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Abstract—Soft robots can revolutionize several applications
with high demands on dexterity and safety. When operating these
systems, real-time estimation and control require fast and accu-
rate models. However, prediction with first-principles (FP) models
is slow, and learned black-box models have poor generalizability.
Physics-informed machine learning offers excellent advantages
here, but it is currently limited to simple, often simulated
systems without considering changes after training. We propose
physics-informed neural networks (PINNs) for articulated soft
robots (ASRs) with a focus on data efficiency. The amount of
expensive real-world training data is reduced to a minimum
— one dataset in one system domain. Two hours of data in
different domains are used for a comparison against two gold-
standard approaches: In contrast to a recurrent neural network,
the PINN provides a high generalizability. The prediction speed
of an accurate FP model is exceeded with the PINN by up to a
factor of 467 at slightly reduced accuracy. This enables nonlinear
model predictive control (MPC) of a pneumatic ASR. Accurate
position tracking with the MPC running at 47 Hz is achieved in
six dynamic experiments.

Index Terms—Modeling, control, and learning for soft robots,
physics-informed machine learning, model learning for control,
optimization and optimal control

I. INTRODUCTION

Building soft robots has been an emerging research field

for several years. In contrast to conventional rigid robots, they

are made of significantly softer materials. The resulting com-

pliance makes them suitable robot candidates for intrinsically

safe interaction with humans, as less damage is caused in the

event of a collision [1]. Modeling and controlling such rubber-

like robots is challenging mainly due to complex geometries,

material nonlinearities, and air compressibility in case of pneu-

matic actuation [2]. Therefore, handcrafted models built with

conventional first-principles approaches lack accuracy. Even if

the accuracy is high due to advanced modeling/identification

techniques: Prediction with first-principles models is slow due

to numerical integration with small time steps. This prevents

the application of these models in real-time estimation and

control.

In contrast, learning-based modeling only requires input-

output data of the system, and the prediction with learned

forward models is possible with large time steps. Therefore,

high prediction speeds are possible and enable such real-time
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Figure 1. (a) The objective of this work is to solve the trade-off between model
accuracy/generalizability and prediction speed in the field of soft robotics
by using physics-informed machine learning (ML). (b) During training, data
from one training domain is available. Trained surrogate models extrapolate
for changed system dynamics in unseen test domains. We consider changing
the payload and the orientation of the robot base as possible modifications
during operation.

applications. However, a huge amount of real-world data is

necessary. The recording is not only expensive and time-

consuming, but there is another central problem: Learned

models only show good performance within the seen data

space (interpolation). For changing domains after training

(extrapolation), there is usually poor generalization for such

black-box approaches [3]. Combining the advantages of both

modeling worlds in a hybrid strategy (and omitting the dis-

advantages), as sketched in Fig. 1(a), is a widespread goal in

various research fields.

Within soft robotics, hybrid approaches incorporating both

physical knowledge and machine learning are a highly promis-

ing line of research [4] and an unexplored area [5]. Laschi

et al. [6] conclude that traditional modeling techniques must

be incorporated into existing learning strategies for new

advancements in the soft-robotics field. Recently, Falotico et

al. [7] also declare the integration of physical principles into

machine-learning approaches as a perspective for solving cur-

rent issues in terms of accuracy and computational efficiency.

They explicitly mention PINNs, which is the focus of our work.

As an emerging strategy, PINNs [8] have been used in a

wide variety of applications to solve ordinary differential equa-

tions (ODEs), e.g., for modeling nonlinear structural systems,

and partial differential equations (PDEs) such as Navier-Stokes

equations [9]. We use PINNs to provide fast and accurate
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surrogate models of articulated soft robots. One central re-

quirement is the generalization to unseen dynamics, which

were not present when recording training data. Examples are

an additional mass or a changed base orientation, illustrated

in Fig. 1(b).

The four major scientific contributions of this article are:

1) For the first time, the original form of physics-informed

neural networks — introduced by Raissi et al. [8] and

formulated for state-space modeling in [10], [11] —

is applied to a real soft robot with multiple degrees

of freedom (DoF). For this purpose, a first-principles

model of our ASR is derived and identified, which

is very accurate, but the forward simulation requires

significant computing time. This justifies the need for a

fast surrogate model with high accuracy to enable real-

time applications of model-based estimation/control.

2) Two existing PINN architectures (PINC [10] and DD-

PINN [11]) are extended to achieve generalizability

despite system changes after training. During training,

we perform a systematic hyperparameter optimization

(HPO). This is often neglected in the literature due to

excessive training times of several days.

3) The proposed model is compared against the gold stan-

dard of both modeling worlds, namely a hyperparameter-

optimized recurrent neural network (RNN) and an identi-

fied FP model, regarding prediction speed and accuracy.

For this purpose, we recorded two hours of real-world

data with variable soft-robot dynamics.

4) To demonstrate one possible use case for the proposed

PINN, a real-time application is realized. We choose

nonlinear MPC (NMPC) of the real soft robot, which

places high demands not only on prediction accuracy

but also on prediction speed due to online optimization.

For the first time, NMPC with PINNs is realized for

multi-DoF soft robots and validated in several dynamic

real-world experiments, including comparison with a

baseline controller.

To enable reproducibility, we further provide the community

with open-source contributions1. This includes the whole

codebase for PINN training (PINC and DD-PINN), hyperpa-

rameter optimization and learning-based NMPC with PINNs

for possible applications within and beyond soft robotics. The

two hours of experimental data (13 real-world datasets of the

articulated soft robot) are also publicly available [12].

In sum, we make three claims: First, our surrogate model

outperforms an accurate physics-driven model in terms of

prediction speed by orders of magnitude with only slightly

reduced accuracy. Second, by incorporating physical knowl-

edge during training, the PINN achieves higher prediction

accuracies and generalization to out-of-distribution data com-

pared to an RNN. Throughout this article, all models receive

data from only one domain during training/identification and

are tested in unseen test domains, as depicted in Fig. 1(b).

Third, accurate learning-based nonlinear MPC with PINNs is

enabled for different soft-robot dynamics without the need to

retrain the system model or to retune the controller. This is

1https://tlhabich.github.io/sponge/pinn mpc

intended to represent one practical scenario with high demands

on prediction speed and accuracy. All claims are proven

experimentally. Please refer to the supplementary video of this

article to see the soft robot and dynamic movements during

control.

The remainder of this article is organized as follows: Af-

ter an overview of related work (Sec. II), preliminaries are

introduced (Sec. III). State-space modeling of the soft robot

using first principles and PINNs is presented, followed by the

architecture for NMPC (Sec. IV). In Sec. V, the identification

and learning results are shown, and all models are compared

regarding prediction speed and accuracy. Also, control ex-

periments are presented. The article ends with conclusions,

including future work directions (Sec. VI).

II. RELATED WORK

A brief overview of the two modeling worlds, namely

first-principles modeling (Sec. II-A) and black-box learn-

ing (Sec. II-B), is given. This is followed by presenting

directions of hybrid learning (Sec. II-C), whose various ap-

proaches combine physical knowledge with machine learning.

Further, related work on physics-informed ML for (soft)

robots (Sec. II-D) are discussed.

A. First-Principles Modeling

Soft robots can be divided according to two design

paradigms: soft continuum robots (SCRs) vs. ASRs [5], [13].

Depending on the robot design, a different modeling approach

is recommended, which is described briefly below.

Due to the deformable structure along a continuous back-

bone, SCRs have infinite DoF. Approaches such as piecewise

constant curvature [14], rod models [15], or finite element

method (FEM) [16] are therefore required for kinematic and

dynamic modeling, to name just a few. For a structured

overview, please refer to [17].

The focus of this article is on ASRs. They comprise a

vertebrate-like structure with rigid links and compliant joints.

The use of traditional methods for kinematics, such as the

Denavit-Hartenberg notation, and multi-body dynamics, such

as the Lagrange formalism, are applicable here. Lumped mass

models are therefore recommended for such systems [4],

which have been used in various publications for ASRs [18]–

[20].

Whether ASR or SCR, measurement data from the real

robot is usually used for the identification of unknown system

parameters. This is somewhat similar to black-box learning

but with a strong inductive bias on the model architecture

derived from physics. Thus, high generalizability and data

efficiency can be achieved with physics-based approaches.

However, first-principles models can have a low accuracy

due to simplifying assumptions. The main disadvantage of

accurate first-principles models for soft robots is the slow

prediction speed. This is due to the numerical integration of

forward models with very fine step sizes, which can complicate

model-based estimation and control.
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B. Black-Box Learning

Within soft robotics, data-driven approaches for control are

still in their infancy [21], with much progress having been

made in recent years. In [22], feedforward neural networks

(NNs) were first applied to feedforward control of soft extensi-

ble continuum manipulators. Many works also use feedforward

NNs for MPC, e.g., of a soft actuator with one DoF [23], a

soft continuum joint [24], and a six-DoF soft robot [25], [26].

In [27], Gaussian processes are trained to realize learning-

based position and stiffness feedforward control of a soft

actuator.

Nonlinear material behavior and friction cause hysteresis

effects that can be captured using recurrent neural net-

works [28]. These are used in [29] to learn the forward

dynamics of a soft manipulator with a nonlinear autoregressive

exogenous model. Only an open-loop predictive control policy

was implemented, which was further developed in [30] for

closed-loop control. Data-driven MPC was successfully real-

ized for a single actuator by using long short-term memory

(LSTM) units [31] and for the ASR from Fig. 1(b) via gated

recurrent units (GRUs) [32].

Recording real-world data requires a lot of effort, and

trained networks only achieve good accuracy within the

seen data space. In case of system changes, training must

be repeated with new data due to poor extrapolation. In

addition, convergence is more difficult for high-dimensional

NNs required to model multi-DoF robots. For this reason,

the prediction of the entire state vector was not possible

with the chosen network architecture and the existing data

in [25]. Thus, only the velocity at the next time step was

learned. Data-driven control of a soft robot using the Koopman

operator is realized in [33], and, more recently, a data-efficient

method based on neural ODEs [34] was used to model a soft

manipulator [35]. However, the authors do not use physical

knowledge, which results in poor generalization.

For different payloads, reinforcement learning using an

LSTM network as a forward-dynamics model was conducted

in [36]. However, even for only ν=1 varying model parameter

(payload), different real-world datasets with variable payload

conditions are necessary as training data. We do not believe

that such black-box approaches are scalable for real-world

applications, i.e., ν>1: For the minimum requirement of two

levels per model parameter (e.g., minimum and maximum

payload), 2ν datasets are already required. This implies that

for variations of several parameters, a time-consuming and

expensive data acquisition is necessary. In addition, some

parameters require finer variations and, therefore, more than

two levels due to poor interpolation.

C. Directions of Hybrid Learning

In summary, both first-principles and black-box approaches

have problems when generalizability and prediction speed are

considered jointly. The term generalizability describes the aim

for high accuracy not only in known data domains but also

for unseen system domains with changed dynamics. Hybrid

approaches are promising here and apply physical knowledge

in combination with black-box learning.

Within the pioneering work of Nguyen-Tuong and Peters

for rigid robots [37], knowledge of the parametric dynamics

model is incorporated into the nonparametric Gaussian process

via mean or kernel function. Finite-element models have been

used to analyze soft robotic segments, thus generating vast

amounts of (simulated) training data for feedforward NNs [38].

External loads such as gravity or contact forces are not taken

into account.

Residual/Error learning of physical models using data is

one main direction of hybrid learning. This has been done

for a soft continuum joint [39], a soft parallel robot [40],

and soft continuum robots [41]–[44]. The main requirement

for these approaches is that the physical model must be

efficiently evaluated during real-time control or estimation,

which is often not the case for accurate models of soft robots

(cf. Sec. II-A). Another possible disadvantage is the need

for real experimental data from all domains. This indicates,

due to poor extrapolation, that a new error model must be

learned if the system changes after training. Consequently,

the authors of [43] collect training data in several domains

(different payloads between 0 g and 300 g) in order to ensure

generalization within this data region (interpolation). However,

we argue that trained models should extrapolate across the

available training data and that data acquisition for every

possible system change is not practical. In line with this, it was

recently concluded that the generalization beyond bounded

training data and the handling of novel dynamical events

should be examined in future work [42]. Also, the authors

of [40] declare robust control with learned models in changing

environments as future work.

Alternatively to error learning, prior knowledge for con-

straining NN training results in less data required. This was

realized in [45] using extreme learning machines with only

one hidden layer. Due to the simple network structure, linear

constraints, such as the monotonic behavior of the drives or

physical restrictions of the soft robot, can be taken into account

using quadratic optimization. In [46], a soft manipulator was

discretized according to continuum-mechanics principles, and

recurrent neural networks were trained for each node, taking

applied forces and moments for every node as inputs. The

authors conclude that the supervised learning used might not

entirely respect underlying physics, and trained models are

not applicable to changing dynamics without retraining.

The aforementioned problems are countered by physics-

informed machine learning [47], also known as scientific

machine learning [9]. This is done by including physical

knowledge into the training process so that trained regres-

sors will be aware of governing physical laws. Regarding

modeling and control of dynamical systems, physics-informed

ML is an alternative approach compared to classical gray-box

modeling: Instead of (or in addition to) identifying parame-

ters of white-box models consisting of simplified modeling

assumptions, physics-informed ML comes from the black-box

side without modeling simplifications and is equipped with

additional constraints such as symmetries, causal relationships,

or conservation laws [48]. Underlying ODEs/PDEs can act as

learning bias during the training process, limiting the high-

dimensional search space and, therefore, the necessary amount
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of real-world data while still maintaining a high generalization.

This is beneficial since real-world experiments are expensive,

and the training data will rarely represent all possible sys-

tem conditions during inference. Besides high generalizability

despite less data, trained surrogate models are considerably

faster to evaluate since they do not rely on fine spatiotemporal

discretization required for numerical integration of conven-

tional ODEs/PDEs. This significantly speeds up the solution

of hard optimization problems, such as during nonlinear MPC,

which is outlined in a recent overview [48] as one of the main

opportunities for physics-informed ML.

D. Physics-Informed Machine Learning in (Soft) Robotics

For rigid systems, physics-inspired networks using La-

grangian and Hamiltonian mechanics were proposed [49],

[50]. Mass matrix, centrifugal, Coriolis, gravitational, and

frictional forces as well as (potential and kinetic) energies are

learned unsupervised by minimizing the ODE residual. In [51],

PINNs are employed for the nonlinear MPC of a simulated

rigid robot with two degrees of freedom.

Within soft robotics, hybrid RNNs using responses from

the physical model as additional inputs for state observation

of one-DoF soft actuators (McKibben actuator and soft finger)

are utilized in [52]. A physics-informed simulation model is

trained from finite-element data and is used as efficient-to-

evaluate surrogate model within MPC in [53]. A simulated

one-DoF soft finger is considered, and the authors identify

the transfer to physical prototypes and extension to multi-

DoF tasks as a future research direction. Similarly, PINNs

are trained as fast surrogate models of soft robotic fingers

in [54], [55]. To enable fast prediction of Cosserat rod statics,

PINNs are trained for one simulated tendon-driven segment of

a continuum robot [56].

A real one-segment tendon-driven soft robot was modeled

in [57] using Lagrangian neural networks (LNNs) and a real-

world dataset. This has two drawbacks. Since the network is

trained with offline-recorded data, the generalization to unseen

dynamics (due to system changes not present in the training

data distribution) would be poor. Also, LNNs still require

numerical integration to predict future states since only system

quantities (such as inertia or damping) are learned with neural

networks. For this purpose, the authors [57] use Runge-Kutta

integration. Similar to the forward integration of our FP model,

a slow prediction speed results due to necessary fine step sizes.

The authors of [58] propose a kinematics-informed neural

network for pneumatic and tendon-driven soft robots with

one segment. The generalization ability is examined for mo-

tor commands, which are unseen during network training.

Although this is already an important study, generalization

to changed systems would be even more crucial. Learning

system dynamics instead of pure kinematics would also be

advantageous for optimal control, which is realized in [20]

for an ASR using differential dynamic programming. Thereby,

forward dynamics are simulated via inversion of the inertia

matrix and they declare the realization of MPC as future work.

For our robot, forward simulation via inversion of the inertia

matrix and numerical integration of the stiff ODE is very time-

consuming. Therefore, a fast and accurate surrogate model is

necessary for MPC.

In [59], experimental data is extended with simulated

finite-element data of out-of-distribution (unseen) load-

ing/deformation cases to train a PINN of a single-bellows

actuator. The main motivation here is to build a fast surrogate

of a computationally expensive finite-element model. Although

the NN is 435 times faster compared to the FEM, one

simulation still takes >20 s for the parallel actuator consisting

of five bellows. This computation time further increases for

soft robots with more bellows making it unsuitable for real-

time applications. Also, only statics are modeled to predict

deformations.

Most similar to our proposed approach, the authors of [60]

formulate a physics-informed LSTM network with a variable

system property as model input. This allows the training of

the model for unseen system properties, which are not present

when recording training data. However, it is only applied to a

simple one-DoF mass-spring-damper system. Control is also

not considered.

To summarize, related soft-robotics work only considers

simple (often simulated) actuators and not PINNs for state-

space models [10], [11], which are specifically designed for

real-time MPC. To the best of our knowledge, no published

work considers PINNs for fast MPC of — neither real nor

multi-DoF — soft robotic systems. Dynamics changes after

training are also predominantly neglected.

III. PRELIMINARIES

This section covers the basics of RNNs (Sec. III-A) and

PINNs (Sec. III-B). The method used for optimizing their

hyperparameters (Sec. III-C) is also briefly described.

A. Recurrent Neural Networks

In contrast to utilizing physical knowledge, forward dy-

namics can be trained with black-box approaches on existing

training data. Recurrent neural networks are the gold stan-

dard for time-series learning and can approximate dynamical

system behavior by incorporating information from previous

time steps. They can represent state-space models [61] and

are promising for learning long-term dependencies, such as

hysteresis. The predicted states

[h(Ts), x̂(Ts)] = fRNN(h0,x0,u0) (1)

for one step with sample time Ts can be computed given hid-

den state h0=h(0), initial state x0=x(0), and input u0=u(0)
at time2 t=0. Note that we use the current state x0 as network

input due to the MPC context of this work.

Gated recurrent units [62] are well suited for time-series

learning due to the ability to prevent vanishing and exploding

gradients during backpropagation. Such network architecture

outperformed LSTM networks for the used ASR [32]. We,

therefore, use GRUs as the reference method for a purely data-

driven approach in this work.

2For better comparison, the continuous notation with time t is used
throughout the article for all models, although the implementation of RNNs
is discrete.
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The network is trained batch-wise via the common

backpropagation-through-time (BPTT) algorithm [63], which

is briefly described in the following. During simulation with

known initial values x0 and u0, the hidden state is initialized

to h0=0 and then recursively passed for each time step in

the same way as the predicted state x̂(Ts) for a given input

trajectory u(t)∀t. This behavior is imitated during training on

a given dataset, such that the network predictions are compared

to the ground-truth data. Since the RNN outputs are recursively

passed as inputs for the next time step, backpropagation

must be done through the whole time series, which requires

extensive computational effort and memory. This makes it

often unfeasible in practice for larger datasets [3]. Multi-step

truncation enables a feasible approximation of the gradient [3],

whereby BPTT is performed only for subsets (batches) of the

whole training set. We perform such truncated BPTT for each

batch of nb datapoints and detach the gradients of x̂ and h at

the beginning of each new batch. For each batch, the Adam

optimizer adjusts the weights depending on the error between

the predictions and the ground-truth data.

B. Physics-Informed Neural Networks

Purely black-box models require a large amount of exper-

imental data, which is very expensive (e.g., costs for staff

and maintenance of the system) to acquire in the real world.

Usually, the available data only describe a few operating

points, and trained regressors, therefore, only perform well

within these data regions. PINNs [8] provide an excellent

opportunity in this small-data regime to incorporate existing

domain knowledge and thus regularize the training process

by additional physics-based loss terms. Here, the basic idea

is that the loss function for optimizing the network weights

does not only consist of a data loss Ld as in RNNs but also

takes into account additional knowledge using physics Lp and

initial-condition/boundary L0 losses. The additional losses are

evaluated on a finite set of sampled collocation points in the

entire input space and do not require additional real-world

datasets. This leads to encoding physical knowledge into the

NNs to achieve broad generalizability.

Based on this idea, Antonelo et al. [10] reformulate such

PINN for control (PINC) to enable simulations with variable,

long-range time horizons. These PINCs are designed for fast

MPC of dynamical systems with state-space models from first

principles
ˆ̇x(t) = fFP(x(t),u(t)) (2)

with states x(t) and inputs u(t). This is done by the use of

several NN inputs such as the time t, initial state x0, and

control action u0. Prediction for indefinitely long horizons is

realized by recursively feeding back the PINN output

x̂(Ts) = fPINN(Ts,x0,u0) ≈ x(Ts) (3)

as initial value x0 at the subsequent time step with new

input u0. The latter is considered constant within each time

interval t∈[0, Ts) (zero-order hold assumption). Therefore, the

NN is only trained for small time steps, and forecasting is

done via self-loop prediction, which is similar to RNNs.

The physics loss is determined by means of collocation

points evaluated with (3) and compared with (2) using au-

tomatic differentiation ∂x̂
∂t . In addition, the initial condition

x0 = fPINN(0,x0,u0) (4)

is learned using an initial-condition loss. In fact, no real data

was used for training a surrogate model to solve the ODEs of

two benchmark systems (Van-der-Pol oscillator and four-tank

system) in [10]. Their main motivation is the development of

an efficient-to-evaluate model instead of the time-consuming

numerical integration of (2). This is due to the fact that PINNs

are trained to directly compute x̂(Ts), cf. (3), while integrators

such as Runge-Kutta methods require considerably smaller

step sizes due to instabilities.

The high prediction speed is accompanied by a considerably

increased training effort of several days compared to RNNs.

Especially for dynamical systems with several states, the PINC

training is very time-consuming. To counter this, the domain-

decoupled PINN (DD-PINN) was proposed in [11], which

approximates the solution

x̂(Ts) = fPINN(Ts,x0,u0) = x0 + a(α(x0,u0), Ts) (5)

with an ansatz function

a(α, t)=

na∑

i=1

α1i⊙
(
exp (−α4it)⊙ sin (α2it+α3i)

− sin (α3i)
)

(6)

using Hadamard product (⊙) and element-wise functions

exp (·) and sin (·). As solution [11], a superposition of damped

harmonic oscillations with amplitude α1i, damping term

exp (−α4it) and oscillation term sin (α2it+α3i) with angular

frequency α2i and phase shift α3i is assumed. The subtraction

of sin (α3i) in (6) ensures the compliance with the initial

condition x̂(0)≡fPINN(0,x0,u0)≡x0 due to a(α, 0)≡0.

In constrast to the PINC (3), only the ansatz vector

α = [αT
1 ,α

T
2 ,α

T
3 ,α

T
4 ]

T ∈ R
4dim(x)na (7)

is predicted by the feedforward NN. Each

αj=[αT
j1, . . . ,α

T
jna

]T consists of na vectors of length

dim(x). The key advantage is that the training converges

much faster [11]. This is mainly because the computationally

expensive automatic differentiation is avoided. Instead,
∂x̂
∂t =ȧ(α, t) is calculated in closed form by time

differentiation of (6), which results to

ȧ(α, t)=

na∑

i=1

α1i⊙ exp (−α4it)⊙
(
−α4i⊙ sin (α2it+α3i)

+ cos (α2it+α3i)⊙α2i

)
(8)

with element-wise function cos (·). As already described in

the last paragraph, by decoupling the time domain t from the

feedforward NN and constructing the ansatz function (6), the

initial condition is always maintained. We therefore do not

need a separate initial-condition loss, as L0≡0 applies. This

further simplifies the network training. Both PINC and DD-

PINN are extended for variable domains in this work so that

generalization can be achieved even when the system changes

after training.
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Figure 2. Graphical overview of the article’s main part (Sec. IV).

C. Hyperparameter Optimization

The hyperparameter optimization of the NNs in this work

is conducted with the asynchronous successive halving algo-

rithm (ASHA) [64] to obtain optimal network architectures.

ASHA samples within the given boundaries of the hyperpa-

rameters and starts multiple training runs based on the avail-

able computing resources. By monitoring the validation loss

of each hyperparameter configuration (trial) during training,

poorly performing configurations are stopped by choosing a

reduction factor, and the resources are used for new training

runs. All trials are minimally trained until the user-defined

grace period is reached. The latter is a crucial parameter

and should be chosen sufficiently large, as otherwise, good

trials with slower convergence will be rejected. In contrast,

a grace period that is too long unnecessarily extends the

time required for the HPO. After a defined number of trials,

the hyperparameters of the training result with the lowest

validation loss are chosen as the optimal set.

IV. PINNS FOR ARTICULATED SOFT ROBOTS

The content of this section is graphically illustrated in

Fig. 2. After describing the soft-robot platform (Sec. IV-A),

a state-space model is obtained using first principles and

system identification (Sec. IV-B). Based on this, the gener-

alizable and fast surrogates are introduced (Sec. IV-C) in-

cluding implementation details (Sec. IV-D) and a note on

their practical usability (Sec. IV-E). The proposed PINNs are

integrated into a nonlinear MPC as one possible real-time

application (Sec. IV-F).

A. Soft-Robot Platform

The open-source soft pneumatic robot with antagonistic

bellows from [65] is used in this work with n=5 stacked

actuators, which is shown in Fig. 3. Antagonistically arranged

cast bellows with air pressures pi=[pi1, pi2]
T actuate each

joint i. Bellows pressures p=[pT
1 , . . . ,p

T
n ]

T and joint angles

q=[q1, . . . , qn]
T are measured. The latter is (first-order) low-

pass filtered with 1Hz, and joint velocities q̇ are obtained

online via numerical differentiation. Desired bellows pressures

pd are set using external proportional valves.

Further information regarding the semi-modular ASR can

be found in the supporting video of [65]. The published

design has been minimally optimized with regard to various

p12

q1

h

p11

p22

p31

p42

p51

p21

q2

q3

m5+me

βg

gravity

(b)(a)

F5

F0

F1

F2

F3

F4

p32

p41

p52

q4

q5

Figure 3. (a) Kinematic chain of the articulated soft robot with n=5 rotational
actuators of height h=53.4mm and coordinate frames Fi. In this work,
dynamics are changed by attaching a variable mass me to the last segment
with mass m5 and by changing the base orientation βg against gravity.
(b) Real robot with joint angles qi and antagonistic actuation via pneumatic
pressures pi1 and pi2.

points: joint-friction reduction via smaller shaft diameters,

reconstruction of the frames to reduce plastic deformation,

increased maximum working pressures by using thicker bel-

lows, and larger tube diameters for faster pressure dynamics.

The improved version is freely available3. To further reduce

friction, we removed the cable/tube guides in each actuator.

The additional end-effector mass me and the base orien-

tation βg can be varied, summarized in the domain vari-

able δ=[me, βg]
T. Data Dt with several training samples

of [qT, q̇T,pT,pT
d ]

T in the training domain δt (constant

additional mass and constant base orientation) is acquired for

the identification/training of the FP model (Sec. IV-B), black-

box model (Sec. III-A) and the hybrid model (Sec. IV-C).

Afterward, the domain is modified, which aims to represent a

change in the real system that occurs after recording training

data. Our method is intended to generalize even for such

changes that are unknown during training. As a general

illustration of our method, ν=dim(δ)=2 different parameters

are investigated. This can be extended arbitrarily.

B. First-Principles Modeling and Identification

1) Robot Dynamics: Forward kinematics of the serial robot

are obtained using Denavit-Hartenberg notation. Based on this,

dynamics

II
︷ ︸︸ ︷

τ (p)=g(q)+s(q)
︸ ︷︷ ︸

I

+M(q)q̈+c(q, q̇)+d(q̇)+b(q, q̇) (9)

are modeled by means of Euler-Lagrange equations with

gravitational g, Coriolis/centrifugal c, and inertial torques Mq̈

with mass matrix M and accelerations q̈. The latter is only

necessary for offline system identification and is determined

via offline low-pass filtering and (two-times) numerical differ-

entiation of q.

To capture joint friction and the bellows behavior,

(9) additionally contains viscous and Coulomb friction

3https://tlhabich.github.io/sponge/designs/semi modular/main
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(a)

torque sensor coupling actuator 1

(b)

Figure 4. Validation of the actuation model: (a) Experimental setup with
torque sensor attached to the first actuator. (b) The mapping from pressures
to torque with factor Aprp applies for the entire pressure range.

d=kv⊙q̇+kC⊙ tanh(q̇π/q̇C), and stiffness torques s=ks⊙q.

The hyperbolic tangent with threshold q̇C is used instead of

the discontinuous signum function.

For modeling the contact torques b=[b1, . . . , bn]
T at the

compliant joint limits, we adapt the nonlinear model of contact

normal force [66], which is an improved version of the Hunt-

Crossley model [67]. This leads to

bi =







+|∆qi|
3/2kbs+

√

|∆qi|q̇ikbd for qi > qbt
−|∆qi|

3/2kbs+
√

|∆qi|q̇ikbd for qi < −qbt
0 otherwise

(10)

for each joint i with ∆qi=qi−qbt, threshold of the soft

boundaries qbt, and contact parameters kb=[kbs, kbd]
T.

The left-hand side of (9) consists of pressure differences

∆p=[∆p1, . . . ,∆pn]
T with ∆pi=pi1−pi2, which are mapped

to joint torques τ=Aprp∆p via pressure area Ap=639.8mm2

and lever arm rp=24.1mm of each actuator. The simple linear

actuation model is validated experimentally by coupling a

torque sensor to the first actuator, which is shown in Fig. 4. For

an exemplary pressure trajectory, it is shown that the actuation

model is valid for the whole pressure range with maximum

pressure pmax=0.7 bar.
2) Identification Parameters: The dynamics equation (9)

consists of several unknown parameters

k = [kT
s ,k

T
v ,k

T
C,k

T
b ]

T ∈ R
3n+2. (11)

All other parameters are either adopted from CAD software

(actuator height, center-of-gravity positions, and entries of the

inertia tensors) or measured (segment masses), whereby the

bellows, sensor cables, and tubes are neglected. The kinematic

and inertia parameters of the first n−1 actuators are equal due

to the repetitive structure.

Note that due to the casting process with high reproducibil-

ity, the contact parameters kb are assumed to be identical

for all joints. The same simplification could be applied to

the parameters ks,kv and kC for all joints. However, the

tubes/cables of the last actuator have to overcome considerably

higher friction than those of the first actuator. Similarly, the

tubes/cables may also influence the joint stiffness. Therefore,

we identify different stiffness and friction parameters for each

joint.

A three-step least-squares identification is conducted,

whereby we choose q̇C=1 ◦/s and qbt=10◦ heuristically. The

identification dataset Dt is split into three subsets: DtI, DtII,

and DtIII. Each subset is used to identify different parameters

of (11). Such a multi-step identification is common to isolate

the influence of the different static/dynamic terms and improve

the identification result. The procedure is explained in the

following.

3) Identification of Stiffness: The factors

ks=[ks1 . . . , ksn]
T are identified using static data inside

the soft boundaries: DtI⊂Dt with |q̇i|≤q̇C≈0∧|qi|≤qbt. The

dynamics equation simplifies to (9)-I for these data points, as

velocity- and acceleration-dependent terms are assumed to be

negligible, and contact torques are zero. This results in the

parameter-linear form

τ Ij = τ j − gj = QIjks (12)

for an arbitrary measurement j. Vertically stacking4 τ Ij and

QIj=diag(qj) for all measurements leads to τ I and QI,

respectively. The latent parameters ks=Q
†
Iτ I are obtained by

Moore-Penrose pseudo-inversion (†).

4) Identification of Friction: The friction parameters

kvC=[kv1, kC1, . . . , kvn, kCn]
T are identified using dy-

namic data inside the soft boundaries: DtII⊂Dt with

|q̇i|>q̇C∧|qi|≤qbt. The dynamics equation simplifies to (9)-

II for these data points, which can be transformed into the

parameter-linear form

τ IIj = τ j − gj − sj −M j q̈j − cj

=






q̇1j fC(q̇1j) 0 0

0
. . . 0

0 0 q̇nj fC(q̇nj)






︸ ︷︷ ︸

QIIj∈Rn×2n

kvC (13)

by using fC(q̇)= tanh(q̇π/q̇C). Thereby, the stiffness torques

sj are computed with the previously identified parameters ks.

Similar to above, τ II and QII are obtained by vertically stack-

ing4 τ IIj and QIIj , respectively. This enables the computation

of the friction parameters kvC=Q
†
IIτ II.

5) Identification of Contact Parameters: The factors kb are

identified using data outside the soft boundaries DtIII⊂Dt

with |qi|>qbt. The entire dynamics equation (9) applies to

these data points, which can be transformed into the parameter-

linear form

τ IIIj = τ j − gj − sj −M j q̈j − cj − dj

=






sgn(q1j)|∆q1j |
3/2

√

|∆q1j |q̇1j
...

...

sgn(qnj)|∆qnj |
3/2

√

|∆qnj |q̇nj






︸ ︷︷ ︸

QIIIj∈Rn×2

kb (14)

using previously identified parameters of stiffness and friction.

The parameters kb=Q
†
IIIτ III are computed in analogy to

above4.

4Note that for each datapoint j, the dataset categorization (I, II, III) is done
separately for each actuator i. The rows of Q

⋄
and τ⋄ are therefore deleted

if the conditions for the respective dataset Dt⋄ are not fulfilled. This ensures
that all data is used and only occurs once in all datasets. Such separation
of the dataset neglects the coupling between the different robot segments.
If this simplification does not apply to other systems, suitable identification
trajectories must be recorded.
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6) Forward Prediction: The inverse dynamics (9) can be

transformed into state-space form

ˆ̇x(t) = fFPδ(x,u, δ) (15)

with additional domain input δ. We denote x=[qT, q̇T]T∈R2n

as state of the dynamical system and u=pd∈R
2n as system

input. Thereby, pd=p is assumed. This is valid due to the fast

pressure control of the proportional valves so that the desired

and measured pressures match closely with a time delay of

10−80ms. If this simplification does not hold, the pressure

dynamics could be modeled via a simple first-order system.

Conventional numerical integration of (15) by using Runge-

Kutta methods can be used to predict the evolution of the

states. However, very small step sizes ≤100 µs are necessary

for stable forward simulation of the system due to the stiff

ODE. This is impractical for use in real-time nonlinear MPC

not only due to the excessive computation time, which is

further evaluated in Sec. V-C. Also, to enable online op-

timization during control, the prediction horizon is usually

bounded to a few time steps. The fine discretization of the

model would, therefore, lead to a very short prediction horizon,

which considerably reduces the time available to solve an MPC

problem. Thus, a fast-to-evaluate surrogate model with large

time steps is necessary for real-time control.

C. Generalizable and Fast PINNs

Both first-principles (Sec. IV-B) and data-driven modeling

(Sec. III-A) have disadvantages. The former has good gen-

eralizability. However, prediction with numerical integration

is computationally expensive. The latter learns input-output

relationships purely from real data, ignoring any physical prin-

ciples. This leads to poor generalizability, as trained models

are strongly overfitted to one (training) domain of the system.

However, numerical integration with fine discretization is not

necessary, as it enables fast inference with large time steps. We

combine the advantages of both approaches in the following.

For this purpose, physics-informed neural networks provide an

excellent architecture.

The original approach for state-space modeling using

PINNs (3) consists of a network with three inputs: time t,
initial state x0, and input signal u0. It is trained on artificially

sampled collocation points, for which the ODE does not need

to be solved. Real-world data can additionally be used if

the first-principles model is not accurate enough. According

to [68], a trustworthy and reliable physics-informed model

should be able to extrapolate to systems with different parame-

ters, external forces, or boundary conditions while maintaining

high accuracy. However, both PINC [10] and DD-PINN [11]

represent the state space for one selected parameterization of

the dynamical system, but not if this domain changes after

training. For example, the NNs can be trained only for one

domain (e.g., one particular mass at the end effector me and

base orientation βg). Instead, we would like to train a PINN

that generalizes to all realistic domains during inference to

avoid time-consuming data acquisition and retraining. For this,

the domain δ is defined as another input of the PINN, which

can be any quantity of the first-principles model.

x0

u0

δ

a

I

I

data x(Ts) ηdLd + ηpLp

∂x̂

∂t

x̂

(18)

+

t

(b)

u0

δ I

I

data x(Ts) loss L =

loss L =

ηdLdη0L0

(18)

∂
∂t

∂
∂t

t

(a)

I

x̂

x0

++ ηpLp

α

closed-form
differentiation

automatic
differentiation

Figure 5. PINN structures with inputs in orange, feedforward network in
blue with output in green. Both networks are extended by an additional
domain input δ: (a) The PINC directly predicts the state x̂. During training,
the network requires computationally expensive automatic differentiation for
each collocation point (in each training epoch) and contains an additional
loss term L0 for the initial condition. (b) The DD-PINN predicts the ansatz
vector α of an ansatz function a(α, t). The latter can be differentiated in
closed form. Also, a(α, 0)≡0 applies so that no initial-condition loss is
necessary. Both drastically speed up the training time.

Similar to (15), the forward pass of the proposed PINN

architecture results in

x̂(t) = fPINNδ(t,x0,u0, δ), (16)

which is visualized in Fig. 5 for both PINC and DD-PINN.

The feedforward NN consists of nh hidden layers, each

with nn neurons and hyperbolic tangent activation function.

Whereas the feedforward part of the PINC directly pre-

dicts x̂(t), the ansatz vector α (7) is computed within the

DD-PINN, which is then used to calculate the state

x̂(t) = x0 + a(α(x0,u0, δ), t). (17)

Collocation points are sampled in R
1+4n+ν with user-

specified boundaries5 T ⊂R, X0⊂R
2n, U0⊂R

2n and D⊂R
ν .

In this way, domains can be trained even if no real data is

available for that domain. During prediction, the current do-

main δ can then be specified. We use latin hypercube sampling

within the range ±1 for sampling the scaled quantities t, u0,

and δ. For the scaled states x0, we utilize a multivariate normal

distribution with zero mean and standard deviation of 0.4. This

importance sampling has the advantage that there are fewer

collocation points at the broadly selected sampling boundaries,

5All inputs and outputs of the NN are scaled between −1 and 1 by using
this user-specified minimum/maximum values. For the sake of clarity, we
do not introduce new symbols for each variable since min-max scaling is
straightforward and must be considered during implementation.
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and, for example, more samples are taken to consider the high

slope of the Coulomb friction term for q̇i≈0.

Note that we could also provide the RNN with an additional

domain input, i.e., fRNNδ(h0,x0,u0, δ). However, this has

no added value in the restrictive context of this work, as we

only provide training data from one domain δt. Therefore,

the RNN would be trained with a permanently constant input

δ=δt. Purely data-based approaches are not able to learn the

influence of the domain input here, so that it can be omitted.

The domain input for the RNN would only be appropriate

for training with datasets from different discrete domains

(ν>1). However, we do not believe that it is practical to

record training data in all possible domains (cf. Sec. II-B).

This, again, underlines the motivation for utilizing physical

knowledge.

The total (multi-objective) loss L is composed of several

terms (Ld,Lp and L0), whose weights (ηd, ηp and η0) are

calculated after the first training epoch (cf. Sec. IV-D). The

mean squared error (MSE) between network prediction and

ground truth is determined, whereby the determination of both

quantities varies depending on the loss.

1) Physics Loss Lp: On collocation points, the residuum

rp =
∂x̂

∂t
− fFPδ(x̂,u0, δ) (18)

is calculated with the modeled system dynamics (15), zero-

order hold assumption for u0, and the time derivative of the

predicted states ∂x̂
∂t =

∂
∂tfPINNδ . The latter is done by means of

automatic differentiation for the PINC, and can be computed

in closed form for the DD-PINN via ∂x̂
∂t =ȧ using (8).

2) Initial-Condition Loss L0: In order to train a PINN, it

is essential to consider the governing initial/boundary condi-

tions. For state-space modeling, this loss is defined for the

initial condition x0, which must match the network output

fPINNδ(0,x0,u0, δ). The loss is also computed on the sam-

pled collocation points with time t set to zero. For the DD-

PINN, this loss is not necessary since L0≡0 due to the choice

of a.

3) Data Loss Ld: This optional loss term is deter-

mined with existing real measurement data in the training

domain δt. Similar to black-box learning, the prediction

x̂(Ts)=fPINNδ(Ts,x0,u0, δt) is compared to the measured

ground truth x(Ts) using the specified error metric.

To conclude, the PINN is trained for large timesteps simi-

larly to the RNN. Further, synthetic collocation points in arbi-

trary domains are sampled during training, for which physical

system knowledge is utilized. By means of a weighted, multi-

objective loss, it is possible to integrate real system data. Note

that there is only good generalization capability for quantities

that are considered with the domain input δ. For example, if

significantly stiffer bellows are used, the accuracy of the PINN

(as for the FP model and RNN) will decrease. The disassembly

of one soft actuator after training to an ASR with n=4 joints

would also result in less accuracy for the PINN (as for the

RNN). In contrast, the FP approach has the advantage that the

dynamics model for n=4 can be symbolically generated and

used with the identified parameters. The PINN would have to

be retrained with the updated FP model.

Algorithm 1: Training of PINC or DD-PINN

In : ne, ns, np, n0, nb, na, nλ, λ0, λmin,Xd,Y d

Out: w
1 η, λ,L0 ← {[1, 1, 1]

T, λ0, 0};
2 foreach epoch ∈ [0, . . . , ne − 1] do
3 if epoch mod ns = 0 then
4 Xp ← Sample np points;
5 if na = 0 then

// PINC

6 X0 ← Take n0 points from Xp and set t = 0;
7 Y 0 ← x0 from all samples X0, cf. (4);
8 X,Y ← Shuffle [Xd,Y d], [Xp,0], [X0,Y 0];
9 else

// DD-PINN

10 X,Y ← Shuffle [Xd,Y d], [Xp,0];
11 end

12 D′

t,D
′

v ← Split X,Y in batches of size nb;
13 end

14 L̄v, L̄t ← {0,0};
15 foreach D′ ∈ [D′

t,D
′

v] do

16 foreach B ∈D′ with b batches do

17 Ld ← MSE(Y dB , Ŷ dB);

18 Lp ← MSE(F (Ŷ pB ,XpB), ∂
∂t
Ŷ pB);

19 if na = 0 then

20 L0 ← MSE(Y 0B , Ŷ 0B);
21 end
22 L ← [Ld,Lp,L0]η;
23 if D′ = D′

t then

24 L̄t ← L̄t + b−1[Ld,Lp,L0]
T;

25 w ← Optimize network weights with L, λ;
26 else

27 L̄v ← L̄v + b−1L;
28 end

29 if epoch = 0 and last batch of D′

t then
30 if na = 0 then

31 η ← max(L̄t)[1/L̄td, 1/L̄tp, 1/L̄t0]
T;

32 else

33 η ← max(L̄t)[1/L̄td, 1/L̄tp, 1]
T;

34 end
35 end
36 end
37 end
38 if epoch > nλ then

39 λ← ReduceLROnPlateau(L̄v, nλ, λmin);
40 end
41 end

D. Implementation

For a comprehensive overview, the PINN training described

in the previous section is provided in Algorithm 1 as pseudo-

code. We implemented the training in PyTorch [69]. Necessary

inputs for training a neural network with nn neurons and

nh hidden layers are:

• ne: Number of training epochs

• ns: The collocation points are resampled all ns epochs

for faster convergence and to prevent overfitting

• np, n0: Number of collocation/initial-condition points

• nb: Number of collocation, initial-condition and data

points in one batch

• na: Number of ansatz functions of DD-PINN (na=0
implies PINC training)
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• nλ, λ0, λmin: The initial learning rate λ0 is halved when

there is no improvement of the mean validation loss L̄v

after nλ epochs until λmin is reached (line 39)

• Xd, Y d: Real measurement data from Dt (optional)

In general, X⋄ describes the input data with n⋄ points

for the respective loss terms. Associated with this, Y ⋄ is

the ground-truth output, which is compared to the network

predictions Ŷ ⋄. A mini-batch training of a given feedforward

network is conducted. After resampling at defined intervals,

all data points are split into batches such that each batch

consists of points for all losses (lines 3–13). There is no ground

truth x(t) necessary when calculating the physics loss. This is

indicated in line 8 (or 10) with Y p=0. With a 70/30 split, the

training dataset6 D′
t and the validation dataset D′

v are formed.

For each batch B of the two datasets, the losses are

calculated (lines 17–22). The physics loss is determined with

modeled dynamics fFPδ(x̂,u0, δ), which is denoted with the

function F (·, ·) for the entire batch (line 18). Finally, the

weights of the network w are updated via the Adam optimizer

using the current training loss and the current learning rate.

At the beginning, the weighting factors η=[ηd, ηp, η0]
T are

initialized to ones. After the first epoch, these are adjusted

using the mean losses during all training batches L̄t (line 31

or 33). With these scaling factors, the loss weighting is done

during the remaining epochs.

E. Domain Knowledge in Practice

The PINN presentation ends with a brief note regarding

the main requirement of our approach: the knowledge of the

current domain δ. Such a requirement is also used as a basis in

comparable work. For example, various payloads are known to

the controller a priori in [36]. The model in [60] also receives

the load as input. For easily measurable quantities, these can

be determined online in the application, e.g., measurement

of the base inclination using an accelerometer. Alternatively,

unmeasurable quantities could be estimated online. To this

end, the proposed PINN architecture with the domain as input

is ideally suited due to the high prediction speed.

F. Real-Time Application: Nonlinear MPC with PINNs

As one possible PINN application, a nonlinear model pre-

dictive control of the soft robot is realized. Since there is a

high demand for prediction speed, the benefits of fast and

accurate PINNs can be illustrated here. Besides considerably

improved generalizability of PINNs compared to RNNs, the

simple structure of a feedforward NN is another advantage of

PINNs. MPC with RNNs requires the correct initialization of

the non-measurable hidden states, which complicates their use

in MPC [32].

The proposed control architecture is illustrated in Fig. 6.

MPC uses the discrete model of the system to predict the

behavior for a prediction horizon of m time steps. The

MPC solver searches for an input trajectory to minimize

a user-defined cost function within this prediction horizon.

6We use the D′

⋄
to denote the datasets during PINN training, which are

not equal to the measured dataset in the training domain Dt.
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Figure 6. Control architecture: The nonlinear MPC uses the PINN as the
dynamics model. Instead, a PI controller [65] is used in this work for
comparison. Changing between the two strategies is visualized with the switch.

Only the first input signal u∗
0 of this optimized input trajec-

tory [u∗
0, . . . ,u

∗
m−1]∈R

2n×m is applied to the real system,

and the optimization is solved again with current measured

states x and new desired states [xd1, . . . ,xdm]∈R2n×m with

xdk=[qT
dk, q̇

T
dk]

T for m future time steps. To improve the

speed of the solver, a control horizon of length one is se-

lected. This effectively means that the input is kept constant

throughout the prediction horizon so that u0=uk∀k applies.

Therefore, only one input u0 must be optimized. The opti-

mization problem is formulated as

minimize
u0

m−1∑

k=1

(
∥qdk − q̂k∥

2
Qsq

+ ∥q̇dk − ˆ̇qk∥
2
Qsq̇

)
+

∥qdm − q̂m∥2Qtq
+ ∥q̇dm − ˆ̇qm∥2Qtq̇

+

m−1∑

k=0

∥uk∥
2
Rs

(19)

subject to7 x̂k+1=fPINNδ(Ts, x̂k,uk, δ), umin≤uk≤umax,

and x̂0 obtained from measurements for each MPC cycle.

Since the PINN uses scaled inputs/outputs, the entire op-

timization problem is formulated with scaled (unitless) quan-

tities. The diagonal weighting matrices for the stage costs of

the positions Qsq , velocities Qsq̇ and inputs Rs, and for the

terminal cost of the positions Qtq and velocities Qtq̇ consist

of constant diagonal entries Qsq , Qsq̇ , Rs, Qtq , and Qtq̇ . The

input limits are umin and umax, which can be obtained by

min-max scaling of the system-specific limits with a pressure

range of 0−0.7 bar. The defined pressure limits inherently

eliminate any risk of system damage. Consequently, imposing

state constraints (on position q or velocity q̇) would offer no

practical benefit in this application. Instead, it would increase

the computational burden of the online optimization process.

We, therefore, refrain from imposing state constraints in the

MPC. The nonlinear MPC problem was implemented with

CasADi [70] using the interior-point method.

For a comparison, we use the PI controller from [65] with

weighting matrices (QP and QI), anti-windup and output satu-

ration. This outputs the desired pressure differences ∆pPI∈R
n

of all bellows pairs, which is mapped to each antagonist and

agonist via

uPI=gPI(∆pPI)

=p̄+ [∆pPI1,−∆pPI1, . . . ,∆pPIn,−∆pPIn]
T/2

(20)

7For the sake of clarity, we use the index notation x̂k=x̂(kTs).
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Figure 7. Test-bench architecture: Orange color represents communication
elements and blue color represents pneumatic components.

with p̄ = pmax

2 [1, . . . , 1]T.

V. EXPERIMENTS

After describing the pneumatic test bench (Sec. V-A), the

identification and HPO results are presented (Sec. V-B). All

these optimized (first-principles, hybrid, and black-box) mod-

els are then experimentally validated (Sec. V-C). Afterwards,

experiments on learning-based MPC are conducted with the

proposed PINN (Sec. V-D). The section ends with an overall

discussion of the experiments (Sec. V-E).

A. Test Bench

The used test bench was presented in [65] and is only briefly

described below. The main structure is illustrated in Fig. 7.

1) Components: The pneumatic system consists of a supply

unit (pressure supply, shut-off valve, and filter regulator)

and three-way proportional piezo valves (Festo VEAA-B-3-

D2-F-V1-1R1, resolution: 5mbar) with integrated pressure

control for each bellows. Industrial compressors generate the

compressed air centrally with negligible pressure fluctuations.

Each actuator is equipped with a Hall encoder (Megatron

ETA25K, resolution: 0.09°).

2) Communication: The EtherCAT protocol is used with

the corresponding open-source tool EtherLab, which was

modified with an external-mode patch and a shared-memory

real-time interface8 for Matlab/Simulink. This enables reading

in or setting several values (current pressures p, joint angles q,

and desired pressures pd) with a cycle time of 1ms via

the EtherCAT real-time bus with input and output terminals

(Beckhoff EL3702 and EL4102). To avoid damage, an output

saturation of the desired pressures pd is implemented with

limits 0−pmax.

Data can be logged, and settings can be altered during

runtime with the development computer (Dev-PC, 3.6GHz
Intel Core i7-12700K CPU with 16GB RAM) using Mat-

lab/Simulink 2018b. The compiled model is executed on the

real-time computer (RT-PC, 4.7GHz Intel Core i7-12700K

CPU with 16GB RAM).

8https://github.com/SchapplM/etherlab-examples

3) MPC Implementation: CasADi was integrated using its

fast C++ API for real-time control instead of using Python.

The MPC was decoupled from the real-time system using a

ROS service. Once the MPC problem is solved, the modified

u∗
0 is used. Therefore, no fixed MPC frequency was specified,

but rather, the fastest possible frequency was set automatically

depending on the choice of MPC parameters. The trained

PINN is exported from PyTorch and manually recreated in

CasADi. Due to the use of the widespread ROS framework,

this implementation1 can also be beneficial for other applica-

tions.

B. Model Identification/Learning

All approaches receive an identical dataset of 15min for

identification/learning in the training domain δt=[0 g, 0◦]T.

The data was logged at a frequency of 1 kHz and then down-

sampled to 50Hz. Random pressure combinations limited

to 0.7 bar with a linear transition of 1 s were applied to each

bellows, with each combination being held for 3 s.

1) Parameter Identification: With the chosen parameters

(q̇C=1 ◦/s and qbt=10◦), the datasets DtI, DtII, and DtIII

comprise 40%, 17%, and 43% of all datapoints, respectively.

Various combinations of q̇C and qbt were tested, whereby the

identified parameters only changed marginally.

The results are presented in Table I. For both the stiffness ks

and the friction parameters kv and kC, a trend can be seen

that these increase slightly towards the distal end. As already

mentioned, this is attributed to the routing of the cables

and tubes in the robot body. The parameters shown remain

unchanged after this offline identification and serve as the

training foundation for the PINNs. To illustrate the effects

of the various parameters, Fig. 8 shows the characteristics of

different positions and velocities of an exemplary joint after

identification.

2) PINC vs. DD-PINN: To first get an impression of the

training, the proposed PINC and DD-PINN with domain

input δ were each trained with identical parameters (ns=250,

np=100 000, nb=512, nλ=50, λ0=5×10−4, λmin=5×10−5).

Both trainings were conducted on one core with 8GB RAM

of a computing cluster (2.6GHz Intel Xeon Gold 6442Y

CPU). The PINC receives n0=0.2np initial-condition points.

In contrast, the DD-PINN does not require these points, as

Lv0≡Lt0≡0 applies due to the structural property of the used

ansatz function (6) with na=50. A simple feedforward NN

with nn=100 neurons and nh=2 hidden layers is trained. The

Table I
IDENTIFIED PARAMETERS k OF (9)

param. unit i=1 i=2 i=3 i=4 i=5

ksi Nm/◦ 0.035 0.034 0.043 0.035 0.041

kvi Nms/◦ 0.008 0.008 0.010 0.011 0.011

kCi Nm 0.171 0.214 0.233 0.204 0.232

kbs Nm/(◦)3/2 0.010

kbd Nms/(◦)3/2 0.005
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(b)(a)

Figure 8. Stiffness, damping, and contact characteristics of joint i=3 with
identified parameters for a simulative variation of (a) position q3 with a kink at
the threshold of the soft boundaries ±qbt and (b) velocity q̇3. Curves illustrate
the identified parameters from joint i=3, and are qualitatively similar for the
other joints.

user-specified boundaries are set to

T = [0, κTs],

X0 = [−κqmax, κqmax]
n × [−κq̇max, κq̇max]

n,

U0 = [0, κpmax]
2n and

D = [0, κmemax]×[0, κβgmax]

(21)

with qmax=25◦, q̇max=30 ◦/s, pmax=0.7 bar, memax=200 g
and βgmax=90◦. The limits are system-specific, and the factor

κ=1.25 is used to train for slightly larger ranges, also done

in [51]. We chose the sample time Ts=20ms, which is further

discussed in Sec. V-B3.

Note that no real data points (nd≡0) are used for all PINNs

in this work, similar to [10], [11]. In our case, adding data

points has no advantage due to the high accuracy of the first-

principles model (cf. Sec. V-C2), which is already identified

with the real data from the training domain. Moreover, this

would slow down and complicate the training even further due

to the additional loss term.

The training progress for both networks is illustrated in

Fig. 9. It can be seen that the DD-PINN converges much faster

for two main reasons. First, no initial-condition loss needs to

be minimized. Second, ∂x̂
∂t is calculated in closed form for

all np collocation points so that no computationally expensive

automatic differentiation is required. The latter considerably

influences the average duration of one training epoch T̄e,

allowing it to be reduced by 38.8% (PINC: T̄e=260.9 s,
DD-PINN: T̄e=159.7 s). Thus, the DD-PINN was trained

for 1500 epochs, while the PINC could only be trained for

919 epochs within the recorded training time of approx. 67 h
(2.8 days). A systematic HPO can be enabled in a reasonable

time due to this considerably faster convergence of the DD-

PINN. This is presented in the following.

3) Hyperparameter Optimization: Compared to RNNs, the

training of PINNs is very time-consuming and requires consid-

erable resources of computing hardware. We suspect that this

is the main reason why systematic hyperparameter optimiza-

tions of PINNs are relatively rare in the state of the art. This is

in line with a recent overview [48], which declares such HPO
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PINC: slow convergence
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Figure 9. Training convergence of two PINN architectures (PINC and DD-
PINN), which are adapted for our system and extended to enable additional
domain input δ. The validation physics losses Lvp and validation initial-
condition loss Lv0 are plotted over training time. Both networks are trained
on the same hardware with identical parameters. For the PINC, two competing
loss terms must be minimized, whereby the initial-condition loss is weighted
with η0 (ηp=1). The DD-PINN has a considerably improved convergence,
which is indicated by the lower physics loss. Also, the initial-condition loss
from the DD-PINN (Lv0≡0) is always less than PINC’s Lv0. In order to
also use the PINC as a reference model in this work, it was trained for
a considerably longer duration of 144 h (six days). Even after this time,
convergence is not yet complete.

as an open challenge. However, since many hyperparameters

significantly influence the network performance, we perform

an HPO. For this purpose, the computing cluster from the

previous section was used, which allows several DD-PINNs

to be trained in parallel.

Before an HPO can be carried out, the most crucial training

parameters must first be defined. For the DD-PINN, these are

nn, nh, λ0 and na. All other parameters are taken from the

previous section. At this point, it must be noted that Ts is

also a crucial parameter for the PINN performance. For large

sampling times Ts, the prediction speed is improved, but the

accuracy degrades. The opposite is true for a small Ts. This

tradeoff was already highlighted in [71] for the PINC and

applies analogously to the DD-PINN. Since the physics loss

also shows a tendency to decrease as Ts decreases, integration

into an HPO with ASHA is not recommended. It would

always tend towards a very small Ts without considering

the prediction speed. This parameter was therefore tuned

iteratively, and a sample time Ts=20ms proved to be suitable.

The later use in the MPC was also taken into account here,

as the sample times must not be too small. Otherwise, there

would be problems similar to those with the FP model (cf.

Sec. IV-B).

During the HPO, 35 networks are trained simultaneously,

with a total of 100 trials being examined. As PINN training

converges slowly, ASHA’s grace period is set to 500 epochs

with a reduction factor of 2. To keep the computation time

reasonable, only ne=1000 epochs are trained during the HPO.

The best trial can be further trained afterward until ne=1500.

The results are visualized in Fig. 10(a). It can be seen that

the systematic HPO can considerably minimize the validation

loss. Note that with such an HPO, the limits of the hyper-

parameters must be adjusted iteratively so that no optimal

parameters lie at their boundaries. Otherwise, the true optimum

of the parameter could be outside the limits. This iterative

process, in combination with the HPO duration of approx. six
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(a) DD-PINN

(b) RNN

Figure 10. Results of hyperparameter optimization with 100 trials each:
Poorly performing trials are shown in gray, the best ten in blue, and the best
one in green. The validation loss Lv is considerably reduced by systematically
tuning the networks’ hyperparameters. (a) The optimization of the most
important DD-PINN parameters (nn, nh, λ0 and na) took approx. six days
due to the long training times on the specified cluster hardware. (b) The
optimization of the most important RNN parameters (nn, nh, λ0 and rd)
took <14 h on the specified cluster hardware with minor performance.

days, therefore, requires a substantial computation and time

effort.

The HPO of the RNN is performed similarly, and the results

are shown in Fig. 10(b). Since RNNs converge much faster,

ne=300, nλ=10 are chosen, and ASHA’s grace period is set to

100 epochs. The DD-PINN-specific parameter na is replaced

by the dropout rate rd as an important training parameter

of the RNN. Although significantly inferior cluster hardware

(2.3GHz Intel Cascade Lake Xeon Gold 6230N CPU) was

used, only <14 h is required for the HPO of the RNNs.

C. First Principles vs. PINNs vs. Black Box

The following experiments underline our first and second

claims regarding prediction speed and generalizability, which

are illustrated in Fig. 1(a). As the model base, we use the

identified first-principles model, as well as the DD-PINN

and RNN (both hyperparameter-optimized) from the previous

section. As already mentioned, the PINC training is too time-

consuming for an HPO. In order to also have a PINC reference

model, we trained the network even further. This is also shown

in Fig. 9. In total, the PINC training of the single configuration

took 144 h (six days).

1) Prediction Speed: For a fair comparison of the predic-

tion times, the physics-driven state-space model (15) and the

forward passes of the RNN (1) and PINNs (16) were reimple-

mented and mex-compiled in Matlab R2023a. A 2.5GHz Intel

Core i5-10300H CPU with 16GB of RAM running Windows

was used for evaluation. The explicit Euler method and the

Runge-Kutta fourth-order method (RK4) were used for the

numerical integration of the physical model. These are often

used in the MPC as integrators due to the constant step size.

The results for an exemplary 100 s trajectory of the input

signals are listed in Table II. The time for each prediction

horizon of Ts=20ms was measured for all methods. The sta-

tistical data (mean, maximum and minimum), therefore, refer

to 5000 time measurements, whereby a different number of

function calls ncalls are required per measurement depending

on the method.

Due to the stiff ODE (15), fine step sizes (Euler: 20 µs,
RK4: 100 µs) are necessary for robust forward simulation

of the system. In contrast, only one function call of the

networks’ forward passes is required for a horizon of Ts.

This demonstrates one key advantage of using model-learning

approaches. On average, the DD-PINN is significantly faster

than numerical integration using explicit Euler or RK4 by a

factor of 467 and 377, respectively. Due to the simpler network

structure, the DD-PINN is also slightly faster than the RNN,

which is also presented in Table II. The PINC is slightly faster

than the DD-PINN, as the PINC’s forward pass is simpler

without the ansatz function used.

With regard to a real-time nonlinear MPC, the results

show that the numerical integration of the physics-driven

state-space model is unsuitable. The required fine temporal

discretization of the physics model and, thus, the high number

of function calls is problematic. The number of discrete time

steps m in the prediction horizon of the MPC influences

the solution times considerably and is, therefore, usually set

to a few time steps, e.g., m=5. This would lead to very

short prediction horizons (Euler: 100 µs, RK4: 500 µs), which

results in difficulties such as aggressive MPC actions. Online

optimization cannot be solved in such a short time frame, as

solver frequencies of 2−10 kHz would be required. Even if

we ignore this aspect, and use constant input signals for long

segments of the prediction horizon — the long prediction times

prevent the realization of fast real-time applications.

2) Generalizability: For all test datasets, random pressure

combinations limited to 0.7 bar with a linear transition of 1 s
were applied to each bellows. In contrast to the training data,

each combination is held for only 1 s, which leads to more

Table II
COMPUTATION TIME FOR PREDICTING A HORIZON OF Ts = 20ms.

STATISTICS WERE COMPUTED FOR A 100 s INPUT TRAJECTORY.

method mean/ms max/ms min/ms ncalls

DD-PINN 0.04 0.30 0.03 1

PINC 0.02 0.25 0.01 1

RNN 0.08 1.46 0.05 1

Euler 18.67 35.74 17.37 1000

RK4 15.07 27.96 13.98 200

IEEE Transactions on Robotics (T-RO) paper, presented at ICRA 2026, Vienna, Austria. Cite as T-RO paper.



Figure 11. Accuracy of FP model, RNN, and PINNs (PINC and DD-PINN)
on the training domain δt=[0 g, 0◦]T and eleven unseen test domains δ ̸=δt
with 10min duration of each test dataset. The ODE of the FP model is
numerically integrated with an advanced implicit solver to achieve results of
the highest possible accuracy. (a) Mean absolute error (MAE) ēq between
true and predicted positions averaged over all n joints. The DD-PINN is
only marginally inferior to the FP model, whereas the RNN has large errors
due to poor generalization. The PINC shows better generalizability than the
RNN. However, the PINC is less accurate than the DD-PINN, although it has
been trained considerably longer. (b) MAE ēq̇ between true and predicted
velocities averaged over all n joints. DD-PINN and RNN are only marginally
less accurate than the FP model, whereby the error of the RNN increases with
higher mass me due to poor generalization. Again, the PINC does not show
satisfactory accuracy.

dynamic motions.

Many publications only investigate a generalization for

changed input trajectories, for which this would al-

ready be sufficient. However, we also want to investi-

gate the generalizability to changes in system dynamics af-

ter training-data acquisition. For this purpose, test datasets

with a duration of 10min for twelve different domains

δ∈[0 g, 50 g, 100 g, 200 g]×[0◦, 45◦, 90◦] were recorded. Note
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Figure 12. Prediction results for q2 and q5 on test datasets in (a)–(b) training
domain δ=δt=[0 g, 0◦]T and (c)–(d) unseen test domain δ=[100 g, 45◦]T.
Within the unseen test domain, the dynamics of joint i=2 are mainly changed
due to gravity. This is taken into account by the FP model and the DD-PINN
due to the exploited physical knowledge. During training, real-world data in
this test domain was not available. Therefore, large deviations occur with the
RNN due to poor generalization.

that an additional mass of me=200 g is approx. 20% of the

total mass of the robot, and therefore, represents a considerable

system change. In order to also investigate possible bellows

changes over time, the test datasets were recorded more than

two months later than the training dataset. The robot continued

to operate during this time, which required bellows to be

replaced due to cracks. We believe this is important because

the identified parameters listed in Table I are fixed and serve

as the basis for training the PINN.

The results for all test datasets are visualized in Fig. 11.

To have a first-principles baseline with the highest possible

accuracy, an implicit Runge-Kutta method (Radau IIA of

order five [72]) is used for numerical integration. This is

more advanced than explicit Euler or RK4, and also has the

advantage that no discrete step size has to be chosen/tuned.

Fig. 11(a) demonstrates the advantage of the PINNs over the

RNN. The more changes are present after training, the larger

the RNN error becomes: For me=200 g and βg∈[45
◦, 90◦],

this position error is more than twice as large compared to

the performance in the training domain δt. In contrast, our

proposed DD-PINN consistently achieves an accuracy that

is only slightly worse than the FP model, which has to be

integrated with a substantial time effort. Even in the training

domain, the DD-PINN achieves a lower position error than

the RNN. Also, the DD-PINN is considerably more accurate

than the PINC. Although the PINC was trained for six days,

it has obviously not yet finally converged.

There are somewhat different results on the velocity level,

which are shown in Fig. 11(b). Since the base orientation βg

only has a minor influence on the velocity, the poor general-

izability of the RNN is less present. However, the mass me
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Table III
TRACKING ERRORS AND NMPC FREQUENCY FOR CONTROL

EXPERIMENTS IN DIFFERENT DOMAINS δ=[me, βg]T

WITH 40 s DURATION EACH.

βg/◦ me/g controller ēq/◦ fNMPC/Hz

0

0
DD-PINN+NMPC 2.60 46.4

PI [65] 3.04 –

200
DD-PINN+NMPC 2.29 46.8

PI [65] 3.23 –

45

0
DD-PINN+NMPC 2.88 47.6

PI [65] 3.20 –

200
DD-PINN+NMPC 2.80 46.3

PI [65] 3.22 –

90

0
DD-PINN+NMPC 2.66 47.7

PI [65] 2.93 –

200
DD-PINN+NMPC 2.98 46.8

PI [65] 3.36 –

influences the velocity. Therefore, at higher inertia, a higher

prediction error of the RNN can be seen.

The PINC clearly shows the worst accuracy at the velocity

level, which can be explained by the suboptimal convergence.

A systematic HPO of the PINC could find better network

configurations, but is not realistic due to the excessive training

time. Since the DD-PINN has a comparable prediction speed

with considerably better accuracy compared to the PINC, it is

used for the rest of this work.

To elaborate further, Fig. 12 shows prediction results for

a short excerpt of tests in two different domains. First, the

RNN often shows poor accuracy at the beginning because

the unmeasurable hidden states have to be initialized first.

Moreover, it can be seen that the prediction of q2, in particular,

is worse for new domains, as this is most affected by the

system change. Such disadvantages do not exist with the DD-

PINN.

D. Control Results

In final control experiments with the soft robot, the

third claim is confirmed. It should first be mentioned

that all controller gains were manually tuned once in

the training domain and then remained unchanged. The

PI gains are set to QP=diag(40, 60, 110, 110, 100)mbar/◦

and QI=diag(40, 40, 80, 60, 110)mbar/(◦s). For the nonlin-

ear MPC problem, a prediction horizon with m=3 steps was

chosen and the unitless gains were tuned to Qsq=Qtq=0.7 and

Qsq̇=Qtq̇=Rs=0.01. Automated tuning could further improve

the control performance.

Experiments were conducted in six domains with different

desired trajectories of the positions. For this purpose, linear

trajectories were generated, whereby both the rise time in

the range 0.4−1.6 s and the height of the amplitudes in the

range ±18◦ are determined randomly. In order to reduce the

sharp transitions between the linear trajectories, the reference

was slightly smoothed using a moving mean. The average

of the absolute joint velocities during all experiments was

11.70 ◦/s. Thus, the resulting trajectories correspond to dy-

namic movements of the robot, whereby some sections are

−10

0

10

q
1
in

◦

(a)

des. meas. (PI) meas. (DD-PINN+NMPC)

−10

0

10

q
2
in

◦

(b)

−10

0

10

q
3
in

◦

(c)

−10

0

10

q
4
in

◦

(d)

0 5 10 15 20 25 30 35 40

time in s

−10

0

10

q
5
in

◦

(e)

Figure 13. (a)–(e) Control results for a randomly selected trajectory of all
n joints and δ=[0 g, 90◦]T using the proposed DD-PINN as a model within
NMPC and comparison with PI control.
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Figure 14. Measured pressures (a) p21 and (b) p22 during the control
experiment with δ=[0 g, 90◦]T for NMPC with the DD-PINN and PI control.
The NMPC enables a more dynamic response due to the used model
knowledge and online optimization.

not even feasible. Please watch the supporting video of this

article to see the soft robot and its movements during control.

The results are presented in Table III. In general, accurate

trajectory tracking is realized with the nonlinear MPC, and the

fast PINNs enable control frequencies fNMPC up to 47.7Hz. It

can be seen that the NMPC approach achieves better tracking

results due to its predictive nature, i.e., anticipating future

system behavior and optimizing the input signal accordingly,

rather than merely reacting to past control errors. On av-

erage, an improvement of 14.6% can be realized by using

the proposed DD-PINN+NMPC. The highest improvement of

29.1% was achieved for δ=[200 g, 0◦]. Thereby, especially

poor tracking of the first joint was present during PI control

due to the challenging task of balancing against gravity.

It must be noted that the MPC runs with a significantly

lower control frequency than the PI control (1 kHz). Better

computing hardware in the future will improve the applicabil-

ity of such MPC approaches further. For example, this would
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increase fNMPC, which will further improve the tracking

performance. However, the realized real-time nonlinear MPC

with up to 47.7Hz is already a notable research achievement,

which is only made possible by using PINNs. Depending

on the system dynamics, the tracking accuracy of the MPC

can also be higher in comparison to the PI control. If state

constraints were required for other systems, these could also

be easily handled using the MPC framework.

Exemplary control results for one test domain are visualized

in Fig. 13. In some areas it can be seen that the steep changes

can only be roughly tracked with a slight delay. In addition, for

joint two in the present domain, several sections of the desired

trajectory are not feasible due to gravity. This is illustrated in

Fig. 14 with the corresponding pressure curves, which run into

saturation. It can also often be seen that the PI controller has

a delay and that the MPC reacts faster due to its predictive

nature.

E. Overall Discussion

Three key claims of the article were given in Sec. I.

Results show that the accurate physics-driven model can be

accelerated by the fast surrogate by a factor of 467. This

comes at the cost of a slightly lower accuracy. The hybrid

model only requires data from one domain due to the use of

prior physical knowledge and still allows a generalization to

unknown dynamics. Such a key advantage becomes apparent

when comparing the proposed DD-PINN with a pure black-

box model. Finally, a real-time application is used to illustrate

what becomes possible — the generalizable and fast DD-

PINN enables a high control frequency and accurate control

for articulated soft robots with different payloads or base

orientations.

Although the scenario presented in Fig. 1 is more academic,

this article provides important insights for real-world ap-

plications. In principle, changing conditions are always to

be expected in reality, so generalizable models have great

potential. Grasping different masses or acting with a variable

base orientation is therefore possible with model-based control

and the proposed DD-PINN. With longer versions of the

snake robot, it is also possible that not every actuator is

equipped with an encoder due to the cost. Instead, the states

could be obtained in real-time using a PINN-based estimator.

Furthermore, fast simulations are possible with PINNs. This

can be useful for a fast design optimization of the system

or time-efficient (simulation-based) reinforcement learning,

for example. In general, utilizing PINNs on embedded or

low-power computing platforms in wearable devices is also

conceivable due to the simple feedforward structure.

VI. CONCLUSION

Model-based estimation and control of soft robots require

forward models that generalize to several system dynamics

and provide a high prediction speed for real-time applications.

However, data-hungry black-box learning and slow physics-

based models cannot fulfill both requirements. In a literature

overview, we analyze the current trend of hybrid model learn-

ing and identify a research gap regarding physics-informed

neural networks for real-world, multi-DoF soft robots in

small-data regimes. The latter is crucial: Real-world data

is expensive due to the recording effort or possible main-

tenance/damage, and it is unrealistic that all future system

conditions can be considered during training-data acquisition.

We extend two existing PINN architectures with domain

knowledge and perform hybrid model learning for articulated

soft robots. In two hours of experiments, the presented model

was tested in various system domains that were not seen

during the recording of the training data. Core results of

our work (Table II and Fig. 11) show that the proposed

DD-PINN outperforms an elaborately identified first-principles

model and a recurrent neural network when generalizability

and prediction speed are considered jointly. As one possible

real-time application, the DD-PINN enables nonlinear model

predictive control and, thus, accurate position tracking in

several system domains for dynamic references.

Diverse future research directions arise from our work.

The method is applicable to (soft) continuum robots, where

dynamical models from Cosserat rod theory are accurate but

require high computational costs. Since the domain variables

only need to appear in the dynamics equation, the PINN could

be trained for other variable quantities, such as external con-

tacts. This could, in principle, be used for contact estimation

during operation. In order to further investigate the extent

to which generalization is possible, considerably more than

two domain variables should be examined. In general, due

to the required knowledge of the domain variables, online

estimation is promising for unmeasurable quantities. Further-

more, different ansatz functions of the DD-PINN could be

compared, or suitable ansatz functions could be found using

symbolic regression. Also, the feedforward structure of the

DD-PINN could be replaced by an RNN to further improve

the prediction accuracy. Since the DD-PINN training is still

demanding, approaches from meta or transfer learning could

be used to enhance generalization for system changes beyond

the considered domain variables. Regarding control, GPU ap-

proaches [26], [73] could further improve the performance, and

the combination with online learning could enable adaptivity.

Besides soft robotics, our architecture can be applied to various

dynamical systems to provide generalizable and fast surrogates

for real-time estimation and control.
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