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Robust Bipedal Walking With Closed-Loop MPC:
Adios Stabilizers

Antonin Dallard”, Mehdi Benallegue

Abstract—In this article, we propose a novel walking control
scheme based on the dynamics of the linear inverted pendulum
(LIP) model. Pattern generation incorporates a model of contact
forces, enabling closed-loop control of the humanoid robot’s state,
including the center-of-mass position, velocity, and zero moment
point. No additional control policies are required to maintain
static and dynamic balance. Our approach also includes dynamic
replanning of step locations and timings, thus preserving the LIP’s
boundedness condition. We validated this controller on five differ-
ent humanoid robots, testing its robustness through various distur-
bances, including sudden pushes during walking and static phases.
In addition, our controller demonstrated effective locomotion over
uneven and compliant terrain. Both simulation and experimental
results confirm the effectiveness and robustness of this controller.

Index Terms—Force control, humanoid and bipedal locomotion,
humanoid robots, legged robots.

1. INTRODUCTION

ALKING control strategies for biped and humanoid
W robots are diverse, as discussed in Section II. The com-
plexity of this problem emerges from the interplay of several
key components, including: 1) reactive footstep planning; 2)
whole-body switched control under balance constraints; 3) sta-
bility (as defined in control theory) of the overall system; and 4)
perception for understanding the surrounding environment and
the robot’s state.

This article focuses on a particular class of walking con-
trol strategies: the use of the linear inverted pendulum model
(LIPM), first introduced in [1] and later popularized by the
Honda humanoid robots (see [2], [3], [4], and [5]). The LIPM is
still widely used in many humanoid applications, though it has
evolved in various ways (see Section II).
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The standard implementation of LIPM-based models focuses
on the dynamics of the center of mass (CoM) to facilitate
fast planning and control. Typically, control relies on the zero
moment point (ZMP) to maintain dynamic balance. The ZMP
represents a constraint on contact forces applied to the robot,
remaining within the support polygon during motion. In linear
systems, the ZMP can either be treated as the causality output (in
the cart table model [6]) or as the input (in the LIPM), linking it to
the CoM. However, instability inherent in this model means that,
for arbitrary ZMP trajectories, the corresponding CoM trajectory
can diverge.

The intrinsically stable model preview control (IS-MPC) [7]
is a walking gait generator derived from the LIPM that explic-
itly incorporates stability constraints. These constraints ensure
recursive feasibility, meaning that it is always possible to find
a solution that satisfies the balance requirements, keeping the
CoM trajectory bounded with respect to the ZMP. The IS-MPC
is capable of updating footstep locations and has been extended
to adapt the duration of steps as well [8].

However, reduced models such as LIPM cannot fully capture
the complexity of the robot’s multibody dynamics. As a result,
discrepancies are expected between the behavior predicted by
these models and the actual behavior of the robot. The inverted
pendulum model, derived from centroidal dynamics, essentially
controls the contact forces applied to the robot. Different ground
conditions, such as uneven or compliant surfaces, can lead
to different behaviors even when the same controller is used
(see Section II). To address such modeling discrepancies, a
correction policy is often introduced, which compensates for
the differences between the model and the real robot state, often
including a model of the contact forces, as in [9]. This correc-
tion, often referred to as the stabilizer in humanoid robotics,
typically comes with several tunable parameters. Tuning these
parameters is a nontrivial task, especially when combined with
the controller’s parameters. Moreover, this correction policy is
inherently short-sighted compared to model-predictive control
(MPC), which relies on state prediction, potentially under-
mining some of the advantages of prediction, as discussed in
Section III-A.

One might argue that MPC should address these issues due to
its inherent robustness. However, as with any controller, MPC’s
robustness stems from its closed-loop nature, meaning that the
predicted trajectory is recalculated at each time step using the
measured state. If the contact force model is not considered,
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Fig. 1. Global control scheme. The superscript “x” represents the control
references for the whole body control or the robot. The swing foot trajectory
planning or the force control scheme is included in the whole-body control box
as they are outside the article’s contribution. The blue elements highlight our
adding w.r.t existing approaches.

the walking gait may still be infeasible, forcing reliance on an
external stabilizer.

This article addresses this issue by presenting a humanoid
walking control scheme offering the following key contribu-
tions:

1) areformulation of the IS-MPC that includes a model of the
contact forces, effectively closing the loop on the robot’s
state (CoM, CoM velocity, and ZMP). This approach
eliminates the need for an external correction policy of
the MPC references (the so-called stabilizer) to enforce
balance (see Section III). This is the main contribution of
this article;

2) an LIPM feasibility solver, based on an extended stability
constraint, to adapt footstep locations and timings over the
entire planning horizon using the robot’s current state (see
Section IV);

3) a force distribution scheme to plan contact forces during
double-support phases (see Section V);

4) extensive experimental validation on five different hu-
manoid robot (as in Fig. 19), all controlled with the
same software, to assess the robustness, versatility, and
portability of our algorithms (see Sections VI and VII).

Fig. 1 highlights our contributions, the order of execution,
sections, and the main equations for each subproblem.

II. BACKGROUND

Bipedal and humanoid locomotion is an active area of research
within robotics. For comprehensive reviews of the topic, we
recommend the recent works in [10], [11], [12], and [13], and
the monographs in [6] and [14].

Our work targets motorized humanoid robots rather than
passive bipedal locomotion [15]. Specifically, our interest lies
in robots capable of dynamic noncyclic locomotion. While re-
search on passive walkers offers valuable insights into motorized
gait energy optimization, it falls outside the scope of this article.
We also exclude quadrupedal and hexapod locomotion studies.
Although there are similarities with bipedal locomotion [16],
[17], multilegged systems exhibit more complex gait patterns
and specificities (e.g., balance and mass distribution), which
differ from those in humanoid robots. In the field of com-
puter graphics and animation, notable works exist that simulate
human-like bipedal walking based on human-captured data [18],
[19], [20], [21]. However, transferring these techniques to

humanoid robots is challenging, as they do not account for sensor
noise, uncertainties, and physical limitations.

Various methods for walking gait generation based on full
dynamic and kinematic constraints have been proposed. For in-
stance, semi-infinite optimization [22], differential dynamic pro-
gramming [23], hybrid zero dynamics [12], and learning-based
approaches [24], [25], [26] are among the prominent strategies.
However, other approaches focus primarily on centroidal gait
generation, which involves computing a feasible trajectory for
the CoM.

This approach traces its origins to the LIPM [27], where the
CoM dynamics are constrained both vertically and in terms of
angular momentum. Over time, control strategies for centroidal
dynamics have evolved to incorporate variations in vertical
height [28], [29] and angular momentum around the CoM [30],
[31]. Although full centroidal dynamics can be captured [32],
[33], nonlinear solvers are required to account for all constraints
simultaneously. The LIPM remains a useful model because of its
linearity and simplicity, allowing for easier analysis of stability
and its application to real humanoid robots.

Our work builds upon the LIPM, specifically leveraging the
contributions in [7]. To maintain consistency, we adopt the same
notation and conventions from the original work.

1) Superscripts 2 refer to indices in a sequence, unless there

is no confusion with powers of x.

2) The superscript [J* refers to all current references applied

to the robot.
3) Lower-script z indicates the value type (e.g., ZMP z,
CoM ¢, DCM u, foot f, etc.).

4) x, vy, and z represent the components of a position in the
x, Yy, and z axes, respectively.
In cases where this is unambiguous, the axis component
may also be specified as a subscript, e.g., a 3-D vector

bD:(bD,x b,y bD,z)T~

A. Inverted Pendulum Mode

The LIPM is derived from the Newton—Euler equations, as-
suming that angular momentum around the CoM is constant and
that the CoM experiences no vertical acceleration. This leads to
a relationship between the CoM projection p. = (z. y.)? and
theZMP p, = (z, v.)T onthe (x,y) plane (corresponding to
the ground)

I.jc:wz(pcfpz) (D

where w? = g/2., with g being the gravitational acceleration
magnitude and Z. the constant difference between the CoM
and the ZMP heights, with the ZMP set at the stance foot
height.

This model, initially introduced for humanoid locomotion
by Kajita et al. [27], was formulated as a linear—quadratic
preview controller that generates a CoM trajectory based on
a pregenerated ZMP objective trajectory. An extension of this
model [34] allows for both the CoM and ZMP to be treated as
decision variables. Constraints are applied to enforce balance
and kinematic feasibility, ensuring that generated trajectories
respect ZMP constraints and step parameters [7], [35], [36].
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By introducing the following change of variables:
1.
Ty = Xe+ —2c (2)
w
(1) can be rewritten as
Ty = w(Ty — 22) 3)

where z,, represents the divergent component of motion (DCM),
introduced in [2]. The DCM’s dynamics are such that while
the CoM converges exponentially toward the DCM, the DCM
itself diverges exponentially from the ZMP. Controlling the first-
order dynamics between the ZMP and DCM is fundamental to
walking gait generation [7], [8], [36], [37], as it simplifies the
system’s dynamics and extends the balance stability criterion for
gait generation.

Using the DCM dynamics, for a bounded ZMP trajectory
x,(t) within an interval ¢ € [, oc], the CoM dynamics remain
bounded if and only if the initiall DCM z,(f) satisfies the
following condition, as detailed in [38]:

z,(t) =2 (tx,) 2w /00 2. (T)e 0 dr. 4)
7

This equation is the stability condition. Satisfying this condition
ensures that the CoM remains bounded (provided that the ZMP
or its velocity is bounded) at all times.

The stability condition offers several useful properties.

1) It provides a linear relationship between the current DCM
and the ZMP trajectory.

2) As the ZMP location depends on the future step posi-
tions and durations (for both double- and single-support
phases), the feasibility of a walking plan is inherently
captured.

This condition can be seen as an alternative to penalizing
divergent trajectories in the cost function (e.g., by minimizing
CoM jerk), a heuristic solution that may depend on the prediction
window of the MPC. It forms the foundation of the IS-MPC
proposed in [7]. In [8], this condition is linearized with respect
to step durations for forward walking, decoupling the constraints
along the axes. Similarly, Khadiv et al. [37] use DCM dynamics
(in point contact feet) to derive a bounding condition that allows
simultaneous computation of the next step’s timing and location.

Note that the DCM can be used as a baseline for relaxing
the constraints on pendulum height, thereby creating a variable
height pendulum model [28], [39].

To control a humanoid under LIPM assumptions, one must
ensure that the robot’s dynamics follow the generated gait. To
mitigate the effects of modeling uncertainties and disturbances,
a complementary policy based on DCM tracking feedback can
be added to the ZMP control. This feedback ensures that the
DCM converges exponentially to its planned reference [9], [40].
This feedback loop, commonly called the stabilizer, serves to
“stabilize” the walking gait generated by the open-loop system,
addressing the need for the gait to remain feasible despite un-
certainties. Even though certain control schemes in the literature
incorporate the robot’s state in gait generation [7], [34], only a
subset of the state is provided to the planner, as ZMP dynamics

are not considered. As a result, a complementary policy is still
necessary

B. Disturbed Pendulum

The ZMP in the LIPM represents the contact forces that can be
controlled. However, additional contact forces may be applied
to the system and must be considered.

To model the centroidal dynamics with the inclusion of
an external disturbance wrench, let (n,f) = (n, n, n.
f= fy f»)7T represent the external force and moment, applied
atacontact point p = (p, p, p.)’.The pendulum dynamics
become as follows (refer to [41, eqs. (1)—(4)] for the derivation)

ie = w? (1. — Kz, + Azl) 5)
W2 It ©)
2o — 2,
k=1 m(gfm )
Az, = m[(pz — 2)fe = Pafe 1y — Loyl (8)

Here, L, = (I'/C,z Lcyy ' is the derivative of the angular
momentum at the CoM, z. and z, are the vertical components of
the CoM and the ZMP, respectively, and m represents the mass
of the robot. For the y-axis, Ay, is similar to Az, and is given
by

, 1

Ay, = )[(pz —2)fy = Pyfz — N2+ Lcm] ©)

m(g+ Zc
By combining (2), (3), and (5) with a constant pendulum fre-
quency w, the DCM dynamics can be rewritten as

Ty = w(xy, — (kz, — A)). (10)

An external disturbance is thus modeled as an offset in the ZMP
dynamics, with a proportional effect on the ZMP trajectory

C. Force Control

In ahigh-gain kinematic-controlled robot, the forces at the feet
are regulated using admittance control, which tracks a reference
wrench w,. by displacing the feet in the direction opposite to the
desired force.

Let the 6-D spatial velocity vector of a robot link be repre-
sented as (w? v7T)T. We use an acceleration-based tracking
law [42], which relies on a reference spatial velocity that writes

v v Vi
where K is the damping coefficient, and
T
(wI VT) = Kalwn —w,) (12)

where w,. and w,,, represent the reference and measured 6-D
wrenches, respectively, in the link frame, and K, is the admit-
tance gain.
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For force control, the reference spatial velocity is defined such
that [9]
T
(wF VE) = Ka(wy —w,) (13)
where w,. and w,,, represent the reference and measured 6-D
wrench in the link frame, respectively, and K, is the admittance
gain. To control the robot’s ZMP, we must regulate the center
of pressure (CoP) at the contact points. This is achieved by
controlling the moments in the = and y directions in the contact
frame, as well as the vertical force. For moment control, we
use (13) in two dimensions only. The vertical forces during the
double-support phase are controlled using foot force difference
control (FFDC) [43], [44]. Let (vy,vr) denote the vertical
velocities of the left and right feet, respectively. FFDC with gain
K, updates the reference velocities (vy, .., vg,,) as follows [9]:

v < v, — 0.505¢ (14)
VR, < VR, + 0.50s (15)
Vst = Kz [(fL,T - fR,r) - (fL,m - fR,m)] . (16)

When evaluating the performance of such a force control
scheme, the deformation of the contact surface (either the foot
sole or the ankle) must be taken into account. This holds
true regardless of the type of control employed (kinematics or
torque). In addition, many humanoid robots are equipped with
a passive-compliant shock-absorbing mechanism between the
ankle and the feet, with a thin layer of soft sole material. This
flexibility can be modeled as a second-order system relating
the torque at the contact point to the deformation [45]. Even in
configurations without a shock-absorbing mechanism, our force
control scheme, which relies on the position of an end-effector
to achieve the desired force, this second-order behavior between
the torque at the contact point and the deformation reflects the
coupling between the desired CoP and the reference trajectory
fed into the force control scheme. To simplify this, a first-order
dynamic model has been empirically used to approximate the
relationship between the CoP and its reference, with a force
control law as defined in (13) [43].

III. WALKING GAIT USING CLOSED-LooP IS-MPC

A. Closed-Loop Control of the Pendulum—Problem Statement
via a Simple Problem

We demonstrate the application of DCM feedback control and
its challenges by analyzing the dynamics of an idealized 1-D
pendulum, both analytically and via simulation. The pendulum
is initialized with an arbitrary DCM and ZMP at time 9 =0,
and the ZMP is set at ¢ = t% + At (with At = 0.5 s) to bring
the pendulum to rest. While the pendulum’s final position is
irrelevant for this illustrative example, the same methodology
can be applied when the final position is of interest. From (4),
setting x, (At) = x,,(At) stabilizes the pendulum, as shown in
Fig. 2(a). In this idealized case, the ZMP is instantaneously
aligned with the DCM. However, this is physically impossible
due to causality constraints.

0.2

/

x (m)

0.1 Ty Tz
/ Te Ty
0.0 0.5 1.0 1.5 2.0
Time (s)
(@)
0.2
io.l e
R Ty
0.0 0.5 1:0 1:5 2:()
Time (s)
(b)

Fig. 2. LIPM behaviors for the simple example. (a) LIPM without ZMP
bounds: the DCM can be captured by placing the ZMP on it. (b) Once the
ZMP dynamics is introduced, the real DCM cannot be captured.

Previous works suggest considering a ZMP behavior x . (¢) to
track its reference x, ,, with at least a linear first-order model,
e.g., [43], that is, with a parameter A

t,(t) = =Mz, (t) — x5 ).

Integrating such ZMP dynamics to the LIPM, by setting =, , =
2, (At), leads to instability [see Fig. 2(b)]. Indeed, a delay in
getting the ZMP induces a deviation of the DCM; subsequently,
the pendulum’s dynamics is not anticipated at its initial pose.
One could then correct the ZMP reference using a DCM
feedback control policy, which could be a simple proportional—
integral—derivative (PID) on the DCM error. This strategy leads
to an exponential convergence of the measured DCM toward the
reference one [see Fig. 3(a)] [9]. The downside of this policy is
to consider only the current state of the pendulum. Moreover,
as the control references are changing, the higher level planning
is disconnected from the state of the real robot, which could
lead to violations of the planning constraints. Fig. 3 shows a gait
generated using the IS-MPC in [7], where the corrective ZMP is
out of the predefined constraints. Finally, it can be seen from [41]
that if A < w, this DCM feedback policy becomes unstable.

g N

Our solution models the ZMP dynamics explicitly into the
walking pattern generation [see Fig. 3(b)]. This amounts to
solving (4) and (17) to compute a reference ZMP such that
the real ZMP trajectory would follow the one computed by
the MPC. This captures the combined dynamics with a single
reference ZMP value. To our best knowledge, this is a novel
approach that has never been considered in previous works.

" ,/

The difference between the common control scheme in the
literature and ours is illustrated in Fig. 3. Note that in real-case
applications, the scheme shown in Fig. 3(a) can be used with a
semiclosed-loop component by providing the DCM state to the
pattern generator. However, because the force tracking dynamics

A7)
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Fig. 3.
correct the ZMP reference to be stable. (b) If the dynamic of the ZMP is known

are not considered, such applications still necessitate an addi-
tional corrective policy (for instance based on DCM feedback)
to ensure proper tracking of the pendulum state.

B. Control Variables

The IS-MPC generates a feasible CoM gait to realize a foot-
step plan, which includes both the location and orientation of
the footsteps, as well as their durations, over a preview horizon
(T},) that extends beyond the MPC control horizon.

To make the robot stand still, we can generate a gait based on
an empty footstep plan. This allows us to decouple the walking
phase from the standing phase. Transitions between these phases
can be triggered manually by the user or automatically (see
Section I'V-E).

The IS-MPC formulation initially employs the LIPM by
using &, (or equivalently /.) as the input term. The following

dynamics are defined from (1), with the state (. . .)7:
Te 0 1 0 Te 0
iel=1w? 0 —w?||a.|+]0]d.. @8
i, 0 0 0 x, 1

However, for closed-loop operation on the robot’s full state
(including the ZMP and DCM), it is necessary to model the
relationship between the ZMP reference forwarded to the force
controller (e.g., admittance control) and the measured ZMP
value. We model this interaction as a first-order system, similar
to (17), with a parameter A and a delay &4 such that

Ty = —A(z2(t) t = da)). (19)

The reason behind adding 4 is an empirical observation result-
ing from experiments. Indeed, such a delay takes into account the
lag between the instant the command is computed and the instant
itis applied. Itincludes software latency and joint torque tracking
response time. The dynamics in (18) can then be rewritten as
follows (that also apply to the y-axis).

- xz,r(

4683
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ZMP.

—0.1
0.0 0.2 0.4 0.6 0.8
Time (s)
0.1 T .
\ ——— T,
= k —
= 0.0 \ ZMP constraint |
: N
—0.1
0.0 0.2 0.4 0.6 0.8
Time (s)

(®)

LIPM (toy example) control schemes, highlighting our proposed approach. (a) Using a DCM feedback control 2} = . , + PID(x0 — Zy,r), WE can
, the DCM can be captured using (4).

Delay d4 is introduced based on empirical observations, ac-
counting for the lag between the computation of the command
and its actual application. This delay includes software latency
and the joint torque tracking response time. With this, the
dynamics in (18) can be rewritten as (same for the y-axis)

Te 0 1 0 T 0
o | =|w? 0 —w? Te | + 10| 220 (t—da).
T, 0O 0 —x T, A

(20)

At time t° with constant &4, the ZMP trajectory is given by

z.(t) = a0+ (a8 —20) (1 — e ) fort € [191° + 6]

21

where ¥ is the current ZMP estimate and z% is the commanded
ZMP; we set 9 = ., (t° + 64).

The reference x, ,-(t) serves as the input to the force control
loop. We consider it to be piecewise constant over a duration
At > §4, with the inputs u” applied over [t¥; t1], where t* =
t9 + kAt. Thus, on each interval, we have

k
xzr :50 —I-ZU

0
= :E + (a% — ;L'O)(l - e”\‘sd).

=0

) (22)

Integrating the ZMP dynamics in (19) with the reference
from (22) yields the following ZMP trajectory for ¢ € [tF +
Sa; thT + 84):

!

Each ulD represents a first-order step delta input, with a delay of
t’;. Fig. 4 illustrates the expected behavior of this model.

Ty

e*“t*“*‘sd)} . 23)

=0
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Fig. 4. Chosen first-order ZMP model with A = 25. The green dashed line
indicates the starting point of the first arrow.
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Fig. 5. Disposition of the planning time variables.

T
We define the control inputs as u* = (u’; u’,j) and the

future contact location as plj}, where 7 is the step number.

For each iteration, the closed-loop IS-MPC considers a control
horizon of C samples, each with duration At. The footstep plan
defines the number of steps /N, within the control horizon. From
this, the following values are computed.

(u”

T
2) The footstep locations Py = (pq’;1 p}vs )T,

1) The reference inputs U = uc‘lT)T

where
p(} andpy ! represent the current and previous support foot
locations at time ¢, respectively.

The fixed time parameters are given by T, = [(t,t)),

., (3=~ tN-=1)] which correspond to the start and end times
of the single-support duration for each step.

Fig. 5 shows the organization of the time variables. Pf
is the reference footstep location. The control horizon time
is 1. = C'At. Once computed, the linear inverted pendulum
dynamics defined in (20) is integrated using (22) under computed
input (u, uj) at the sampling rate 6t < At (6t is the sampling
period of the whole-body controller). Finally, the MPC solves the
quadratic optimization problem (QP) [see (38)] under various
linear constraints that enforce dynamic balance.

C. Constraints

1) ZMP Constraints: Attime t*, the ZMP position p. (t¥) =

T . . L
(x’z‘“ yﬁ) £ p” is constrained to lie within a convex polygon.

This polygon is either located under the support foot or between
both feet, depending on the current time ¢. Let N (¢) and O(¢)
represent the normal matrix and the offset vector of the con-

straint, respectively. The constraint is given by
N(t")pt < O(t") 24)

which defines C' ZMP constraints in the form of (24).

For each MPC computation, during the current walking phase
(single or double support), the ZMP constraint polygon is fully
defined by the current robot foot positions and does not depend
on any decision variables. Hence, the constraints can be set
directly. Otherwise, N (t) and O(t) define the admissible ZMP
position over the entire horizon and depend on the footstep
positions Py. Therefore, if we set IV and O to cover the full
support area, the constraint (24) becomes nonlinear with respect
to P f-

To maintain linearity between the ZMP constraints and Py, the
ZMP-allowed region is modeled as a rectangle with dimensions
(dzx, dy) that slides from one foot to the other. For each sample
taken after tg, the timing can be rewritten as a function of the
step index ¢ > 1 and an index j > 0 as follows:

th =1 4 AL (25)
As aresult, we have N (t* = ¢:~1 + jAt). Since the ZMP con-
straints are rectangular, the normal matrix is given by

0 -1 0

T
k
o 1) R(t*)  (26)

. 1
N(@tF =t 4 jAL) = (0

where R(t* = =1 + jAt) is a 2 x 2 rotation matrix that de-
fines the orientation of the rectangle. In double support, the
orientation is defined by a linear interpolation between steps
1 — 1 and 4. In single support, the orientation of the rectangle is
aligned with the support foot 7.

The offset vector O(t) is expressed within the interval
[0, 4] as

O(th = ti-1 1 jAt)

dx
1|a . N
=3 di + N () (a™p) + (1 - a™)pi ) @7)
dy
. At

where o7 € [0;1] is the weighting variable that allows the
rectangle to slide from one contact to the other.

2) Footstep Constraints: Within the leg’s reachable space,
the difference between two consecutive footsteps must be
bounded. This can be enforced using Ny, and Oyin, where N,
is a 4 x 2 normal matrix, and Oy, is a 4 x 1 offset vector for
the step kinematic constraints. For 1 < ¢ < Ny, the constraint is
given by

Nﬁi;l(P} -

Py ') < O (29)

. 1 . _
Ofin = 5 (day dyg —1' doy dy; + " @0
where [* is an offset, which is positive if pjc_l corresponds to
a step from the right foot, and negative otherwise. The matrix

Nﬁ;l represents the normals of a rectangle oriented according

Authorized licensed use limited to: ABDERRAHMANE KHEDDAR. Downloaded on August 08,2025 at 03:47:16 UTC from IEEE Xplore. Restrictions apply.



DALLARD et al.: ROBUST BIPEDAL WALKING WITH CLOSED-

OP MPC: ADIOS STABILIZERS

D-LO 4685
IEEE Transactions on Robotics (T-RO) paper, presented at ICRA 2026, Vienna, Austria. Cite as T-RO paper.

to pif’1 and is defined as in (26)
1 0 1 0 g
Nl = - R(ti71). 31
kin (O 1 0 1) ( s ) ( )

3) Stability Constraint: Using (4) to bound the CoM trajec-
tory, the generated ZMP trajectory x(t) and the current DCM

position 2 are constrained by
ay = a1, x,) and
t94-84 o
xZ(tO,xZ) = w/ xZ(T)e_‘“(T_t ) dr
$0
t0+8q+T 0
+ w/ z.(1)e ) dr
t0+54
o 0
+w / 2. (1)e ) dr., (32)
tO+54+T,

The term 27 (t°, x,) can be split into three integrals:

1) the part of the ZMP trajectory that is delayed and cannot
be controlled (the interval [t%; t° 4 &4]), denoted as Z;

2) the controlled part of the ZMP trajectory within the inter-
val [t0 + 6450 + 8 + T0;

3) the imposed ZMP trajectory in the interval [t° + J4 +
T.; 0], denoted as Z (t), which represents the tail of the
trajectory beyond the horizon, as defined in [7].

The stability constraint (32) becomes

D Ty = w/ xZ(T)ef“’(Tfto) dr. (33)
t0464

Substituting the expression for x () from (21), we obtain
0454 o 0
Ty = w/ 20+ (zF — 29) {1 — e Mt )} e Tt qr,
10
(34)

We set z,(t) from (23). We define the control inputs beyond the
horizon as ﬂ’; for k > C'. Equation (33) becomes

o0
_ _ _ _ 40
xg—xd,:w/ e ) gr
t0+64

c-1 ~
+ Z w/ uk (1 -
k=0 vt

0485 g+hAL

e*)\('rftkféd))efw('rfto) dr

. 00
+ Z w/ ﬂﬁ(l — e’k(T’tk"sd))e’“(T’to) dr .
il Jt0+batkAt

To

(35)
Finally, we have

1

= A — —wkA
x2+7x+w;ﬂuie kat] (36)

0 =~ = — 7w5d
Ty — I¢ — .CE¢ =€

4) Tailing: Tailing refers to the behavior of Z.(¢) beyond
the control horizon, which can vary depending on the expected
future motion (see [7] for more details).

1) Truncatedtailing sets the ZMP to a stop beyond the control

horizon, i.e.,

Vi>C, al =0, ¥4 =0.

2) Periodic tailing assumes that the ZMP trajectory repeats
periodically every T.. Hence, 7.(t) follows inputs @/,
where %), = u! and j =i (mod C).

The stability condition is rewritten as

Ty — T

A -1
__—wd =0 k _—wkAt
= d x2+()\'+w)(176*wcAt)]§uIe

3) Anticipative tailing uses the footstep plan beyond the
control horizon to generate a reference ZMP trajectory.
It allows Z, (t) to track the desired behavior based on the
walking plan. After that, the truncated or periodic policy
is added to complete the tail, as described in [7].

D. Cost Function

The cost function is designed to generate a ZMP trajectory

that satisfies the following weighted objectives.

1) Predefined ZMP trajectory objective, x . qp;: Itis also pos-
sible to set a component of the ZMP velocity magnitude,
with an objective velocity set to zero.

2) DCM trajectory objective: This is obtained by computing
the stable DCM 7% (%, 2., o) and integrating it over the
LIPM using (18), with . oy as the input. A DCM velocity
objective can also be obtained using (3).

3) Step location objective: This aims to bring the step loca-
tions as close as possible to the reference values.

In summary, the decision variables over the horizon are

T ™T
uc 1 ) ,Pf:(pg:l p;\/i ) .

We use similar notation for the ZMP and DCM position and
velocity sequences. The IS-MPC solves the following QP:

4 O

U= (uOT

U, Py = argmin B;|| P |2 + Bzl P: — Peonjll2
U,Py

+ /8f||Pf - pf||2 -+ /BuHPu - Pu,obj”Q

+ﬁu||Pu _Pu,Obj||2 (38)
under the following constraints:
1) ZMP (24);
2) footsteps (29);
3) stability (36).
A\ )
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E. External Forces

From (10), if the humanoid is subjected to expected or unex-
pected external forces, the dynamics of the pendulum must be
controlled under a new state kx, — Ax/,. If the duration 6,, > dq
for which these external forces are active is known, the stability
condition (4) can be rewritten as follows:

st = [ () -

—w/ (kx, (1) —

046,

+ w/ :vz(T)e’w(T’
t

0“1’6;;

Axl)e (7= ) dr

A )e T (100,)40,) g

E+0)+0)gr (39)

Using the definition in (4), we obtain the following expression
for the stability condition under the perturbation:

20 =k (t% ke, — Axl) — e Ot (19 + 6, ki, — Axl)

+ e gk (10 + 6, 2,). (40)

Thus, the stability condition is updated to account for the effect
of these external forces on the dynamic model.

IV. STEP TIMING AND POSITION PREOPTIMIZATION

We describe the process for updating step planning when the
current plan is not feasible. Let N, denote the number of planned
steps. Given the current constraints in (38), the feasible region
of the current DCM can be computed. The stability condition is
reformulated by combining (4) with (24). To do so, we assume
that the normals NV defined in (26) are constant and denote them
as N.

Theorem 1: 1If the ZMP constraint is defined as Np,(t) <
O(t) for t € [t%; oc], then the stability condition is satisfied iff

Np? < w/ O(T)ef‘”('r*to) dr. 41)
+0

The proof of this theorem is given in the Appendix.

This condition, derived from the IS-MPC constraints, ensures
that the current DCM remains within a polygon (referred to
as the feasibility region) generated by (41). This guarantees
that the ZMP trajectory will keep the DCM trajectory bounded,
thus ensuring a solution for the IS-MPC. The feasibility region
represents the planned motion of the pendulum, as O(t) specifies
the location and size of the ZMP constraint, which depends on
the step location. In addition, since the ZMP constraints are
time dependent, the stability condition is also influenced by step
durations.

For instance, Fig. 6 illustrates three different step plans. The
target step is represented by the dashed rectangles, with their
respective step frequencies. The solid colored rectangles show
the resulting feasibility region. In cases (a) and (b), if the DCM
position along the x-axis is outside the feasibility region (e.g.,
due to a push in the +z direction), the planned step becomes
infeasible, and a forward step is required [as in case (c)]. Fur-
thermore, in case (), if the DCM is outside the pink region along
the y-axis due to a push in the —y direction, changing the footstep

Y
5

[UF

ts=1.3s ts—ls t5—13S

Support
Foot

Fig.6. Top view of the foot and footprints with the feasibility region as colored
rectangles for three cases of step target and step frequency. The current phase at
t9 is single support.

Fig. 7. View of the foot and footprints with the computation of the ZMP
constraint rectangle shape. The red rectangle, once computed, defines NV, and
the green squares represent future ZMP constraints oriented accordingly.

location can be challenging, as it may cause a collision between
the feet. However, reducing the step frequency [as in case (a)] can
lead to a feasible solution. Thus, the ability to update the footstep
plan in terms of step position and/or step timings significantly
enhances the humanoid’s balance capabilities.

A. Problem Constraints

We discretize (41) and define the kth ZMP constraint at time
t¥ suchthat V¢ € [tF;t*+1], Np.(t) < O(t = t¥). Note that the
durat10n th+1 — ¢¥ is not necessarily constant for all k.

The stability condition in (41) is rewritten as
o0
Npp < DS 0( = tf) [t -

-t 10)

(42)

We also introduce slack variables s into the constraints (44) to
retrieve the parameters bound with the activated constraints. We
model the ZMP constraint as a rectangular region of dimensions
(dz, dy) inside the support foot during the single-support phase,
which slides linearly to the other foot during the double-support
phase. This path is discretized into a fixed number of positions,
Nys + 1, for each step. Fig. 7 illustrates this case for Ngs = 3.
We define ¥ as a function of the ith step and the jth ZMP
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constraint, denoted as %7, as follows:
i _ pi(Nat1)+3j
th — tlc( ast1)+j

410 — yi-1

s

fori>1

thNe =l fori > 0. (43)

Fig. 5 shows how the indices are assigned relative to the
walking phases. We split the sum in (42) into three intervals:

1) single-support phases (intervals [¢t¥+"Vos; ¢1+1.0]);

2) double-support phases (intervals [t"7; t47T1]);

3) intervals beyond the footstep plan horizon.

We note 7 = e~ 0% = O(t"7), and oj = j/Ng and
rewrite the stability condition, for a plan of N, steps as follows:

Ng;—1

e—wtONp?L S Z |:Oi,Nds(Mi,Nds _ ui-i—l,O)
i=0
Ng—1
+ Y 0Nt —W“)] +0. (44
j=0
The offset ZMP constraints are given by
dx
ij_ 1 |dy N i i
O =51 *‘Pq[ajpf'+(1'—6w)Pf 1 -4

dy

For the case where the current walking phase is in single support,
we set

Vj € [0, Ny, p7 = e .

. We can identify three parts in the inequality (44).
1) The first sum represents the single-support phase,
where pt N6 = 7wl and pitH0 = e~wt; thus, OV Ve =
O 1.9 which corresponds to the ZMP constraint under
the foot p;.
2) The inner sum represents the double-support phase, where
the ZMP constraint slides from p;}’l to p}.

3) O represents the tailing, which defines the ZMP con-

straints after the footstep plan horizon.

Except for i = 0, the O terms in (45) are similar to those
in (27); however, during the double-support phase, their number
is constant, N4, whereas in Section III, the number of terms
varies with the double-support phase duration divided by the
sampling rate At.

For 7 = 0, the positions of the footsteps p}l and pg’c are
fixed. We set O%J constant for all j to ensure that the ZMP
constraint in the current walking phase best approximates the
current support polygon. Fig. 7 illustrates this, and Section IV-B
provides additional details.

As in (36), the tailing O accounts for the planning beyond
the horizon. Only a truncated or periodic tailing can be used,
as there are no further steps planned beyond this horizon. Since
our plan is defined with a sufficiently long horizon (more than
three steps), we set a truncated tail such that the ZMP constraint

reaches the midpoint between the last two contacts as follows:

N(ls—l
0= § : ONSJ(MNSJ _ MNS,JH) + ONS,NdsuNde,s
Jj=0

dxr

N..j 1]|dy o [ Q5 N, A5\ N,—1

ot =S [V N [ Fhpfe (- Shp ] de)
dy

From (42), we obtain a constraint that relates the positions of the
footsteps and their timings to guarantee the stability condition.
Therefore, we can formulate the following optimization problem
with:

1) the step timings p%;

2) the footstep positions pjc

as decision variables. The step timings can be retrieved as

% 1 i s
te = —— In(p o)
) 1 )
= - In(pt10) (47)

which gives the timing plan illustrated in Fig. 5.

We also add constraints to this optimization problem on: 1)
the step locations, as defined in Section III-C2, and 2) the step
phase durations, such that:

Atgom < th —t71 < Atggm

Atss,m S t: - tés S Atss,m

Aty <ti —t71 < Atgn (48)

where Atgsm, Atgm, and Aty are the minimum double-
support, single-support, and total step durations, respectively.
The superscript M denotes the upper bound of these constraints.

Let pgsm = e wAtam gpd similarly for the other duration
bounds. The timing constraints are

ivN(ls

Mds,m/ffz’o > > ,U/ds,m/ﬂ’O

i N(S i 9 ‘7N S
lffss,m,ul7 s> ,UH_1 0 > /lss,m,ul ¢
prsmp™® > 0 > g 0. (49)

B. ZMP Constraint Region Choice

Since the normals N are constant, the size of the ZMP
constraints may vary, but their orientations remain similar.

The first ZMP constraint, represented by the red rectangle in
Fig. 7, covers the largest area of the current support polygon [46].
The remaining constraints are defined as shown by the green
rectangles in Fig. 7.

The size of the rectangle is chosen to always fit within the
upcoming support polygon. A conservative approach is to define
the rectangle as a square with side length s, /v/2, where s, is
the width of the robot’s foot.

By doing so, the allowed ZMP region is reduced over the
horizon, but the ZMP constraint still covers the largest possible
area in the current walking phase. Since the contribution of the
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ZMP trajectory to the stability condition decays exponentially
as the horizon extends [due to the time-dependent exponential
term in (4)], this approach provides a reasonable approximation
of the feasible region. This is especially effective as optimization
is performed at the MPC update frequency within the control
loop.

C. Problem Formulation
T
pJfV T) and

T
= (/M,j ie[[O;stl]],je[[O;Nds]]) . The desired step positions are

The decision variables are Py = (p?1

. ~ ~ ~N.T T . .
given by Py = ( p;° ) . Using the desired step

durations T}, = [(tds, S IO (G A
desired values of i/ as follows:

)], we compute the

i gw[E e ih]

i (50)
We then formulate the optimization problem as
( N
—1 Ngs
P = anemin |3 39 91+ ol
pf,lﬁ s i=0 j=0
No—1
+ > Kiph—pil3 x 60 — 103
=il
s.t. stability (44)
kinematics (29)
timing (49)
il < et (51)
& /

The objective function in problem (51) consists of three main

components.

1) The first term minimizes the deviation from the desired
step durations.

2) The second term, weighted by w, > 1, penalizes the slack
variables, which are nonzero only when the constraints are
not satisfied.

3) The third term minimizes the difference between the cur-
rent and desired step positions. It is scaled by the factor
|0 — pi=10||2, which encourages faster steps when
there is a larger deviation from the reference.

The gain K is chosen such that

K
770 = 03

Here, the denominator normalizes K relative to the term
|59 — p#=10|13. The output timings correspond to the refer-
ence step durations 7 used in the IS-MPC framework described

in Section III.

K! = (52)

D. Solving Using Block Coordinate Descent

The constraint defined by (44) is quadratic and nonconvex,
making the problem complex and computationally expensive
with respect to our MPC. However, this constraint becomes
linear if we treat either the positions or the timings of the steps
as independent decision variables.

To overcome this challenge, we adopt a block coordinate
descent method [47], where the problem is solved alternately
with fixed step timings or fixed step locations. This approach
allows us to reformulate the entire problem as two sequential
QP optimizations. By framing the problem as two successive
QPs, we first solve for the step locations, followed by the
step durations. The rationale behind this order is that, without
slack variables or constraints on kinematics and step duration,
problems with fixed step durations always have a solution,
while problems with fixed step locations might not. Therefore,
solving for step locations first is more likely to yield a feasible
initial solution. Finally, since the IS-MPC updates the footstep
locations at each iteration, it is more advantageous to conclude
the alternating process by computing the step durations.

This alternating optimization procedure has been employed
in other research, such as in [48], to solve similar problems. The
process may be iterated until a satisfactory solution emerges.
At each iteration, the constraints (44) and the cost function for
each QP are formulated using the previously computed . and
Py, respectively. We have chosen to perform this alternating
procedure twice (i.e., solving four QPs) as it efficiently strikes
a balance between optimizing step duration and step location,
within a short computation time. The footstep plan is updated
at each IS-MPC iteration. During this alternating process, for
any set (i, Py) that satisfies all constraints, the result at the next
iteration will, at worst, be identical to the previous set. Conse-
quently, the algorithm cannot alternate indefinitely between two
solutions.

Itis important to note that if the initial walking plan is feasible,
the output remains unchanged by design. Otherwise, the primary
goal is to obtain a new feasible walking plan. In this case, our
method aims primarily at improving the humanoid’s balance.

E. Stepping Recovery While Standing

When the humanoid is standing still, the region defined in (44)
represents a geometric constraint on the position of the DCM,
indicating where it can be located without necessitating a step.
Since we use a rectangular shape constraint for the ZMP, the
DCM'’s stability region is likewise rectangular. By determining
which vertices of the stability region the DCM violates, we
can plan the appropriate support foot to use for recovery. This
decision depends on the current foot positions.

This strategy proves effective for forward and backward
pushes, as discussed in Section VII. Under lateral pushes, the
support foot is chosen to be the one furthest from the current
DCM position. However, for improved balance—particularly in
the case of lateral disturbances—additional recovery strategies
must be developed. This could involve techniques such as using
angular momentum, as suggested in [49], or other advanced
methods.
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V. ROBOT FORCE CONTROL

The gait generated in Section III is passed to a whole-
body task-space controller, which regulates both the CoM
trajectory and the contact forces to achieve stable walking
behavior.

A. CoP Regulation

The ZMP dynamics pz(t) = (z.(t) y- (t))T is modeled as
a first-order system with delay relative to the reference ZMP
pz,7(t) = (z.,(t) yz,r(t))T computed by the IS-MPC con-
troller in Section III. The admittance control law applies a ref-
erence net wrench to track the ZMP dynamics, as given by (23).
During single-support phases, the admittance control applies a
wrench to achieve the desired CoP, p., ., at the contact point. The
delay in the ZMP dynamics causes this reference to sometimes
lie outside the support polygon, resulting in a faster change in
the ZMP position. During the double-support phase, the total
reference wrench is distributed across both feet, and a separate
CoP reference is computed for each foot. We model each foot’s
contact as having a first-order dynamic response to the actual
CoP, characterized by a time constant )., where ideally A, ~ X.
We denote cL, r and cR, r as the reference CoPs for the left and
right feet, respectively, and ¢, and cg as the modeled CoPs. This
model, with a piecewise-constant reference, exhibits dynamics
similar to (19) and is described by the following differential
equation for the left foot:

é0(t) = —helep(t) — ep.(t - 82))
which, when integrated over the time interval [to + 5d;t0 +
dq + At], yields

cr(t) = ep, (%) + (€] — ep, (t0))e He(t-(*+00)

0 0
¢, =cp+(cg

(53)

—c})ered, (54)

Here, the superscript [J* refers to the current reference values
applied to the robot. Similarly, the vertical forces at the left and
right feet, f7, and fg, are modeled as follows:

fr@®) = fo,.+(f7 -
fL=fi+(f2— f1)e o

The same formulation holds for the right foot. Then, we set
cr and cp , to have the same overall ZMP, i.e.,

fr(t)er(t) + fr(t)cr(t)
fo(t) + fr(t)

This equation couples the CoPs and ZMP. Assuming that the
vertical forces are known in advance, this relationship is linear.
There are multiple ways to distribute the vertical forces and
CoPs to achieve the desired ZMP. In this work, we minimize the
moments at the ankles.

Let py, and p i denote the locations of the left and right ankles,
respectively, and let m be the mass of the humanoid. To compute
the vertical forces f1,(t) and fr(t), we define y(¢) € [0, 1] as the
normalized projection of the vector p. (¢) — pz, onto the vector

Frp)e e 1 460)

(55)

= p=(1). (56)
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Fig. 8.  Vertical force distribution depending on the desired ZMP position at
time ¢*. We have v = [, /1.

Pr — PL, and set

fr(t) = mgry(t)

fo(t) = mg(1 — (). (57)
Fig. 8 illustrates the force distribution computation. The refer-
ence vertical forces are set by (55) using A f.

To compute cL,r and cR,r, we formulate an optimization
problem to approximate (56) quadratically. Since the ZMP
horizon extends through the entire double-support phase, we
consider the force distribution over the entire duration of the
double-support phase, which lasts from ¢° to ¢J.

Let cL’ and cL, " represent the CoP location and the corre-
sponding reference at time ¢* = Y 4 iAt, respectively, for the
left foot (the notation is similar for the right foot). Using (54)
and (53), we compute the CoP recursively

(e — e 8 el (1 — A
i +ci e, ifi > 2
= 58
cy, et (29 — 1)e Dt c%,r(l ) (58)
+cYe A ifi = 1.

With the modeled ZMP pz® = pz(t?) at time t* = t° + iAt,
the future vertical forces f} and f%, are computed using (57), as
shown in Fig. 8. Subsequently, we compute the CoPs cL, r* and

cR,r fori € [0, Ltgitto |] by solving the following QP:

(7 N

c +c ;
arg min wz”Z L}CL_i_fRfR — P2t
LT IR

wal| ZRL

s.t. c%,c% € their contact polygon

cL r’CR T

— Rr(ck — pr)ll2

(59)
& J

with wy < w,; Rr and Ry are the rotation matrices to the
right and left contact frame, respectively. The first term of
the cost function is the ZMP tracking error minimization, and
the second term minimizes the moment at the ankles.
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Fig.9. Measured disturbances during foot contact release. A residual force of
approximately 100 N is observed after the swing foot force control is deactivated,
causing a change in the pendulum dynamics.

B. Contact Transition

Upon foot contact release, disabling force control can result
in residual forces on the released foot, which may disturb the
pendulum dynamics (see Fig. 9). To mitigate this, we include
these residual forces in the dynamics of the pendulum. We can
update the IS-MPC stability constraints using (40) to account
for disturbances of duration §,, (empirically set to 0.1 s based on
experimental data).

To estimate the robot’s mass, we use force sensors located at
each foot in combination with a low-pass filter with a very long
cutoff period (> 10 s). More accurate estimates of the robot’s
mass and the vertical acceleration Z. can be obtained by using
the raw unfiltered sensor data, which can be useful for updating
the robot’s model, e.g., when it is holding objects.

VI. SIMULATIONS

Real-world experiments cannot be conducted before extensive
simulations of all the humanoid robots described in Section VII.
In this section, we present our simulation environment and
provide a comparative analysis between our closed-loop IS-
MPC implementation and its original open-loop version. A more
detailed data analysis will be presented in Section VII through
real-world experiments.

A. Simulation Environment

The rigid-body simulation of our humanoids and their envi-
ronment is carried out using the Choreonoid framework, inte-
grated with the OpenHRP3 physics engine [50]. The joint com-
mands generated by the whole-body control (see Section VII)
are directly transmitted to the simulator, which also incorporates
the low-level joint control dynamics. This enables a seamless
transition to real robot control once the simulation results are
satisfactory. The Choreonoid environment also simulates
inertial measurement units, force/torque sensors, and potentially
other types of sensors. In addition, state observers and estimators
embedded within the robot are implemented identically in the
simulation. The simulated environments include flat terrains,

Fig. 10.  Choreonoid simulation environment for uneven terrain and slope with
RHPSI robot.

—— Real ZMP —— Real DCM

—==- ZMP reference —— Support limits

S
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Fig. 11. Simulation comparative between DCM closed-loop IS-MPC and

closed-loop IS-MPC. (a) DCM closed-loop IS-MPC. (b) Closed-loop IS-MPC.

uneven surfaces, and slopes (see Fig. 10). However, reliable
simulation of soft terrains is currently not feasible.

B. Stabilizer and Closed-Loop Comparison

In addition to the theoretical advantages of our method, we
conducted several comparative studies in simulation, under ideal
conditions (no noise, flat terrain). For example, we instructed
our robots to initiate walking with high-frequency steps without
any adaptation of the footsteps. This was done to emphasize
the challenge posed by a short double-support duration, which
forces the robot’s ZMP to quickly lie beneath the support foot,
exposing the limitations of the original stabilizer policy. We
compared three walking control schemes:

1) open-loop IS-MPC with a stabilizer;

2) DCM closed-loop IS-MPC with a stabilizer;

3) closed-loop IS-MPC (our proposed scheme).

Fig. 11 illustrates the measured DCM and ZMP, as well as the
reference ZMP for the two closed-loop cases. Note that the ZMP
reference generated by the stabilizer does not account for ZMP
dynamics, which restricts it to references within the support
polygon. Furthermore, as shown in Fig. 11(b), the delay & is
negligible. In Fig. 11, the measured ZMP can exceed the con-
straint due to the support polygon being slightly smaller than the
actual one, allowing for safety margins during experimentation.

VII. EXPERIMENTS

The proposed control scheme is implemented on five different
humanoid platforms: HRP-2KAI, HRP-4, HRP-4CR, HRP-5P,
and RHPSI (i.e., all the humanoids in our possession), as shown
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Fig. 12.  Humanoid robots used in the experiments: from left to right, HRP-
2KAI (modified HRP-2 used in the DRC), RHPS1 (a new humanoid from
Kawasaki Robotics co-designed with AIST and CNRS), HRP-5P (latest HRP
family prototype designed for torque control and building applications [52]),
HRP-4 (used for the Airbus joint project [53]), and HRP-4CR (used in the ANA
Avatar XPrize contest [54]).

in Fig. 12. The control scheme is tested across various environ-
ments, including:

1) flat floors;

2) flat floors with small obstacles (height < 3 cm);

3) compliant terrains (not reaching compression limits);

4) outdoor terrains (only HRP-4 and HRP-2KAI).

Disturbances, such as human pushes, are introduced during
both walking and standing phases. In addition, the control
scheme was used during multiple public demonstrations at the
IREX exhibition in November 2023, in a teleoperation sce-
nario [51].

All humanoids are controlled in a high-gain kinematic
mode (position control). Whole-body control is achieved using
the mc_rtc task-space QP control framework,! as described
in [55]. This framework computes the accelerations of the float-
ing base and joints, which are then integrated twice and sent as
joint commands. The goal of these extensive experiments is to
develop a “plug-and-play” walking controller—referred to as a
plug-and-walk software—that can be easily adapted and tested
across multiple humanoid platforms. It is well known that most
of the existing walking algorithms are highly tuned for specific
humanoid or bipedal robots. However, such tunings are rarely
explicitly described in academic papers.

For each robot, we experimentally adjust several model pa-
rameters, including:

1) the MPC’s ZMP model first-order parameters, A and d,;

2) the force distribution first-order parameters, A, and A f;

3) the admittance gain K, for CoP tasks and the FFDC gain

K.,.

These parameters are interrelated and are tuned by fitting the
modeled CoP, vertical forces, or ZMP to the measured ones.
Specifically, A represents the model’s first-order response, and
increasing K, fastens the application of the wrench, thereby
increasing A. Similarly, K, affects vertical force control. We set
K, to its lowest value in order to estimate A.

At present, the tuning process for these parameters remains
empirical; however, for transparency, we provide an ad hoc
guideline for the tuning procedure used in our experiments.

![Online]. Available: https://jrl-umi3218.github.io/mc_rtc/
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Fig. 13. Delay between the real ZMP and the sent reference on HRP-2KAI.
TABLE I
CHOSEN PARAMETERS FOR EACH ROBOT
ZMP model FD model FFDC CoP
Parameters A 8y As Ae K, K, )
Unit s sl s IsTM (NsamT'l 0 [Nsm7!] o [ms]
HRP-2KAI 20 0.025 20 20 0.0001 0.02 4
HRP-4CR 5 0.025 10 5 0.0001 0.01 5
HRP-4 7 0.035 15 15 0.0001 0.01 5
HRP-5P 15 0.025 15 15 0.0001 0.01 5
RHPS1 8 0.025 8 10 0.0001 0.01 2

1) Set K, =0.01, K, =10"* and A = Ay = A, = 40, and
make the robot step in place.

2) &4 can be identified from the transition into the walking
phase (see Fig. 13).

3) Adjust A to ensure that the model ZMP aligns well with
the measured ZMP in single support.

4) Ensure that the feet in single support do not vibrate;
otherwise, increase K, (and 7).

5) Adjust A, such that the model vertical force matches the
measured one in double support.

6) Vibration in double support is typically due to vertical
force control; adjust K, and A; to ensure smooth and
complete transition of the ZMP to the future support foot.

7) Set A, equal to A and adjust to refine the ZMP trajectory
in double support.

8) Fine-tune further by having the robot step forward and
backward.

The parameters for each humanoid are provided in Table I,
which includes the sampling period of the whole-body control §
at which logged data and computed joint angles are transmitted.

The other parts of the control scheme are updated at a
sampling period At for all robots. Parameters common to all
humanoids are shown in Table II.

The IS-MPC weights that handle the DCM trajectory, f3,,
and DCM velocity, /3;, are set to a nonzero value only when the
robot is in standing phase and to zero once the robot switches to
a walking phase. This is because those weights affect the com-
pliance of the robot during disturbances and make it less likely
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TABLE II

CHOSEN PARAMETERS FOR THE MPC

At BZ ﬁl ﬁu Bu B f T. Tp
0.05s | 10 | 0.001 | 50 2 1000 | 1.5s | 10s
TABLE III
COMPUTATION TIME FOR EACH MODULE ON RHPS1
Feasibility Solver | IS-MPC | Force Distribution | Whole-Body Control
0.5 ms 1.5 ms 0.2 ms 0.4 ms
TABLE IV
TASKS PARAMETERS
Swing
Tasks CoM CoP Chest  Posture
Foot
Weight | 10000 10° 5000 200 10
K, 100 1 200 50 1
Ky 2K, 150 2/K, 2\/K, 2/K,

to trigger steps. The computation performances on one robot are
shown in Table III; they may slightly fluctuate depending on the
onboard hardware.

The whole-body QP cost function consists of a set of weighted
tasks, where the decision variables are the accelerations of the
joint angles and floating base [55], [56]. The tasks include:

1) position, velocity, and acceleration of the CoM;

2) contact forces (CoP task);

3) chest orientation relative to foot orientations;

4) swing foot position speed and acceleration during single-

support phases;

5) alow-gain posture task to address redundancy and singu-

larities.

These tasks are weighted and their parameters are listed in
Table IV. The transition from the swing foot task to the CoP
task occurs when the measured force on the swing foot exceeds
a certain threshold.

The experiments demonstrate the robustness of the proposed
method by enabling the robots to walk long distances, traverse
uneven terrains, and recover from disturbances such as operator
pushes. We also tested perturbations during the standing phase
to trigger stepping recovery.

All plots are displayed in a coordinate frame linked to the
robot’s floating base, where z is the vertical axis, (z,y) is the
coronal plane, and (z, x) is the sagittal plane.

While we aimed to maintain consistent walking conditions
across robots, practical limitations sometimes made this chal-
lenging. For example, the HRP-4 is located in France, while the
other robots are based in Japan, where campus experiments are
subject to stricter regulations. The HRP-4CR was tested indoors
on a rigid flat floor due to mechanical constraints, as reported
in [54]. Multimedia material accompanying this article provides
additional context to complement experimental data.

A. Force Control and Model Evaluation

The force control model is evaluated across all the humanoid
robots listed. As shown in Fig. 14, the first-order dynamic model
of the ZMP with a delay offers a reliable estimation of the real
ZMP dynamics. To highlight our objective of modeling ZMP
behavior, we adjusted the parameter A to allow the HRP-2KAI,
HRP-5P, and RHPSI1 robots to walk on a compliant mattress.
Despite the slow response time of the model, the control re-
mains stable, and the robots are able to maintain balance while
performing dynamic walking tasks (see Section VII-D).

Fig. 9illustrates how the measured disturbance from the swing
foot is used to adjust the pendulum trajectory during walking.
The figure shows the measured « (defined in Section V-B),
which captures the vertical component of the disturbance. Fi-
nally, Fig. 15 demonstrates that the vertical forces during the
double-support phase align with the expected model. When the
model value is constant, the robot is in single support, and
vertical force control is no longer active.

The force measurements on the HRP-4 are less accurate due to
crosstalk between the measured torque and the vertical forces,
which affects the ZMP calculation during the double-support
phase. This coupling has been identified and corrected in single
support through a corrective plug-in.

B. Footstep and Step Timing Adaptation

Footstep and step timing adaptation are evaluated across all
the humanoid robots. Fig. 16(a) illustrates the recovery process
following a front push and how the footstep planning is updated
in response. In most cases, increasing the step frequency or
stepping in the direction of the disturbance helps the robot regain
balance. However, in some configurations, the optimal strategy is
to extend the duration of the current or next step, as there may be
no appropriate step available to counterbalance the disturbance.
This is evident in Fig. 16(b), where a lateral disturbance leads
to an increased double-support duration, allowing the DCM to
reach the next support foot.

C. Static Push Recovery

Each humanoid was subjected to a push during the standing
phase to assess the conditions defined in Section I'V-E and trigger
a recovery step. The size of the ZMP region is intentionally set
smaller than the allowed limits, ensuring that a recovery step is
activated even when the robot is well balanced. The choice of
the supporting foot is determined by the position of the DCM
and the contact configuration at the moment of the disturbance.
Depending on which side of the balance region is violated, if
the disturbance is frontal, the support foot is selected as the one
closest to the DCM. Conversely, for nonfrontal disturbances, the
support foot is chosen as the one furthest from the DCM. If a
recovery step is triggered, no specific footstep plan is predefined.
Instead, the recovery steps are entirely determined based on
the feasibility region. The effectiveness of this push recovery
strategy is primarily limited by the intensity of the perturbation.
If the required recovery steps are deemed infeasible, the robot
will inevitably fall. In such cases, it becomes necessary to
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introduce a variation in the robot’s angular momentum or alter
the height of the CoM (i.e., apply vertical acceleration to the
CoM) in addition to the existing recovery strategy. In either
scenario, the LIPM assumptions no longer hold.

ZMP model compared with robots’ measured ZMP when walking on rigid flat floors; model state is updated at a sampling rate A¢. (a) On HRP-2KAI.

—— Real ZMP
—— Real DCM

—— Support limits

—— Next step duration

Fig. 16.  Step duration planning is updated differently based on the direction
of the disturbance (these behaviors apply across all terrain types. (a) Forward
push. (b) Lateral push.

D. Walking on Soft Ground

This experiment was conducted with HRP-2KAI, HRP-5P,
and RHPS1. Walking on compliant surfaces poses a significant
challenge for bipedal robots, requiring a detailed understanding
of how forces behave in relation to control inputs. For example,
without the active control scheme, HRP-2KAI could not remain
standing on the mattress, even with the CoM initially over the
support region. A successful demonstration of locomotion under
such conditions has been previously achieved using a torque-
controlled humanoid robot [57], where contact compliance and
feedforward force control played a crucial role in adapting to
the soft terrain.

Our approach, which models the contact force responses, ne-
cessitates adjusting the parameters that govern force behavior to
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ensure stable walking on compliant surfaces. We ensured that the
deformation of the mattress during walking never exceeded its
limits, even during single- or double-support phases, to prevent
the support from transitioning to rigid ground conditions due
to excessive compression. The evaluation of the ZMP model
is shown in Fig. 17. As discussed in Section VII-A, walking
on soft ground required tuning the ZMP model parameter 1. In
addition, it was necessary to adjust the FFDC gain K, to enhance
vertical force control. This adjustment was made specifically for
HRP-2KAI, where K. was increased from 0.0001 to 0.0002.
All the humanoids used in the experiments on soft ground
were position controlled. However, HRP-2K Al is equipped with

Fig. 19.
the HRP-4 are done without safety ropes.

HRP-2KAI and HRP-4 robots walking outdoors. Experiments with

a shock-absorbing mechanism consisting of a rubber bush be-
tween the foot and ankle actuators. This mechanical difference
results in smoother foot motion in single support for HRP-2KAI
compared to RHPS1, which has a rigid connection between the
ankles and feet. As seen in Fig. 18, under similar conditions
(environment, stepping frequency, step length, and ZMP trajec-
tory), RHPS1 exhibits more pronounced foot oscillations, while
HRP-2KATI’s feet motion is notably smoother.

E. Walking Outdoors

Outdoor experiments underscore the advantages of compli-
ance combined with force control, conducted with HRP-4 and
HRP-2KAI, as shown in Fig. 19. Even seemingly flat outdoor
terrains exhibit nonnegligible local roughness. In addition, some
of the terrains the robots traversed display pseudo-compliant
behavior, such as grass or soft ground, providing an opportunity
to assess the adaptability of the force behavior model to varying
environmental conditions.

The evaluation of the ZMP model on these terrains is pre-
sented in Fig. 20. Supplementary multimedia material demon-
strates the feet’s compliance with the terrain during walking.
These terrains also feature uneven surfaces with varying local
slopes. When walking uphill, the robot’s motion is minimally af-
fected, as early contacts can be detected via force measurements.
In contrast, when walking downhill, the uncertainty in contact
location requires the leg to continue lowering until contact is
detected, which can potentially lead to disturbances. Our force
control scheme can effectively handle this scenario, ensuring
that the foot continues moving downward until force feedback
confirms contact. Alternatively, the FFDC can be employed if
the actual contact remains close to the foot. To optimize this ap-
proach, the FFDC K, gain was increased from 0.0001 to 0.00015
on HRP-4 for these experiments. In the HRP-2K Al experiments,
strong wind induced additional perturbations, while for HRP-4,
significant disturbances occurred when stepping on thick roots.
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In practice, the primary cause of failures during these tests
was poor contact detection.

VIII. CONCLUSION

In this article, we presented a new walking control scheme for
bipedal robots. A key innovation of this approach is the use of an
LIPM-based MPC in a closed-loop configuration, which oper-
ates directly on the robot’s pendulum state (CoM, CoM velocity,
and ZMP) without requiring an additional stabilizer module. In
addition, the controller dynamically adjusts step location and
duration and distributes the contact wrench resulting from MPC
computations.

To demonstrate the versatility and robustness of our control
scheme, we tested it on five different humanoid robots across
various terrains and scenarios. Our goal was to minimize the
number of tunable parameters and provide clear guidelines for
their adjustment. While these parameters are primarily robot
dependent, they also exhibit a dependence on the mechanical
properties of the ground. Our experiments revealed that the
robustness and plug-and-walk functionality of the control could
be further enhanced by estimating some of these parameters
online or during a calibration phase. This is an area for future
work, and we believe it is feasible, as many of these parameters
are observable. Furthermore, while we modeled the floor dy-
namics using a first-order spring—damping model for ZMP, the

general behavior of the system reflects a second-order dynamic,
requiring a more refined estimation of ZMP velocity.

We also tested the HRP-4 robot walking on river pebbles
outdoors, but the controller failed in all trials. This failure was
partly due to the flat rigid soles and the inadequate handling of
momentum during walking. In future work, we plan to extend our
control policy to incorporate full centroidal dynamics, including
variable CoM height and angular momentum, as described in
previous studies [31], [39]. In addition, we are working on
redesigning the robot’s soles based on a recent tactile technol-
ogy [58], inspired by previous work on compliant materials for
better ground adaptation [59].

Understanding how these challenges are interconnected is
crucial to achieve the plug-and-walk goal. Finally, as mentioned
in Section II, we are also exploring a machine-learning-based
approach to walking, believing that a robust solution will emerge
from a hybrid approach that leverages the strengths of both
model-based and data-driven methods.

APPENDIX
PROOF OF THEOREM 1

We suppose that N and O(t) are N,, x 2 matrix and N, x 1
row vector, respectively, such that the ZMP constraints is an NV,
vertices convex polygon (with possibly multiple vertices at the
same position) V¢ € [t°; co]. Let us assume that N and O(t) are
ordered such that, at any time ¢, two consecutive constraints
intersect at one vertex of the polygon (the first constraint is
considered as the successor of the last one).

To prove the necessity, let ﬁ; and ﬁﬁl be the first and second
element of the ith row of N respectively, and o;(t) the value of
the ith row of O(t). The ZMP constraint can be written for each
row 7 as

L. (1) + nyy=(t) < o' (). (60)

Multiplying each side by e “(*~*") and integrating on [t°;

we obtain

o<,

ﬁ;/ z(m)e T dr ﬁ.:!/ Y. (r)e ) dr
3

to t0

< / o' (m)e T dr. (61)
+0
Using the definition of the stability condition (4), we have
ﬁizg + ﬁ;yg < / oi(T)ef‘”(T*tO)dT. (62)
$0

Since this result holds for each row i, the last equation can be
rewritten as in (41), which proves the necessity.

Let vI(t) be the 2-D coordinate of the jth vertex of the ZMP
polygon. Let N; and OI(t) be the 2 x 2 square matrix and
the 2 x 1 row vector representing two consecutive constraints
crossing v4(t). N; originates from two rows of N and O7(t)
from two terms of O(t). We can write

vi(t) = (N7)"10L(t). (63)
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Let O, be [from (41)]

=W / O(r)e ) qr (64)
t()

and let E be the convex set of initial DCM positions pC such
that (41) is true, i.e., Np? < O,, and Z the set of the ZMP
trajectories such that V¢ € [t°; oc], Np.(t) < O(t)

Lemma: Z is a convex set.

Proof: letp, 1 and p, 2 two elements of Z and y € [0; 1].

vt € [t%o0], N(ypoi(t) + (1 —7)p22(t))
<70(t) + (1 =7)0(?)

Any convex combination of p, ; and p; 2 belongs to Z, hence
the convexity. |
We extract O}, from O,, similarly to the definition of OJ and

(65)

compute v/, the vertices of the convex polygon representing £
vl = <Nf>*10u,j (66)
vi=w N Lo (r)e () dr (67)
10
vl = w/ Vé(T)@fW(T*ﬁO) dr. (68)
10

To prove sufficiency, let p? € E. Since E is convex, p! is a
convex combination of the feasibility region vertices such that

Ny

P, =Y v

j=1

(69)

where Vj € [1; N,], 79 € [0,1] and Zj\[:l 47 = 1. We must
find a ZMP trajectory p,(t) € Z such that the initial DCM that
respect the stability condition in (4) is p¥.

Consider the following ZMP trajectory V¢ € [t%; ool:

Ny

p-(t) = Y 7vi(0).

Jj=1

(70)

This trajectory satisfies the ZMP constraints as it is a convex
combination of the vertices of each ZMP constraint polygon.
To check if p? satisfies the stability condition with the ZMP
trajectory p.(t), we use (4) with (70)

00 Ny
w(T—t%) I3 (7)d
w e v vI(T)dr
/, 3 ahir)

N, ~
= wZ’yj/ e? (710 yJ (r)dr (71)
=1 7t
Using (68) and (69), we obtain
Ny, 00 N,
> 7w / /T OVI(nydr =3 Vi =P (72
i=1 # j=1

which proves sufficiency, hence the equivalence. Q.E.D.
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