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A Differentiable Distance Metric for Robotics
Through Generalized Alternating Projection

Vinicius M. Gongalves, Shiqing Wei, Eduardo Malacarne Soeiro de Souza, Prashanth Krishnamurthy, Anthony
Tzes, Farshad Khorrami

Abstract—In many robotics applications, it is necessary to com-
pute not only the distance between the robot and the environment,
but also its derivative - for example, when using control barrier
functions. However, since the traditional Euclidean distance is not
differentiable, meaning it is not guaranteed to be differentiable
everywhere, there is a need for alternative distance metrics
that possess this property. Recently, a metric with guaranteed
differentiability was proposed [1]. This approach has some
important drawbacks, which we address in this paper. We provide
much simpler and practical expressions for the smooth projection
for general convex polytopes. Additionally, as opposed to [1],
we ensure that the distance vanishes as the objects overlap.
We show the efficacy of the approach in experimental results.
Our proposed distance metric is publicly available through the
Python-based simulation package UAIBot.

Index Terms—Constrained Motion Planning, Computational
Geometry, Motion Control

I. INTRODUCTION

Many obstacle avoidance techniques require the derivative
of the distance between the robot and the environment. For
example, the widely used Control Barrier Function (CBF)
approach [2] incorporates an inequality constraint into an
optimization problem to enforce obstacle avoidance. This con-
straint may involve the first derivative of the distance function.
However, it is well known that the traditional Euclidean
distance between two general objects is not guaranteed to be
even once differentiable [3] '. Moreover, in some applications,
e.g., [1], higher order derivatives of the distance function are
required. Thus, even in cases where the distance function is
differentiable, its higher-order derivatives can be extremely
large, making it unsuitable for these applications. This can
lead to excessively high control inputs or inputs that vary too
quickly (e.g., high accelerations in case the input is velocity).
In either case, it may be infeasible to apply to a real robot [1].
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In this paper, we use differentiable as in everywhere differentiable. Tn
general, Euclidean distance is differentiable almost everywhere.

©2026 IEEE

Many works have addressed this issue. Some propose
specific geometric shapes for which the derivatives of the
Euclidean distance are well-defined [3]-[6], while others adopt
alternative distance metrics that ensure differentiability [1],
[7]1-[14]. A recent review of approaches tackling the differ-
entiability problem can be found in [1].

In [1], a smooth version of the half-squared distance be-
tween two convex sets is presented’. The core idea behind
this proposal is the definition of a smooth version of the half-
squared point-to-set function for a set S, denoted as Es(p),
which is based on the computation of an integral. From this,
by analogy with the true Euclidean half-squared distance,
the authors define the smooth projection of the point p onto
S as Tls(p) = p — %(p). The authors then prove that
the classical Von Neumann’s alternating projection algorithm
(which projects onto both sets iteratively until convergence)
guarantees convergence when we replace the true Euclidean
projection with the smooth projection. The resulting converged
smooth witness points, a* and b*, can then be used in a
function to compute the smooth distance between the two sets.

This approach has two important drawbacks. First, com-
puting the projections is difficult, requiring the computation
of complex integrals even for simple shapes such as boxes.
Second, it lacks an important property: the distance does not
vanish when two objects overlap. While the distance decreases
as they get closer, it remains a small positive value even when
they intersect. Also, this residual value is difficult to determine
a priori, as it depends on the specific nature of the overlap.
As a result, it is not straightforward to simply “subtract out”
this positive offset from the smooth distance.

In this paper, we build upon [1] to remove these limitations.
For the first problem, we demonstrate that the integral can
be eliminated by identifying the essential properties necessary
for convergence. This provides much simpler and practical
expressions for the smooth projection, not only for the objects
considered previously but also for general convex polytopes,
which would be very difficult using [1]. For the second
problem, we introduce an additional property that ensures the
distance vanishes when the objects overlap, which was absent
in [1]. Overall, the proposed algorithm is simple to implement,
it is significantly faster (as can be seen in Subsection III-
A), and it does not require any specialized solvers. Beyond
providing an algorithm, our approach also contributes to
the theoretical understanding of smooth distance metrics. In

2As explained in [1], we use half-squared distances instead of standard
distances because it is more mathematically convenient.
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particular, our work leverages a game-theoretic interpretation
of the proposed distance in [1] - which was absent from the
previous paper - to obtain some properties. We have integrated
our implementation into the UAIBot package °, which is
available for installation online. We conducted tests to evaluate
the convergence properties of our algorithm and carried out
experiments on a Franka Emika robot by incorporating our
proposed metric into a CBF framework. All code used for
comparisons and experiments, implemented in this package,
is publicly available *. Finally, for the sake of readability, all
proofs are provided in the Appendix at the end of the paper.

II. MATHEMATICAL NOTATION AND PRELIMINARIES

If u is a vector, ||u|| represents the Euclidean distance, and
if M is a matrix, ||M]| is the spectral norm (i.e., the square
root of the largest eigenvalue of M TM). Iwn represents the
identity matrix of order n, whereas 0,,x,, represents the zero
matrix of order n x m. If M and N are symmetric matrices,
M > N (resp. M > N) should be interpreted as M — N
being positive semidefinite (resp. positive definite). All vectors
are column vectors. If f : R™ — R, 6—;; (the gradient) is
a column vector. A function p : R® — R that is at least
twic2e differentiable is said to be strictly convex > in a set P
if g—pé’(p) > 0 for all p € P. A set is said to be regular if it
is compact and has interior points.

A function F': R™ — R™ is said to be globally contractive
if there exist 0 < C' < 1 such that for any u,v € R™, || F'(u)—
F(v)|| < C|lu—v||. If F is differentiable, it is said to be locally
contractible if there exist 0 < ¢ < 1 such that H%—i(p) U? <c
for all p. Being locally contractible everywhere implies being
globally contractible [15].

ITT. MAIN RESULTS
A. Generalized Alternating Projection Algorithm

Consider the following definition.

Definition 1. Let S C R"™ be a convex regular set. For k > 2,
a function Es : R™ — R is said to be a k*" order generalized
point-to-set half squared metric (k-P2S henceforth) if the
following holds:

1) Es(p) 20 ; ,

2) Luxn > %55 (p) > O iff p & S and %552 (p) = 0 if

peS;

3) Es(p) is k-times differentiable on p;

4) Es(p) vanishes iff p € S;

Furthermore, given this function Es, we define the k*" order
generalized projection as the function Ilg : R™ — R™ given
by Ts(p) £ p— %= (p). O

Note that, as it could have been expected from a “tradi-
tional” projection, there is no guarantee that IIs(p) € S for
all p. However, as a consequence of Property (4), this is true
when p € S. This is a fundamental result for our approach.

3See https://github.com/viniciusmgn/gap_diff_distance.

4See https://github.com/viniciusmgn/gap_diff_distance.

SWe use in this paper a slightly more restrictive definition of “strictly
convex” than the traditional definition, in which f(x) = x4, for example,
would be strictly convex.

Proposition 1. A k-P2S function has %(p) =0iffpes.
Consequently, lls(p) =p iff p € S.

We recall that all proofs are listed in the Appendix. Our
proposed “distance”, for clarity reasons, will be referred to
as metric. Furthermore, as opposed to [1], our metric is not
necessarily smooth (i.e., infinitely differentiable), but only
differentiable a finite number of times. Thus, henceforth, we
will denote it a differentiable metric.

Property (4), and its consequence in Proposition I, is
essential to guarantee that the set-to-set differentiable metric
vanishes when the objects overlap, which [1] lacks. Indeed,
the half squared metric given by the integral shown in [1]

g2 1 / —Ip—sl2/(2h2)
Es(p) =—=h"In <V01(S) Se ds (1)

in which VoI(S) is the n-dimensional volume of S and i > 0
is a smoothing parameter, has the Properties (1), (2) and (3)
(with k& = oo) but it lacks Property (4).

We proceed by establishing the generalized alternating
algorithm when generalized projections, as in Definition 1,
are used instead of the classical ones.

Proposition 2. (Generalized alternating algorithm) Let A and
B be two regular convex sets in which AN B = (. Consider
one generalized projection 11 4 and Ilg for each one of them.
Then, for any initial condition a[0] € R™, the sequence:

alk +1] = L4 (15 (alk])) 2
converges to a point a*. Furthermore, this point is unique. [

Note that the statement of the result is structurally the same
as Proposition 6 in [1] which, in turn, is structurally the same
as the one in Von Neumman’s alternating algorithm [16]. The
important difference is that in each one of these cases, the
projections II are different. Furthermore, note that the case in
which the objects overlap, A N B # {, is not considered by
this proposition. Experimental results show that the algorithm
converges even in this case, but the proof seems more complex.
This is unnecessary, however. As it will be shown, we can
define ¢* and b* in this case to be simply any pair of points
such that a* = b* € AN B.

Definition 2. Ler AN B = (. We define as the pair (a*,b*),
called differentiable witness points, the pair formed by the
(since Proposition 2 guarantees uniqueness) limit point of (2)
a* and its respective counterpart b* = Ilg(a*). If ANB # 0,
we simply pick (a*,b*) as any points in which a* = b* €

ANB. O

Note that when AN B # (), the differentiable witness points
can be found by any classical convex distance calculating
algorithm, as the traditional alternating algorithm [16] or GJK
[17]. We proceed by, as in [1], using the differentiable witness
point to define a differentiable metric between sets. We now
define our metric similarly to [1], but with the key difference
that we use our differentiable witness points (Definition 2)
instead of those defined in [1].

Definition 3. Given two regular convex sets A and B, let
(a*,b*) be differentiable witness points. Then, define the k'
order generalized set-to-set half squared metric (k-S2S hence-
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forth) as:
A * *®\ ||CL* _ b*”2
AA,B—EA(b )—I—EB(CL ) 72 . 3)

O

Note that, from Definitions 1, 2 and 3, when AN B # (),
Aap = 0 (because E4(b*) = Ep(a*) = 0 and a* = b*).
However, although (a*,b*) was defined in a “discontinuous”
way (from the generalized alternating algorithm when ANB =
() and from the traditional witness points otherwise), it turns
out that A4 is “continuous”, because in the limit case in
which the objects overlap, A 4,5 goes to 0. This is one of the
key improvements in relation to the result in [1].

Proposition 3. If ANB = 0, Aap is positive. Also, in the
limit case in which the two objects overlap, it goes to 0.0J

The differentiability of A 4 5, when the two objects do not
overlap, is guaranteed in the following result.

Proposition 4. Let 7 € R. Consider two k-times differentiable
rigid transformations Ty, Tp : R™ x R +— R" in the variable
7, and extend this transformation to a set P C R" as
T(P,7) = {T(p,7) | p € P}. Suppose the regular convex
sets A and B are moving according to A(t) = Ta(Ao,T)
and B(1) = Tg(Boy, T) for two fixed regular convex sets Ag
and By . Suppose A 4(r)B(r) is built using two k-P2S. Then
A(T) = A a(r),B(r) is k-times differentiable in the variable T
as long as A(t)NB(t) =0. O

The result is established if A4 5 depends on a single
variable 7. However, if it depends on multiple variables, we
can apply Proposition 4 to each of these variables, provided
the necessary conditions are met. With this, we are able to
state our main result, which is a summary of all the results
and definitions in this section:

Theorem 1. Using the definition of generalized projection in
Definition 1, we can obtain the points (a*,b*) (as in Definition
2) from the iterative algorithm in (2), which is guaranteed to
converge (Proposition 2). Then, plugging it into (3), we obtain
a metric A4 g that is guaranteed to vanish when AN B # ()
(Proposition 3) and that is k-times differentiable under a rigid
motion (Proposition 4).

B. Creating k-P2S functions

The construction of k-P2S functions for regular convex
polytopes S is outlined in this section. Property (2) in Def-
inition 1 implies that Es(p) should be strictly convex, i.e.,
8;:)325 (p) > 0. Our construction begins by defining a function
that satisfies all the properties in Definition 1, except for this
one, which will hold with > 0 instead of > 0 (thus ensuring
normal convexity rather than strict convexity). We will then
explain how to deform this function to preserve the other
properties and achieve strict convexity. We will refer to this
preliminary function as weak k-P2S functions and use es(p)
instead of Es(p) to represent them.

For this purpose, consider the following definition.

Definition 4. For k > 2, a function ® : R — R is said to be
a basic k-P2S function if it has the following properties:

1) &(s) >0

2)1>3"(s)>0ifs>0and "(s) =0 for s <0;
3) ®(s) is k-times differentiable on s;

4) d(s)=01iff s<O0.

O

A base k-P2S function is “essentially” a k-P2S function
(as in Definition 1) for the one-dimensional set (—oo, 0], with
the difference that this set is non-compact (as the regularity
condition in Definition | requires).

This function will serve as a base (hence the name) for
constructing more complex (weak) k-P2S functions. Obtaining
base k-P2S functions is not difficult. Intuitively, the second
derivative of ® must resemble a differentiable version of the
Heaviside indicator function that is k — 2 times differentiable
at s = 0. Hence, one can use, for example:

// 1—7”+1 Uh) dr dé =

kzl(ki) SIS [RIERTETT

— 1—i/h 2—i/h

for s > 0 and 0 otherwise. Here, h is a positive smoothing
parameter and k¥ > 2 is an integer. Generally, the smaller is the
h and the larger is k, the smoother the metric will be. However,
the convergence of the algorithm will become slower.
Consider the regular convex polytope S as the intersection
of half-spaces, i.e., S = {p € R" | v, p+v; <0,i=1,...,n}.
We can assume, without loss of generality, that ||u;|| = 1. A
function that can serve as a weak k-P2S for S is thus:

es(p) =Y _ Wi®(u/p+v;) (5)
i=1
in which W; are positive constants. Each property in Definition
1 will be studied separately.
Property (1): This easily follows from the fact that W; > 0
and Property (1) in Definition 4.
Property (2): For Property (2), noting that a weak k-P2S
should satisfy I,,x, > 88 ¢S > 0,,xn, We observe that the
Hessian of es(p) is:

065

ap ZW@” U, ervz)uZ T

which is a positive semidefinite matrix because ®”(u, p +
v;) > 0 (see Property (2) of Deﬁnition 4), W, are nonnegative
scalars, and each rank-1 matrix u;u; is positive semidefinite.
Since this is a positive semldeﬁnlte matrix, for it to have all
its eigenvalues less than 1, it suffices that its spectral norm is
less than 1. A simple bound for the spectral norm using the
triangle inequality gives:

0? = ,
H a;s (p)H < ZW#I' "(u p+vi)
i=1

in which we used the fact that " (s) > 0 and, since ||u;|| = 1,
|lusu; || = 1. Thus, it suffices that the right-hand side is less
than 1. Each ®” is bounded by 1 (see Property (2) of Definition
4), so we could choose W; = for a small positive number

n+e
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€, for all i. However, it is beneficial to have the largest W;
possible: small W;’s make the function ® small and will
hinder the convergence of the iterative projection algorithm
in (2). Therefore, one could select W; = ﬁ, where m is
the maximum number of inequalities u; p + v; that can be
positive simultaneously for all p. The problem of finding the
maximum number of linear inequalities that can be positive at
the same time can be cast as a mixed linear integer program
and solved offline.

Property (3): This follows directly from the fact that & is
k-times differentiable.

Property (4): For es(p) = 0 if and only if p € S, we note
that each term W;®(u, p + v;) is nonnegative. Thus, the sum
only vanishes when each term vanishes. Since W; > 0, this
occurs only when all ®(u, p+ v;) vanish. But ®(s) vanishes
only when s < 0, which implies that u;p +v; <0.

C. Obtaining k-P2S functions from weak k-P2S functions

To obtain a convex function Es(p) as a k-P2S function from
a weak k-P2S function egs(p), we use this result:

Theorem 2. Let S be a regular convex set. Let p : R™ — R be
a k-times differentiable strictly convex function with || gipg Il <
1 and that is negative when evaluated at any point of S.
Furthermore, that p has vanishing gradient only if p € S.
Let es be a weak k-P2S function for the set S. Then, there
exists positive scalars € and o such that:

Es(p) = ep(p) + Voes(p)? + 2p(p)? 6)
is a k-P2S function for the set S.

One example of function p that satisfies the requirements
is p(p) = 0.5(][p — pe||> — R?), in which p. and R are such
that the ball {p € R" || |lp — pc|]| < R} strictly covers S,
which is possible because S is regular and thus compact. It is
strictly convex, since its Hessian is €I, «,, and it evaluates to
a negative number inside the set S, since any point in the set
is inside the ball, and thus ||p — p.||> — R? < 0. Furthermore,
the gradient of p vanishes only at p = p. € S.

There does not exist a simple procedure to choose € and
o. The issue is that choosing very small ¢ and e creates
a valid k-P2S function, but with a very small Hessian, and
thus the convergence of the generalized alternating algorithm
is slow. On the other hand, if they are very large, the
condition Iy, > 8;525 (p) (Property (2) in Definition 1)
may be violated. These parameters can be obtained through
experimentation: select one and test random points p in R” to
check if I,,n > 8;525 (p) holds.

Figure 1 shows level sets for es(p) and the respective
function Es(p) constructed from Theorem 2 with a function
p(p) = 0.5(|lp — pc||> — R?). In this case, S (the zero level
set of both functions) is a pentagon. Note that in es(p) the
sublevel sets® are not strictly convex shapes (having “flat”
sides), because es(p) is not strictly convex. The transformation
in (6) “bulges” the sublevel sets (except the zero sublevel

The c sublevel set of a function f : R™ — R is {p € R™ | f(p) < c}.

set) and transforms them into strictly convex shapes, because
Es(p) is strictly convex.

2

15
1
05

> 0

Fig. 1: Contours of the functions eg(p) (left) and the strictly
convexified Es(p) (right). In this case, S is a pentagon (the
zero sublevel set of both functions).

IV. EXPERIMENTS
A. Experimental computational time

To test the convergence of the generalized alternating algo-
rithm in (2), 50, 000 pairs of random regular convex polytopes,
each with 10 inequalities of the form ulT p+v; < 0, were
randomly generated. We considered only those pairs where
the true Euclidean distance between them was at least 5 cm.
Next, the £-P2S functions were constructed using ¢ from (4)
with k = 2, h = 0.1, es(p) as defined in (5) with W; = 1/6,
and finally Es(p) as in (6) with e = 0.01, 0 = 0.989, and
p(p) = |lp — pc|| — R?, where p. and R are chosen such that
the ball covers the polytope.

The iterative algorithm was initialized with a[0] as the true
closest point (in the Euclidean sense) from A to 3, computed
using GJK’s algorithm [17]. Convergence was considered
achieved when ||a[k + 1] — a[k]|| < 1073. The computational
times include the time required to run GJK’s algorithm. The
computer used was an Intel i7 with a clock speed of 2.30 GHz.
The mean computational time was 70us, with the maximum
being 200us. The mean number of iterations was 22.42, and
the maximum 295.

We have also compared our approach with the Euclidean
distance (computed using GJK [17] 7 ) and the approach
in [1] in terms of computational time. All algorithms were
implemented in C++. In this comparison, we used only boxes
and cylinders, as it is very complex to handle general polygons
in the approach of [1]. In 40,000 trials, we used the same
pair of objects for all three approaches, as well as the same
starting point and the same smoothing parameter h for our
approach and for [1], while changing & from 0.01 to 0.08 with
steps of 0.01. In this case, we have the following results for
the computational time (showing mean=standard deviation):
(ours): 40 + 31 ps, (Euclidean): 29 £+ 4 pus and ( [1]):
146 £ 407 ps.

B. Experiments with the robot

To showcase the benefits of using a differentiable distance
metric-particularly the one proposed in this paper-we con-
ducted an experiment in which a Franka Emika Panda robot

7Using the specific implementation in https:/gist.github.com/vurtun/
29727217¢269a2fbf4cOed9ald11cb40.
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was tasked with reaching a target pose with its end-effector
while avoiding collision with obstacles, self-collision, and
respecting joint limits. We implemented a CBF-based con-
troller through a convex quadratic programming formulation,
[2] using both our proposed metric and the Euclidean distance,
applied to both robot-to-obstacle and self-collision avoidance.
In both cases, the robot was controlled via joint velocities,
% = ¢. One CBF inequality:

VAZ (@)u = —nops (A (g) = A) ()
was implemented for each pair of objects (,7), where 4
belongs to the robot and j belongs to the environment. The
function Afj’?s denotes the distance (either Euclidean or the
square root of twice our half-squared metric), 1,5 is a positive
scalar and \°* is a scalar safety margin. We have similarly
implemented CBFs for auto-collision avoidance (also using the
two metrics) and joint-limits avoidance. Figure 2 illustrates the
experimental setup through snapshots. The obstacle is com-
posed of three boxes forming a corridor, with the target pose
located inside. The obstacle avoidance constraint prevents,
among other collisions, the “shoulder” of the robotic arm from
hitting the sides of this corridor.

This environment is well-suited to highlight the differen-
tiability issue in the control context: the Euclidean distance
becomes non-differentiable in the presence of parallel objects
(e.g., two parallel boxes). Since the gripper of the Franka
Emika robot is box-shaped and modeled as a box, and the
environment is also modeled using boxes, there are many op-
portunities for such parallel (or nearly parallel) configurations
between the gripper and the environment, thus causing issues
when we apply the controller with the Euclidean distance.
Figure 3 illustrates this: two snapshots of a 3D visualization
of the experiment, taken 20 ms apart and using the Euclidean
distance, are shown. The figure depicts the gripper model
in semitransparent red, together with the two closest points
(witness points) between the gripper and the yellow obstacle,
shown in green and cyan. It can be observed that, although
only 20 ms apart and with the manipulator barely changing,
the cyan point quickly switches from one side of the box,
which the respective movement of the green point, to the other
due to the near parallelism of the red and yellow boxes. This
fast-switching behavior, alternating between extremes, persists
from ¢ = 0 to t = 3, just before the gripper enters the hole.
Such rapid changes in the witness points are directly related
to non-differentiability, since the derivative of the distance
function depends on the witness points.

This parallelism causes non-differentiability of the Eu-
clidean distance which, in turn, causes a chattering-like be-
havior in the control input. This causes the robot to “shake”,
especially near the end-effector. This behavior is absent when
using our proposed metric. Figure 4 shows the plot for the
control input (joint velocity) for the last joint, in our approach
and in Euclidean, in the critical phase from ¢ = 0 to ¢ = 5. One
can see that our approach produces much smoother control
inputs, while also accomplishing the task and respecting
the constraints. A similar behavior appears in all the other
joints. Furthermore, this benefit is obtained at a reasonable
additional computational cost. At each time step, all distance

P
-

Fig. 2: Snapshots of the experimental setup. We need to
achieve a target pose in the middle of this corridor.

<

NN

Fig. 3: Two snapshots of a 3D visualization of the experiment
using the Euclidean distance, taken 20ms apart from each
other. Note how the cyan point jumps from one extreme of
the red box to the other.

computations required for determining the control input take,
on average, 1000us with our metric, compared to 700us for
the Euclidean distance

Footage of this experiment, along with a 3D visualization,
is provided in the accompanying video.

Eous M
Eoa
012
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|

Joint velocity of the last jo

Time (s)

Fig. 4: Joint velocities for the last joint, with Euclidean
distance (blue) and our metric (orange).

V. CONCLUSION

In this paper, we build upon the work [1] and propose a new
differentiable distance metric between objects. Compared to
the approach in [1], our method is significantly simpler to im-
plement—particularly for general convex shapes represented
by half-spaces, for example. Furthermore, it is significantly
faster and it possesses the important feature of vanishing when
the objects overlap, which was absent in [1]. We also provide
formal proofs of convergence and other theoretical results,
which we believe are of independent theoretical interest.

APPENDIX

Proof of Proposition 1: from Property (1) in Definition 1,
Es(p) > 0. From Property (4) in Definition 1, the global
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minimum of this function is achieved iff p € S. From
Property (2) in Definition 1, Es(p) is a convex function. Since
convex functions only have global minima, and the function
is differentiable, the gradient vanishes if and only p lies in
this global minima, that is, if p € S. With this property and
the definition of Ils(p) = p — %(p), it is easy to see that
Is(p)=piffpe S. O

Lemma 1. Consider the map F(a) = I 4(Ilz(a)) coming
from two k-P2S functions. Then it is locally contractible if
ag ANB.

Proof. The Jacobian of F(a) =114 (IIz(a)) is:

OF Ollg,  Oll4
5 (@) = 5 2@ (Ms(w). ®
Taking the spectral norm || - || of both sides and using the
submultiplicativity of the spectral norm, we obtain
OF o1l o
|zl = [Tl E ] o

The Jacobian of the map II4(p) is I — TEf( ), which is
a symmetric matrix and hence has a spectral norm equal to
its largest eigenvalue in absolute value. According to Property
(2) in Definition 1, this matrix has eigenvalues in the open
interval (0,1) if p & A and eigenvalue 1 if p € A. The same
is true, analogously, for IIz. So, as long as either IIz(a) ¢ A
or a ¢ B, which is always true if AN B = (), from (9) it
follows that | %—F(a)H is strictly less than 1 and the map is
guaranteed to be locally contractible.

O

Proof of Proposition 2: Lemma 1 shows that if ANB = 0,
the map F’ is always locally contractible. This implies global
contractivity ( [15]). Thus, Banach’s fixed point theorem [18]
guarantees that the sequence in (2) converges, and that the
limit point is unique. [J

Lemma 2. Let S be a regular convex set. Then the function
IIs : R™ — R™ is injective, that is, if the equation I1s(p) = q
has a solution p for a given q, it has to be unique.

Proof. Tls is the gradient of the function 7s(p) = ||p||*/2 —
Es(p) which, according to Property (2) in Definition 1, is
a differentiable strictly convex function, and thus it is an
injective function (see [19]). L]

Lemma 3. Let A, B be two regular convex sets in which AN
B = 0. If E4 and Eg are two k-P2S functions for two regular
convex sets, we have:

X . e
AB= mln max 4(b) + Ep(a) 5 (10)

in which the optimizer b for a given a, b°(a), is such that
IT4(b°) = a, whereas the outer optimizer for a, a° is such
that TIg(a®) = b°.

Proof. This is a game-theoretic interpretation of A 4z, in
which we have a two-player competitive game between player
A (minimizer) and player B (maximizer). Let A(a,b) =

EA(b) + Ep(a) — M and Ag(a) £ max, A(a,b). We

start with player B, by maximizing A(a, b) over b. By differ-
entiating and setting to 0, we find that the optimal strategy
b°(a) for player B in accordance to A’s choice a is to have
I14(b°(a)) = a if this equation has a solution (a is in I 4’s
range), or set b°(a) to an infinite vector following the direction
given by the gradient of A in b, namely a — II 4(b), forever to
earn an infinite objective function A (B’s gain is unlimited).
Since A wants to minimize A, we can assume it is going to
choose a such that IT 4(b°(a)) = a has a solution to prevent
this. Furthermore, this equation will have a unique solution,
that can be found by inverting II 4 (see Lemma 2). Finally,
this strategy is 1ndeed the maximizer because the Hessian of
A(a,b) inbis TPQA(bO) I xn, Which, according to Property
(2) of Definition 1 is negative definite.

The game proceeds with player A’s turn. From the pre-
vious player action, Ag(a) = max, Aa,b) = A(a,b°(a)).
Differentiating in @ and setting to 0, and using the fact that
IT4(b°(a)) = a (which is B’s strategy), we obtain that
the optimal strategy a°® to A is to have IIg(a®) = b°(a®).
This also always has a solution a°. Indeed, applying Il 4
on both sides (which is an injective mapping, see Lemma
2, and thus this is an “if and only if” step) and using
the fact that TT4(°) = a° (from B’s strategy), we have
IMA(T1(a®)) = T 4(b°(a®)) = a°. This is the fixed point
equation for which Proposition 2 ensures that the iterative
algorithm in (2) will converge to its unique solution a* since
AN B = . This shows that the optimizer for both A and B
are the differentiable witness points a* and b* = IIg(a*), in
accordance to Definition 2.

Finally, we need to show that A’s strategy is indeed a
minimizer. This holds because the Hessian of Ag(a) is

O?Ep PE4,
67])2((1 )_Inxn_ ( ap (b )_Inxn)

2 .. .
which is positive definite: 8E28 (a®) is positive definite (Prop-

Y

erty (2) of Definition 1) and —1I,, x,, —

I”LXTL
is as well. To see why for the latter, from Property (22 of
Definition 1, the eigenvalues of H = a—ﬂé(bo) lie on (0, 1).
Let f(h) = —1—1/(h—1) = h/(1—h). Thus, the eigenvalues
of W = f(H) = —ILyxn — (H — I,x,)"! lie on the range

(0,00) . O

2
0352A (bo) _

Lemma 4. Let A, B be two regular convex sets in which AN
B = 0. Let (af,by) be any pair of points that achieves the
smallest (true) Euclidean distance between them. Then:

Eg(ag) > Aap > minA(a,a) (12)

in which we borrowed the definition of A(a,b) from the proof
of Lemma 3.

Proof. We apply the game-theoretic/optimization interpreta-
tion of A 4 g from Lemma 3. For the leftmost inequality, since
Aap = min, Ag(a), then Agqp < Ap(a) for any a. Take
a = ag. In this case, we have

Ap(ag) = Alag, b°(ag)) (13)
in which, according to Lemma 3, b°(aj) is such that
II4(b°(ag)) = af. Note that, since afy € A, b°(ay) = af is
a solution to this equation (See Proposition 1). Furthermore,
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from Lemma 2, II 4 is injective, and thus I14(b°(ag)) = af
implies b°(ag) = ag. Hence:
Ao(a5) = Aaj.a) = Ealag)+Ep(a)— 12600
which is equal to E(ag) since E4(af) = 0 (once af € A,
see Property (4) of Definition 1).

For the rightmost inequality, note that Ag(a) =
maxy Aa,b) > A(a,b) for all b. Take b(a) = a, and thus
Ag(a) > A(a,a) for any a. Taking the minimum in a in both
sides and recalling Lemma 3, the result follows. O

Proof of Proposition 3:

Proof of positivity: We utilize the definitions of A(a,b)
and Ap(a) from the proof of Lemma 3. From the rightmost
inequality in Lemma 4, A 4 g > min, A(a, a). But A(a,a) =
E(a) + Ep(a), and this is nonnegative (Property (1) of
Definition 1). Furthermore, E 4(a) + Eg(a) can be 0 only if
E4(a) = Ep(a) = 0 (Property (1) together with Property (4)
of Definition 1). This implies that a point a such that a € A
and a € B should exist, that is, AN B # (.

Proof of going to zero when AN B # (): in that case, we
start by using the leftmost inequality in Lemma 4. As the two
objects tend to overlap, the point ag, that is always inside
A, tends to get closer to B as well (since, by definition, aj,
is the closest point in A to B). But when aj € B, we have
that Eg(ag) = 0 (Proposition 1). Finally, E is continuous
(since it is k£ times differentiable, k > 2 from Property (3)
in Definition 1). Hence, from both inequalities in Lemma 4,
A 4. is squeezed from the left (due to this argument) and
from the right (see the “Proof of positivity” above) to 0. And
the result follows. [J

Proof of Proposition 4:

Part I: we start by showing that if 7 is such that A(7) N
B(r) = () and a*(7) is a limit point of (2), that is, a*(7) =
ILa(r) (Ig(ry (a*(7))), then a*(7) is k-times differentiable.
The proof is by induction.

Let F(p,7) = Har) (g (p)g and thus the fixed point
equation is a*(t) = F(a*(7),7). Let M(r) = Iyxn —
9L (a*(7), 7). Differentiate a*(7) = F(a*(r),7) k-times. We

op
obtain an equation of the form:

dra* da* d*la*

M(1) =5 (1) = G(a*(1), Z=(1), s T (7),7) (15)
in which the function G : R” x R” x ... x R® x R — R"”
is continuous in all its arguments, because the functions
EA¢+)(p), Ba(r)(p) are k times differentiable on p (Property
(3) in Definition 1) and also in 7 because the transformations
Ta(p,7), T(p, ) were assumed to be k times differentiable.

We proceed by noting that it is established, in the proof of
Lemma 1, that H%—i(a*(r)m)” < 1laslongas ANB = 0.
Hence M (7) is invertible and consequently:

da* dkfla*
(1), W(T),T).
(16)
which shows that d;“,f (7) is continuous as long as %(T) is
continuous for m = 0, .., k—1. The base case of the induction,
the continuity of ¢*(7) on 7, comes from the fact that the map

dka*

) = M) 76 (0 (7).

F(p,7) is contractive as long as A(7) N B(7) = 0 (see [20]).

Part II: we need to prove that b*(7) = () (a*(7)) is also
k times differentiable. The proof is analogous to the one in
Part I, by differentiating this equation k times in 7.

Part III: for the final part, we note that the kth deriva-
tive A 4(7),8(-) involves the kt" derivatives of the functions
E () (p) and Ep;y(p) on p and 7. These are continuous
(from Property (3) in Definition 1 for p and also in 7 because
the transformations T'4(p,7),Ts(p,T) were assumed to be
k times differentiable). Finally, it also depends on the k'
derivatives of a*(7) and b*(7) on 7, which were established
to be continuous in Part I and Part II, respectively. [

Lemma 5. Let A, B : R" — R be two functions that are at
least twice differentiable, in which A is strictly convex every-
where and B is convex everywhere. Furthermore, suppose that
B > 0 and that A and B do not vanish simultaneously. Then:

C(p) = Alp) + V' A(p)* + B(p)? (17)
is strictly convex in the set P = {p € R" | B(p) > 0}.

Proof. 1t can be checked by applying the derivation rules that:

h
OB 0A OB 0A
o (A%-5%) (4% -5%)
o VLB (VAT D7) |
(18)

Note that the division by v/ A2 + B? never causes problems
because A and B cannot simultaneously vanish. Furthermore,
C > 0 when p € P. Thus, when p € P, the first term in (18)
is a positive definite matrix since B > 0, %;‘24 >0,C>0

and %;’;3 > (. In addition, the second term is also positive
semidefinite (a matrix of the form auw " for any vector v € R™
and a nonnegative « is always positive semidefinite). Since the
sum of a positive definite and a positive semidefinite matrix

is always a positive definite matrix, the desired result follows.

2 2
orc O3 +BYE

O
Legnma 6. If U : R” — R is convex, twice differentiable with
I ‘?)pg I <, and Upin = ming U(q) is finite, then:
ou , |?
ap P =21UP) = Unin)  ¥p. (19)

Proof. This is a simple application of Descent Lemn;a [21]:if
U :R™ — R is convex, twice differentiable with || %pg Il < g,
then, for any ¢, p, U(q) < U(p)+(q—p) VU (p)+%[p—al*-
After minimizing both sides in ¢ and reorganizing, the result

follows. O

Lemma 7. Let A and B be convex twice differentiable
Sfunctions such that H%H < « and ||‘9;—f|| < B for
constant «, 3 > 0. Furthermore, let Api, = min, A(p),
Biin = miny, B(p) and Vi, = miny, \/A(p)? + B(p)?2. Then,
the Hessian in (18) satisfies:

2 AQ- 32
Haag §a+<3+w> Va2 + B2 (20)
Proof. Let V=[AB]",v=[a ", M = [-28 24] and

Op Op
Vinin = [Amin Bmin] ' . We begin by noting that the rightmost

element at the right-hand side of (18) can be written as



8 IEEE ROBOTICS AND AUTOMATION LETTERS. PREPRINT VERSION. ACCEPTED JANUARY, 2026
IEEE Robotics and Automation Letters (RA-L) paper, presented at ICRA 2026, Vienna, Austria. Cite as RA-L paper.

VT MMYV. Applying the norm in both sides of (18), imposing
the bounds || 5= oA o < aand [|55> OB .| < B and applying Cauchy-
Schwarz’s 1nequa11ty/ submultlphcatmty of the spectral norm,
we can bound ||[VT MMV < ||M|?||V|? and thus:

0*C C B | M|
< o B+ 21
H Ip? Vi v IVl
Since C' = A + ||V||, the previous equality can be written as:
0*C T Vo IM)P
ll<a+rT 4 20 (22)
H op? IVl ||V||

Again applying Cauchy-Schwarz to v W’ we find that it is
smaller or equal than than ||| = y/a? 4+ 82, and thus:

0*C 1]
<atVa?+ 24 e (23)
‘ p? v
We will bound H‘%ll“ We note that ||M|| < ||M]||F, in which
||[M|| 7 is the Frobenius norm [22], thus
0A 0B
M%< ||== il 24
e < |5+ |5 o4
From Lemma 6:
||M||2 A B Amin Biin
< 2« +20 —2a —20 =
VI v ivie v vl
Ty T
V leﬂ (25)
Vi v
Applying Cauchy-Schwarz in V "v and V. v:
[ A1} ( IIme|> o Vil
T S 2 vl < vl (26)
VI VI Vinin
which concludes the proof. O

Proof of Theorem 2:

We will prove each one of the properties in Definition 1.

Property (1): comes easily from the expression in (6) and
the fact that o > 0 and es(p) > 0.

Property (2): from Lemma 5 using A = ¢p and B = oeg,
it is established that 2 E‘S( ) > 0.

To show that o and ¢ can be chosen o I, x, > 8E5 (p),
we use Lemma 7 again using A = ep and B = ces. In this
case, « = ¢ and 3 = o can be taken. It is clear that € and o
can be taken sufficiently small to make the right-hand side of
(20) as small as necessary, eventually below 1. Note that in
this case, Apni, is a finite negative number, Bp,;; = 0 and Vi,
is a nonzero finite number (since €p and oegs cannot vanish
simultaneously once p needs to be zero when es vanishes).

Property (3): can be checked by inspection, provided that
es and p are k times differentiable, and es and p cannot vanish
simultaneously.

Property (4): from the expression in (0), it is clear that it is
zero only if es(p) = 0. Furthermore, since p is negative when
es(p) = 0, it indeed vanishes when p € S. J
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