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Optimal Design of Integrated Aerial Platforms with Passive Joints

Yushu Yu, Kaidi Wang, Xin Meng, Jianrui Du, Jiali Sun, Ganghua Lai, Yibo Zhang

Abstract— The Integrated Aerial Platform (IAP) uses multiple
quadrotor sub-vehicles, acting as independent thrust generators,
connected to a central platform via passive joints. This setup
allows the sub-vehicles to collectively apply forces and torques to
the central platform, achieving full six-degree-of-freedom (6-DoF)
motion through coordinated thrust and posture adjustments.
The IAP’s modular design offers significant advantages in terms
of mechanical simplicity, reconfigurability for diverse scenarios,
and enhanced mission adaptability. This paper presents a
comprehensive framework for IAP modeling and optimal
design. We introduce a “design matrix” that encapsulates key
architectural parameters, including the number of sub-vehicles,
their spatial configuration, and the types of passive joints used.
To improve control performance and ensure balanced wrench
generation capabilities, we propose an optimized design strategy
that minimizes the condition number of this design matrix. Two
distinct IAP configurations were optimally designed based on
two typical application scenarios. The efficacy of the proposed
optimization methodology was subsequently validated through
comparative analysis against unoptimized platforms. Moreover,
the full actuation capability of the IAP was empirically confirmed
via extensive simulations and real-world flight experiments,
which also demonstrated its operational performance through
direct wrench control experiment.

I. INTRODUCTION

Small-scale quadrotors have been extensively studied and
utilized across various domains due to their mechanical
simplicity, agility, and vertical takeoff and landing capabilities
[1]. Applications range from basic remote sensing [2] to
more complex interactions with the environment and humans
[3]. Small-scale quadrotors have been extensively studied
for their mechanical simplicity, agility, and vertical takeoff
capabilities, enabling numerous applications in remote sensing
and physical interactions with the environment [4]. Early
efforts in aerial manipulation often relied on unidirectional-
thrust vehicles with collinear rotors, using external tools such
as cables [5] or rigid implements [6], [7]. In addition, some
studies use combinations of multiple coplanar rotors [8] or
quadrotors [9] to accommodate collaborative handling of
objects with diverse shapes. However, their under-actuated
nature restricting independent 6-DOF wrench generation and
added manipulator weight reducing thrust-to-weight ratios
remain key challenges.
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Fig. 1: (a) A schematic diagram of an IAP illustrating its
main framework and four of the n universal joint actuators.
(b) Each actuator comprises a sub-vehicle and a passive joint.
(c) Four types of selectable passive joints are depicted.
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Fully actuated aerial platforms, capable of generating a
6D wrench, are categorized into three main types [10]. The
first involves multirotor drones with tilted propellers, where
at least six propellers are arranged in various directions [11].
The second approach actively tilts the aerial vehicle’s pro-
pellers using additional actuators [12]. A third class achieves
full actuation by integrating multiple under-actuated aerial
vehicles through passive joints, including constrained passive
joints [13], single-bearing joints [14], [15], double-bearing
joints [10], and spherical joints [16], [17].

The IAP falls under the third category of aerial platforms,
directly addressing the 6-DoF wrench generation limitation of
typical under-actuated vehicles, which is crucial for complex
aerial manipulation tasks like drilling and pulling [16], [18].
Compared to other fully actuated platforms, the IAP offers
superior energy efficiency by utilizing interconnected under-
actuated vehicles instead of complex tilting rotors [19].
Its modular and reconfigurable design allows adaptation
to diverse flight scenarios by varying sub-vehicle numbers,
arrangements, and passive joint types, enhancing environmen-
tal adaptability. However, fundamental design principles for
various scenarios, design optimization, and control stability
remain largely unexplored.

Optimization design for multi-vehicle platforms has been
explored through various approaches. Koshi et al. [8] and
Bingguo et al. [7] developed systems where sub-vehicles
lack independent flight, and the combined platforms is under-
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actuated. Similarly, Carlo et al. [9] optimized a quadcopter-
based cooperative system, but its rigid sub-unit connection
also precluded full actuation. Other research includes Yao Su
et al.’s genetic algorithm-based modular UAV flight structure
optimization [20], Vijay Kumar et al.’s virtual kinematic chain
approach for drone operation platforms [21], and Jianrui
Du et al’s modular simulator for IAPs supporting diverse
configurations [22]. A common limitation across these studies
is the consideration of only uniform joint types or simplified
kinematic assumptions, neglecting scenarios with diverse
passive joint linkages between modular sub-vehicles.

The optimal design of IAP with passive joints presents sev-
eral unsolved challenges. First, previous studies have primarily
used the identical type of passive joints for IAP sub-vehicles,
leaving a gap in research on IAP systems that combine
multiple types of passive joints. Second, existing optimization
algorithms, which treat the system’s full actuation condition
as a constraint, are insufficient for handling the complexity
of IAP designs involving diverse passive joint combinations.
Finally, current research lacks experimental validation for
IAP systems employing different types of passive joints.

This paper presents a modeling and optimization framework
for the design of IAP systems with various passive joint types.
Overall, the contribution of the paper is summarized as:

o To systematically parameterize the IAP model, we intro-
duce the concept of design matrix, which encapsulates
critical structural information, including the number of
TIAP sub-vehicles, their mounting positions, and joint
types.

o We propose an optimization method that targets platform-
level configuration, independent of sub-vehicles internal
actuation, and tunes the design matrix to achieve fully
actuated configurations under varying operational con-
straints.

o Two case studies are presented to illustrate the approach,
where control strategies are developed, and the fully
actuated capability of the resulting designs is validated
through simulations and real-world flight experiments.

II. MODELING OF IAP SYSTEMS

The TAP has a modular design consisting of sub-vehicles,
a central platform, connection rods, and passive joints. All
sub-vehicles are quadrotors, which only generate thrust
normal to their rotor plane and 3-axis torques. As shown
in Fig. 1-(a), the sub-vehicles are connected to the central
platform via passive joints and connection rods, forming a star
configuration. Let n denote the total number of sub-vehicles.
Each gimbal actuator, indexed as ¢ where i € {1,...,n},
as shown in Fig. 1-(b), represents a unit that generates a
wrench. This unit consist of a sub-vehicle and a passive joint.
Notably, each gimbal actuator may be equipped with different
types of passive joints. Fig. 1-(c) shows four commonly
used passive joint types: fixed, spherical, single-bearing, and
double-bearing.

A. Coordinate Frames and Transformations

The world coordinate system F, = {O,,, F%, F¥, FZ} is
defined with an arbitrary origin O,,. Its axes are oriented
as follows: F. points north, FY points east, and F7
points downward, aligned with gravitational acceleration
g =9.8m/s%.

The IAP body frame, denoted as Fp =
{Op, F§, F}, F5}, is rigidly attached to the IAP
central platform. Its origin Op is set at the central platform’s
center of mass (CoM), where the x-axis F5 aligns with the
platform’s forward direction, the y-axis F7, points to the
right, and the z-axis F% points downward.

Each sub-vehicle is associated with a local coordinate frame
Fpi ={O0pi, F&;, Fii» Fi; - The origin Op; is set at the
rotational center of the passive joint (spherical joint or bearing
joint) or the constrained passive joint. The frame {Fp;} is
obtained by rotating {F g} around the z-axis F3 by an angle
¢;. Assuming each sub-vehicle is initially installed in a plane
parallel to the central platform, the transformation between
the frames {Fp;} and {Fp} is defined by (RE,, h;), where
h; = [h2,hY,h]T € R® denotes the displacement from
Op to Op;, and RE, € R3*3 represents the corresponding
rotation:

cosgp; —sing; 0
Rgi = | sing; cos¢p; O |. )
0 0 1

As shown in Fig. 1-(b), the sub-vehicle body frame {Fy;}
is attached to the CoM of each sub-vehicle. For optimal
structural design, its origin O,; should be positioned as close
as possible to the rotation center or axis of its corresponding
passive joint, which is mounted at the end of the central
platform’s connection rod.

B. IAP Dynamics

We model the IAP as a rigid body with mass m € R
and a positive definite moment of inertia matrix J € R3%3,
defined relative to the central platform’s CoM at Op [16]. The
system’s dynamics are formulated using the Newton-Euler
equations, as follows:

RY o

MBVB+CBVB+GB: |: 0 Ty s

] W, @

where M € R6%6 Cp € R6%6 and Gp € RS represent the
mass matrix, Coriolis matrix, and gravity matrix, respectively:

MB:[mlgxg 0}7 CB:[O 0 ]

0 J 0 —Qp 3)
_ mges
Gp = [ h{’mge } ’

where e3 = [0,0, 1] is the unit vector, I3x3 € R3*3 is the
identity matrix, and Qp = (Jwp)”" is the skew symmetric
matrix encoding the cross-product operation for the angular
momentum Jwp. And Vg = [up;wpg] € RS represents the
velocity of the IAP’s CoM, where vp € R? is the linear
velocity, expressed in frame {Fy }, and wp € R3 is the
angular velocity, expressed in frame {Fg}. hy € R? is the
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vector from Op to the full system CoM expressed in {Fp},
which is the weighted average of the central platform and
sub-vehicles’ CoM. The matrix R% € SO(3) represents the
orientation of {Fp} relative to {Fw}. W = [f5;75] € RS
represents the total controllable wrench applied to the central
platform, where f 5, 73 € R? denote the net force and torque,
respectively, both expressed in {Fpg}.

C. Wrench Allocation

In the TAP with n gimbal actuators, each actuator generates
a force vector f € R® and a torque vector 77 € R3,
both defined in the frame {Fp}. These forces and torques
contribute to form the total controllable input force fp and
torque T pR.

The wrench produced by each gimbal actuator ¢ is repre-
sented as WP = [fZ;75] € RS, Thus, the total controllable
wrench is given by the sum of all actuator wrenches W =
Y B;WB, where B; = By;; B,;] € R6%6 is the trans-
formation matrix that maps the individual actuator wrenches
to the total platform wrench. The submatrices are defined as
Bf1 = [Ide 03><3] € R3*6 and Bri = [hl nggﬂ € R3%6,

By stackln% all actuator wrenches into a single vector

WE = (WB" _ WBT|T ¢ R, we can write the total
wrench in matrix form as:

W =BW?Z, 4)
where, B = [B;...B,] € R*6" is the wrench allocation

matrix, composed of two sub-matrices: B = [B?,BZ]T.
B; € R¥*6" and B, € R3*%" are referred to as the force
allocation matrix and torque allocation matrix, respectively:

By :[ By, Bfn]a B, = [ B, B..l. (©®)
D. Design Matrix Formulation
In an IAP system with passive joints, the force f " and

torque 75% generated by the gimbal actuator i are constralned
in spemﬁc dimensions within the local coordinate system
{Fgi} These constraints prevent force or torque generation
in certain directions. For example, in a constrained passive
joint, forces along the 7%, and FJ, axes cannot be generated,
while in a spherical joint, no torques can be generated in any
direction in {Fp;}.

To systematically incorporate these constraints into the
dynamic equations, we define the joint matrix of the gimbal
actuator A; € R%%6 which encodes the force and torque
decoupling as:

A; = diag(a, 07,1, 5, B, B7), ©)
where f* represents the force constraints and Tf represents
the torque constraints. Specifically, f® = [a} o? 1]T € R3
and 77 = [8! 82 B3] € R3 with a!,0? € {0,1} and

1,82, 83 € {0,1}. Four general types of passive joint, which
will be considered in our design, are associated with a specific
A, as listed in Table I.

The wrench applied by gimbal actuator ¢ in {Fp;} is
WEi = [fP 751 € RS. To transform it into the body

(] K3

frame {Fp}, we use the joint matrix A; and the rotation
matrix RB :
B B Bi
Wi =R AW, (N

where A; enforces force or torque constraints in specified
directions.

Stacking all actuator wrenches from all local frames into
a control wrench vector WH1:5n — [WlBlT e WE”T]T €
RS"_ we obtain the relationships between the control wrenches
in local frames and the body frame:

W/} = RAWS!Pn (8)
where R = (Ry,...,R,) € R"X6" ig the IAP rotation

configuration matrix, A = diag(A4,...,A,) € R6"*6n jg
the IAP joint matrix. Each R; is defined as:

_[RE O
[Ny

TABLE I: Joint Matrix Elements and Allowed Degrees of
Freedom for Different Passive Joints

Joint Type Force DoFs (f;) | Torque DoFs (‘r )
Constrained Passive Joint 1 (105 0;1]) 3(|1;1;1))
Single-Bearing Joint 2 (10515 1)) 2 (|0; 1; 1))
Double-Bearing Joint 3(|1;1;1)) 1 (|0;0;1])
Spherical Hinge Joint 3([1;1;1)) 0 ({0;0;0))

By substituting this transformation into (4) and replacing
Wf using (8), we obtain:
W = [ fB ] = BRAW/!P", (10)
B

defining the IAP design matrix as D = BRA € R6*6" we
arrive at the final form:

W = DWZH:Bn, (11)

The design matrix D encapsulates the complete actuation
model of IAP, incorporating actuator force and torque
generation capabilities, passive joint constraints, and frame
transformations. It enables optimization-based joint selection
and IAP design.

E. Necessary Condition For Fully Actuated IAP Design

To determine whether an IAP is capable of full actuation,
we examine the rank properties of its design matrix D. Given
the system equation (11), a solution WZ1:Bm € R6™ exists
for an arbitrary W if and only if D has full row rank. This
leads to the following necessary condition:

rank(D) = 6. (12)

This condition is essential for the IAP to be fully actu-
ated; if rank(D) < 6, the system becomes under-actuated
as certain degrees of freedom cannot be independently
controlled. In practical applications, sub-vehicle types and
flight performance are typically predefined. Consequently, the
configuration of the design matrix D is directly determined
by the arrangement of its actuators, specifically their number,
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positions, orientations, and passive joint types. This leads to
the following definition:

Definition 1: 1AP design is characterized by the tuple
D= (n,hy,....h,,¢1,...,0n,01,B1,...,0n, Bn), Which
specifies the number of gimbal actuators n, their positions
and orientations relative to {Fp}, and the type of passive
joint for each actuator. Each tuple D corresponds to a specific
design matrix D.

Definition 2: 1If the design tuple D ensures the IAP satisfies
(12), let the design tuple D denote the full actuation design
of the IAP.

III. OPTIMAL DESIGN OF FULLY ACTUATED IAP
A. Optimization Design Problem

A well-conditioned design matrix D € R6%6" is vital
for ensuring that small changes in the control input W €
RS yield minimal deviations in actuator outputs WZ1B" ¢
R5". Poorly conditioned matrices amplify disturbances and
numerical errors, leading to degraded control performance.

The numerical stability and robustness of the IAP system
are intrinsically linked to the condition number, cond(D), of
its design matrix D. Since a high condition number denotes
heightened sensitivity to small perturbations and disturbances,
thereby reducing actuation reliability, our objective is to
minimize it, leading to the following optimization problem:

Problem 1:

nhrgu}a 5 cond(D) (13)
subject to rank(D) = 6 (14)
Nimin <1 < Npag 15)
lmin <le <lmaa (16)

Constraints (14) ensures the stability, and efficiency of
our numerical optimization algorithm by avoiding singu-
larities, while (15) and (16) enforce mechanical feasibility.
Noins Nyae € Z7 bound the count of the gimbal actuators
n. For IAP N,.;n = 2 and N4, 1S scenario-dependent.
The connection rod length I, € R is constrained by
Lmin € RY and l,,,4, € RT, where l,,;, is typically greater
than half the wheelbases of the sub-vehicles, and [,,,, 1S
application-dependent. In particular, for operations conducted
within confined spaces, 4, can be reduced to accommodate
prevailing spatial constraints.

B. Algorithm

This section delineates the solution methodology for
optimizing the condition number of the design matrix D,
as formulated in Problem 1.

The design matrix D € R®*6" depends on four critical
sets of parameters, including the number of gimbal actuators
n € Z7*, their positions h; € R3, the matrix A; € R6*6,
and the orientation angles ¢; € R. Treating these variables
independently introduces significant complexity into the
optimization process.

To mitigate this complexity, we adopt a structured approach
by arranging the gimbal actuators in an evenly distributed star-
shaped configuration. This symmetric configuration reduces

the dimensionality of the design space, simplifies optimization,
and ensures balanced force and torque distribution. Under
this arrangement, the orientation angle ¢; of each sub-vehicle
is:
27(i — 1)
b =

n

7)

The position vectors h; are derived by rotating a reference
vector h;:

h; = RE;hy, (18)
where RE, is a rotation matrix derived from (1), [, =
|l ||—7c, with 7. € RT denoting the radius of the central
platform. Typically, r. is determined by the payload mounting
constraints.

Unlike the numerical optimization methods employed in
previous research [23], these methods are not applicable to
solving Problem 1. This is due to the discrete switching of
passive joint types in matrix A, which leads to discontinuity
or non-differentiability in the objective function cond(D).
Specifically, matrix A is structured as a block diagonal matrix,
where each diagonal block A; encodes the force and torque
constraints of passive joints, as defined in (6). Since the
passive joint types in A are discrete—for instance, switching
from a constrained passive joint to a single or dual-axis
bearing joint—the diagonal elements o and 3 experience
discrete jumps in value between different joint types.

This discrete switching of A results in abrupt changes
in the singular values of the design matrix D = BRA.
Consequently, the condition number of D, defined as:

Omax (D)

cond(D) = roin(D)

19)

where 0pax(D) and oy (D) are the maximum and mini-
mum singular values of D, respectively, becomes discontinu-
ous or non-differentiable when A is switched.

Furthermore, when changes in A cause D to approach sin-
gularity (i.e., omin(D) — 0), the condition number cond(D)
tends to infinity, further exacerbating the discontinuity of the
objective function. This poses challenges for optimization
algorithms, such as gradient descent, as the lack of smoothness
in the objective function can hinder stable convergence.

Therefore, we employ Algorithm 1 to find an optimal fully
actuated design D that minimizes cond(D). The algorithm
systematically explores actuator counts 7 € [Npin, Nmax]
and joint matrix candidates A with rank(A) > 6. For each
candidate, we define the objective function J(h;) = cond(D),
with h; as the optimization variable. Gradient descent is
employed to update h; while satisfying rank and length
constraints. The optimization process iterates until the change
in J falls below a predefined threshold ¢ € R™. Upon
convergence, all h; are computed via (17) and (18). If a
lower condition number is achieved, cond,,;, is updated. The
final output is the optimal design D .
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Algorithm 1 Optimization Design Algorithm for IAP

. C i (0)
L: InPUt- Nmina N’mawa l’mi’ru lmaw’ Tes initial position h1 P

convergence tolerance ¢, step size o, maximum iterations

kmax~
2: Output: D+ = (n7h1,...,hn,¢i,ai,ﬂi).
3: Initialize cond,,;,, + 0o, Dy «+ 0.
4: for n < Npin t0 Npor do
5. for A € {A',...,A*"}, with rank(A) > 6 do
6: Define J(h;) = cond(D)
7: for k =1,2,..., k. do
8: Update hgkﬂ) — hgk) —aVJ.
9: Ensure constraints: adjust h; if rank(D) < 6 or
[|h1]|< lmin + 7¢ or ||1]]> lnax + 7e-
10: If |J*) — J(-=1)|< ¢ then break.
11: end for
12: Compute {h;} via (17) and (18).
13: Construct D based on n, {h;}, A.
14: if cond(D) < cond,,,;,, then
15: Update cond,,;,, < cond(D).
16: Update Dy + (n,A,hy,...,h,).
17: end if
18:  end for
19: end for

20: return D

IV. PROTOTYPE DESIGN AND CONTROL: TwWO CASE
STUDIES OF FULLY ACTUATED IAPS

A. Design of IAP Prototypes under Two Scenarios

In this section, provide two typical application scenarios
for the IAP. The objective in each scenario is to determine the
optimal configuration that minimizes the condition number
of the design matrix under the given operational and physical
constraints, thereby maximizing control performance and
robustness.

1) IAP for Channel Navigation:

Scenario 1: Design an IAP configuration ID)_1|r that ensures
full actuation and navigation through narrow passages of
width 0.5 m. The IAP employs quadcopters with a 450
mm wheelbase as sub-vehicles, and the radius of the center
platform is 0.15 m.

In Scenario 1, the IAP must navigate a 0.5 m-wide
channel. To ensure the effective navigation while retaining
full actuation, an in-line configuration with two sub-vehicles
is adopted, leading to N,,ip, = Ny = 2.

By executing Algorithm 1, an optimal design tuple ]D)i_ is
obtained, resulting in a design matrix Dl+ with a condition
number of 2.14. The algorithm is performed in MATLAB
on an Intel i5 processor, with a computation time of ap-
proximately 146 seconds. The detailed parameters of Di are
summarized in Table II.

Based on the diagonal elements diag(A;)” and diag(As)”,
a constrained passive joint is selected for sub-vehicle 1, and
a spherical hinge joint is selected for sub-vehicle 2. The
structural layout is illustrated in Fig. 2.

2. Spherical hinge

1. Fixed joint

Fig. 2: IAP structure diagram of design Di_.

TABLE II: Parameters for Design Tuples D} and D3

Parameter Value for ]D)ﬁ_ Value for ]D)i
n 2 4
h1 [05, 0, -0.04Jm | [0.22, 0.22, -0.04]m
hs [-0.5, 0, -0.04]m | [-0.22, 0.22, -0.04]m
hs - [-0.22, -0.22, -0.04]m
hy - [0.22, -0.22, -0.04]m
diag(A1)T [0,0,1,1,1,1] [1,1,1,0,0,0]
diag(A2)T [1,1,1,0,0,0] [1,1,1,0,0,0]
diag(A3)T - [1,1,1,0,0,0]
diag(A4)T - [1.1,1,0,0,0]

2) IAP for Open-Area:

Scenario 2: For stable operation in open areas, a fully
actuated ID)?|r IAP is designed, incorporating quadrotor sub-
vehicles (330 mm wheelbase). Key configuration constraints
are: n < 6 (maximum sub-vehicles), /. < 0.5 m (connection
rod length), and a fixed central platform radius of 0.15 m.

To satisfy the scene requirements, [, is set to 0.5 m. Due
to the spatial constraints of /,,,,, and the inter-axis distance of
the sub-vehicles, N4, is set to 6. The minimum connecting
rod length, l,,,;y, is defined as 0.2 m, based on the sub-vehicle
wheelbase.

Using Algorithm 1, the design optimization was conducted
in MATLAB on an Intel i5 processor, completing in 312
seconds. The optimized design yielded a design matrix D?,
with a condition number of 1.36. The corresponding design
parameters are listed in Table II.

The diagonal entries of A; to A, indicate that all sub-
vehicles in ]D)i, are configured with spherical hinge joints.
The design is illustrated in Fig. 3.

B. Pose Controller

The pose controller computes a reference force fp,
and reference torque Tp, based on the dynamics model
introduced in (2):

. T
fpr=mip, + (mwp) X vp, — mgR})Y " es

—Kppre, —Kpr | e, —Kppép,
(20)
TB,r :Jd.}3774 — (JwB) X WB,r

—K,per —K,r [ er — K,pe,,

where e, = pp,, —PB € R3 is the position error, with pp .
and pp € R? as the reference and actual position, respectively.
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Connection Structure

Sub-vehicle
Spherical hinge [+ _ _________
Connecting rod }

Center platform

Operational rod

Fig. 3: IAP structure diagram of design Di.

K,p,K,1, K,p € R¥*3 are the proportional, integral, and
derivative (PID) control gains, applied independently along
the x, y, and z axes. the attitude error eg € R? is given
T
by er = 3(RYRE . — R Rp,)", where Rp, € R¥*3
is the reference rotation matrix. The operator (-)V acts as
the inverse of (), transforming a skew-symmetric matrix
back into a 3D vector. And e, is the angular velocity
. . wT

trackmg error: e, = wp — Rp Rp,wp,, where wp, =
(R5,Rp,) € R? is the reference angular velocity of the
IAP. And K,.p, K, ;,K,p € R3*3 are the PID control gains
for roll, pitch, and yaw, respectively.

C. Allocation Strategy

This section discusses the allocation strategy for solving
the following problem:

Problem 2: Given a full rank design matrix D € R6%6"
and a desired control wrench U = [fgvr ‘rgﬂ.]T € RS,
determine the input W51:Bn ¢ R6n,

A straightforward method to compute W25 is through
the Moore-Penrose pseudoinverse D+ € R6%6;

WEHtE" = DTU + NpZ, (21)

where the matrix Np € R"%6 represents a basis for the
nullspace of D, capturing the free space in actuation. Z € RS
is an arbitrary vector. It is seen that setting Z = 0 yields the
least-squares solution that minimizes control effort [24].

This approach uses a straightforward computational process
suitable for high-frequency controller sampling, ensuring real-
time performance. It applies the least squares method to
optimize the solution from (10), minimizing controller output
and enhancing energy efficiency.

1) Prototype IAP design D}P The desired total wrench for
IAP is given by:

(22)

B1
o 3

wh2
It is allocated to the sub-vehicles using the design matrix
D!. WP € RS and W5? € RC are the local wrenches
allocated to the two sub-vehicle.
Sub-vehicle 1 is connected by a constrained passive joint,
allowing it to exert thrust along its z-axis and generate

torques around all three axes. The allocated wrench is
constrained to WP = W3l = [00 T} 7¥ 7 77]T. Thus, the

corresponding command sent to its onboard flight controller
isug = [Ty % 7 )T

Sub-vehicle 2 is attached via a spherical joint, which cannot
transmit torque. Thus, the allocated wrench is: W2B2 =
[£52,0351], where the desired force f2° € R? is computed
from the desired thrust direction and magnitude:

57 = (RYRE,) R Tres. (23)

Here, T, represents the required thrust, and R} € R3*3
denotes the desired orientation. The reference commands 75
and R% are sent to the attitude controller of sub-vehicle 2
to compute the final control command, which is given by
Ug2 = [TQ T2$ Tg TQZ]T.

For sub-vehicle’s attitude controller design, we refer to
existing frameworks such as [25].

2) Prototype IAP design ID)f_: The use of spherical joints
decouples the orientation of sub-vehicles from the central
platform, allowing the sub-vehicles to act as force generators.

Let A; = [f¥; fV; f7] € R3 denotes the force applied by
sub-vehicle ¢ in its local body frame {F;}, the total wrench
U, € RS applied to the platform can be obtained as:

U, =D2 [Ar Ay Ay A4, 24)
where the design matrix D2 € R%*?% is given by:
I I I I
p2 = | o Toa Toa Iao 25)

ht  hy  hy  hy

The force allocation is computed using the allocation
strategy outlined in Section IV-C. Each resulting thrust vector
A; € R? is converted into a thrust magnitude and desired
orientation using (23), which are passed to the sub-vehicles’
attitude controller.

V. SIMULATION AND EXPERIMENTAL VALIDATION
A. Wrench Variation Comparison

To evaluate the control stability of different IAP designs,
we compare the optimal design ]D)i with a suboptimal variant
]D)is, both subject to the same constraints (Scenario 2). The
condition number of the design matrix corresponding to
D3* is cond(D3%) = 1.90. For further comparison, the
prototype platform D;‘, which comprises four submodules
each equipped with double-bearing passive joints [10], has a
design matrix condition number of cond(D3) = 2.11.

Let W7 € R® denote the control wrench at the j-th control
period. The amount of wrench variation in each control
wrench is expressed in terms of the Euclidean distance:

A = [W) = Wi, (26)

This metric captures the wrench fluctuation between consec-
utive control periods.

As illustrated in Fig. 4, the optimal design ]D)i consistently
yields lower values of Aé throughout the entire control cycle.
This outcome corroborates the effectiveness of our optimiza-
tion criterion, indicating that minimizing the condition number
reduces variations in control effort, thereby improving both
system stability and energy efficiency.
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Fig. 5: IAP prototype for Scenario 2 (]D)i) hovering at an
tilted angle.

B. Simulation Experiment of ]D)i_

To validate the full actuation of design D! , pose tracking
experiments were conducted in Simulink using a coupled 3D
position and attitude reference trajectory.

As shown in Fig. 6, the ]D}1r IAP accurately tracks a coupled
3D position and attitude reference trajectory, including
tilted hover. This simulation, depicted in Fig. 6-(a) and (b),
unequivocally demonstrates the full actuation capability of
the ]D)l+ design. This experimant validates the completeness
of our optimal design framework, showcasing its ability to
handle and optimize complex IAP systems with mixed joint

types.
C. Real-World Flight Test of ]D)f_

The four-actuator design of ]D)f_ for open area was evaluated
through outdoor flight experiments.

The IAP tracks both position and attitude references
simultaneously, maintaining full pose control in real-world
settings. As shown in Fig. 5, the platform achieves stable
hovering under a tilted attitude. The tracking results presented
in Fig. 7-(a) and Fig. 7-(b) indicate that the attitude tracking
remains within 5°, and the position tracking error is below
0.4 m. These results demonstrate the effectiveness of the
optimized design Di as a fully actuated platform.

D. Real-World Experiments On Direct Wrench Control Con-
tacts for D% IAP

To demonstrate the benefits of IAP for contact-based
operations compared to underactuated flying platforms, we
developed a 6-DOF force/torque interaction controller uti-
lizing a hybrid force/position control strategy. The detailed
methodology for this controller’s design is provided in [19].
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(a) Attitude tracking result. (b) Position tracking result.

Fig. 6: Simulation attitude and position tracking result of
prototype ]D)i design IAP.

—State ---Reference — State - Reference,

= ] £ 4
S =kt
=0 >
15 =

= o) ] &3
< 5 1

= =8 1
A5 2 o
o 80 ) Fhad
I 40 AR 7 w45
I 10 30 w o 10 0 40

20 . 20
time [s] time [s]

(a) Attitude tracking result. (b) Position tracking result.

Fig. 7: Attitude and position tracking result of prototype ]D)ﬁ_
designed IAP.

The IAP, designed within the D?, is equipped with a
linkage arm extending along the negative z-axis of the body
frame Fp. The distal end of this linkage features a rough
contact surface measuring 10cm X 10 cm, as illustrated in
Fig. 8. During interaction with a static environment (the
ground), the IAP dynamically adjusts its attitude while
maintaining a reference force of 20N along the F% axis,
with all other forces and torques constrained to zero. By
subjecting the external environment to independently applied
forces and torques, we experimentally validate the TAP’s
superior capability in performing contact tasks—capabilities
unattainable by conventional under-actuated aerial platforms.
The corresponding pose tracking and force/torque tracking
results under direct wrench control are presented in Fig. 9
and 10.

VI. DISCUSSION

This paper considers only four simple types of passive
joints and develops an optimized design algorithm specifically
tailored to these joint types. Future work will extend this
framework to incorporate more complex passive joints.
Regarding the solver for the optimization algorithm, the com-
putational complexity increases significantly with the number
of submodules, thus motivating future efforts to improve the
algorithm’s time efficiency. In terms of disturbance rejection,
the IAP enhances robustness and fault tolerance by employing
a carefully tuned motion controller alongside an optimized
design matrix characterized by a low condition number. This
approach effectively minimizes fluctuations in control effort,
thereby improving both system stability and energy efficiency.

VII. CONCLUSION

In this paper, we introduce a novel optimization framework
for the design of IAP that incorporates various passive
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Fig. 8: The direct wrench control experiments of the IAP
prototype for Scenario 2 (]D)ﬁ_).

—State ---Reference —State ---Reference
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(a) Attitude tracking result. (b) Position tracking result.

Fig. 9: Direct wrench control experiment pose tracking result
of prototype D2 designed IAP.

joint types. By establishing the necessary conditions for full
actuation, the proposed approach enables systematic selection
of sub-vehicle configurations and joint types. The optimization
objective minimizes the condition number of the design
matrix, enhancing both control performance and stability.
The proposed method is validated through simulations and
real-world flight tests across multiple scenarios. These results
demonstrate the practical effectiveness and offer actionable
insights for IAP platform design and optimization.
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