptq ´ opjqptq} ´ rpjq
o ptq,@j P r1;nos.

The intuition behind (6) is as follows: the first term
pulls the STT center c toward the target point η, ensuring
convergence in the prescribed time tc. The second term
activates only when θjptq ‰ 0, i.e., when the STT center is
near the j-th unsafe set. In that case, the normal vector mjptq
and the orthogonal vector vjptq bend the tube around the
unsafe set, ensuring collision avoidance. The radius dynamics
in (8) complements this by smoothly shrinking the tube
toward rmin P R` as it approaches obstacles (i.e., when
dptq decreases) and expanding toward rmax when far from
the unsafe set.

Given a time-varying center c : R`
0 Ñ Rn and radius

r : R`
0 Ñ Rn, governed by the dynamics in Equations (6)

and (8), respectively, we define the STT Γptq “ Bpcptq, rptqq

as a closed ball in Rn centered at cptq with radius rptq:

Γptq :“ tx P Rn | }x ´ cptq} ď rptqu, @t P r0, tcs. (10)

Remark 3.1: The parameters k1, k2,j , and k3,j control
the convergence and avoidance behavior, determining how
aggressively the system approaches the target and reacts to
nearby obstacles. Larger values make the response faster
but can increase control effort. The bounds rmin and rmax

set the minimum safety margin and the maximum allowed
deviation from the nominal path. In practice, rmin should
be at least the robot’s size, while rmax depends on the
desired flexibility and environment density. These parameters
can be tuned empirically to balance safety, smoothness, and
responsiveness.

The next theorem guarantees that the designed STT ad-
heres to the following three key conditions for satisfying
T-RAS specifications. First, the tube reaches the target set
within the prescribed time t “ tc. Second, the tube remains
entirely outside the unsafe set for all times t P r0, tcs,
ensuring safety. Finally, the radius of the tube remains strictly
positive throughout the motion.

Theorem 3.2: The STT Γptq in (10) meets the following
to ensure satisfaction of the T-RAS specification:

(i) Reaches the target within prescribed time: Γptcq Ď T.
(ii) Avoids the unsafe set: Γptq X Uptq “ H, @t P r0, tcs.

(iii) The radius stays positive: rptq P R`, @t P r0, tcs.
Proof: We now examine each claim individually.

(i) By Assumption 3, the tube is far enough from all unsafe
sets at time t “ tc; so θpjqptcq “ 0, for all j P r1;nos. Thus,
at t “ tc, the dynamics of the center simplify to:

9c “ k1
tc

tc ´ t
pη ´ cptqq. (11)

Solving this equation we obtain cptq “ η ` Cptc ´ tqk1tc ,
where C is a constant determined by the initial condition.
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Thus, the STT center approaches η as t approaches tc,
cptcq “ η, with convergence rate determined by k1 P R`.

Further, under Assumption 3, the radius of the tube ex-
pands to its default in the absence of surrounding unsafe sets
at t “ tc. Therefore, rptcq “ rmax ď dT , from which we can
conclude that Γptcq “ Bpη, rmaxq Ď Bpη, dT q “ T̂ Ď T,
proving the first condition.

(ii) For all j P r1;nos, define the time-varying function,

J pjqptq “ pcptq´opjqptqqJpcptq´opjqptqq´prpjq
o ptq`rminq2

which measures the squared distance between the STT center
and the center of the jth unsafe set, offset by the safety
margin r

pjq
o ptq ` rmin. The time derivative of J pjqptq is

9J pjqptq “ 2pcptq ´ opjqptqqJ 9cptq ´ 2pcptq ´ opjqptqqJ 9opjqptq

´ 2prpjq
o ` rminq 9rpjq

o ptq. (12)

We analyze 9J pjqptq on the boundary of the safe margin
around each obstacle, }cptq ´ opjqptq} “ r

pjq
o ptq ` rmin.

Substituting the expression for 9cptq into 9J pjqptq yields:

9J pjqptq “ 2k1
tc

tc ´ t
pcptq ´ opjqptqqJpη ´ cptqq

` 2k2,j

´ 1∥∥cptq ´ opjqptq
∥∥ ´ r

pjq
o ptq

´
1

rmax

¯

∥∥cptq ´ opjqptq
∥∥2

´

}cptq ´ opjqptq} ´ pr
pjq
o ptq ` rminq

¯3

` 2k3,j

´ 1∥∥cptq ´ opjqptq
∥∥ ´ r

pjq
o ptq

´
1

rmax

¯

pcptq ´ opjqptqqJmjptq ´ 2pcptq ´ opjqptqq 9opjqptq (13)

´ 2prpjq
o ` rminq 9rpjqptq.

As }cptq ´opjqptq} Ñ r
pjq
o ptq `rmin, the denominator in the

second term approaches zero, making this term dominant
and positive. As a result, 9J pjqptq ą 0 near the boundary.
The STT center is initially at a safe distance from the j-
th unsafe set, i.e., |cp0q ´ opjqp0q| ą r

pjq
o p0q ` rmin, which

implies J pjqp0q ą 0. Since 9J pjqptq ą 0 as }cptq´opjqptq} Ñ

r
pjq
o ptq ` rmin, the function J pjqptq cannot decrease to zero

or become negative. Therefore, J pjqptq ą 0 holds for all
t P r0, tcs, implying

}cptq ´ opjqptq} ą rpjq
o ptq ` rmin for all t P r0, tcs.

Hence, the STT center maintains a minimum separation of
rmin from the j-th obstacle at all times. Repeating this
argument for all j P r1;nos, we conclude that the STT center
maintains a safe distance from each unsafe set for all time.

Now, to guarantee that the tube Γptq “ Bpcptq, rptqq does
not intersect with any unsafe set, it suffices to show that:

rptq ď

∥∥∥c ´ opjq
∥∥∥ ´ rpjq

o ptq,@j P r1, .., nos, (14)

We verify this using the solution of the radius dynamics given
in Equation (8), with dptq defined in Equation (9):

rptq “ ´
1

ν
ln

´

e´νrmax ` e´νdptq
¯

. (15)

Now, consider the following two cases:
Case 1: @j P r1, nos, rmax ď

∥∥cptq ´ opjqptq
∥∥ ´ r

pjq
o ptq:

rptq “ ´
1

ν
ln

´

e´νrmax ` e´νdptq
¯

ď min
´

min
j“1,..,no

´
∥∥∥cptq ´ opjqptq

∥∥∥ ´ rpjq
o

¯

, rmax

¯

ď rmax.

Therefore, for all j P r1, nos, we have rptq ď rmax ď∥∥cptq ´ opjqptq
∥∥ ´ r

pjq
o ptq, satisfying condition (14).

Case 2: Dĵ P r1, nos, rmax ą

∥∥∥cptq ´ opĵqptq
∥∥∥ ´ r

pĵq
o ptq:

rptq “ ´
1

ν
ln

´

e´νrmax ` e´νdptq
¯

ď min
´´

∥∥∥cptq ´ opĵqptq
∥∥∥ ´ rpĵq

o

¯

, rmax

¯

ď

∥∥∥cptq ´ opĵqptq
∥∥∥ ´ rpĵq

o ptq,

ensuring condition (14) holds.
In both scenarios, (14) is satisfied, guaranteeing that the

STT Γptq does not intersect any unsafe set at any time: ΓptqX

Uptq “ H,@t P r0, tcs.
(iii) From part (ii), we established that for all j P r1;nos,

the STT center cptq maintains a minimum safety distance of
r

pjq
o ptq ` rmin from each unsafe set, i.e., for all t P r0, tcs,∥∥∥cptq ´ opjqptq

∥∥∥ ě rpjq
o ptq ` rmin ùñ dptq ě rmin,

Substituting this inequality into the closed-form expression
for the radius in Equation (15), we obtain:

rptq ě ´
1

ν
ln

`

e´νrmax ` e´νrmin
˘

ą 0, @t P r0, tcs.

Thus, the STT radius remains strictly positive at all times.
Hence, the STT Γptq reaches the target T at the prescribed

time tc, avoids the unsafe set Uptq, and maintains a guar-
anteed positive radius throughout. This completes the proof
that the proposed STT satisfies the T-RAS specification.

Lemma 3.3: The STT center cptq, radius rptq and their
time derivatives 9cptq, 9rptq are all continuous and uniformly
bounded for all t P r0, tcs.

Proof: From the radius dynamics (8) and the use of
a smooth approximation of the min function, both rptq and
9rptq are continuous and bounded for all t P r0, tcs. Moreover,
since 9J pjq ą 0 near the unsafe boundary, the STT center is
repelled from the unsafe set, ensuring that }cptq ´ opjqptq}

stays strictly greater than r
pjq
o `rmin at all times. This implies

that cptq and 9cptq, which depend smoothly on unsafe sets
and the target, are also continuous and bounded over the
time horizon.

Remark 3.4: In Equation (6), the first term approaches
zero as t Ñ tc, provided that k1tc ą 1, ensuring the
continuity of 9cptq. This results in a smooth deceleration as
the robot approaches the target, avoiding chatter near the
goal. The condition k1tc ą 1 is not restrictive in practice, as
a very small tc would require an unrealistically fast motion,
which is typically impractical for physical systems.
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Remark 3.5: The proposed real-time STT framework
adapts the tube dynamically based on local, real-time ob-
stacle information. As it does not perform a global search,
the method is sound but not complete, i.e., it can guarantee
safe task satisfaction when a feasible STT is found, but does
not ensure that such a tube can always be found.

IV. CONTROLLER DESIGN

We now derive a closed-form, model-free control law
to constrain the system output within the STT (3). It is
important to note that, unlike traditional STT formulations
[22] that used hyper-rectangular tubes, this work introduces
a spherical (ball-shaped) STT. This modification requires a
distinct control law and Lyapunov-based stability analysis,
although the overall backstepping-like structure [23] of the
derivation remains similar. We first design an intermediate
input r2 to enforce the tube constraint on the output, and
then recursively define intermediate signals rk`1 so that each
state xk tracks its reference rk, with u “ rN`1 as the control
input.

The steps of the control design are as follows.
Stage 1: Given the STT Γptq in (10), define the normalized

error e1px1, tq and the transformed error ε1px1, tq as

e1px1, tq “
∥x1ptq ´ cptq∥

rptq
, ε1px1, tq “ ln

ˆ

1 ` e1px1, tq

1 ´ e1px1, tq

˙

.

The intermediate control input r2px1, tq is then given by

r2px1, tq “ ´κ1ε1px1, tq
`

x1ptq ´ cptq
˘

, κ1 P R`. (16)

Stage k (k P r2;N s): To ensure xk tracks the reference
signal rk from Stage k´1, we define a time-varying bound:
γk,iptq “ ppk,i ´ qk,iqe

´µk,it ` qk,i, and enforce, ´γk,iptq ď

pxk,i ´ rk,iq ď γk,iptq,@pt, iq P R`
0 ˆ r1;ns, where, µk,i P

R`
0 , and pk,i ą qk,i P R` are chosen such that |xk,ip0q ´

rk,ip0q| ď pk,i. Now, define the normalized error ekpxk, tq,
the transformed error εkpxk, tq and ξkpxk, tq as follows

ekpxk, tq “ rek,1pxk,1, tq, . . . , ek,npxk,n, tqsJ (17a)

“ pdiagpγk,1ptq, . . . , γk,nptqqq´1 pxk ´ rkq ,

εkpxk, tq “
“

ln

ˆ

1 ` ek,1pxk,1, tq

1 ´ ek,1pxk,1, tq

˙

, . . . ,

ln

ˆ

1 ` ek,npxk,n, tq

1 ´ ek,npxk,n, tq

˙

‰J
, (17b)

ξkpxk, tq “ 4
`

diagpγk,1ptq, . . . , γk,nptqq
˘´1

pIn ´ diagpek ˝ ekqq´1. (17c)

The next intermediate control input rk`1pxk, tq is then:

rk`1pxk, tq “ ´κkξkpxk, tqεkpxk, tq, κk P R`.

At stage N , this intermediate input is the actual control input:

upxN , tq “ ´κNξN pxN , tqεN pxN , tq, κN P R`.

We now state the main theorem guaranteeing that this
controller enforces the desired T-RAS behavior.

Theorem 4.1: Consider the nonlinear MIMO system (1)
under Assumptions 1 - 2, with a T-RAS task (Definition 2.1),

and the STT Γptq from (10). If the initial output is within
the STT: yp0q P Γp0q, then the controller

r2px1, tq “ ´κ1ε1px1, tq px1ptq ´ cptqq , κ1 P R`,

rk`1pxk, tq “ ´κkξkpxk, tqεkpxk, tq, k P r2;N ´ 1s,

upxN , tq “ ´κNξN pxN , tqεN pxN , tq, (18)

ensure that the system output remains within the STT:

yptq “ x1ptq P Γptq,@t P r0, tcs,

thereby satisfying the desired T-RAS specification.
Proof: We prove the correctness of the proposed control

law for Stage 1, and for Stages 2 through N , we refer to [22],
as the arguments follow identically.

Stage 1: Differentiating e1px1, tq with respect to time t
and substituting the system dynamics from (1), we obtain:

9e1px1, tq “

´

}x1 ´ c}´1px1 ´ cqJpf1px1q ` g1px1qx2

´ 9cptqq ´ 9rptqe1px1, tq
¯

{rptq :“ h1pe1, tq. (19)

We define the error constraints for e1 through the open and
bounded set D :“ p0, 1q. The proof proceeds in three steps.
First, we show that a maximal solution exists within D in
the maximal time solution interval r0, τmaxq. Next, we prove
that the proposed control law (18) ensures e1px1, tq remains
in a compact subset of D. Finally, we prove that τmax can
be extended to 8.

Step (i): Given }x1p0q ´ cp0q} ď rp0q, the initial error
e1px1p0q, 0q lies in D. Since cptq, rptq are smooth and
bounded (Lemma 3.3), f1px1q, g1px1q are locally Lipschitz,
and the control law r2px1, tq is smooth in D, the dynamics
h1pe1, tq is locally Lipschitz in e1 and continuous in t.
Hence, by [26, Theorem 54], there exists a maximal solution
e1 : r0, τmaxq Ñ D such that e1ptq P D for all t P r0, τmaxq.

Step (ii): Consider the Lyapunov candidate V1 “ 0.5ε21.
Differentiating V1 w.r.t. t, and substituting 9ε1, 9e1, and the
system dynamics with the control law (18), we get:

9V1 “ ε1 9ε1 “
2ε1

rp1 ´ e21q

´

px1 ´ cqJ

∥x1 ´ c∥
p 9x1 ´ 9cq ´ 9re1

¯

“
2ε1

rp1 ´ e21q

´

px1 ´ cqJ

∥x1 ´ c∥
g1px1qx2 ` Φ1

¯

“
2

rp1 ´ e21q

´

´ε1κ

∥x1 ´ c∥
px1 ´ cqJg1px1qpx1 ´ cq ` ε1Φ1

¯

,

where Φ1 :“ px1´cq
J

}x1´c}
pf1px1q ` d1 ´ 9cptq ´ 9rptqe1q. Us-

ing the Rayleigh-Ritz inequality and Assumption 2, we
have, g

1
∥x1 ´ c∥2 ď λminpg1px1qq

∥∥x1 ´ c2
∥∥2 ď px1 ´

cqJg1px1qpx1 ´ cq, which leads to:

9V1 ď α1

´

´κε21g1}x1 ´ c}2 ` ε1}Φ1}

¯

,

where α1 “ 2
rp1´e21q

ą 0. From Lemma 3.3, the functions
cptq, 9cptq, rptq, 9rptq are all bounded. Since x1ptq remains in
the tube by Step (i), and f1, g1 are continuous, it follows that
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Fig. 1: Omnidirectional Mobile Robot. (a)–(c) System trajectory at different time instants. (d) STT evolution. [Video]

}Φ1} ă 8 for all t P r0, τmaxq. Now, for some θ P p0, 1q,
we add and subtract κα1ε

2
1g1θ}x1 ´ c}2:

9V1 ď α1

´

´ κ1ε
2
1g1p1 ´ θq ∥x1 ´ c∥2

´ pκ1g1ε
2
1θ ∥x1 ´ c∥2 ´ }ε1} ∥Φ1∥q

¯

ď ´α1ε
2
1g1p1 ´ θq ∥x1 ´ c∥2 ,

@κ1g1}ε1}θ ∥x1 ´ c∥2 ´ ∥Φ1∥ ě 0

ď ´α1ε
2
1g1p1 ´ θq ∥x1 ´ c∥2 ,

@ ∥ε1∥ ě
∥Φ1∥

κ1g1θ ∥x1 ´ c∥2
:“ ε˚

1 , @t P r0.τmaxq.

Thus, we can conclude that there exists a time-independent
upper bound ε˚

1 P R`
0 to the transformed error, i.e., }ε1} ď

ε˚
1 , for all t P r0, τmaxq. Inverting the transformation, we can

express the bounds on e1 as:

0 ď e1 ď e1 :“
e
ε˚
1

1 ´ 1

e
ε˚
1

1 ` 1
ă 1.

Thus, e1ptq P r0, e1s “: D1 Ă D for all t P r0, τmaxq.
Step (iii): Since e1ptq remains in the compact subset D1 Ă

D for all t P r0, τmaxq, the solution cannot escape D in finite
time. By contradiction, if τmax ă 8, then by [26, Prop.
C.3.6], there exist t1 ă τmax such that e1pt1q R D, which
contradicts Step (ii). Hence, the solution exists for all t ě 0,
i.e., τmax “ 8.

Stages k P r2, N s: For the remaining stages, we apply the
same reasoning as presented in Theorem 4.1 of [22], and is
thus omitted here for brevity.

This completes the proof, showing that the control law
in (18) enforces the tube constraint (3), and thereby ensures
satisfaction of the T-RAS task.

Remark 4.2: The time-dependent control law in (18) is
closed-form and model-free, ensuring satisfaction of the T-
RAS specifications for control-affine MIMO pure-feedback
systems, requiring no explicit knowledge or approximation
of the system dynamics f and g.

V. CASE STUDIES

We validate the proposed real-time STT framework
through two case studies, a 2D mobile robot and a 3D

Fig. 2: Mobile Robot Hardware Results. (a) Robot trajectory.
(b) STT evolution. [Video]

quadrotor, supported by simulations and real-world robot
experiments. The parameters used for these examples are
listed in Table I.

A. Mobile Robot

We consider an omnidirectional mobile robot in a 2D
environment with dynamics adapted from [27]. To test the
robustness of our approach, we also introduce unknown
but bounded disturbances. The robot starts from the initial
set S “ Bpr1, 1sJ, 1q and must reach the target T “

Bpr8, 8sJ, 1q within a prescribed time tc “ 18 s, while
avoiding multiple dynamic obstacles. Figure 1 shows the
robot’s trajectory at different time stamps and the STT.

We also experimentally validated the approach using a
hardware setup with a robot navigating around two moving
obstacles. Figure 2 shows the setup and the STT. The
simulation and hardware videos are available at Video Link.

B. Quadrotor

We further evaluate the framework on a Quadrotor op-
erating in a 3D environment with second-order dynamics
adapted from [28]. As STTs explicitly address robustness to
disturbances, we include unknown but bounded disturbance
terms. The system starts from S “ Bpr1, 1, 1sJ, 1q and must
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Fig. 3: Quadrotor Simulation. System trajectory at different
time instants. [Video]

TABLE I: Experimental Parameters

Parameter Mobile Robot Quadrotor
Initial center cp0q r1, 1sJ r1, 1, 1sJ

Initial radius rp0q 0.9 0.9

Maximum radius rmax 0.9 0.9

Minimum radius rmin 0.1 0.1

Smoothening parameter ν 8 8

Gains pk1, k2,j , k3,jq p600, 600, 600q p300, 1000, 300q

reach the target T “ Bpr8, 8, 8sJ, 1q within a prescribed time
of tc “ 16 s, while avoiding multiple dynamic obstacles. Fig-
ure 3 shows the Quadrotor’s trajectory and the surrounding
STT at different times. The simulation video is available at
Video Link.

VI. COMPARISON AND DISCUSSION

We compare the proposed real-time STT controller with
four baseline algorithms: DWA [4], APF [3], NMPC [7],
and CBF [10]. The evaluation is done over 100 randomized
dynamic environments with 5–50 moving obstacles. Each
method is tested in terms of computation time, path length,
path smoothness, and success rate (percentage of runs com-
pleted without collision), both with and without bounded
disturbances.

As shown in Table II, the proposed STT framework
achieves the highest success rate and the lowest computation
time, even under disturbances. DWA and NMPC perform
reasonably well but with significantly higher computation
times, while APF struggles with local minima as the num-
ber of obstacles increases. CBF performs well in nominal
conditions but degrades when system dynamics are uncer-

Fig. 4: Trajectory Comparison Between Baseline Methods
and the Proposed Real-Time STT Approach

tain. Moreover, none of these baseline methods provides
prescribed-time guarantees.

Table II also reports the path length and smoothness
(quantified as the mean curvature of the trajectory and a
lower mean curvature indicates a smoother and more consis-
tent path). The proposed framework generates smooth and
collision-free trajectories, though not necessarily the shortest
paths. This is because the controller operates based only on
local, real-time information rather than global knowledge. In
future work, we plan to combine the real-time STT controller
with a global planner to achieve shorter, more optimal paths.

Figure 4 shows trajectories for a static environment. While
the STT-based control law in [22] is closed-form and fast
during execution, its offline tube generation step is compu-
tationally expensive, taking over 5.6 s even for this simple
static case. Although the offline STT synthesis can handle
dynamic obstacles if their trajectories are known in advance,
its computational cost grows rapidly with the number of
obstacles, making it unsuitable for real-time deployment in
dense, unpredictable environments.

To highlight the scalability of the proposed framework, we
further evaluated how performance changes with increasing
obstacle density and system dimensionality. Specifically, we
tested setups with 1, 10, 50, and 100 obstacles in both 2D
and 3D environments, running 50 randomized trials for each
configuration. For each case, we measured the minimum
clearance from obstacles and the average computation time.
The results in Table III show that the proposed approach
consistently maintains safe separation and low computation
times in all trials, demonstrating that the real-time STT
framework remains robust and scalable even in dense, high-
dimensional environments.

VII. CONCLUSION

In this work, we presented a real-time framework for
synthesizing STTs that ensure safe control of nonlinear
pure-feedback systems with unknown dynamics, under T-
RAS tasks. The proposed approach dynamically adapts the
tube’s center and radius using only real-time information,
allowing safe operation in dynamic and partially unknown
environments. We provided formal guarantees for safety
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TABLE II: Comparison With Baseline Algorithms

Method Computation Time (ms) Path Length (m) Path Smoothness Success Rate (%)
Mean SD Mean SD Mean SD Nominal Disturbed

DWA 23.113 14.111 11.177 1.626 2.991 7.522 96.0 94.0
APF 0.023 0.012 10.401 0.765 0.376 0.317 66.0 58.0
NMPC 19.070 9.213 10.992 1.075 1.055 1.771 98.0 98.0
CBF 2.322 0.962 10.373 0.741 1.566 4.155 100.0 86.0
Real-time STT 0.037 0.017 11.540 1.440 1.570 3.930 100.0 100.0

TABLE III: Scalability and Safety Results

no
2D Mobile Robot 3D Quadrotor

Min. Clear. (m) Time (s) Min. Clear. (m) Time (s)
1 0.0760 0.0051 0.4830 0.0055

10 0.1657 0.0192 0.2489 0.0221
50 0.0993 0.1106 0.1640 0.0895
100 0.0464 0.2460 0.2528 0.1929

and prescribed-time convergence and demonstrated the ap-
proach’s effectiveness and scalability through simulations
and hardware experiments with a 2D mobile robot and a
3D UAV in cluttered, dynamic settings.

In future work, we plan to extend this framework to handle
multi-agent coordination, integrate high-level temporal logic
specifications, and address systems with non-smooth or hy-
brid dynamics, and explicit input constraints. We also aim
to combine the proposed controller with global planning to
improve task feasibility in complex environments.
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