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Abstract—Cosserat rod models are widely used to simulate,
design, and control soft robots. The Cosserat framework accounts
for bending, torsion, transverse shear, and elongation of a long,
slender structure and correctly handles large rotations and
deflections in 3D, while being far less computationally expensive
than full 3D elasticity models using finite elements. However,
the Cosserat model is not always appropriate for soft robotic
structures since it assumes the cross sections never change size or
shape. In this letter, we extend the standard Cosserat rod model
to include cross-sectional deformation while retaining much of
its simplicity. We add to the Cosserat model additional degrees
of freedom that parameterize stretch and shear in the cross-
sectional plane and their rates of change along the rod length.
We then formulate several possible constitutive laws on the state
variables (one linear and one non-linear) and compare them to
the standard Cosserat energy expressions to gain insight. We
further show how fluidic actuation and tendon actuation can
be incorporated into the model, and we compare the extended
Cosserat models to 3D nonlinear finite-element simulations with
good agreement. Finally, we demonstrate use of this model in a
robotics context to control the path-following gait of a peristaltic
worm-inspired soft robot.

Index Terms—Modeling, Control, and Learning for Soft
Robots, Simulation and Animation

I. INTRODUCTION AND BACKGROUND

A. Related Work

ROD theories have demonstrated their utility across a wide
range of fields, including soft robotics, carbon nanotubes,

biomechanics, and computer graphics [1]–[5]. Unlike traditional
volumetric approaches, which characterize all three spatial
dimensions of a structure, rod theories assume the structure is
slender and, therefore, can be treated as an object with only
one material dimension along the length parameterized by s
with each material frame equipped with a rigid cross-section
[6], [7]. This reduction in dimensionality significantly improves
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computational efficiency by decreasing the number of degrees
of freedom [8]. As a result, for slender objects, such as some
soft and continuum robots, these rod models have become
exceedingly popular [9]–[11].

The most comprehensive of the rod theories, known as
Cosserat rod theory [12], considers bending, twisting, shearing,
and stretching. It describes the material frame using three
orthonormal vectors called directors and employs a rigid cross
section assumption [6], [13], [14]. However, the rigid cross-
section assumption may not hold for non-slender geometries or
highly incompressible materials in which Poisson effects are
significant, or soft robots actuated by a pneumatic or hydraulic
system [15]. In these cases, assuming a rigid cross section
can lead to inaccuracy [16]. This has motivated research into
computationally efficient mechanics based models to account
for cross-sectional deformation.

Tunay [9] introduces a rod model that uses non-unit quater-
nions to parameterize inflation for soft robots, but not other
kinds of cross section deformation. For thin-walled structures,
wall-deformation has been addressed using geometrically
exact finite elements for plates and shell models [17], [18].
However, shell and plate theory involves modeling two material
dimensions, resulting in an increased computational cost. Thus,
in [19], [20], the cross-sectional deformation of thin-walled
elongated structures (beams and hollow tubes) are modeled
more efficiently by extending one-dimensional beam theory
with thin-walled modes. To model more general deformations
throughout the material cross section, Rubin showed in [21] that
the orthonormal restriction on the Cosserat rod directors can be
relaxed, such that the directors are only linearly dependent with
each other. This allows for cross-sectional stretch and shear.
In [22] a mixed finite element formulation is shown to model
cross-sectional deformation by a St. Venant constitutive law, and
[23] included general in-plane cross-sectional deformation and
out-of-plane warping. Recently, [24], [25] extended Cosserat
rod theory to allows for cross-sectional deformation by defining
three field variables to capture isotropic stretching and shearing
of a rod’s cross section. Objective strain measures were used to
characterize the energy of the system. This approach was further
applied to carbon nanotubes [26] and extended to general
constitutive laws consistent with nonlinear elasticity in [16].

B. Contributions

In this letter we seek to advance the prior work in this
area toward applications in continuum and soft robotics. We
start with the same basic assumptions as [24], [25], but our
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development further identifies the individual coefficients in the
energy density in terms of standard material parameters. In
the process, we identify some new coupling terms that did not
appear in prior work. We also develop several versions of the
extended Cosserat elastic energy density (linearized, nonlinear,
and with additional modes), and we show how and why to
incorporate bending and torsion stiffness modifications for
greater accuracy, especially for nearly incompressible materials.
We then show how to implement these models with an energy
minimization approach, including soft robot actuation through
tendon tension or fluid pressure. Simulations using the various
models are then compared to reference nonlinear finite element
simulations to verify the results in cases of axial extension,
bending, and torsion.

II. GEOMETRIC FRAMEWORK AND CONSTITUTIVE LAWS

A. Parameterizing the Deformation

Following the work of Kumar [24], we write the global
cartesian position x ∈ R3 of a material point as a function of its
position X = [x y s]> in the stress-free reference configuration,
where s is the reference arc length along the rod, and x and
y denote 2D cartesian coordinates within the cross-sectional
slice at s. The deformation is written as

x(x, y, s) = p(s) + R(s)C(s)r(x, y) (1)

where p(s) ∈ R3 is the position of the cross section center at
reference arc length s,

r = [x y 0]
> (2)

is the position of the material point in the reference cross
section, C ∈ R3×3 is a matrix performing a symmetric linear
transformation on the cross section material in its own plane

C(s) =

a(s) c(s) 0
c(s) b(s) 0

0 0 1

 (3)

with a and b corresponding to cross-sectional stretching and
c corresponding to cross-sectional shearing. R ∈ SO(3) is a
rotation matrix describing the orientation of the cross-sectional
slice. We further define v ∈ R3 and u ∈ R3 as

∂p

∂s
=p′ = Rv

∂R

∂s
=R′ = Rû

(4)

as in the conventional Cosserat model, and note that we will
use ′ to denote differentiation with respect to s throughout.
The deformation gradient associated with the parameterized
displacement field can then be written as

F =
∂x

∂X
=

[
∂x

∂x

∂x

∂y

∂x

∂s

]
=R [Ce1 Ce2 v + ûCr + C′r] = RD

(5)

where e1, e2 and e3 are the standard bases in R3. As shown
above, the rotation R can be factored out of F, and the
remaining factor D describes the part of the deformation that
is independent of rigid-body rotation. As such, the terms of D

can be used to formulate an objective strain measure, similar to
that obtained from a polar decomposition of F, but not identical
to it since D is not symmetric. In terms of the parameters of
the deformation, and the reference position (x, y, s), D is

D =

a c v1 + a′x+ c′y − bu3y − cu3x
c b v2 + b′y + c′x+ au3x+ cu3y
0 0 v3 − (au2 − cu1)x+ (bu1 − cu2)y

 (6)

where a, b, c, u, and v are all implicit functions of s.

B. Constitutive Law with Linearization
Now departing from the work of Kumar [24], we will

construct constitutive laws based on linear elasticity in the
rotated cross section frame. Our approach is essentially a
co-rotational or St. Venant- Kirchhoff approach, but we will
explore two variants: one which linearizes D and results in
quadratic strain energy, and a second which leaves D nonlinear
and results in a higher order energy expression. Exploring
the simpler case first to build intuition, we linearize D with
respect to u and C about the reference configuration (u = 0
and C = I), which replaces ûC with û),

D ≈ [Ce1 Ce2 v + ûr + C′r]

≈

a c v1 + a′x+ c′y − u3y
c b v2 + b′y + c′x+ u3x
0 0 v3 − u2x+ u1y

 (7)

The symmetric strain tensor in the rotated frame is then

ε =

εxx γxy

2
γxz

2γxy

2 εyy
γyz

2
γxz

2
γyz

2 εzz

 =
1

2
(D + D>)− I. (8)

resulting in the strain vector

ε =


εxx
εyy
εzz
γyz
γxz
γxy

 =


a− 1
b− 1

v3 − u2x+ u1y − 1
v2 + b′y + c′x+ u3x
v1 + a′x+ c′y − u3y

2c

 (9)

Note that though we use the common linear strain tensor
definition, the model has already accounted for geometric
nonlinearity by factoring out the rotation in (5). Invoking the
conventional generalized Hooke’s law for an elastic material
in 3D gives the elastic energy density U+ at a point in the
material

U+ =
1

2
ε>Kε (10)

where the 2 stiffness matrix is

K =


M λ λ
λ M λ
λ λ M

03×3

03×3 GI3×3

 (11)

where G is the shear modulus, λ is the first Lamé parameter,
and M is the P-wave modulus. In terms of Young’s modulus
E and Poisson’s ratio ν, these constants are

λ =
Eν

(1 + ν)(1− 2ν)
, M =

E(1− ν)

(1 + ν)(1− 2ν)

G =
E

2(1 + ν)

(12)
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Note that such a hyperelastic potential energy function implic-
itly defines a stress-strain relationship, which ultimately gives
rise to generalized internal forces. Separating the strain vector
into its constant terms and terms that depend linearly on x and
y, we have

ε = ε0 + εxx+ εyy (13)

where

ε0 =

 a−1
b−1
v3−1
v2
v1
2c

 εx =

 0
0
−u2

c′+u3

a′

0

 εy =

 0
0
u1

b′

c′−u3
0

 (14)

Integrating the energy density over the cross-sectional area A
then gives the elastic energy per unit length along the rod:

U ′ =
1

2

∫∫
A

(ε0 + εxx+ εyy)>K(ε0 + εxx+ εyy) dA

(15)
If the cross section axes corresponding to the variables x and
y are centered such that x = 0 and y = 0 coincides with the
the centroid of the cross section, and if either x or y is an axis
of symmetry, then the linear and mixed product terms in the
integrand yield zero after integration over the area. This leaves
us with

U ′ =
1

2

(
ε>0 Kε0A+ ε>x KεxIy + ε>y KεyIx

)
(16)

where A is the undeformed cross-sectional area in the unde-
formed state, and Ix =

∫∫
A

y2dA and Iy =
∫∫
A

x2dA are the

second area moments of the undeformed cross section (and
note that Iz = Ix + Iy will be used below). To gain physical
intuition about the constitutive law and compare it to others,
we can expand it as

U ′ =
1

2

(
GAv21 +GAv22 + 4GAc2

+MIxu
2
1 +MIyu

2
2 +GIzu

2
3

+A
[ a−1
b−1
v3−1

]> [M λ λ
λ M λ
λ λ M

] [ a−1
b−1
v3−1

]
+GIya

′2 +GIxb
′2 +GIzc

′2

+ 2G(Iy − Ix)c′u3

)
(17)

C. Comparison to Cosserat Theory

The conventional Cosserat constitutive laws give the energy
per unit length as

U ′ =
1

2

(
GAv21 +GAv22 + EA(v3 − 1)2

+ EIxu
2
1 + EIyu

2
2 +GIzu

2
3

) (18)

We can compare this to (17) to gain physical insight. Observe
that the first two scalar terms of (17) account for the shear
energy and are identical to the conventional Cosserat shear
energy terms. The third term of (17) accounts for additional
shear energy associated with the shearing of the cross section,
which is parameterized by c. On the second line of (17), we
have the conventional Cosserat bending and torsion energies,
but in the bending terms the P-Wave modulus M appears
in the place of Young’s modulus. We will discuss this in

the next section. The matrix-vector quadratic product in the
third line gives the energy associated with the combined effect
of material compression or elongation in all directions, and
the Poisson coupling between the x, y, and s dimensions is
clearly present. The bottom-right entry in the matrix yields the
term MA(v3 − 1)2, which corresponds to elongation energy
in the conventional Cosserat model, again with M appearing
in place of E. The fourth line of (17) describes additional
shear energy which penalizes the rate of change of the cross-
sectional deformation with respect to s. Note that these terms
are dependent on the second-area moments, in contrast to the
other shear terms in the first line which are dependent on the
area. The last line of (17) describes an additional shear energy
that couples torsion u3 to c′ in the case where Ix 6= Iy. We
note that no terms of this kind appeared in [24].

Thus, linearizing the deformation gradient in the rotated
frame gave us an energy integrand which is an intuitive
quadratic function of the the state variables with clear analogy
to the standard Cosserat model. A further benefit is that no
more geometric information about the cross section is needed
beyond what is already required in the standard Cosserat model
(i.e. A, Ix, and Iy).

D. Stiffness Corrections

Besides the presence of additional terms, the energy expres-
sion above differs from the standard Cosserat energy by the
presence of M in place of E in the two bending terms and
the elongation term as noted above. For a material with a
Poisson’s ratio of ν = 0.3, M ≈ 1.35E, while for a nearly
incompressible material (ν = 0.49), M ≈ 17E.

We can easily show that this energy generates the correct
stretch and Poisson effect associated with an internal axial
stretch force Fz . Considering only the coupled elongation and
cross-sectional term,

U ′e =
1

2
A

 a− 1
b− 1
v3 − 1

> M λ λ
λ M λ
λ λ M

 a− 1
b− 1
v3 − 1

 (19)

the associated internal force is then

Fe = ∇U ′e = A

M λ λ
λ M λ
λ λ M

 a− 1
b− 1
v3 − 1

 (20)

Solving for a, b, and v3 in the case of a pure axial force
Fe = [0 0 Fz]

>, we observe the equation produces the
correct strains and stiffness: a− 1

b− 1
v3 − 1

 =
1

EA

−ν−ν
1

Fz (21)

In the case of bending, a similar Poisson coupling should occur
physically. During bending, one side of the material is axially
compressed while the other is in axial tension, leading to cross-
sectional expansion on the compressed side and contraction
on the other (causing a square cross section to be transformed
into a roughly trapezoidal shape). However, the parameterized
cross-sectional deformation a, b, and c cannot represent this
behavior by themselves. To model this behavior explicitly,
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we can incorporate additional cross-sectional deformation
modes (as we do later in Section II-F) which increases model
complexity. However, since we know that during bending the
cross section will deform in this way that has not been explicitly
parameterized, and since we know that allowing further cross-
sectional modes would reduce the effective bending stiffnesses
to EIx and EIy, we can simply replace the M with E in
the two bending stiffness terms in (17). This modification will
cause the model to display the correct bending stiffness, even
without explicitly modeling the more complex cross-sectional
modes associated with bending.

In the case of torsion in the Cosserat model, non-circular
cross sections have lower torsional rigidity than GIz because
of non-circular shear lines. In standard mechanics approaches
for non-circular cross sections, this is resolved by multiplying
the polar moment of inertia Iz by a correction factor η that
depends on the specific cross section of the rod. For a square
cross section, this correction factor is η = 0.846 [27]. In our
model, we can incorporate this by multiplying the Iz terms by
η. Implementing both bending and torsion stiffness corrections
then gives the following modified energy per unit length along
the rod:

U ′ =
1

2

(
GAv21 +GAv22 + 4GAc2

+ EIxu
2
1 + EIyu

2
2 + ηGIzu

2
3

+A
[ a−1
b−1
v3−1

]> [M λ λ
λ M λ
λ λ M

] [ a−1
b−1
v3−1

]
+GIya

′2 +GIxb
′2 + ηGIzc

′2

+ 2G(Iy − Ix)c′u3

)
(22)

E. A Geometrically Nonlinear Constitutive Law

The deformation gradient in (6) is nonlinear in the defor-
mation parameters because it depends on the product ûC. We
linearized D in (7) for simplicity, but we can obtain a more
exact constitutive law without linearizing D. Proceeding with
this strategy, we again identify the parts of the strain vector,

ε0 =

 a−1
b−1
v3−1
v2
v1
2c

 εx =


0
0

cu1−au2

c′+au3

a′−cu3
0

 εy =


0
0

bu1−cu2

b′+cu3

c′−bu3
0

 (23)

and observe that the energy expression (16) is still valid with
these nonlinear strain expressions subbed in. Expanding the
result in a similar form to (17), and including the bending
stiffness correction (swapping MI for EI) and the torsional
stiffness correction factor η from the previous section:

U ′ =
1

2

(
GAv21 +GAv22 + 4GAc2

+ u>
[
k11 k12 0
k12 k22 0
0 0 ηk33

]
u

+A
[ a−1
b−1
v3−1

]> [M λ λ
λ M λ
λ λ M

] [ a−1
b−1
v3−1

]
+GIya

′2 +GIxb
′2 + ηGIzc

′2

+ 2G((ac′ − a′c)Iy − (bc′ − b′c)Ix)u3

(24)

where

k11 = E(Ixb
2 + Iyc

2), k12 = −E(Iyac+ Ixbc)

k22 = E(Iya
2 + Ixc

2), k33 = G(Iya
2 + Ixb

2 + Izc
2)

(25)

Note that the torsional stiffness correction factor η is applied
to k33 as this is the torsional stiffness. Comparing the result to
(22) we see that the bending and torsion stiffness matrix is no
longer diagonal, and its elements depend on a b and c. This
dependence can be interpreted as a modification of second
area moments according to the cross section deformation.
Furthermore, the coupling between torsion and cross-sectional
shear in the last line is now more complex.

F. Parameterizing Linear Modes of Deformation

As mentioned in the previous section, the parameters a(s),
b(s), and c(s) that are constant throughout the cross section
of the rod at a given s are not able to fully capture the
cross-sectional deformation modes that occur during bending,
where one side of the cross section contracts and the opposite
side stretches. This results in an unnaturally stiff response
to bending, especially for materials with high Poisson’s ratio.
Rather than substituting E for M in the bending stiffness
terms, we can explicitly parameterize these trapezoidal modes
of deformation (as explored in [23]) in our energy expression
by allowing a(s), b(s), c(s) to also vary over the cross section
as linear functions of x and y for a given s. To avoid notational
confusion, we adopt new symbols for the cross section modes
(α, β, γ) when adopting this expanded model

α(x, y, s) = a0(s) + ax(s)x+ ay(s)y

β(x, y, s) = b0(s) + bx(s)x+ by(s)y

γ(x, y, s) = c0(s) + cx(s)x+ cy(s)y

(26)

By parameterizing in this way, we allow parallel lines in the
original cross section to no longer be parallel in the deformed
cross section. Following the same procedure outlined above,
we can again derive an equation for the energy per unit length
in the rod. We start by computing ∂x/∂X, substituting the
equations for α, β and γ in C(s) in place of a, b, and c,
respectively. Then, we factor out R resulting in a new matrix
D = [D1 D2 D3] with the following columns:

D1 =

α+ axx+ cxy
γ + cxx+ bxy

0

 D2 =

γ + ayx+ cyy
β + cyx+ byy

0


D3 =

 v1 + α′x+ γ′y − βu3y − γu3x
v2 + β′y + γ′x+ αu3x+ γu3y

v3 − (αu2 − γu1)x+ (βu1 − γu2)y

 (27)

where α, β, γ, α′, β′, and γ′ are implicit functions of x, y,
and s, and u and v are implicit functions of s.

Using the definition of the strain tensor in (8) results in a
strain vector with constant terms and terms in x, y, xy, x2

and y2. Thus, we can decompose the strain vector into a linear
combination of terms as done in (13):

ε = ε0 + εxx+ εyy + εxyxy + εx2x2 + εy2y
2 (28)
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where

ε0 =

 a0−1b0−1
v3−1
v2
v1
2c0

 εx =


2ax
bx+cy

u1c0−a0u2

c′0+a0u3

a′0−c0u3

3cx+ay

 εy =


cx+ay
2by

b0u1−c0u2

b′0+c0u3

c′0−b0u3

bx+3cy


εx2 =


0
0

cxu1−axu2

c′x+axu3

a′x−cxu3

0

 εy2 =


0
0

byu1−cyu2

b′y+cyu3

c′y−byu3

0



εxy =


0
0

cyu1−ayu2+bxu1−cxu2

b′x+c
′
y+ayu3+cxu3

a′y+c
′
x−bxu3−cyu3

0


(29)

With the new expression for the strain vector ε, the product
evaluated in the cross-sectional area integral ε>Kε now
contains additional terms up to fourth-order in x and y. With
the same assumptions as before, namely that the (x, y) origin
coincides with the cross-sectional area centroid and that either
x or y is an axis of symmetry, the terms with odd powers in
x or y are zero after integration over the area. This leaves

U ′ =
1

2

(
ε>0 Kε0A+ ε>x KεxIy + ε>y KεyIx

+ 2ε>0 Kεx2Iy + 2ε>0 Kεy2Ix

+ 2ε>x2Kεy2Qxy + ε>xyKεxyQxy

+ ε>x2Kεx2Qy + ε>y2Kεy2Qx

) (30)

where we define Qx =
∫∫
A

y4dA, Qy =
∫∫
A

x4dA, and Qxy =∫∫
A

x2y2dA. We note that these integrals are straightforward

to compute for common cross sections. The bending stiffness
correction is not needed because the additional parameterized
deformation modes should reduce the effective stiffness to
something closer to EI . However, the torsional correction
factor is still necessary and can be incorporated in the same
manner as in previous sections.

III. IMPLEMENTATION

A. Minimization of Total Potential Energy

Let z = [a b c a′ b′ c′ v> u>]>. For a cantilevered
rod with a fixed end at s = 0 and subject to some point forces
fi at locations Xi, we can then cast the mechanics problem in
the following form via the principle of minimum total potential
energy.

minimize
z(s)

Π =

∫ L

0

U ′(z, s)ds−
∑

f>i (x(Xi)−Xi)

subject to

z′1−3 =z4−6, z1−3(0) = [1 1 0]>

R′ =Rû, R(0) = I

p′ =Rv, p(0) = 0

(31)

and where x(Xi) is calculated as written in (1).
In practice, we discretize the length L of the rod into n

nodes with uniform spacing h = L/(n−1). The cross-sectional
deformation parameters a, b, and c are defined at each of these

Fig. 1. Locations of state variables a, b, c, v, and u are shown for a rod
discretized into n nodes.

n nodes, while the Cosserat parameters v and u are defined at
each of the (n− 1) midpoints between the nodes (see Figure
1), resulting in 3n+ 6(n− 1) total states.

The potential energy per unit length U ′ inside each of the
(n− 1) rod segments is taken to be constant, so the integral
expression in (31) evaluates to the summation

∑n−1
i=1 hU

′
i where

U ′i is the energy per unit length for rod segment i (i.e. the
U ′(s) evaluated at the midpoint between node i and node i+1).
The cross-sectional deformation parameters a, b and c at the
rod segment i are the averages between nodes i and i+ 1. The
derivative a′ at rod segment i is simply a′ = (ai+1 − ai)/h,
with similar expressions for b′ and c′.

For the expanded model that parameterizes linear cross-
sectional deformation modes, the states z and their constraints
become

z = [a> b> c> a′> b′> c′> v> u>]>

z′1−9 = z10−18

z1−9(0) = [1 0 0 1 0 0 0 0 0]>,

(32)

where a = [a0 ax ay]>, b = [b0 bx by]>, and c =
[c0 cx cy]>.

B. Soft Robot Actuation

Consider a pressure-driven soft robot with an embedded
chamber whose centroid is located at [xa ya]> in the
undeformed cross section, with area Γ(s) before deformation.
The volume of the chamber V after deformation can be
calculated by integrating

V ′ = |D(s, xa, ya)|Γ(s)

= (ab− c2)(v3 − u2xa + u1ya)Γ(s)
(33)

over the length of the chamber. We can add the actuation energy
of the pressurized fluid (assuming adiabatic compression) to the
total potential energy in (31) as the product of applied pressure
and volume. Alternatively, if the fluid is incompressible, and
the fluid volume is dictated by a fluidic actuator, we can apply
an additional volume constraint to the constraint set in (31) and
solve the system using a constrained optimization algorithm.

A similar approach can be taken to model tendon or cable
actuation. If the tendon path is defined by the tendon channel’s
location in the cross section as function of s:

ρt(s) = [ρx(s) ρy(s) 0]
>

then the global frame tendon position at s is

pt(s) = p(s) + R(s)C(s, ρx, ρy)ρ(s) (34)
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and the total tendon length `t is given by integrating

`′t = v + ûCρ + C′ρ + Cρ′ (35)

where C′ involves appropriate use of the chain rule if the
expanded model is used. Similar to fluid actuation, tendon
actuation can be modeled by adding τ`t to the total energy if
the tendon tension is dictated, or by adding a length constraint
to the constraint set in (31) if the length is dictated.

IV. SIMULATION COMPARISONS

We performed simulation experiments to verify the proposed
Cosserat models against a reference finite-element simulation.
The models were implemented in C++ with L-BFGS used to
solve the optimization problem in (31). The gradient of the
strain energy U with respect to the state variables is computed
analytically while the gradient of the applied force position
x(Xi) is computed via finite differences. The constraints in
(31) are “embedded” by numerically integrating the differential
equations before computing the objective function. For each
experiment, a convergence analysis determined the number of
nodes to achieve converged tip displacements. Increasing the
number of nodes beyond this point has diminishing returns
with respect to the agreement with finite element simulations,
as some cross-sectional deformation modes and out-of-plane
warping are not captured by our model. Fewer nodes may also
be used while still providing acceptable accuracy, though there
will be more disagreement with finite element simulations due
to discretization error.

The reference simulations are three-dimensional finite el-
ement method (FEM) solves from Inventor Nastran, with a
nonlinear solver, an isotropic material, and quadratic tetrahe-
dral elements. Convergence analyses are performed to select
appropriate levels of mesh discretization that are within one
percent of the converged tip displacement. Material and mesh
parameters will be specified for each experiment below.

For the experiments that follow, we quantify error with the
average per-vertex error between a rod model and a FEM
result. For each vertex in the FEM mesh we calculate the error
between it and the corresponding location in the rod model,
and we average the errors across the mesh. Computation times
are reported for a single static solve on a single core of a
Ryzen 9 9950X CPU, averaged across 20 trials.

A. Axial Stretching

A cylinder with 0.5 m radius and 2 m height is fixed at
its base and loaded with a tensile or compressive force. The
cylinder has material properties E = 1× 105 Pa and ν = 0.49.
Its top surface is constrained to be parallel to the ground
with cross-sectional deformation disallowed. 50 kN and 20 kN
tensile forces are applied, and 5 kN and 15 kN compressive
forces are applied. The cylinder is discretized into 21 nodes and
simulated with the nonlinear constitutive model (24), and an
equivalent FEM simulation with 27193 elements is performed.
Figure 2 compares our model against the FEM results, and
a quantitative comparison is made in Table I with elongation
error and average per-vertex error. The results show reasonable
agreement. The optimization for the standard Cosserat rod

TABLE I
COMPARISON OF OUR MODEL AND FEM FOR AXIAL STRETCHING

Load
[kN]

Z-Coordinate
% Difference

Avg Per-Vertex
Error [m]

Compute Time
[ms]

50 4.3% 0.0777 54.83

20 0.5% 0.0129 22.94

-5 0.2% 0.0020 8.91

-15 0.9% 0.0097 48.96

Fig. 2. A cylindrical rod is subjected to a range of axial forces. The top
surface is constrained to not deform in the transverse directions. Top. The
extended Cosserat model of (24) including cross-sectional deformation and
axial elongation. Bottom. 3D nonlinear finite element analysis results for the
same loading conditions. Good agreement is seen between our model and the
FEM results in terms of cross-sectional deformation and axial elongation.

model is faster (∼3 ms), but its average per-vertex error is 5
times higher than our extended Cosserat model.

B. Bending

A 2 m long, 1 m × 0.5 m rod with E = 1× 105 Pa and
a fixed base is subjected to a transverse tip load of 500 N.
The rod is discretized into 20 nodes. Four variations of our
model are simulated with the same geometry, loading, and
boundary conditions: (A) the linearized constitutive law without
the bending stiffness correction (i.e. it uses MI instead of
EI) (17), (B) the linearized constitutive law with the bending
stiffness correction (22), (C) the nonlinear constitutive law with
the bending stiffness correction (24), and (D) the nonlinear
constitutive law that includes linear cross-sectional deformation
modes (30). The models are compared to a reference finite
element simulation with 17244 elements.

Results for two values of Poisson’s ratio, ν = 0.3 and
ν = 0.49, are shown in Figure 3. Deformed cross sections
at s = 0.2 m are displayed below their respective rod model
simulations. Table II displays tip errors compared to the FEM
result in the direction of bending (Y-axis) and in the vertical
direction (Z-axis), as well as the average per-vertex error
and computation time. For a standard Cosserat rod with 20
nodes, the optimization takes 4.12 ms and 3.95 ms for ν = 0.3
and ν = 0.49, with an average per-vertex error of 0.0066 m
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TABLE II
COMPARISON OF OUR MODELS AND FEM FOR BENDING

E = 1× 105 Pa, ν = 0.3

Model Tip Y
% Diff

Tip Z
% Diff

Avg Per-Vertex
Error [m]

Compute
Time [ms]

A 16.5% 5.98% 0.0751 23.63

B 0.10% 0.18% 0.00658 20.40

C 0.20% 0.41% 0.00973 8.09

D 1.30% 0.41% 0.00823 73.54

E = 1× 105 Pa, ν = 0.49

Model Tip Y
% Diff

Tip Z
% Diff

Avg Per-Vertex
Error [m]

Compute
Time [ms]

A 86.2% 16.6% 0.337 16.46

B 4.36% 1.64% 0.0298 35.24

C 5.40% 1.75% 0.0337 22.81

D 4.67% 1.64% 0.0250 134.57

and 0.0298 m, respectively. Our model without the bending
stiffness correction (Model A) is stiffer and less accurate than
the other models, especially for ν = 0.49 since for this case,
M ≈ 17E. With the bending stiffness correction included, both
the linearized constitutive model (Model B) and the nonlinear
constitutive model (Model C) align well with the FEM results.
The model that parameterizes linear cross-sectional deformation
modes (Model D) is also accurate, but required far more
compute time. Figure 3 shows that while model D captured
the trapezoidal shape of the deformed cross section (as also
shown in [23]), and has the lowest average per-vertex error in
the ν = 0.49 case, it did not capture the slightly curved edges
seen in the FEM cross section.

C. Torsion

In Figure 4, a square 2 m rod with 0.5 m × 0.5 m cross
section, E = 1× 105 Pa and ν = 0.49 is subjected to a
3000 N m torsional load. We used the nonlinear constitutive
model (24), 21 nodes, and two values of the torsional correction
parameter η are tested. Model A uses η = 1 (no correction)
while Model B uses η = 0.846 (correction factor for square
cross sections). The angular deflection φ is compared to the
reference FEM simulation with and 14328 elements. Using
η = 1 results a 12% undershoot in angular deflection compared
to the FEM while using η = 0.846 results in a 5% overshoot.

D. Peristaltic Worm-Inspired Robot

To illustrate the usefulness of cross-section deformation
modeling in soft robotics, we developed a model of an
earthworm-inspired robot, which consists of a circular rod with
embedded pairs of pneumatic actuators along the length of the
rod. Inflating the embedded actuators causes cross-sectional
deformation (which is incorporated in the energy minimization
as described in Section III-B), and a pressure differential across
a pair of actuators creates a bending moment over the nodes
spanned by the actuators. We emphasize that the modeling
of such a robot is not possible using the traditional Cosserat

Fig. 3. A 2m long rectangular rod is subjected to a transverse tip load.
Simulation results are shown above cross-sections taken at s = 0.2m. The top
row simulates a material with ν = 0.3, and the bottom row simulates a nearly
incompressible material with ν = 0.49. The models from left to right are: A
the linearized model without stiffness correction (17), B the linearized model
with stiffness correction 22, C the nonlinear model with stiffness correction
(24), D the nonlinear model with additional cross section modes (30), and E
the 3D nonlinear finite element model. Note the trapezoidal deformation mode
captured by Model D, and the warping of the finite element cross-section not
captured by Model D.

Fig. 4. A square rod is subjected to a large torsional load. The models
from left to right are: A the nonlinear constitutive model (24) no torsional
stiffness correction factor (η = 1), B the nonlinear constitutive model (24)
with standard torsional correction factor (η = 0.846), and C the 3D nonlinear
finite element model. Note that cross sectional deformation is happening in
both models, due to the coupling of shear and torsion.

model. The design of a robot with two pairs of actuators is
shown in Figure 5.

A pipe-crawling robot (Figure 5, bottom) has many actuator
pairs that inflate and deflate in peristaltic waves. The cross-
sectional deformation of an inflated segment is constrained
radially by the pipe, and the inflated segment becomes fixed in
the pipe due to friction, resulting in forward motion. Constraints
for fixing nodal poses to the pipe are satisfied using Alglib’s
sparse filter-based SQP solver [28].

A ground-crawling robot (Figure 5, top) operates under the
same principles as the pipe-crawling robot, but without the
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Fig. 5. Top. A peristaltic robot with two pairs of inflatable actuators, simulated
with N = 13 nodes, performs an optimization over the pressure differentials
in each pair of actuators to minimize path error at each step. The dashed gray
line is the desired path and the red line is the path followed by the center of
the robot. The inset shows the structure of the robot from a top down view.
Bottom. A soft robot with 18 center-aligned actuators and N = 109 nodes
crawls down a pipe using a peristaltic gait.

radial constraints. To simplify contact modeling, any actuator
segment that is in contact with the ground is assumed to be fixed
in both position and orientation. Model-based path-following
control is shown in (Figure 5, top). Each time an actuator
pair is inflated, we select the pressure differentials for each
actuator pair to minimize a weighted sum of path tangent error
and position error for all actuators in the robot. The optimal
pressures are then applied to the robot for the current inflation
phase, and the process is repeated. Both scenarios in Figure 5
are shown in the supplemental video.

V. CONCLUSION

In this work, we have presented an extension to Cosserat rod
theory that efficiently incorporates cross-sectional deformation,
with application to soft robotics. We identify energy terms
associated with cross-section deformation, in addition to the
conventional Cosserat energy terms and identify previously
unforseen coupling terms. We further investigate using various
levels of approximation for the energy density and the inclusion
of additional cross section modes. We showed how to incor-
porate common soft robot actuation methods into the model,
and verified the agreement of the approach against a reference
nonlinear solution using nonlinear finite elements. This work
can be useful to more accurately describe the behavior and
deformed shape of soft robots in a variety of applications.
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