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Abstract—Trajectory planning plays a pivotal role in robotic
motion planning, particularly in achieving time-optimal motion
under complex dynamic constraints. Although the Time-Optimal
Path Parameterization (TOPP) algorithm effectively addresses
trajectory generation under joint torque constraints, classical
methods often overlook third-order constraints. As a result, the
generated trajectories, while torque-feasible, exhibit excessive
jerk and poor dynamic stability, which limits their practical
applicability. To overcome these limitations, this paper proposes
a trajectory planning framework that simultaneously enforces
torque and jerk constraints. Building upon torque-constrained
TOPP, the method integrates a shooting-based strategy to identify
switching points through bidirectional integration under jerk
constraints and employs a Sigmoid-based fusion scheme to
eliminate integration errors and ensure smooth transitions. The
proposed approach is experimentally validated on a six-degree-
of-freedom industrial robot. Comparative evaluations with the
TOPP-RA algorithm demonstrate that the method significantly
reduces both high-frequency vibrations during high-speed execu-
tion and residual oscillations after motion termination. Feedback
from torque rate measurements, vibration sensors, and laser
tracker data confirms faster settling and improved compliance,
making the approach well-suited for complex industrial scenarios.

Note to Practitioners—In welding, assembly, and high-speed
transport, robots must follow fixed paths quickly while minimiz-
ing vibration, since excessive oscillations reduce accuracy and
shorten component lifespan. Conventional trajectory planners
seldom enforce jerk limits, leading to abrupt torque reversals and
residual vibrations. This work introduces a method that simulta-
neously accounts for torque and jerk constraints, enabling near
time-optimal trajectories that remain smooth and dynamically
stable. Experiments on a six-axis industrial robot demonstrate
reduced vibration, faster post-motion settling, and improved
compliance. A current limitation is the reliance on precise
knowledge of dynamic limits, which may restrict deployment
in uncertain environments. Future work will explore data-driven
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adaptation under real operating conditions to broaden industrial
applicability.

Index Terms—Time-optimal trajectory planning, torque con-
straints, jerk constraints, shooting method, sigmoid-based
smoothing.

I. INTRODUCTION

NDUSTRIAL robots are increasingly deployed in high-

speed and high-precision applications such as welding,
spraying, and assembly, where smooth and rapid execution
along predefined paths is essential [1], [2], [3], [4]. In real
applications, however, the execution quality of such motions
can be severely affected by external disturbances and dynamic
uncertainties, whose influence is often amplified when the
robot operates at high speeds or undergoes abrupt variations in
motion [5], [6], [7]. These factors impose additional demands
on trajectory generation and make accurate execution more
challenging. To achieve high dynamic performance, trajectory
planners must therefore generate time-efficient motion profiles
that enable precise and stable tracking of complex paths [8].
This optimization is fundamentally constrained by the robot’s
physical limits. In particular, joint velocity and torque bounds
directly restrict actuator capabilities and must be explicitly
considered during motion planning [9].

Time-Optimal Path Parameterization (TOPP) is a well-
established framework for generating time-efficient trajectories
along a fixed geometric path under dynamic constraints [10].
Existing solutions to the TOPP problem typically fall into three
categories: (1) dynamic programming, which discretizes the
(s, ) domain and applies recursive optimization to determine
the switching structure [11], [12]; (2) convex optimization,
which formulates the problem as a tractable convex program
after discretizing the path [13]; and (3) numerical integration
based on Pontryagin’s Maximum Principle, which derives
bang-bang acceleration profiles through forward—backward
integration [14]. In practice, however, time-optimal trajectories
generated under second-order constraints may deviate signif-
icantly from the intended motion due to external interaction
forces, frictional effects, or severe jerk-induced vibrations.

Although certain interaction-aware models account for
torque variations produced by external forces and viscous fric-
tion [15], most existing TOPP approaches focus primarily on
second-order constraints such as joint torque or acceleration,
while overlooking third-order dynamic characteristics. As a
result, the generated trajectories often exhibit discontinuities in
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acceleration near switching points, giving rise to pronounced
jerk spikes. These discontinuities frequently manifest as sud-
den torque reversals that may excite structural resonances
and induce mechanical vibrations. Such effects can damage
actuators and transmission components and may also lead to
large tracking errors. Consequently, despite being theoretically
optimal, bang—bang trajectories are often difficult to execute
reliably on physical robotic systems [16], [17].

Incorporating jerk constraints substantially increases the
complexity of trajectory planning. Enforcing bounds on the
third derivative of the path parameter s(¢) expands the state
representation to (s, $, §), and requires identifying transitions
not only between torque-limited and jerk-limited phases but
also among jerk phases themselves [18]. Direct numerical
integration becomes challenging in this high-dimensional,
hybrid-constrained landscape and may require considerable
computational effort without guaranteeing optimality. Further-
more, the presence of jerk constraints introduces intrinsic
nonconvexity, preventing straightforward application of con-
ventional convex optimization techniques [19], [20].

To address these challenges, prior research has proposed
several approximation techniques to incorporate higher-order
constraints into time-optimal path parameterization. Palleschi
et al. [21] employ McCormick envelope relaxations to
convexify jerk (acceleration-derivative) constraints, enabling
efficient convex approximations of these higher-order bounds.
Huang et al. [22] develop a sampling-based formulation that
enforces acceleration and jerk limits on discretized path grids.
Although these approaches effectively incorporate higher-
order kinematic constraints, they do not explicitly account
for joint-space torque feasibility during the parameterization
process.

In addition to such direct convexification and sampling-
based strategies, other studies enhance computational tractabil-
ity by reformulating jerk constraints into representations that
can be handled within convex or sequentially convex opti-
mization frameworks. Ma et al. [23] convert jerk limits
into equivalent linear acceleration bounds, thereby enabling
indirect enforcement within convex programs. Debrouwere
et al. [24] express nonconvex jerk constraints as difference-
of-convex functions and address them using sequential
convex programming (SCP). However, such reformulation-
based approaches typically require solving multiple convex
subproblems, and their path-parametric enforcement of jerk
bounds becomes computationally demanding when applied
to full joint-space dynamics. Taken together, these methods
indicate that achieving time-optimal trajectory planning under
simultaneous torque and jerk constraints remains a challenging
open problem, particularly for complex manipulator trajecto-
ries.

To overcome the above limitations, this paper introduces
a trajectory planning framework that enables time-efficient
motion along complex end-effector paths while simulta-
neously satisfying joint torque and jerk constraints. Prior
studies [25], [26] have shown that appropriate path prepro-
cessing can reduce the discontinuities that commonly occur
at acceleration—deceleration switching points in TOPP-based
approaches. Building on this insight, we first compute a

torque-feasible baseline trajectory through a convex opti-
mization formulation, and subsequently address the resid-
ual jerk-related discontinuities associated with bang—bang
switching. Dense resampling is applied in critical regions,
followed by bidirectional shooting under bounded jerk
constraints to identify feasible transitions between torque-
limited and jerk-limited motion phases. A sigmoid-based
fusion mechanism is then employed to smoothly reconcile
the forward and backward integrations, ensuring trajectory
continuity while avoiding artifacts introduced during refine-
ment. The resulting trajectory satisfies both torque and jerk
bounds while maintaining time efficiency, enabling smooth
and dynamically consistent execution on industrial robotic
manipulators.

The remainder of this paper is organized as follows. The
Preliminaries section introduces the problem formulation,
including the modeling of joint torque and jerk constraints.
The Method section presents the proposed hybrid trajectory
planning framework, covering torque-feasible baseline gen-
eration, bounded-jerk integration strategies, and the fusion
mechanism. The Experiments section reports evaluation results
on a six-degree-of-freedom industrial robot, comparing the
proposed method with existing approaches based on joint
torque measurements, vibration sensing, and laser tracking
data. Finally, the Conclusion section summarizes the key
findings of this study.

II. PRELIMINARIES

This section presents the mathematical foundation for tra-
jectory planning of industrial manipulators under joint torque
and jerk constraints along a predefined end-effector path. The
central challenge lies in path-parameterizing a fixed geometric
path such that the resulting velocity profile is dynamically
feasible and time-optimal.

A. TOPP Under Joint Torque Constraints

For an n-DOF robotic system, its configuration in joint space
is denoted by a vector q € R". Assuming the manipulator is
fully actuated, its dynamics can be described by:

M(@)d +q'B(@q +f(q) =7 (D

Here, M(q) € R"™" is the inertia matrix, B(q) € R"*"
accounts for Coriolis and centrifugal effects, and f(q) € R” rep-
resents gravitational and Coulomb friction terms. The vectors
q,{ € R" are the joint velocity and acceleration, and T € R"
is the control torque.

A geometric path in configuration space is defined as
q(s),s € [0, Sena]- The path parameterization is given by a
strictly increasing scalar function s(7) : [0, feng] — [0, Sendl.
Using the chain rule, the joint velocity and acceleration can
be expressed as:

i =q"(9)5 +q'(5)§ 2)

Substituting Eq. (2) into Eq. (1), the manipulator dynamics
can be reformulated in terms of the path parameter s:

q=q'(s)s,

a(s)§s+b(s)s® +c(s) =7 (3)
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Fig. 1. Three-dimensional visualization of the time-optimal trajectory on
a fixed path under torque constraints. The horizontal axes represent the
path position s and path velocity §, while the vertical axis indicates path
acceleration §. The admissible region (bounded manifold) is bounded by the
a(s, $) (maximum feasible acceleration, blue) and S(s, §) (minimum feasible
acceleration, purple). The trajectory starts at the initial state and follows
the acceleration-constrained a-profile, switches at an @« — S switch point,
decelerates along the B-profile, and completes at the target state.

with the coefficient vectors defined as:

a(s) = M(q(s))q’(s),
b(s) = M(q())q”(s) + q'() " B(q(s))q (),
c(s) = f(q(s))

Introducing the state variable x = 5% and control input u = §,
Eq. (3) becomes a linear form:

a(s)u +b(s)x+c(s) =71 4)

Assuming torque bounds for each joint, the following
inequality must be satisfied:

0 < () + bi(s)x + ci(s) < T (5)

From this, the admissible range of acceleration § for each
joint can be computed [14]:
=bi()x=ci(s)+7

e If ai(s) > 0, then B; = o) <§¥<L @ =
—bi(s)x—ci(s)+7™* ’
ui(S) b max
o If ai(s) < O, then g; = 2Wrati? o s < o, =

] ai(s) -
=bi(s)x—ci(s)+1""
a;(s)
The overall feasible acceleration interval at state (s, §) is:

a(s, $) = mine;(s, §), B(s, §) = max (s, $) (6)

As illustrated in Fig. 1, the admissible region lies between
the a(s, $) and B(s, $) curves. A trajectory q(s) satisfies the
torque constraints if and only if it remains entirely within this
bounded region:

B(s,$) < § < a(s,$) @)

In particular, when a(s,$) < B(s,$), Eq. (7) cannot be
satisfied, implying the current velocity is infeasible. The
Maximum Velocity Curve (MVC) at each s is:

MVC(s) = min{s > 0 | a(s, §) = B(s, $)} ®)

B. TOPP Under Joint Jerk Constraints

In addition to torque, jerk must also be constrained to ensure
smooth and dynamically feasible trajectories. Using the chain
rule, the joint jerk along a path-parameterized trajectory can
be expressed as:

§=q") 5 +3¢" ()55 +q(9)F ®)

Here, q'”(s) is the third derivative of joint configuration
with respect to the path parameter s, and ' denotes the third-
order derivative of s with respect to time, i.e., the path jerk.
The joint jerk must lie within specified bounds:

Juin < 47() 5 +3¢7 ()55 +q(5)F < (10)

Rearranging terms, we obtain the following inequality:

d(s) 5 + e(s) 55 + f(s) 5° + g(s) <0, (11)

where the coefficients are defined as:

_ (94 _ (34"
d(S) - (_q/(s)) ’ e(S) - (_3q//(s)) k]

_ qm(s) _ _jmax
f(S) - (_q///(s)) ’ g(S) - ( jmin ) .

This formulation yields a set of linear constraints on ‘s at
each state (s, $, §). For each inequality indexed by i, the admis-
sible jerk range can be computed analytically. Specifically, for
entries where d;(s) # 0, the inequality can be solved for s as:

o () ei— Fi( )P —o. (¢
o If di(s) > 0, then § < y; = —WS/OF ~ei(9)

di(s)
—ei($)§5—Fi(5)$3—o:
o If di(s) <0, then '§ > p; = —ASLOT () dﬁ(ss))s 8i(s)
Thus, the overall feasible jerk interval at a given state
is bounded by the maximum of all lower bounds and the

minimum of all upper bounds:

v(s, 8, 8) = miny(s, $, §),7(s, $, §) = maxn;(s, 5,5  (12)
A trajectory satisfies the jerk constraints if and only if the
path jerk s lies within the range:

n(s, $,5) <5 < y(s, $, ¥) (13)

C. Challenges in Jerk- and Torque-Constrained Optimal
Trajectories

To achieve time-optimal motion along a fixed path under
torque constraints, a common approach is to discretize the
path and optimize the evolution of the squared velocity x =
§% across each segment. Assuming uniform acceleration (or
deceleration) between adjacent discretized points, the kine-
matic relation is expressed as

Xip1 = X + 20, (14)

TOPP problem with bounded velocities and Torque is
generally formulated as:
max Xx;, subject to:

Xinin < Xi < Xinax
Toin < a($)u + b(5)x + ¢(8) < Thax
Xnin < Xi + 20iu; < Xpax

i=2,-- ,N-1 (15)
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Fig. 2. Overview of the proposed algorithm. The process begins with a torque-constrained TOPP (base profile), identifies torque-switch points where torque
reverses abruptly, performs local resampling around these points, applies jerk-limited integration from both sides, and fuses the resulting profiles using sigmoid
blending. The final trajectory is continuous in jerk while satisfying all torque constraints.

where x and u are the optimization variables, X;, and X,
denote the bounds of velocity, 7,,;, and 7,,,, denote the bounds
of torque. Iteratively solving the problem according to Eq.
(15) involves maximizing the output torque of each segment
under constraints, thereby maximizing the path acceleration u
to achieve the goal of time-optimal trajectory.

However, while the problem remains convex when only
velocity and torque constraints are considered, the introduction
of jerk constraints significantly increases its complexity.

Specifically, jerk constraints require bounding the third
derivative of the path parameter s(r), elevating the system to
third-order dynamics and expanding the trajectory planning
state space to include (s, s, §). Moreover, the interdependence
between position, velocity, acceleration, and jerk breaks the
convexity of the feasible region. The torque, which depends
nonlinearly on these derivatives, further complicates the opti-
mization landscape.

Consequently, time-optimal trajectory planning under simul-
taneous torque and jerk constraints becomes a non-convex
problem, rendering standard convex optimization methods
inapplicable.

III. TIME-OPTIMAL PLANNING UNDER TORQUE AND
JERK CONSTRAINTS

To further clarify our approach, this section presents the pro-
posed hybrid planning framework. As illustrated in Fig. 2, the
process begins with classical torque-constrained TOPP, which
generates a baseline trajectory that satisfies all torque limits
but may exhibit excessively large jerk. To enhance dynamic
feasibility, we detect key switching points characterized by
abrupt torque reversals and locally resample the trajectory
in their vicinity. Forward and backward jerk-limited integra-
tion is then applied to reconstruct these segments, followed
by smooth sigmoid blending to fuse them into a unified,
continuous trajectory. The resulting trajectory remains time-
optimal and torque-feasible while satisfying jerk constraints.
The remainder of this section provides a detailed description
of each step in the framework.

A. Torque-Feasible Baseline Trajectory Generation

By solving the convex optimization problem of Eq (15),
a time-optimal trajectory along a given path subject to torque
constraints can be obtained. As illustrated in Fig. 1, the result-
ing profile adheres to the structure prescribed by Pontryagin’s

Maximum Principle, where the trajectory alternates between
the acceleration-saturated a(s,s) and deceleration-saturated
B(s, $). These bounds are derived from torque feasibility and
represent the minimum and maximum permissible accelera-
tions at each point along the path.

Transitions from 8 to « typically exhibit continuity in accel-
eration, resulting in relatively smooth motion. The smoothness
in such segments is primarily influenced by the geometric
and differential properties of the underlying path, especially
its curvature and higher-order continuity. In practice, ensuring
a sufficiently smooth, C>-continuous path during preprocessing
is critical for enabling high-speed, torque-feasible motion [25].

Conversely, transitions from a to S are characterized by
discontinuities in acceleration between adjacent discretization
points. These abrupt changes often manifest as instantaneous
reversals in joint torque, corresponding to classical Bang-
Bang control behavior. While such transitions guarantee strict
time optimality, they induce large jerk values, which can
significantly impair the dynamic feasibility and physical safety
of motion execution on real-world robotic systems. To mitigate
these issues, the subsequent section introduces a jerk-limited
refinement procedure specifically targeting these high-jerk
transition zones, thereby enhancing trajectory smoothness
without sacrificing overall time efficiency.

B. Jerk-Bounded Refinement via Bidirectional Resampling
and Integration

In the context of trajectory optimization under third-order
constraints, Pontryagin’s Maximum Principle dictates that
time-optimal motion must transition between maximum and
minimum jerk segments in a structured sequence. When both
torque and jerk constraints are imposed, the resulting hybrid
trajectory must satisfy a series of coordinated switching events
that blend torque-limited and jerk-limited dynamics. Specifi-
cally, four key transitions are identified [13], [18]:

e Torque-limited to maximum jerk phase: @ — vy, where
the trajectory departs from the torque-constrained enve-
lope and enters the jerk-constrained integration phase,
initiating a smooth transition beyond abrupt torque rever-
sals.

¢ Maximum to minimum jerk phase: y — n, representing
the internal jerk inversion necessary for smooth motion.
This phase often arises due to the difficulty of realizing
an exact « — y — [ sequence, and 7 serves as
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an intermediate blending point to ensure continuity and
feasibility.

e Minimum to maximum jerk phase: n — v, re-
accelerating with bounded jerk to align with the
trajectory’s continuation and maintain consistency with
both dynamic limits and the time-optimal goal.

e Maximum jerk to minimum torque phase: y — g,
marking the terminal transition from jerk-constrained
integration back to the torque-limited regime, thereby
completing the hybrid trajectory structure with both
torque feasibility and jerk continuity.

1) Dense Sampling of the Base Profile: To refine the
trajectory segments subject to jerk constraints, we first locate
each @« — [ switching region on the torque-constrained
baseline profile. Around each identified switching point, a
non-symmetric resampling window [ty — Aty tsw + Af] is
defined to cover the dynamically active range between the
two adjacent valleys surrounding the switching point. The
window lengths Af; and Af, are automatically computed as
the time intervals between t,, and the nearest preceding
and following local minima of the velocity profile, thereby
ensuring complete coverage of the transition region without
unnecessarily extending the integration range.

Within this window, the trajectory segment is uniformly
resampled in time, where #,, denotes the estimated o —
B switching instant. The resampled segment consists of N
points with a fixed time step dz. The integration step ot is a
user—configurable parameter that determines both the numer-
ical accuracy and the computational cost of the subsequent
jerk-constrained integration, expressed as:

(s}, 85, 5, 5:)}?20. (16)

These high-resolution anchor points not only enable precise
localization of optimal torque-to-jerk transition points (e.g.,
a — vy, vy — f3), but also provide the temporal discretization
necessary for constructing jerk-constrained segments through
bidirectional integration.

2) Bidirectional Integration Under Jerk Constraints: After
extracting the dense sampling points {(s}, §;, §;)} from the @
segment of the base trajectory, the objective of this subsection
is to accurately localize the optimal torque-to-jerk transition
points, i.e., « — y and y — B. This is achieved via bidirec-
tional numerical integration under bounded jerk constraints.

a) Forward integration from a: For each sampling point
{(s;,$;,8;)} on the a-profile, we perform forward integration
under a prescribed jerk profile y(s, s, §). During each step,
the path coordinate s; remains fixed, while the velocity and
acceleration are updated using:

(Sj+1—5))
$j

(5[1' = s (17)

(18)

§it1 Sjiy1=8;+§;-01;.

This forward integration yields a trajectory denoted by:
P, S start)» (19)

where S gt = (Sstarts Sstart> Sstart) 1S the initial integration point.

To identify the optimal @ — vy switching point, we employ

a bisection-based shooting search that locates the last forward-
integrated y-profile that stays outside the S-envelope:

{Ph,SYNB=0, {P,Sit)jnB#0. (20)

As illustrated in Fig. 3 (A), this corresponds to identifying

the forward-integrated y-profile that remains outside the

boundary, while the subsequent profile enters the deceleration

region defined by S. Therefore, the point S 4 is selected as the

optimal transition point for initiating the jerk-limited segment.

b) Backward integration from 3: A symmetric procedure
is used to determine the y — [ transition point. Starting
from dense samples on the B-profile, backward integration is
carried out under the same jerk bound, now with decreasing
s. The optimal switching point Sp is obtained as the last
backward-integrated y-profile that remains entirely outside the
a-envelope before intersecting it at the previous sampling
index.

c) Uniqueness and convergence: Because the torque-
based TOPP profile defines, at every resampled point around
an o — vy transition, a non-empty convex acceleration inter-
val [a(s;), B(s;)], both the forward and backward shooting
trajectories evolve within this feasible region under bounded
jerk until they first intersect the opposite boundary. Over the
densely sampled window surrounding each switching region,
the Boolean indicator that marks whether a shooting trajectory
intersects the target boundary exhibits a monotonic pattern
along the ordered samples. Therefore, a unique transition index
exists at which this indicator switches value, and the proposed
bisection method converges to this index in logarithmic time.

Algorithm 1 Bisection-Based Bidirectional Shooting

1: Input: Dense path samples {S; = (s;,5;, Lv'j)}?'zo; jerk
bound y(s, $, §)

2: Output: Transition points S 4, S 5 and jerk-limited trajec-
tories Py, Pp

3: Procedure BISECTIONSHOOT(direction):

4: L—0 RN

5: while R—L> 1 do

6: M« [(L+R)/2]

7: P « integrate trajectory from S, in given direction
under jerk limit y(s, $, §)

8: if trajectory intersects the opposite boundary then

9: R—M

10: else

11: LM

12: end if

13: end while

14: return (Sy, P)

15: (S4,P4a) « BISECTIONSHOOT(forward from a)
16: (S g, Pp) < BISECTIONSHOOT(backward from f3)
17: Return: Sy, Sg, Pa, Pr

The overall procedure for identifying the torque-to-jerk
transition points via forward and backward integration is
summarized in Algorithm 1.
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C. Sigmoid-Based Fusion of Forward and Backward Profiles

Due to the inherent instability of third-order derivatives
under dense interpolation, the original interpolation scheme
encounters severe numerical challenges as the sampling
interval decreases. In particular, dense resampling tends
to amplify minor numerical discontinuities in acceleration,
leading to wuncontrolled jerk magnitudes and a break-
down in numerical convergence. Consequently, the trajectory
transition—spanning from «-profile through the intermediate
y-profile to B-profile—becomes ill-conditioned and increas-
ingly difficult to constrain.

A traditional remedy is to introduce a short reverse—jerk
segment—often interpreted as an n-profile—to locally correct
the discontinuity and restore feasibility near the connection
point [18]. However, as noted by the authors, construct-
ing such a reverse segment requires solving an additional
boundary value problem (BVP) on top of the original jerk-
integration procedure. This nested BVP substantially increases
computational complexity, and the resulting auxiliary segment
does not correspond to the natural structure of the optimal
solution, thereby introducing unnecessary redundancy into the
trajectory.

To address these limitations, we propose a closed-form
fusion method based on a sigmoid weighting function. Noting

that the forward and backward velocity profiles retain local
smoothness under dense sampling, their pointwise deviation
remains bounded. Therefore, a convex combination can be
applied to smoothly blend them, avoiding explicit n construc-
tion while suppressing jerk discontinuities near the transition
boundary.

To construct the fused trajectory, we denote the forward-
integrated and backward-integrated jerk-limited velocity pro-
files as P(y,S4) and P(y,Sp), respectively. A smooth
transition is achieved by defining a sigmoid weight function
w(s) centered at the intersection point S*, where vgq(S™) =
vowd(S *). The fused velocity profile is then computed as:

Viused(5) = W($) Viwa(s) + [1 = w(s)] vowa(s), (21)
where w(s) takes the logistic form:
1

w(s) = 1+ erts5° (22)

The parameter @ > 0 controls the steepness of the transi-
tion. When selected relative to the fusion-window length, the
logistic weight becomes effectively saturated near the interval
boundaries, yielding w(s)=~ 1 around S 4 and w(s)~0 near S g,
thereby producing a smooth S-shaped blending rather than a
hard switch.

As illustrated in Fig. 3(B), the shaded weight bands show
how the contributions of the forward and backward profiles
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TABLE I
JOINT TORQUE LIMITS USED IN EXPERIMENTS (UNIT: NM)

JOINT INDEX 1 2 3 4 5 6
MIN TORQUE  —-120 —-120 —120 —42 —42 =20
MAX TORQUE 120 120 120 42 42 20

vary gradually across the interval. By centering the sigmoid
within the fusion window and letting the weight saturate
smoothly near S4 and S p, the fused velocity naturally aligns
with the forward profile at the entrance, with the backward
profile at the exit, and transitions smoothly between them
within the interior. This eliminates the slope mismatches that
would otherwise occur at the @—y—g junctions and removes
the primary sources of acceleration or jerk discontinuity.

From a theoretical standpoint, both veyq(s) and vpwa(s) are
generated by integrating bounded jerk and are therefore at
least C! functions of the path coordinate s. Since the logistic
weight w(s) is C*, the fused profile defined in (21) inherits
differentiability from its components. In practice, selecting the
steepness parameter « relative to the fusion-window length
ensures weight saturation at the boundaries and a smooth
interior transition, yielding a fused velocity with a continuous
first derivative across the entire segment. After the time repa-
rameterization dt/ds = 1/5(s), the resulting acceleration 5(f)
remains continuous and the jerk §(¢) stays bounded, producing
a trajectory that is effectively C? over the complete a—y—p3
transition.

Algorithm 2 Sigmoid Fusion of Forward and Backward
Velocity Profiles
1: Imput: Forward profile vgyq(s), backward profile viyqa(s),

path coordinates S
Qutput: Fused smooth profile vgygeq(s)
Find intersection point S* where veya(S™) = vpwa(S™)
for s € S do

Calculate sigmoid weight w(s) (Eq. (22))

Compute fused velocity veseq(s) (Eq. (21))
end for
Return: veyeeq(s)

Compared with velocity-scaling or optimization-based
approaches, the proposed sigmoid fusion provides a low-
complexity yet dynamically feasible refinement mechanism.
The logistic weighting acts as a numerical low-pass filter that
suppresses high-frequency artifacts introduced by discretiza-
tion, while the feasibility of vgyq(s) and vpwa(s) ensures that
the fused trajectory automatically satisfies velocity, acceler-
ation, and jerk constraints without requiring post-smoothing
or switching-point tuning. The complete procedure is summa-
rized in Algorithm 2.

IV. EXPERIMENTAL EVALUATION

To validate the effectiveness of the proposed hybrid time-
optimal trajectory planning framework under torque and jerk
constraints, two representative experiments were conducted on
a Siasun T12A industrial robot.

Sensors

Control Algorithms
[

Real-time Control

WT-VBO01
Vibration sensor

1 1
' |
: System Ubuntu |
1 Xenomai :
I

! I
l

! I

Programs (C++)

| industriaipc |
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servo drivers

1
1
1
:
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1
1
1
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Fig. 4. Real-time experimental platform for a six-axis industrial robot with
EtherCAT control and vibration sensing.

The experimental platform is shown in Fig. 4. The robot
runs real-time control algorithms on an Ubuntu system
equipped with the Xenomai real-time kernel and the Sim-
ple Open EtherCAT Master (SOEM). The control hardware
includes an industrial PC and CoolDrive RC6-1805 AC servo
drivers connected via the EtherCAT bus. For real-time motion
feedback, the robot is equipped with a WT-VBO1 vibration
sensor. A servo control cycle of 1 ms was employed to
ensure high-frequency, low-latency control based on the real-
time EtherCAT communication architecture. The torque limits
applied to each joint are listed in Table I.

Throughout the experiments, we simultaneously recorded
the rate of change in joint torque feedback across all joints and
the three-axis vibration signals at the end-effector. These data
were employed to quantitatively evaluate motion stability and
execution precision. The experimental scenarios encompass
both a representative high-speed motion task and a complex
planar trajectory tracking task, aiming to comprehensively
assess the feasibility and robustness of the proposed method
under varied dynamic constraints.

To ensure a rigorous evaluation, we conducted a com-
prehensive comparison against both a torque-constrained
baseline based on TOPP-RA [13] and a representative
jerk-constrained method [23]. Relative to TOPP-RA, the
proposed hybrid time-optimal planning framework markedly
reduces joint-torque fluctuations and end-effector vibrations
while maintaining comparable computational cost, thereby
improving actuator dynamic stability and overall motion
smoothness. Compared with the jerk-limited algorithm of
[23], our method imposes the jerk bounds directly in
joint space, enabling more aggressive yet feasible trajectory
execution and resulting in consistently smoother joint pro-
files, even along highly curved or dynamically demanding
segments.

As shown in Fig. 5, the algorithm runtime increases almost
linearly with the number of interpolation points, confirming
the scalability and computational efficiency of the proposed
planner under high-resolution trajectory settings. Compared
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Fig. 5. Relationship between the additional computation time introduced
by jerk constraints (on top of torque-limited TOPP-RA) and the number of
interpolation points.

TABLE I

COMPUTATION TIME OF DIFFERENT METHODS WITH 500
DISCRETIZATION POINTS

TOPP-RA [13]
486.4

CO Method [23]
908.7

Ours

Runtime (ms) 609.5

with the TOPP-RA algorithm, the total computation time
of our method slightly increases due to the additional bidi-
rectional shooting and trajectory fusion procedures applied
near switching points. Nevertheless, the inclusion of jerk
constraints markedly enhances the suppression of acceleration
discontinuities and improves overall trajectory smoothness.

In terms of complexity, each shooting iteration requires
a short integration over a local resampling window around
the switching point. Since the number of such windows is
limited and their total length grows proportionally with the
global discretization size, the overall computational overhead
introduced by the shooting process also scales approximately
linearly with N. Therefore, the proposed planner maintains an
effective O(N) runtime behavior, consistent with the empirical
trend observed in Fig. 5.

As summarized in Table II, when the number of interpola-
tion points is set to 500, the computation time increases by
only about 100 ms (approximately 20% higher than TOPP-
RA), while the proposed method remains considerably faster
than optimization-based frameworks such as [23].

A. Performance Assessment on Complex Trajectories With
Dynamic Constraints

To rigorously evaluate the proposed hybrid planning frame-
work under realistic dynamic constraints, a challenging test
trajectory was constructed featuring multiple curvature vari-
ations and direction reversals, as illustrated in Fig. 6. The
trajectory was pre-smoothed using the method in [25] to
avoid numerical singularities while preserving regions of
high dynamic demand. These characteristics induce substan-
tial fluctuations in joint torques and necessitate frequent
acceleration—deceleration transitions, making the trajectory
particularly suitable for benchmarking jerk-limited planning
algorithms.

In this experiment, all planners were evaluated under the
identical joint torque limits summarized in Table I. The

proposed method additionally imposes a uniform joint-space
jerk bound of 250 rad/s® on each joint. For the convex-
optimization-based method in [23], where jerk constraints are
formulated in Cartesian space, the end-effector jerk bound
was set to 120 m/s® after empirical calibration to ensure both
feasibility and numerical stability.

Figures 7 and 8 present the simulated Cartesian motion
profiles and the corresponding joint-level torque and jerk
distributions. As shown in Fig. 8(A), the bang—bang struc-
ture of TOPP-RA results in pronounced jerk spikes and
abrupt torque transitions, which can increase mechanical stress
and degrade motion smoothness. Both our method and the
convex-optimization-based approach in [23] mitigate such dis-
continuities by explicitly incorporating higher-order dynamic
constraints into the planning process.

However, when examining the joint-acceleration profiles in
Fig. 8(B), a fundamental limitation of [23] becomes apparent.
Because its jerk constraints are enforced in Cartesian space,
the resulting smoothness cannot be consistently propagated
through the Jacobian mapping, especially in regions where
the Jacobian varies rapidly. As highlighted by the red cir-
cles in Fig. 8(B), some joints exhibit pronounced spikes
in jerk—reaching nearly twice the magnitude observed in
smoother segments—while in other portions of the trajectory,
the available jerk capacity remains significantly underutilized.
This mismatch indicates that Cartesian-space jerk constraints
cannot fully guarantee joint-level dynamic feasibility and
therefore cannot achieve true time optimality under coupled
joint-acceleration and joint-jerk limits.

In contrast, the trajectory generated by the proposed
method (Fig. 8(C)) exhibits a well-structured alternation
between torque-saturated and jerk-saturated phases. The plan-
ner explicitly transitions through torque-limited acceleration,
jerk-limited switching, and torque-limited deceleration. This
coordinated activation of constraints enables the method to
balance time efficiency and motion smoothness while ensuring
that all actuator limits are strictly satisfied.

Because the proposed method is more robust in regions with
rapidly changing Jacobians and better utilizes the joint-space
jerk limits elsewhere, it can achieve higher feasible velocities
along the path. This also explains why, in Fig. 7, our method is
faster than the CO method [23] in most segments, but slightly
slower in a few others.

Fig. 9 shows the experimentally measured joint torque-rate
profiles obtained during the execution of trajectories gener-
ated by TOPP-RA, the CO method [23], and the proposed
approach. The shaded areas highlight two distinct motion
phases. In the execution phase (blue shaded region), the
proposed method achieves substantially smoother joint actu-
ation, indicating superior compliance and reduced dynamic
stress. In the motion-termination phase (pink shaded region),
TOPP-RA exhibits pronounced residual oscillations caused by
abrupt changes in acceleration, whereas the proposed method
significantly suppresses these vibrations, resulting in faster
settling behavior and improved end-effector stability.

Table III summarizes the root-mean-square (RMS) torque-
rate values for all joints, as well as the integrated squared
torque rate (ISTR) over the entire path. Both the CO method
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Fig. 6. The experimental setup includes the visualization of the test trajectory and a smoothness evaluation platform. The purple curve represents the spatial
path executed by the robot end-effector, with the inset showing its projection onto the YZ plane. During the experiment, a laser tracker was used to monitor

the final vibration stability of the motion trajectory.

TABLE III
RMS TORQUE-RATE (NM/S) AND ISTR ([ #2dt) WITH REDUCTION RATIOS RELATIVE TO TOPP-RA

(A) RMS torque-rate (Nm/s) with reduction ratios (| %)

Method | il 2 13 14 15 16
TOPP-RA 4140 4110 1080 432 148 83.7
CO Method [23] 2390 (42.4%) 2280 (44.6%) 617 (43.2%) 283 (34.5%) 135 (8.58%) 75.9 (9.32%)
Ours 1830 (55.8%) 2330 (43.5%) 628 (42.1%) 270 (37.6%) 135 (8.56%) 71.4 (14.8%)
(B) ISTR ([ 72dt) with reduction ratios ({ %)
Method | n Ap) 13 14 15 J6
TOPP-RA 9.71x107 9.59x107 6.67x10° 1.06x106 1.24%105 3.96x10%
CO Method [23] | 3.28x107 (66.3%) 2.98x107 (68.9%) 2.18x10°% (67.3%) 4.60x10° (56.4%) 1.05x10° (15.3%) 3.31x10%* (16.6%)
Ours 1.92x107 (80.2%) 3.09x107 (67.8%) 2.24x10% (64.9%) 4.16x10° (66.4%) 1.05x10° (15.5%) 2.91x10%* (26.6%)
TABLE 1V
L0 RMS VIBRATION METRICS AND REDUCTION RATIOS RELATIVE TO TOPP-
2 SN\ ! F=\ / RA IN X, Y, AND Z DIRECTIONS
é N /"_ | / A\ = \
RS I Z S W S T— Metric TOPP-RA CO Method [23]  Ours
S 4 (RMS) (RMS / 1%)  (RMS / | %)
> ]
. = Y-direction
0.0 p 7 TOPP-RA T €O Method 23 e Time RMS (g) 0.341 0.227 /33.4 0.206 / 39.8
. PSD RMS (g2/Hz)  0.161 0.098 / 39.1 0.084 / 47.8
N 10 o = Z-direction
g 5 AL ot A Time RMS (g) 0.377 0.180 /522 0.175 / 53.7
=1 A AW \ N PSD RMS (g2/Hz)  0.181 0.0827 / 543  0.0775/57.2
2 % N ! T r
g0 —"\\ """""""" N 7 \ """"""""""" X-direction
ER. g & Y N : i Time RMS (g) 0.138 0.0530/61.5  0.0568 / 58.7
g - i B PSD RMS (g2/Hz)  0.102 0.0416 /59.2  0.0423 / 58.5
-10 i N ]
0.0 0.2 0.4 0.6 0.8 1.0
Path
Moreover, the results show that the CO method and the
Fig. 7. Planned end-effector velocity and acceleration profiles generated proposed approach achieve neaﬂy identical torque-rate per-

by different trajectory planning algorithms under identical torque and path
constraints.

[23] and the proposed approach yield substantially smoother
torque transitions than TOPP-RA, leading to markedly reduced
torque-rate magnitudes and mitigating abrupt changes that may
excite structural resonances or accelerate wear in the actuators
and transmission components. This advantage is particularly
critical for systems with limited structural stiffness, where
elastic vibrations are more easily amplified.

formance on Joints 2—-6, while on Joint 1 our method attains
a notably lower torque-rate. This observation aligns with the
red-circled region in Fig. 9 (Joint 1) and is consistent with the
simulation trends in Fig. 8. The agreement between exper-
imental and simulation results reinforces that the proposed
method provides superior joint-torque stability, especially in
regions where the Jacobian varies rapidly.

Fig. 10 presents the three-axis vibration accelerations mea-
sured at the end-effector during trajectory execution for
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Fig. 8. Comparison of normalized joint torque and jerk profiles obtained using different trajectory planning algorithms under identical torque limits. (a)
TOPP-RA, (b) convex-optimization-based method [23], and (c) the proposed method.

TOPP-RA, the CO method, and the proposed approach. Since
the end-effector motion is primarily confined to the Y-Z plane,
the vibrations are predominantly observed along the Y and Z
axes. Table IV summarizes the quantitative metrics, including
the RMS values along the X, Y, and Z axes, as well as the RMS
values based on power spectral density (PSD). It is evident that
TOPP-RA exhibits relatively high vibration amplitudes across
all axes, while both the CO method [23] and the proposed
approach effectively suppress oscillations in both time and
frequency domains. Notably, the time-domain RMS values
and PSD RMS values are significantly reduced, indicating
a substantial attenuation of high-frequency energy input into
the system. These results highlight the theoretical efficacy of

imposing jerk constraints to limit high-frequency excitation
and mitigate vibration propagation in the serial manipulator
structure.

Compared to the CO method [23], our approach also
demonstrates better stability at the end-effector, particularly
in the Y-axis data in Table IV and the red-circled region in
Fig. 10. The vibration reduction achieved by our method in
this region is consistent with the results shown in the red-
circled regions of Figs. 9 and 8, further demonstrating that
our algorithm exhibits superior robustness in regions where
the Jacobian matrix undergoes rapid changes.

Figure 11 shows the end-effector displacement measured
along the Y and Z axes using a laser tracker under identical

Authorized licensed use limited to: Harbin Institute of Technology. Downloaded on March 17,2026 at 08:27:49 UTC from IEEE Xplore. Restrictions apply.



ZHAO et al.: NEAR-TIME-OPTIMAL TRAJECTORY PLANNING UNDER TORQUE AND JERK CONSTRAINTS

939

IEEE Transactions on Automation Science and Engineering (T-ASE) paper, presented at ICRA 2026, Vienna, Austria.

—— TOPP-RA  —— CO Method [23] Ours
%101 : [loint1 |, x10* Cioint2 x10! [Joint3
L | ,M . 1 ‘VA - f
\ZJ A A . ‘ ) A
= U fﬂ & A,\ »M NUTTIR oty Hj J ‘ﬁ,‘d Al J]\\»» oAy ]([ J ‘M Al {"bﬂm
R AL A L 1
g W ' \
_20 5(‘10 1000 1500 2(1'00 2500 _20 500 1000 1500 2000 2500 _20 500 1000 1500 2000 2500
ity | T Joint4 ,Tlme (ms? Joint5 l !Tlme o 1_Jointé
3 5 I T L - 2 | : ; 1 ]
. My J\\L & I x\m n%ﬁ h Fi\ ]\ !‘ﬂ
§ 0 “L’ \MM V\I\mﬂ} #\\Jf T p“ffﬂ_ﬁ_ ¥ ’ / {J hl e \]’V"‘\"’T] y f/ il 0 { |\“"§"‘ ;95'«»4' v '%ﬂ:‘*ixﬁﬂ(\(l\*“
b V V W L
$ gptl] R |
0 500 1000 1500 20I00 2500 0 500 1000 1500 20I00 2500 0 500 1000 1500 2000 2500
Time (ms) Time (ms) Time (ms)

Fig. 9. Joint torque rate curves during trajectory execution. The front portion (blue background) corresponds to the execution phase, while the back portion

(pink background) corresponds to the residual vibration.
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Fig. 11. Comparative analysis of end-effector displacement measured by

a laser tracker under identical torque constraints using different trajectory
planning algorithms, highlighting the determination of motion settling time.

torque constraints for the three trajectory planning methods.
The red-shaded region highlights the post-motion attenuation
phase, during which residual vibrations dominate the stabi-
lization behavior. The settling time is defined as the duration

Sampling Points

Sampling Points

Comparison of vibration data collected from the end-effector’s 3D vibration sensor under identical torque constraints using different algorithms.

TABLE V
EXECUTION TIME METRICS AND REDUCTION RATIOS RELATIVE TO
TOPP-RA
Metric TOPP-RA CO Method [23] Ours
(Value) (Value / %) (Value / | %)
Planning Time (ms) 1680 1756 /| —4.52 1740 / —3.57
Settling Time (ms) 2110 1914/ 9.29 1842 / 12.70
Jerk Constraint Not considered Enforced Enforced

required for the end-effector trajectory to enter and remain
within the £0.5 mm band, indicating the completion of the
stabilization process.

As illustrated in the zoomed-in views on the right of Fig. 11,
the TOPP-RA method exhibits pronounced oscillations in both
directions, resulting in a noticeably longer settling interval.
The CO method reduces the oscillation amplitude relative
to TOPP-RA but still presents visible residual vibrations,
particularly along the Y axis. In contrast, the proposed method
substantially suppresses residual motion, enabling the end-
effector trajectory to enter and remain within the £0.5 mm
range significantly earlier.

As summarized in Table V, although TOPP-RA yields the
shortest planning time (1680 ms), it produces pronounced
pre-settling oscillations in both axes. These oscillations signif-
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Fig. 12. Liquid-transport experiment comparing different trajectory planners.
A cup partially filled with liquid is carried along the prescribed path, where
the liquid-surface motion serves as a visual indicator of vibration. The
figure highlights differences in sloshing and residual oscillation, with a video
provided in the supplementary materials.

icantly prolong the stabilization process, leading to the longest
settling time (2110 ms) among all methods. CO method takes
the longest planning time (1756 ms), as it conservatively
exploits the available acceleration and jerk bounds during
optimization. Nevertheless, its explicit jerk constraint produces
a noticeable reduction in residual vibrations compared with
TOPP-RA, resulting in a shorter settling time (1914 ms).
In contrast, the proposed method achieves a more favor-
able balance between computational efficiency and dynamic
smoothness. It provides a competitive planning time (1740ms)
while achieving the shortest stabilization time (1842 ms).

B. Dynamic Performance Evaluation on a Straight-Line
Transport Task

To further evaluate the dynamic performance of the pro-
posed algorithm during high-speed execution along a fixed
Cartesian path, a straight-line liquid-transport experiment was
conducted, as shown in Fig. 11. The motion was executed
under the torque limits listed in Table I. The evaluation
combines quantitative measurements from a 3D vibration
sensor mounted on the end-effector with visual inspection
of liquid-surface stability, which serves as a sensitive indi-
cator of vibration. Compared with TOPP-RA, which does
not enforce jerk constraints, the proposed method generates
noticeably smoother motion profiles, maintaining continuous
velocity transitions with minimal residual oscillation even
when operating near torque saturation.

As illustrated in the supplementary video, the TOPP-RA tra-
jectory induces visible shaking and repeated overshoot during
fast motion, exciting the inherent flexibility of the robot links,
whereas the proposed jerk-constrained trajectory yields much
smoother behavior with a substantially smaller link-deflection
response at corresponding time instants. This qualitative
observation is corroborated by the sensor-based vibration mea-
surements in Fig. 13. Across all three axes, TOPP-RA exhibits
pronounced acceleration bursts—particularly along the Y-axis,
the primary direction of motion—originating from abrupt
acceleration changes that inject high-frequency excitation into
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Fig. 13. Comparison of vibration data collected from the end-effector’s 3D
vibration sensor under identical torque constraints using different algorithms.

TABLE VI

TIME-DOMAIN AND PSD-BASED VIBRATION METRICS FOR TOPP-RA
AND OURS (PEAK REMOVED)

Axis Method RMS PSD RMS Reduction

(2 (2%/Hz) (%)

X TOPP-RA 0.0646 0.0419 —
Ours 0.0268 0.0247 58.5/41.0

Y TOPP-RA 0.2175 0.0890 —
Ours 0.0709 0.0295 67.4/66.9

Z TOPP-RA 0.0715 0.0387 —
Ours 0.0203 0.0176 71.6 / 54.5

the structure. The proposed method effectively suppresses
these high-frequency components, resulting in markedly lower
vibration amplitude and faster attenuation of residual oscil-
lation. Quantitative metrics in Table VI further confirm this
trend: RMS and PSD-RMS vibration levels are reduced by
58.5%/41.0% on the X-axis, 67.4%/66.9% on the Y-axis,
and 71.6%/54.5% on the Z-axis. These consistent reductions
across all axes demonstrate that enforcing jerk limits not only
smooths local acceleration transitions but also significantly
limits the excitation and transmission of structural vibration
through the manipulator chain, leading to more stable and
dynamically reliable high-speed execution.

V. CONCLUSION

This paper presented a hybrid trajectory planning framework
capable of generating time-optimal motion along a fixed end-
effector path under joint torque and jerk constraints. The
algorithm first constructs a torque-limited trajectory, followed
by temporal resampling and a shooting-based procedure to
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identify the switching points between torque- and jerk-limited
phases. By smoothly blending the forward and backward
integrated profiles using Sigmoid functions, a globally opti-
mized and dynamically feasible time-parameterized trajectory
is obtained.

The proposed method was rigorously validated on a six-
degree-of-freedom industrial manipulator equipped with a
real-time EtherCAT control system and vibration sensors.
Residual vibrations were measured using a laser tracker
to determine the settling time, demonstrating the practical
applicability and scalability of the approach. Compared with
the baseline, the proposed method substantially reduces joint
torque fluctuations and end-effector vibrations while preserv-
ing near—time-optimal execution time.

To enhance real-world applicability, future work will
incorporate more detailed actuator-level dynamics. Examples
include nonlinear friction and drivetrain elasticity. Another
key direction is to reduce the reliance on precisely known
dynamic limits. We aim to introduce adaptive or data-driven
estimation of feasible torque, acceleration, and jerk bounds.
Such mechanisms can update the dynamic limits online as
operating conditions vary. These extensions will improve
robustness under modeling uncertainties, payload changes, and
unstructured environments. They will also support reliable
deployment of the proposed framework in high-speed indus-
trial applications.
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