1108

IEEE TRANSACTIQNS ON ROBOTICS, VOL 42,2026

IEEE Transactions on Robotics (T-RO) paper, presented at ICRA 2026, Vienna, Austria. Cite as T-RO pap

Safe and Efficient Quadrupedal Locomotion With a
Chambolle—Pock Whole-Body Controller

Xu Yang

Abstract—This article presents a hierarchical control frame-
work for quadrupedal locomotion that unifies the complementary
strengths of model-based optimization and reinforcement learn-
ing. We develop a convex quadratic programming (QP) solver
based on the primal-dual Chambolle-Pock algorithm, enabling
both massively parallel policy training and real-time deployment
through efficient handling of constrained optimization problems.
Our hierarchical framework employs learned policies for robust
high-level control to handle real-world perturbations, while en-
suring instantaneous constraint satisfaction and energy efficiency
through a low-level whole-body controller powered by the pro-
posed solver. Extensive benchmarks and experimental validation
demonstrate quantifiable improvements in energy consumption,
constraint satisfaction, and task transferability across simulated
and real-world environments.

Index Terms—Legged locomotion, optimal control, reinforce-
ment learning (RL), whole-body control.

I. INTRODUCTION

UADRUPED robots offer promising solutions for com-
plex tasks in search and rescue operations, industrial in-
spections, and space exploration [1], [2], [3]. They are capable of
traversing obstacles and maneuvering in environments inacces-
sible to wheeled or tracked vehicles, offering substantial benefits
in scenarios requiring heavy load handling and agile movement.
However, realizing these advantages requires addressing the
critical concerns of safety, energy efficiency, and robustness.
The control of quadruped robots is inherently challenging due
to their high-dimensional, underactuated, nonlinear, and hybrid
dynamics with multiple physical and safety constraints [4].
Dominant control strategies for legged robots typically involve
formulating an optimization problem to capture the desired
behavior and safety constraints, which is then solved via one of
two approaches: online numerical optimization or offline train-
ing through trial-and-error interactions. These methodologies
represent model-based optimal control (OC) and reinforcement
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Fig. 1. Paradigms of quadrupedal locomotion control. We use w and z to
denote the control input and state, respectively. We use blue for OC and red for
RL. Typical operational frequencies are shown in parentheses. (a) MPC + WBC.
(b) End-to-end RL. (c) OC + RL. (d) RL + OC (Ours).

learning (RL), respectively. While recent advancements in both
OC and RL have demonstrated significant progress in legged
locomotion, each approach presents limitations that we examine
in detail as follows.

OC: In OC, the control law is computed by numerically
solving an optimization problem online, where the objective
function seeks to balance task performance with energy effi-
ciency, while hard constraints are applied to enforce the robot’s
safety. However, the high dimensional, nonsmooth, and noncon-
vex nature of the optimization problem leads to high computa-
tional complexity, making it challenging to solve in real time.
To mitigate the computational burden, a hierarchical control
architecture, consisting of a low-frequency planner and a high-
frequency tracking controller, is commonly employed [5], [6].
As illustrated in Fig. 1(a), this architecture separates control into
a high-level model predictive controller (MPC) that generates
reference trajectories using simplified dynamics models [7],
[8], [9], [10], and a low-level whole-body controller (WBC)
operating at higher frequencies to track these trajectories [11].

The high-level MPC typically uses reduced-order models,
such as the spring-loaded inverted pendulum model [12] or
the single rigid body dynamics (SRBD) model [13] to predict
future states and optimize control inputs that minimize a given
cost function. At the low level, WBC computes joint torques
reactively based on the current state to track desired trajectories,
with the optimization formulated as a QP problem that can be
efficiently solved using standard QP solvers, such as OSQP [14].
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While this hierarchical approach ensures constraint satisfaction
and optimizes performance, selecting an appropriate simplified
dynamics model typically requires significant expertise and
inevitably leads to deviation from the full model in long horizon
prediction [4]. Furthermore, the finite planning horizon and
model approximation may result in suboptimal performance and
reduced robustness to perturbations, restricting the robot’s full
capabilities. The high computational cost of solving the MPC
optimization problem online also limits the achievable control
frequency, constraining the robot’s agile and dynamic motion
capabilities.

RL: In RL, the control policy, usually parameterized by a
neural network, is learned directly through interactions with
the environment [15], [16], [17]. Recent advances in GPU-
accelerated simulators [18] have significantly boosted policy
training efficiency by enabling massive parallel data collec-
tion [19]. In addition, sim-to-real techniques, such as domain
randomization and adaptation [20] strengthen policy robustness
by incorporating measurement noise, external disturbances, and
model mismatches during training, leading to improved real-
world generalization. In the training process, RL optimizes the
policy parameters to maximize the expected cumulative reward,
which generally includes task-specific rewards, penalties for
constraint violations, and regularization terms. However, effec-
tive reward function design and hyperparameter selection often
require extensive trial-and-error experimentation [21].

During deployment, the learned policy requires only a for-
ward pass through the neural network, ensuring computational
efficiency. However, constraints are incorporated only as soft
penalties in the reward function rather than explicit constraints,
offering no strict guarantees of constraint satisfaction. Studies
have identified fundamental vulnerabilities in state-of-the-art
neural controllers under adversarial attacks [22], highlighting
the limitations of non-interpretable neural networks. Conse-
quently, neither optimality nor safety can be guaranteed, re-
stricting the applicability of RL in safety-critical and high-
performance scenarios.

Our approach to combining OC with RL: In this work, we
seek to integrate the complementary strengths of OC and RL for
quadrupedal locomotion control during the online deployment
phase. OC ensures instantaneous constraint satisfaction and
optimality through explicit constraint satisfaction and objective
minimization, while RL enables robust performance through
extensive data-driven training with domain randomization. To
leverage these advantages, we propose a hierarchical control
framework where RL generates high-level reference trajectories
and OC determines optimal motor torque commands through
rigorous optimization, as demonstrated in Fig. 1(d).

A fundamental challenge of the proposed framework has been
achieving scalable execution of OC during policy training, as
RL desires simulating massive numbers of parallel instances to
learn robust behaviors. To address this, we design a convex QP
solver based on the Chambolle—Pock (CP) algorithm [23], which
has proven to enable efficient parallel execution of constrained
optimization on GPUs [24]. The proposed control framework
is validated through extensive experiments, demonstrating its
effectiveness in achieving safe, robust, and OC of legged robots.
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A. Contributions

This work advances quadrupedal locomotion control through
a hierarchical solution combining the merits of OC and RL,
ensuring instantaneous constraint satisfaction, optimality, and
robustness. Our key contributions are as follows.

1) We propose a hierarchical control framework that com-
bines policy learning with optimization-based whole-body
control, bridging the gap between the two approaches
through a principled integration of their complementary
strengths. The framework demonstrates improved track-
ing accuracy, energy efficiency, constraint satisfaction, and
robustness compared to end-to-end RL and pure whole-
body control methods.

2) We develop a convex quadratic programming (QP) solver
based on first-order optimization that achieves both effi-
cient parallel execution on GPUs and fast single-instance
computation on CPUs. By decomposing each iteration
into affine transformations and convex projections, our
solver enables concurrent optimization across multiple
environments while maintaining computation speed suit-
able for high-frequency control applications. The solver
and its open-source implementation can be of independent
interest to researchers from learning, control, and general
robotics communities.

3) We enable efficient policy learning by integrating
large-scale parallel optimization into the RL pipeline.
This integration reduces parameter tuning complexity
through explicit constraint handling, allows lower policy
update frequencies through reliable tracking control, and
facilitates transfer across different quadrupedal platforms
through its hierarchical structure.

4) We validate the proposed framework through compre-
hensive simulations and hardware experiments on mul-
tiple quadrupedal platforms, with systematic evaluation
of tracking performance, energy efficiency, and constraint
satisfaction. The video is available at https://xu-yang16.
github.io/rl_wbc_project/.

B. Outline

The rest of this article is organized as follows. Section II
reviews related work, with emphasis on the computational
bottlenecks limiting existing hybrid RL+OC methods.
Section Il introduces the CP algorithm based convex QP solver,
explaining why its algorithmic structure enables efficient GPU
parallelization and how it achieves both large-scale training and
real-time deployment. Section I'V then presents our hierarchical
control framework that leverages this efficient solver to integrate
the high-level RL policy with low-level whole-body controller.
The solver’s performance is benchmarked in Section V,
demonstrating its advantages in both batched parallelization
and single-instance real-time performance. Section VI validates
the framework through comprehensive evaluations on both
internal design choices and comparisons with existing methods.
Section VII provides balanced perspective by analyzing
limitations and tradeoffs. Finally, Section VIII concludes this
article.
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II. RELATED WORK

Our work advances the integration of RL with OC for legged
locomotion through efficient optimization, safety guarantees,
and scalable architecture. This section examines related work
in these areas, beginning with existing approaches to combin-
ing RL and OC, followed by methods for ensuring safety in
learning-based control, and concluding with GPU-accelerated
optimization techniques that enable practical implementation of
these methods.

A. Combining OC and RL in Legged Locomotion

The integration of OC with RL represents a key research di-
rection in legged robot control. While early approaches focused
on training RL policies to replicate trajectories from offline OC
optimization [38], [39], recent work has explored architectures
that combine OC and RL for online control. As illustrated in
Fig. 1(c) and (d), existing methods can be categorized into
two primary architectural patterns based on the hierarchical
arrangement: OC — RL (OC provides reference trajectories for
RL to track or refine) and RL — OC (RL provides high-level
guidance to OC).

OC — RL Architecture: In this paradigm, OC provides refer-
ence trajectories or desired states that RL policies learn to track
or compensate for. This approach typically involves a high-level
planner (usually MPC) generating optimal trajectories using
simplified dynamics models, while RL handles the complexities
of tracking these trajectories with the full robot dynamics and
addresses uncertainties arising from model mismatch and exter-
nal disturbances. RL+VHIPM [25] exemplifies this approach,
where a variable-height inverted pendulum model generates
reference trajectories that are tracked by an RL policy. DTC [26]
extends this concept by using RL to learn robust tracking con-
trollers for NMPC-generated references, demonstrating superior
performance on challenging terrains. RL policies can also learn
residual control inputs [40] that are added to nominal control
commands to achieve faster convergence and improved robust-
ness. However, since RL directly optimizes the control input,
sophisticated reward function design is typically required to
balance desired task performance, energy efficiency, and safety.

RL — OC architecture: In this paradigm, RL operates at a
higher level to provide distilled guidance to lower level modules.
This approach can be further subdivided based on the type of
information RL provides to the optimization layer.

1) Reference generation: Generalizable quadrupedal loco-
motion in diverse environments with a centroidal model
(GLiDE) [29], continuous adaptive jumping with a learned
centroidal policy (CAJun) [41], and corrective RL [30]
employ RL to learn centroidal dynamics policies that
generate desired center-of-mass trajectories, which are
subsequently tracked by model-based controllers. In addi-
tion, RL can determine footstep placement [27], [42] and
gait selection [43], with model-based controllers handling
execution.

2) Cost function learning: Rather learning state references,
this category involves learning cost function parameters
for the optimization layer, including objective weights [32]
and terminal costs [31] in MPC formulations.

3) Dynamics model: RL outputs dynamics parameters for
more accurate modeling [34].

4) Optimization initialization: Considering the multiple local
minima inherent in nonconvex problems, methods, such
as continuous actor-critic with trajectory optimization
(CACTO) [36] and its extension [37] learn RL policies
to provide warm-start initializations for trajectory opti-
mization solvers, accelerating convergence, and guiding
toward superior solutions.

Nevertheless, the lower level OC module in this architecture
can be either an MPC controller or a reactive WBC controller,
both of which can provide formal safety guarantees that are
challenging to achieve with pure RL approaches or OC— RL
approaches.

Despite these advances, the primary bottleneck in implement-
ing RL-OC hierarchies lies in the computational demands of
parallel OC execution during policy training, as RL typically
requires thousands of parallel environments for sample-efficient
learning. As shown in Table I, previous work has circum-
vented this challenge through various compromises: employing
simplified simulation environments [28], [29], severely limit-
ing parallel training instances [25], [30], reducing OC update
frequency [26], or approximating OC solutions [41]. These
compromises often result in either reduced sample efficiency,
compromised control performance, or both. Our approach di-
rectly addresses this fundamental limitation through a CP-based
convex QP solver [23], enabling efficient parallel execution
of rigorous OC during RL training without sacrificing control
performance or safety guarantees. Furthermore, we provide a
comprehensive analysis comparing different interface designs
between RL and OC layers, including reference generation, cost
function learning, and dynamics model learning approaches in
Section VI-B. This contribution bridges the gap between the
theoretical advantages of RL-OC integration and their practical
implementation in large-scale parallel training scenarios.

B. Safe Legged Locomotion Control

Safety in the context of legged locomotion control refers
to the ability to satisfy constraints in deployment, including
joint torque limits, friction cone constraints, and contact force
constraints, etc. The safety for training is not considered due to
the fact that the training is generally done in simulation.

Despite its success in learning locomotion skills, RL faces
fundamental challenges in safety-critical tasks due to the uncon-
strained nature of neural policies. Common RL approaches for
legged locomotion transform hard constraints into soft penalty
terms [19], [44], often requiring tedious hyperparameter tuning.
To mitigate this limitation, constrained RL methods typically
enforce feasible regions through either modifying the optimiza-
tion criteria or restricting exploration spaces during the training
process [45].

The first category incorporates constraints directly into the op-
timization criterion. Inspired by the Lagrangian method, primal-
dual approaches [46] introduce Lagrangian multipliers and per-
forms primal-dual updates at each policy iteration. Trust-region
methods [47] limit policy updates to safe regions by constraining
the step size. Penalized proximal policy optimization (P30) [48],
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TABLE I
COMPARISON WITH RELATED RL+OC METHODS
Method RL Role Full Physics | Parallel Envs | Training Time | OC:RL Frequency
VHIPM+RL [25] Tracking Controller X 1 46h 50:50
DTC [26] Tracking Controller v 4096 336h 2.2:50
RLOC [27] Tracking Controller v 12 32h 400:400
BG Policy [28] Reference X 12 1h 500:50
GLiDE [29] Reference X 1600 1-2h 100:100
Corrective RL [30] Reference v 12 8.4h 400:400
DMPC [31] Cost function X 1 n/a n/a
AC-MPC [32] Cost Function X 64 11.5h 50:50
ACAMPC [33] Cost Function and x n/a n/a 10:10
Initialization
RL augmented MPC [34] Dynamics Model v 1 n/a 33:33
MoPAC [35] Pynamics Model and v I 2h n/a
nitialization
CACTO [36], [37] Initialization v 15 6.3h 100:100
Ours Reference v >4096 0.5h 500:50

OC:RL Frequency indicates the frequency of OC module and RL policy updates. We use red to highlight the compromises made for the concurrent

execution of OC and RL.

[49] and interior-point optimization methods [50], [51] enforce
constraint satisfaction by introducing linear cost penalty terms or
logarithmic barrier functions, respectively. The second category
focuses on safe exploration strategies. One popular approach in-
troduces another safety backup policy [52], [53], [54], enabling
the robot to switch between nominal and recovery controllers
when constraints might be violated. Another approach treats
constraint violations as termination conditions [55], [56], [57],
thereby restricting the robot to explore in safe regions.
Nevertheless, while constraints are incorporated during the
training phase, there are no strict guarantees that the learned
policy will respect constraints during deployment in real-world
scenarios. Even during training, these methods generally provide
only probabilistic constraint satisfaction guarantees. Moreover,
they often struggle with the exploration process and exhibit
unstable training behavior [58]. Our hierarchical control frame-
work addresses these fundamental challenges by completely
separating the problem: an upper level RL policy optimizes task
performance in an unconstrained action space, while a lower
level WBC enforces safety constraints through optimization at
every control step. This architecture not only simplifies policy
learning by eliminating the need for constraint handling in
the RL formulation, but also maintains strict safety guarantees
through the WBC layer during both training and deployment.

C. GPU-Accelerated Optimization

GPU-accelerated optimization has gained significant research
attention with the rapid advancement of GPU parallelization
capabilities. Existing approaches can be categorized into three
main strategies: hardware-level acceleration, problem structure
exploitation, and algorithm-level acceleration. Hardware-level
acceleration leverages GPU’s inherent parallel computing ca-
pabilities through vectorized and single instruction multiple
data (SIMD) architectures. Representative works include cu-
OSQP [59], a GPU version of the popular QP solver OSQP [14],
and CusADi [60], a code-generating framework for GPU par-
allelization of symbolic expressions. However, these methods
typically require low-level CUDA programming to achieve

optimal performance. Problem structure exploitation methods
leverage the specific sparsity patterns and structures in the
problem formulation, particularly in MPC applications. For
example, Cholesky factorization of condensed systems can be
accelerated using GPU [61]. GATO [62] enables real-time si-
multaneous solving of tens to hundreds of problems through
codesigned parallelism tailored to the structure of trajectory
optimization computations. Primal-dual iLQR methods [63] fo-
cus on equality-constrained problems and exploit temporal par-
allelization through parallel associative scans. These methods
achieve impressive performance gains but are typically limited
to specific problem classes with known structural properties.
Algorithm-level acceleration designs optimization algorithms
specifically for massive parallelization, fundamentally refor-
mulating the solution process to achieve the highest level of
generality, free from dependencies on specific hardware archi-
tectures or problem structures. A notable example is rectified
linear unit (ReLU)-QP [64], which reformulates the alternating
direction method of multipliers algorithm into multiple layers
of ReLLU functions for efficiently solving large-scale optimiza-
tion problems. Beyond single large problems, research has also
explored developing batched solvers for multiple small opti-
mization problems. The gpth solver [65], for instance, utilizes a
primal-dual interior point method and achieves substantial accel-
eration through batch matrix factorizations and prefactorization
of invariant Karush-Kuhn-Tucker (KKT) conditions. Detailed
comparisons can be found in Table IT and Section V.

In this article, we propose a convex QP solver capable of
handling convex set constraints with analytical projections,
representing a novel contribution in the algorithm-level accel-
eration category. The solver is specifically designed for two
purposes: massive parallel execution of batched instances on
GPUs, making it particularly suitable for concurrent RL training,
and efficient deployment on CPUs for real-time control. Our
solver achieves these capabilities by leveraging the CP method,
which decomposes each optimization iteration into only two
operations—affine transformations and convex projections. As
demonstrated in our benchmarks, this approach delivers high
computational efficiency in both training and deployment.
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TABLE II
COMPARISON WITH RELATED QP SOLVERS

IEEE TRANSACTIQNS ON ROBOTICS, VOL 42,2026

Method GPU Solver | Batched Solver | Constraints Algorithm Order | Warm Start
OSQP X X Linear Augmented Lagrangian 1 v
ReLU-QP [64] v X Linear Augmented Lagrangian 1 v
cuOSQP [59] v X Linear Augmented Lagrangian 1 v
CuClarabel [67] v X Conic Interior Point 2 X
jaxopt-cvxqgp [68] v X Linear Interior Point 2 v
qpax [69] v v Linear Interior Point 2 X
qpth [65] v v Linear Interior Point 2 X
jaxopt-osqp [68] v v Linear Augmented Lagrangian 1 v
jaxproxqp [70] v v Linear Augmented Lagrangian 1 v
Ours v v Convex CP 1 v

III. CoNVEX QP SOLVER BASED ON CP METHOD

In this section, we present a solver based on the CP algorithm
to solve optimization problems with quadratic objectives and
convex set constraints, commonly referred to as convex QP or
general QP problems in the literature [14]. These problems can
be formulated as

min

L T
min pv Quipw

(1a)

st. Hx+beC (1b)

where x € R" is the decision variable, and the quadratic objec-
tive function is determined by a matrix ) € S'{ | and the vector
p € R™. The matrix H € R™*", the vector b € R™, and the
convex set C C R™ together define the constraints. Here, n, m
are the dimensions of the decision variable and the constraint,
respectively, and S’} | denotes the set of n. x n positive definite
matrices. Specifically, when C is a polyhedron, the problem
reduces to a standard QP problem.
We make the following assumptions throughout this article.
1) Q €S is astrictly positive definite matrix.
2) The constraint set C is a nonempty, closed, and convex set,
whose projection operator Proj.(x) £ argmin||x — y||3
yeC

can be evaluated analytically.
We first rewrite problem (1) as an equivalent form by intro-
ducing a new variable z € R™

. I+ T
vettitan 2% GTEPE
st. Hr+b==z
zeC. 2)

This reformulation separates the quadratic objective and linear
equality constraints from the convex set constraint, enabling
us to leverage efficient projection operations in the solution
algorithm. Using the indicator function of the set C, defined
as

() 2 0, ifzeC
Ie(z) = 3)
400, otherwise

we can turn problem (2) into the following form:

min f(z) + g(z) 4)

zeR™

where the functions f(z) and g(z) are defined as
f(2) = Ie(2)

1
g(z) & {min §xTQx +p'a| He+b= 2z}
€T

(5a)

(5b)

The function f(z) encodes the constraint set C, while g(z) can
be evaluated by solving a convex quadratic program with only
linear equality constraints. This decomposition separates the
convex set constraint from the quadratic objective, enabling us
to leverage the structure of each term in our solution approach.

Using the Fenchel duality theory [66, Ch. 9], we can formulate
the dual problem of (4) as

(=) =g () (6)

max —
AER™ f

where f* and ¢g* are the Fenchel conjugates of f and g, re-
spectively, and A € R™ is the dual variable. Furthermore, the
Lagrangian of the primal-dual problem pair can be written as

L(xz) = f(2) + 1"z —g"(A). (7

Theorem 1: The optimal solution (A*,2*) to problem (7)
can be obtained by iteratively performing the following two
operations as long as &« > 0,5 > 0, and a5 < 1.

1) Perform the primal-dual update

Ak+1 k
k4 — A + B )
where A and B are defined as
A F BF BA B
a(l —2F) 1I-2aBF|’ —2afu

F2(I+BHQ'H) ™\ p2 F(HQ 'p—1b).
onto the convex set C

!« Proj. (zkH) . ©)

2) Project zF*1

With the above update rules, we have: limg_, 2k = 2* and
limg 00 AF = A%

Proof: The proof is provided in Appendix A.

If needed, we can finally recover the optimal solution z* to
the original problem (1) by solving the following KKT equation:

Qz*+H"\*+p=0. (10)

The CP algorithm can be understood as a “predict-correct”
method. At each iteration, we first make a prediction step using

Authorized licensed use limited to: Tsinghua University. Downloaded on February 27,2026 at 01:54:21 UTC from IEEE Xplore. Restrictions apply.



YANG et al.: SAFE AND EFFICIENT QUADRUPEDAL LOCQM:

A
IEEE Transactions on Robotics (T-

an affine transformation that incorporates gradient information
from both primal and dual variables, then correct any constraint
violations through projection onto the feasible set. This intuition
translates directly to our two-step update rule in Theorem 1:
(8) performs the prediction via matrix multiplication, while
(9) applies the correction through projection. This two-step
process naturally separates the optimization dynamics from
constraint handling. This approach is particularly valuable for
robotics because it provides a systematic way to handle hard
constraints through efficient projection operations, and upon
convergence, guarantees satisfaction of instantaneous safety-
critical constraints, such as joint limits and friction cones.

Interestingly, while our solver is rigorously grounded in op-
timization theory, it exhibits a striking structural resemblance
to a multilayer perceptron (MLP): each iteration consists of
a linear transformation (8) followed by a nonlinear activation
function [the projection operation in (9)], mirroring the archi-
tecture of an MLP layer. As long as the projection can be
evaluated inexpensively on GPUs, the solver is able to run in
massive parallel, which is particularly suitable for quadrupedal
locomotion control training tasks, as shown in Section IV-A.

As an example, we consider the following convex QP prob-
lem:

.
) 11 -1 n —0.5
min -z x x
zeR" 2 -1 4 —0.4
st. x€{x|2}+a3 <1} (11)
Fig. 2 shows the convergence trajectory toward
=[0.8;0.3] and A* =[0;0] for different parameters

«a and B (we keep «af fixed to 0.81). Geometrically, the
affine transformation moves the solution based on gradient
information (shown as solid lines), while the projection
operation enforces feasibility in the transformed space by
pulling any constraint-violating point back into the feasible
region (shown as dashed lines), with convergence guaranteeing
satisfaction of the original constraints. The hyperparameters o
and [ control the update step size of the primal variables x and
the dual variables A, respectively. Large value of « tends to cause
frequent violation of the constraint and the solution x oscillates
around the boundary of the constraint, while small value of «
leads to slow convergence. The same conclusion can be drawn
for 5 from the convergence trajectory of A. Proper selection
of these parameters can balance between the primal and dual
updates, significantly improving the convergence speed.

Discussion on ill-posed and infeasible problems: For ill-
conditioned problems with poor convergence, we can integrate
the Ruiz equilibration heuristic used in OSQP to improve the
condition number. Specifically, we apply diagonal scaling matri-
ces to transform the problem before applying our CP iterations.
For infeasibility detection, we monitor the difference between
consecutive iterates [71]. Infeasible primal problems are de-
tected when ||A*+1 — A¥|| fails to converge to zero, while infeasi-
ble dual problems are indicated by nonconvergent || 251 — 2%||.
In practice, we implement early termination when these resid-
uals exceed predefined thresholds after a maximum number of
iterations.
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Fig. 2. Convergence trajectory of primal variable « and dual variable A for
different o and B with 20 iterations. The feasible region is shaded in gray. Affine
transformation is marked with solid lines, while projection is marked with dashed
lines.

The comparison in Table IT highlights several key advantages
of our proposed solver over existing approaches. Most exist-
ing GPU-based QP solvers, including ReL.U-QP and cuOSQP,
lack batched processing capabilities, limiting their efficiency
when solving multiple QP problems simultaneously. While these
solvers excel at large-scale individual problems, they cannot
leverage the parallelism benefits that batched operations provide.
Among the solvers that do support batching, our approach offers
distinct computational advantages. Interior-point methods like
gpth and gpax, despite their theoretical second-order conver-
gence, require expensive matrix factorizations at each iteration,
particularly challenging in batched scenarios where multiple
factorizations must be performed simultaneously. In contrast,
our first-order CP algorithm avoids these costly operations while
maintaining competitive convergence properties. The constraint
handling capabilities further differentiate our solver. While most
existing methods are restricted to linear constraints, our ap-
proach extends to general convex constraints through analytical
projections. This flexibility enables broader applicability, partic-
ularly in robotics and control applications where complex feasi-
ble regions are common. The combination of convex constraint
support with efficient batched processing represents a signif-
icant advancement over current linear-constraint-only batched
solvers. Our proposed solver also provides the additional feature
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Stance Leg

Swing Trajectory
Swing Leg

Fig. 3. Illustration of stance and swing legs during quadrupedal locomotion.

of warm-starting with a guessed primal and dual solution, which
proves particularly valuable in locomotion control scenarios,
where temporal consistency allows previous optimal solutions
to serve as high-quality initial guesses for subsequent time steps,
as empirically demonstrated in Section V.

IV. HIERARCHICAL CONTROL AND LEARNING ARCHITECTURE

This section presents a hierarchical control architecture that
integrates RL with whole-body control. We formulate the whole-
body control (WBC) problem for quadrupedal locomotion as
a convex quadratic program and develop a hierarchical frame-
work combining high-level RL policies with low-level WBC
optimization. The proposed CP solver enables efficient parallel
policy training through its capacity for massively parallel opti-
mization.

A. WBC Problem Formulation

The instantaneous whole-body control of quadruped robots
can be formulated as a trajectory optimization problem. The
objective is to find optimal joint torques that drives the robot to
follow a reference trajectory while respecting the constraints.

Depending on their contact states during locomotion, legs of
quadrupedal robots can be divided into two categories: stance
legs and swing legs, which is illustrated in Fig. 3. The stance
legs maintain contact with the ground and support the robot’s
body, while the swing legs are in the air and move to the next
contact point. As highlighted in prior research [5], the key
to stable legged locomotion is the control of ground reaction
forces (GRFs) for stance legs. In contrast, the control of the
swing legs generally involves merely following a predetermined
trajectory [72].

To minimize the tracking error between the actual and desired
base accelerations, reduce power consumption, avoid sliding of
stance legs, and comply to the joint torque limits, we formulate
the optimization problem as

min |G, sewat — o rerll% + 1715 + "7l (12)
st. D(g,q4,4,f)=0 (dynamics constraint)  (12b)
fiworld € Kric for stance legs (12¢)
Jizworld € [0, Zmax] for stance legs (12d)

fi=0

T E [_Tmam 7-max]

for swing legs (12e)

for all motors (12f)

where the objective function consists of the velocity tracking
error, the heat power, and the mechanical power, T € R!2 rep-
resent joint torques, and Gy, aerual € RC, G, rer € RS denote the
actual and desired base accelerations, respectively. The weight-
ing matrices are defined as R € R6*6, § ¢ R12X12 and T =
tI™! where t is a scalar. The generalized position, velocity,
and acceleration are represented by ¢, ¢, and ¢, respectively.
The GRFs of all legs in the base frame are represented as
f 2 [f1; f2; f3; f4] € R'2. The GRF of the ith leg in the world
frame is denoted as f; wona = R2%%, fi, which can be obtained
with the rotation matrix R2%,. The vertical contact force for the
ith leg is denoted with f; . worla € R. The friction cone, Kgic, is
defined as

Kiie = {fi € R | || fiayll2 < ufi2}

where p is the friction coefficient and f; ., represents the hori-
zontal component of the contact force. Note that the friction cone
Kic can be approximated [73] by a friction pyramid, replacing
second-order cone constraints with linear constraints

Pric = {fi €R® | fiz, fiy € [=1fizs ufis]}- (13)

Considering the light-weighted legs of quadruped robots, the
whole-body dynamics of the robot is often approximated with
simplified dynamics, accelerating the construction and compu-
tation of the QP problem. One common choice is the SRBD
model

q.b mv( )f+gb (14)

where the matrix M;,, € R6*12 is determined by the base mass,
inertia, and foot positions, and the vector g, € RS is constant.
The detailed derivation can be found in Appendix B.

Since the joint torques and GRFs are determined by the dy-
namics equation 7 = —.J(q) " f with the Jacobian matrix .J(q),
we can rewrite the optimization problem by regarding the GRFs
f as the decision variables.

By solving i actua from the dynamics equation (14) and
substituting it into the optimization problem, we obtain the
following convex QP problem:

1
min S f1Qf +p'S (152)
fimorla = R9SS fi € Kpe  foralllegs  (15b)
fz,z,world - [0 0 1] wéi)sreld %
[0, zmax,f] for all legs  (15¢)
=—J(@)" f € [~Tmax> Tmax] for all motors  (15d)
where the filtered maximum force
Zmax, fOT stance legs
Zmax,f = (16)
0, for swing legs
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Fig. 4. Proposed training framework with end-to-end GPU execution. All components run on GPU, enabling massive parallelization across thousands of
environments. The RL policy runs at a relatively low frequency, generating swing trajectories for swing legs and desired base acceleration, which is safely and
efficiently tracked by a high-frequency WBC controller. The WBC problem is solved by our proposed GPU-accelerated convex QP solver, allowing the entire
control pipeline to execute in parallel during policy training. The gait manager module determines the gait phases and the contact states of the legs. Robot-specific
parameters are directly fed into the WBC problem and the swing trajectory generator without the need of training.

is used to unify the constraints for stance and swing legs,
and Q = M, RMiw + J(S +t4q")J " andp = M, R (g, —
{iv rer) are the cost function parameters.

In problem (15), only three types of constraints are involved:
second-order conic (SOC) constraints, interval constraints, and
positive orthant constraints, which can be handled in a unified
manner using our proposed convex QP solver. We present the
standard forms of these constraints and provide the analytical
expression for the projection operator each type of constraint.

1) SOC constraint: f; € Ko, Where Ksoe = {(fi,zy, fiz) €

R2+1 | Hfin”Q < fi,z}.WithU £ fi,wy and s = fi,z,the
projection can be expressed as

0, s <0
i loll> € [0,]s]]
HKSOC (fl) =
v
(3+75) Jells > Is
2 7 2fvlla o] ’ ’
2

(17)
2) Interval constraint: f; € [Zmin, max)- The projection into
the interval [zmin, Zmax] can be expressed as

2 2] (fi) = Max(zmin, min(zmax, fi)).  (18)

3) Positive orthant constraint: f; € Ry . The projection onto
the nonnegative orthant is

g, (fi) = max(0, f;). (19)

With the pyramid approximation for friction cone, a single
SOC constraint is reduced to two interval constraints, which can
also be handled by the solver. The WBC formulation can also
be extended to include additional convex constraints without
affecting the solver’s effectiveness, as long as the projection
operation is analytically available.

B. Training Framework

The proposed controller consists of a neural RL policy module
operating at 50 Hz coupled with a high-frequency (500 Hz)
whole-body controller. The WBC module serves as an integral
component of the control architecture during both training and
deployment—it executes optimized joint torques based on the
base acceleration commands generated by the neural policy, as
illustrated in Fig. 4. This integration enables the policy to learn
commands that naturally account for the WBC’s optimization
constraints and dynamics. The timescale separation between
policy and control frequencies (50 Hz versus 500 Hz) allows
efficient learning while maintaining precise low-level control
through high-frequency optimization.

In RL, the control problem is typically modeled as a Markov
decision process, which is defined by the state space S, action
space A, reward function R(s;,a;) : S X A — R, and the state
transition probability p(s;+1]$¢, ;). The goal is to find a policy
m:S — A, mapping from states to actions, to maximize the
expected sum of discounted rewards over time described by
thereturn Gy = Y37 o Y* R(St4k, aryx), wherey € (0, 1)isthe
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discount factor that balances potential future rewards and imme-
diate rewards. The optimal policy 7" maximizes the expected
return from each state

00
* k
T :arngarLXIEsHle(st_yﬂ(st)) [Zv R(St4k, attk)

k=0
(20)

In our proposed training framework, the neural policy is
executed in a simulation environment, where the state s; is fed
into the policy network, generating the action a,. Depending on
the gait phases, stance legs and swing legs are controlled differ-
ently. The actions a; € R'? include the desired base acceleration
b, ref € RS and the foot position residues Az, € R for swing
legs. We first construct the optimization problem to minimize
tracking errors and energy consumption while respecting all
necessary constraints. We use the proposed convex QP solver
for both massive parallel running in training and fast execution
in single robot deployment. The WBC module synchronizes all
motors, determining joint torques to economically track the base
acceleration. For swing legs, the residue Aoy is used to adjust
the swing height and the landing zy positions, determining the
swing trajectory. The joint torque and positions obtained above
are fed to the motors in the simulators, which then updates
the robot states and generates the rewards for the neural pol-
icy to learn. The policy is trained using the proximal policy
optimization (PPO) algorithm [74] to maximize the expected
return. Specific definitions of the states and reward functions
are discussed below.

The states s; € R%°*Y of the robot include historical observa-
tions over a time window V. At each time step, the instantaneous
observation can be conceptually divided into three components:
desired commands € R?, gait phases € R®, and proprioceptive
observations € R**. For the velocity tracking task, the desired
commands consist of the forward velocity v, rf, lateral velocity
Uy ref, and yaw rate w rs. The gait observations (sin(¢), cos(¢))
are derived from the current gait phase ¢. The proprioceptive
observations are defined as the robot’s roll ¢ € R, pitch § € R,
base velocity v, € R3, base angular velocity w, € R3, foot
positions pro; € R12, foot velocities vioo € R'2, and last action
a1 € R'2.

In our framework, RL policies are only responsible for the
base pose stabilization and velocity tracking task, agnostic of
leg parameters. Therefore, the reward function only involve three
terms.

1) Base pose stabilization: 7y, = —0.1(hacral — ret)? —

0.06(¢)? + 62) — 0.001(z)? + 6?). The height Ayera and
hrer are the actual and desired height of the robot’s base,

respectively.

2) Velocity  tracking: 7y = 0.002 exp{—4||vzy actual —
Vzy, ret” } +0.001 eXp{_4(wz,actual - wz,ret’)2} -
0. O2UZ ,actual*

3) Action smoothing: rsmeon = —107°||ay — a;—1]|3.

This reward setting, free of penalties or terms related to specific
physical parameters, benefits from the hierarchical architecture,
where low-level details are handled by the WBC module, signifi-
cantly simplifying the reward tuning and policy learning process.

2 |
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Fig. 5. Convergence of the proposed solver versus iterations.

V. SOLVER BENCHMARK

In this section, we benchmark the proposed convex QP solver
on the aforementioned WBC problem for quadrupedal loco-
motion tasks. The evaluation focuses on three key metrics:
convergence performance, time consumption, and parallel capa-
bility, highlighting the solver’s efficiency in both batched execu-
tion and real-time deployment. Beyond empirical performance,
we analyze the algorithmic characteristics that enable these
capabilities—providing insights for future algorithm designers
seeking to develop GPU-friendly optimization methods. We
have implemented the proposed solver in Python with NumPy
and PyTorch, and the code is publicly available.! Note that the
solver and its implementation can be of independent interest to
researchers from learning, control, and general robotics com-
munities.

The benchmark is conducted on a computer with a single
NVIDIA GeForce RTX 4090 GPU and 3.7 GHz AMD Ryzen
9 5900X CPUs. The primary focus for deployment is on the
solver’s speed and convergence performance, while for batched
execution, we emphasize time consumption and scalability. We
compare our proposed convex QP solver against the widely
recognized OSQP solver [14], which is extensively utilized in
real-time control tasks. In addition, we include comparisons with
existing batch QP solvers, including gpax [69], jaxproxgp [70],
Jjaxopt-osqp [68], and gpth [65].

In deployment involving a single robot, we benchmark our
proposed solver, which incorporates pyramid and conic con-
straints, against the OSQP solver. Fig. 5 illustrates the primal-
dual residuals versus iterations, calculated as || Hz + b — z||2 +
|Qx + p — H' A||2. The residuals decrease to 1% of their ini-
tial value within 20 iterations, adequately stabilizing the robot
in simulation through the WBC controller. For comparative
analysis, Fig. 6 evaluates the relative error from the optimal
solution of OSQP, defined as ||Zours — Tosqp||2/||Tosqp||2 - Our
solver achieves convergence to the optimal solution of OSQP

![Online]. Available: https://github.com/xu-yang16/cp_solver
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Fig. 7. Relative error (compared with OSQP) heatmap of different o and 3
values with warm start (20 iterations).

within 20 iterations, with an error margin of less than 0.1%.
In addition, employing a warm start significantly enhances the
convergence speed, benefitting from the WBC controller’s high
operating frequency of approximately 500 Hz. We also present
the relationship between iteration count and computational run-
time in Fig. 6, revealing an essentially linear correlation, where
40 iterations require approximately 1ms of execution time. To
evaluate the algorithm’s hyperparameter sensitivity, we perform
experiments with a WBC controller for quadruped locomotion
using various paris of « and 3 parameters. The corresponding
relative errors are depicted in Fig. 7, demonstrating that while
the product o5 marginally affects convergence rate in this task,
the overall impact remains negligible.

The real-time performance of the solver is detailed in Table III.
We compare the NumPy implementation of our proposed solver
with OSQP and gpth, which are implemented in C and PyTorch,
respectively. The results indicate that our solver slightly out-
performs OSQP in handling the WBC problem with pyramid
constraints and significantly surpasses gpth. As shown in Fig. 8,

Fig. 8. Computational time breakdown of the CP solver with NumPy.
—e— gpax
10° 4 ——qpth
—— jaxproxqp
—— jaxopt-osqp
ours (cone)
2 107! —v— ours (pyramid)
[5)
E
F
10—2 -
10—3 . v v
\ T T T
10! 10° 10° 10*
Number of Environments
Fig. 9. Time consumption of the proposed solver versus number of environ-

ments. The shaded region represents the standard deviation.

our solver’s computational time is dominated by dense matrix
operations (80.8% in matrix multiplication, inverse, and pro-
jection), which are highly optimized in NumPy’s underlying
BLAS libraries. In contrast, OSQP spends over 90% of its
time in preprocessing steps, including converting matrices to
sparse formats to accelerate iterative linear solves. For our small-
scale dense problems (n = 12 and m = 32), this preprocessing
overhead outweighs the benefits of sparse computation during
iteration. There is potential for further enhancing the solver’s
performance through optimization in C or CUDA.

For batched execution, we employ a PyTorch-based imple-
mentation of our proposed solver. Fig. 9 demonstrates the
solver’s capability to perform efficiently in massively parallel
environments, resulting in significant computational efficiency
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Fig. 10. Iteration time percentage of different solvers, i.e., the proportion of
total computation time spent in the core iterative solve loop versus overhead
operations (memory allocation, matrix precomputation, etc.). Lower percentages
at larger batch sizes indicate better parallelization efficiency.

gains. Despite the just-in-time compilation and vectorized map-
ping capabilities of the JAX framework, our solver achieves
approximately 5.16x speedup compared to jaxopt-osqp and
demonstrates a remarkable 109.6 x acceleration over the second-
order interior point method gpth when evaluated across 4000
parallel environments.

Fig. 10 provides compelling evidence for why the CP al-
gorithm is inherently well-suited for GPU acceleration. This
figure shows the percentage of total computation time spent in
the core iterative solve loop as the batch size increases from
1 to 10 000 environments. Our proposed solver (both cone and
pyramid variants) exhibits dramatically decreasing iteration time
percentages as batch size increases—from approximately 50%
at single-instance to below 10% at 10 000 environments (for
the pyramid version). In stark contrast, competing solvers like
gpax, gpth, and jaxproxqp maintain iteration percentages above
70%-95% even at large batch sizes. This difference reveals a
fundamental architectural advantage: our solver’s computational
bottleneck shifts from the iterative solve itself to fixed overhead
[memory allocation, one-time F' matrix computation in (8),
etc.] as parallelism increases, indicating near-perfect scaling of
the core algorithm with batch size. The key distinction is that
interior point methods (gpax, gpth) require repeated matrix fac-
torizations within each iteration, while augmented Lagrangian
methods (jaxproxgp, jaxopt-osgp) involve nested iterative lin-
ear system solves at every outer iteration—both introducing
variable-complexity operations that resist GPU parallelization.
In contrast, our first-order solver eliminates all inner loops by
precomputing the matrix F' once, transforming each iteration
into fixed-cost operations (matrix-vector multiplications and
element-wise projections) that map directly to highly optimized
GPU BLAS kernels. These operations exhibit excellent cache
locality and enable regular, predictable memory access patterns
that maximize GPU memory bandwidth utilization.

Table IV presents the profiling results of the proposed training
framework. The policy training takes approximately 30 min of
wall-clock time, with the WBC controller running at 500 Hz

TABLE IV
PROFILING FOR EACH POLICY ITERATION (ABOUT 3 S OF WALL-CLOCK TIME)

Others
18.4%

Forward Sim

37.1%

Terms WBC Update

39.7%

Policy Update
4.9%

Percent

and the RL policy at 50 Hz. During the training, the time
consumption for the WBC updates is comparable to that of the
physics simulations, indicating that solving the QP online is no
longer a bottleneck in the training process.

VI. EXPERIMENTS

In this section, we conduct comprehensive evaluations to
validate the effectiveness of our proposed hierarchical control
framework. We design our experiments in two phases: first,
we perform ablation studies within the proposed framework
to justify our design choices; second, we compare against
state-of-the-art model-free RL and hybrid RL+OC methods to
demonstrate the advantages of our approach. The rest of this
section is organized as follows: We first introduce the experi-
mental setup and then present the ablation studies within the
RL+WBC framework. Finally, we compare our method with
existing model-free and hybrid RL+optimization methods.

A. Experimental Setup

Policy training is conducted in the Isaac Gym [18] simulator
on the same computer used for solver benchmarking. For sim-to-
real deployment, both policy inference and WBC computations
are executed on an Intel Core i7-13620H processor equipped
with 32 GB of RAM. We perform sim-to-sim validation using the
MulJoCo [75] simulator before deploying policies on a Unitree
Gol [76] quadruped robot to evaluate real-world performance.
The training code is available online? and the experiment video
is available at the project website.3

B. Ablation Study on RL Output

To validate our design choice of learning reference trajectories
rather than other control components, we conduct comprehen-
sive ablation studies comparing different settings within the
RL+WBC framework along with a classical convex MPC+WBC
method.

1) MPC+WBC: An SRBD-based convex MPC controller [5]
is used to generate reference trajectories for the WBC
controller.

2) Ours (reference): RL policy outputs desired base ac-
celeration Gy, ot € RS and swing foot position residuals
AZgoor € R3.

3) Ours (cost): RL policy learns adaptive cost function
weights for the matrix R [in (12)] in the WBC optimization
and swing foot position residuals Az oo. We consider R as
a diagonal matrix and only learn the diagonal 6 elements.

2[Online]. Available: https://github.com/xu-yang16/rl_wbc
3[Online]. Available: https://xu-yang16.github.io/rl_wbc_project/
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4) Ours (dynamics): RL policy learns residual corrections to
the centroidal dynamics model parameters, including the
robot mass m and a diagonal inertia matrix I, € R?*3 and
swing foot position residuals Axgyy.

For fair comparison, all variants use identical network archi-
tectures, reward functions, training procedures, and the same
CP-based WBC solver. Policies are trained for 600 epochs (~
30 min) on flat ground velocity tracking. Both MPC and RL
policies operate at 50 Hz with a fixed 2 Hz gait frequency. Safety
constraints include maximum contact force of 100 N and joint
torque of 12 N-m. Note that relaxing these constraints would
expand the feasible region, allowing faster tracking responses
and higher accuracy.

To precisely control experimental conditions, eliminate con-
founding factors, and accurately measure physical quantities that
are not readily accessible in the real world, we conduct velocity
tracking experiments in the MuJoCo simulation environment,
with results presented in Fig. 11. In contrast to the flat terrain
used during training, the experiment is performed on rough
terrain, which simultaneously validates the policy’s robustness
to unknown external disturbances. As indicated by the desired
forward velocity trajectory marked with a black dashed line,
the robot is initially commanded to remain stationary for the
first 2 s, followed by tracking a reference forward velocity of
0.8 m/s for the remainder of the experiment. In addition, from
the fourth second onwards, a 3 kg mass (about 25% of the
robot mass) is attached to the robot’s base to simulate a model
mismatch scenario. We set the maximum vertical contact force
to 100 N, which is slightly above the two-feet standing contact
force of 65 N, and the maximum joint torque to 12 N-m as safety
constraints, highlighted by red dashed lines in the figure.

First, all methods effectively respect the predefined con-
straints. The contact force remains well below the 100 N limit
across all RL+WBC variants. Joint torque constraints are consis-
tently satisfied, with all methods operating within the + 12 N-m
bounds, demonstrating the effectiveness of the QP formulation
in enforcing safety limits.

For velocity tracking, under nominal conditions (¢ < 4 s),
all three RL+WBC variants—learning reference, cost, and
dynamics—demonstrate comparable and accurate velocity
tracking performance, closely following the desired trajectory.
In contrast, the classical MPC+WBC approach shows slightly
inferior tracking accuracy. This degradation stems from the
inherent limitations of MPC on rough terrain, where early or late
contact reduce the accuracy of future state predictions based on
the dynamics model, leading to suboptimal reference generation.
When the payload perturbation is introduced at ¢ = 4 s, these
methods exhibit distinct adaptive behaviors.

1) Ours (reference) maintains similar tracking performance
by learning to generate significantly modified desired base
accelerations to compensate for the changed dynamics.

2) Ours (cost) achieves velocity tracking by adaptively ad-
justing the velocity tracking cost weights in the WBC
optimization, though the adaptation response is slightly
slower compared to reference learning.

3) Ours (dynamics) shows the largest performance degrada-
tion, likely because the learned dynamics corrections.
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Fig. 11. Commanded velocity tracking experiment on rough terrain in Mu-

JoCo. (a) Actual and desired forward velocity. (b) Vertical force of the front
right (FR) foot. (c) Torque of the FR knee joint. (d) For Ours (Reference) policy,
we show the reference acceleration (i.e., policy output), solver acceleration given
by the WBC module and the actual acceleration.

4) MPC+WBC exhibits substantial steady-state tracking er-
ror after the perturbation. This degradation occurs because
the model mismatch further compromises the accuracy of
future state predictions, leading to increasingly suboptimal
trajectory planning.

As shown in Fig. 11, we plot the reference acceleration (i.e.,
the output of the RL policy), solved acceleration (the best-effort
tracking result within feasible regions), and actual acceleration
under disturbances and model mismatch circumstances. The
WBC layer incorporates the robot’s intrinsic dynamics, which
enables excellent alignment between the solved and actual
accelerations, demonstrating the effectiveness of our physics-
informed optimization approach.

The mismatch between reference and solved accelerations
reveals two important aspects of our framework. First, it il-
lustrates how safety constraints actively limit the feasible re-
gion, necessarily compromising raw tracking performance to
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Fig. 12.
(a) Ablation study on solver iterations. (b) Ablation study on WBC frequency.

ensure constraint satisfaction—a fundamental tradeoff between
performance and safety. Second, and more significantly, it
demonstrates the remarkable adaptability of our learned policy.
Through extensive training with domain randomization, the RL
policy has developed the capability to provide robust guidance
even when its commands cannot be executed exactly. Despite
the constraint-induced mismatch at the acceleration level, the
policy’s strategic planning enables the robot to still achieve
accurate velocity tracking at the task level, showcasing the hi-
erarchical framework’s ability to maintain high-level objectives
while respecting low-level physical limitations.

C. Ablation Study on WBC Configuration

We further conduct ablation studies on the solver configura-
tion and the low-level WBC frequency to validate their impact
on the overall learning and control performance. We consider
the following variants:

1) Solver accuracy: We compare different numbers of solver
iterations (5, 10, 15, 20, 30) against the gpth baseline to
investigate the tradeoff between computational efficiency
and solution accuracy.

2) WBC frequency: We evaluate WBC update frequencies
of {100 Hz, 200 Hz, 300 Hz, 400 Hz, 500 Hz} to ex-
amine the impact of low-level control on overall task
performance.

Each configuration is evaluated across 5 random seeds with
identical training hyperparameters. The policy is evaluated in
1000 virtual environments for 15 s in the Isaac Gym simulator,
with all environments following the same reference velocity
trajectory and suffers from the same disturbances. The metrics
compared include survival rate, constraint violation magnitude,
velocity tracking mean-squared error (MSE), and mean me-
chanical power consumption, where the mechanical power is
calculated as p = Zgl |7:qi|. To assess training efficiency, we
compare the final reward achieved after 600 epochs of training

Ablation studies on WBC configurations. For each configuration, results
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are averaged over 5 independently trained policies with different random seeds.

for each configuration along with corresponding time consump-
tion.

As shown in Fig. 12(a), increasing solver accuracy (i.e., more
iterations) leads to significant improvements in constraint satis-
faction, task performance, and energy efficiency. Notably, with
only 20 iterations, our solver achieves performance comparable
to gpth, while being over 5 times faster during training. Interest-
ingly, the final RL reward and robustness (i.e., survival rate) do
not improve significantly with solver accuracy, indicating that
an RL policy can partially compensate for inaccurate low-level
control through learned adaptive behavior.

Similarly, Fig. 12(b) illustrates that higher WBC frequencies
yield nearly monotonic improvements across all performance
metrics. Notably, increasing the WBC frequency from 100 to
500 Hz results in a substantial 66.0% reduction in velocity
tracking MSE and a 20.7% decrease in mechanical power
consumption, highlighting the critical role of high-frequency
low-level control in enhancing both task performance and energy
efficiency. Moreover, the survival rate increases from 52.59% to
85.30%, demonstrating that higher control frequencies signifi-
cantly improve the robot’s ability to maintain stability and satisfy
constraints under disturbances.

D. Comparison With Existing Methods

Building upon the ablation studies, we now compare our
best-performing approach (i.e., RL outputs reference tracked
by the WBC module) against existing methods, including
model-free, optimization-based method, and established hybrid
RL+optimization methods. We set the solver iteration to 20 and
WBC frequency to 500 Hz for our method based on the ablation
results in Section VI-C.

1) End-to-end RL policy [44]: Direct mapping from states
to desired joint positions, which is specifically trained on
low-friction environments (the friction coefficient is set to
0.2-0.5).
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2) Constrained RL policy: A first-order constrained RL al-
gorithm, N-3PO [48], [49], is used to train a policy that
penalizes the constraint violations as linear penalties in the
reward function, which is recommended through a com-
parative study on legged locomotion [48]. The constraints
include the following:

1) vertical contact forces no larger than 100/V;
2) joint torque no larger than 12 N-m;
3) no foot slip.

3) RL+MPC [32]: RL policy provides cost function weights
(with dimension 12 balancing pose stabilization and ve-
locity tracking tasks) for MPC solver (50 Hz). We employ
the classical convex MPC [5] with a prediction horizon
0.5 s (one gait cycle) and timestep 0.025 s. The constraints
above are incorporated in the QP formulation of MPC,
which is solved with OSQP. The reward setting is the
same with ours.

4) Ours: Our proposed method with RL generating refer-
ence trajectories for WBC tracking (500 Hz). The same
constraints are incorporated in the QP formulation solved
with the proposed convex QP solver.

All methods employ policy networks comprising three hidden
layers with sizes of 512, 256, and 128, respectively, and the
policy frequency is set to 50 Hz. The gait frequency is manually
fixed to 2 Hz. We conduct parallel simulation using 4096 robots
simultaneously on rough terrain for data collection and policy
update. However, due to the computational limitations of OSQP
in large-scale parallelization, the RL+MPC baseline is trained
with only 32 environments and the training takes roughly 8 h.

We evaluate the proposed training framework on a flat ground
commanded velocity tracking task for quadrupedal robots, high-
lighting the following merits of our method.

1) Training: Elimination of extra rewards and, thus, reduced
parameter tuning; accelerated convergence in policy train-
ing and enhanced sample efficiency.

2) Task performance and constraint satisfaction: Optimized
velocity tracking accuracy, energy efficiency, and guaran-
teed enforcement of constraints.

3) Robustness: Resilience against external disturbances and
model mismatch.

4) Generalization: Transferability to various quadruped
robots with the same RL policy.

RL policy training: The reward setting is detailed in Table V,
where X represents the necessity of the reward term. The rewards
are divided into stabilization, task, smoothing, and penalty cate-
gories, addressing the objectives of stability, task performance,
control input refinement, and the avoidance of undesired or
unsafe behaviors, respectively. In contrast to the end-to-end
and constrained RL methods, which requires numerous terms to
meticulously regulate the movement of swing legs and motors,
our approach concentrates solely on the base state and GRFs,
eliminating the need for additional penalty or auxiliary rewards,
which facilitates policy transferability to different quadrupedal
robots, as demonstrated in the subsequent generalization anal-
ysis. This merit of our method stems from the hierarchical
structure of the control framework and the centralized control
of all actuators handled by the WBC module.
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TABLE V
COMPARISON OF REWARD TERMS

Approaches
E2E RL  N-3PO

Rewards

Category
Ours

Body Orientation X
z Velocity X
Roll Pitch Velocity X

X
X

Stabilization

Velocity Tracking X

Task Height Tracking X

X | X X | X X

Smoothing Action Smoothing X

Stance Leg Velocity
Swing Leg Force
Footswing zy
Footswing Height
Foot Slip
Collision
Joint Torques
Joint Velocities
Joint Accelerations
Foot Symmetry X

Stand Still X
Contact Force X

X

Penalty

XXX XXX XXX [X[XX]|XX
X X X X

For constrained RL methods (i.e., N-3PO), the cost term coefficient is also
needed to be tuned, therefore it is included as a reward term in this compari-
son.

TABLE VI
COMPARISON OF THE PROPOSED METHOD WITH BASELINES ACROSS
DIFFERENT METRICS

Policy MSE Power (W) Survival Rate (%)
Ours 0.11£+0.01  28.12+1.03 85.3+2.1
RL+MPC 0.174£0.05  34.75+3.47 80.2+4.5
MPC+WBC 0.234+0.02  49.15+1.62 62.34+4.0
End-to-end RL  0.42+0.01  82.96+1.17 100.0+0.0
Constrained RL ~ 0.47+0.05  56.37+2.03 753124

Best is highlighted in bold and second best is underlined.

Following the same experimental setup with Section VI-C, we
further compare our hierarchical framework against baselines
in terms of velocity tracking accuracy, energy efficiency, and
robustness. As shown in Table VI, our approach achieves the
lowest tracking MSE and power consumption, demonstrating
that the WBC layer significantly enhances both tracking preci-
sion and energy efficiency compared to purely learning-based
methods.

Task performance and constraint satisfaction:

Fig. 13 presents the vertical contact force validation experi-
ments across three scenarios. The results demonstrate that our
RL+WBC framework successfully maintains force constraints
below the specified threshold across the following three scenar-
ios:

1) traversing fragile foam blocks;

2) navigating highly compliant deformable terrain;

3) operating under real-time decibel monitoring.

The decibel meter provides quantitative verification of con-
straint satisfaction, confirming that the WBC module effectively
enforces safety limits during dynamic locomotion. The deci-
bel meter provides quantitative verification of vertical contact
forces, confirming that the WBC module effectively enforces
safety limits during dynamic locomotion. On flat ground, our
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(b)

Fig. 13.

Real-world experiments on vertical contact force constraints. With our control framework, the robot is commanded to traverse fragile, deformable terrain.

We set the maximum vertical force to 80 N in the constraint formulation. Real-time experimental videos are available online. (a) Robot traverses fragile terrain.
(b) Robot navigates through deformable terrain. (c) To quantify the contact force, a decibel meter is used to evaluate the vertical contact force.
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Fig. 14. Commanded velocity tracking experiment on slippery surfaces
demonstrating constraint satisfaction and task performance. (a) FR knee joint
torques with constraint violation highlighted. (b) Foot slip. (c) Velocity tracking
performance. (d) Foot trajectory in the robot frame.

method achieves a maximum decibel level of 68.1 dB, while
RL+MPC records 70.3 dB, demonstrating similar performance.
In contrast, end-to-end RL and constrained RL exhibit maximum
decibel levels of 88.1 dB and 76.7, respectively, indicating
significantly higher contact forces.

As shown in Fig. 14, we conduct a commanded velocity track-
ing experiment on slippery surfaces. The joint torque, foot slip
(defined as the foot velocity multiplied by the foot contact force,
which is estimated by joint torques and the foot Jacobian matrix
along with the pneumatic foot pads of the robot), and velocity
tracking curves are shown in the figure. The results demonstrate

that both our method and RL+MPC successfully satisfy the joint
torque limits (15 N-m) and no-slip constraints. In addition, both
approaches achieve stable velocity tracking performance. Due to
the extremely low surface friction coefficient (11 <0.15), precise
velocity tracking becomes challenging as the GRFs are severely
limited. Under such conditions, our method demonstrates the
smallest steady-state tracking error compared to the baseline
approaches. It is notable that both methods exhibit an extended
acceleration phase at the beginning of the experiment. This
behavior stems from the fact that our WBC layer consistently
operates within the feasible constraint region, ensuring safety
at the cost of reduced tracking aggressiveness. The tradeoff
manifests as a more conservative acceleration profile where
the low-level WBC prioritizes constraint satisfaction over rapid
reference tracking, resulting in slower but safer convergence
to the desired velocity. This demonstrates the inherent safety-
performance tradeoff in our hierarchical framework, where con-
straint enforcement takes precedence over tracking speed when
operating near the limits of the robot’s physical capabilities.

Robustness: To unleash the full capacity of our framework,
we perform robustness experiments with all hard constraints
disabled. By removing these constraints, we create an uncon-
strained QP problem where the reference trajectory has full
control authority over the actuators. Such experimental flex-
ibility is enabled by the transparent and modular nature of
our WBC component, allowing real-time modification of con-
straint formulations and demonstrating that our framework’s
robustness extends beyond mere constraint satisfaction. The
robustness of our framework is attributed to the robustness of
the learned policy by virtue of domain randomization during
training.

We conducted 10 trials for each policy on challenging terrains
as shown in Fig. 15, including slopes, obstacles, and uneven
ground. The experimental results demonstrate that our method
successfully completed 7 out of 10 trials, while end-to-end RL
achieved 10 out of 10 successful completions, constrained RL
completed 9 out of 10 trials, and RL+MPC failed to complete
any of the trials (0 out of 10). These results highlight the tradeofts
between constraint satisfaction and task performance: while our
method prioritizes strict constraint enforcement, which may
limit performance in highly demanding scenarios, it provides
guaranteed instantaneous constraint satisfaction compared to
methods that treat constraints as soft penalties.
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Fig. 15.  Our RL+WBC framework enables the robot traversing diverse chal-
lenging terrains including slopes, obstacles, and uneven ground.

TABLE VII
COMPARISON OF OUR POLICY TRAINED WITH GOl (A SINGLE POLICY FOR ALL
RoBOTS), RL+MPC TRAINED WITH GO1 (A SINGLE POLICY FOR ALL
RoBOTS), MPC+WBC, AND END-TO-END RLL METHODS

Robot Policy MSE Power (W) Survival Rate (%)
Ours 0.12+0.01  40.184-0.60 88.6+0.8
Al RL+MPC 0.23+0.05  42.10+0.61 81.2+2.5
MPC+WBC  0.30£0.03  50.22+1.09 73.4+0.4
E2E RL 0.424+0.01  90.6740.07 100.0+0.0
Ours 0.15+0.01  53.79+0.75 90.8+2.0
Go2 RL+MPC 0.20+£0.02  42.10+0.61 81.2+2.5
0 MPC+WBC  0.254+0.02  55.20+£1.40 76.3£2.1
E2E RL 0.41+£0.01  73.00£0.07 99.2+0.7
Ours 0.20+0.01  40.71+0.83 92.3£1.9
Mini RL+MPC 0.234£0.05  42.10£0.61 83.2+2.5
Cheetah MPC+WBC  0.2740.02  47.93+3.68 78.7£3.8
E2E RL 0.38+0.01  61.0040.10 98.9+0.9

Best is highlighted in bold, and second best is underlined.

Transferability: We evaluate the transferability of the pro-
posed control framework across various quadruped robots by
conducting the same experiments outlined in Table VI with the
Unitree A1, Go2, and MIT mini cheetah robots in the Isaac
Gym simulator. The results, presented in Table VII, compare
the performance of the same RL policy trained on the Gol
robot against other methods (end-to-end RL policy is retrained
from scratch). The proposed control framework consistently
outperformed the alternatives in tracking accuracy and power
consumption across all robots, while also maintaining a high
survival rate.

This success in transferability can be attributed to the hierar-
chical structure of our framework, which conceals the intricacies
of each robot’s dynamics and kinematics behind the WBC
controller and provides a uniform high-level interface for the
policy network. Consequently, the RL policy in our framework
operates in a robot-agnostic action space consisting of desired
base accelerations and foot position residuals, instead of learning
to control joint torques or positions which requires retraining
for each specific robot model. Similarly, the RL+MPC method
also allows transferability to other similar robots since the MPC
controller handles robot-specific dynamics.

Failure cases: We also show failure cases that primarily
occur in two scenarios. First, overly restrictive constraints can
limit the robot’s feasible action space, preventing necessary
recovery maneuvers when aggressive responses are required
for maintaining stability. This performance degradation stems
from our WBC formulation operating within the feasible region

AND EFFICIENT QUADRUPEDAL LOCQMQTION WITH A CHAMBOLLE-POCK WHOLE-BQDY CONTROLLER, .
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defined by safety constraints, which intentionally limits aggres-
sive actions that violate torque limits, contact force or friction
constraints. However, this conservative behavior represents a
principled design choice rather than a limitation. The constraints
ensure that the robot never exceeds safe operating parameters, as
demonstrated in our real-world experiments where model-free
RL policy caused visible terrain damage while our method
successfully preserved both robot and environment integrity.
The tradeoff between maximum agility and guaranteed con-
straint satisfaction makes our approach particularly valuable
for applications requiring reliable, long-term operation under
uncertain conditions.

Second, the predefined gait pattern restricts the robot’s full
degrees of freedom by rigidly defining stance and swing leg
assignments, with many failure cases resulting from swing legs
colliding with unexpected obstacles during their predetermined
trajectories. Model-free RL methods typically achieve balance
recovery through rapid switching between stance and swing
legs, dynamically adapting the contact schedule based on en-
vironmental demands. In contrast, our current dependence on a
fixed gait scheduler, while simplifying the controller design and
ensuring predictable behavior, also reduces the robot’s adaptive
potential in highly dynamic or cluttered environments. We also
include a discussion on existing limitations and possible future
work in Section VII.

Analysis: The fundamental limitation of MPC-based meth-
ods lies in their reliance on accurate hybrid dynamics models:
predefined gait patterns determine contact schedules spanning
the prediction horizon, while dynamics models assume precise
system parameters. This rigid structure renders them vulnerable
to model mismatches and environmental uncertainties.

Conversely, the robustness of model-free RL approaches
stems from their implicit ability to autonomously shift
priorities—dynamically adjusting the relative importance of
competing goals (task performance versus stabilization) based
on learned experience, effectively implementing a context-
dependent cost function. However, this adaptive balancing capa-
bility of RL inherently treats constraints as soft limitations that
can be violated when necessary, such as sacrificing constraint
satisfaction for improved task performance. This flexibility be-
comes critically dangerous in safety-critical applications where
constraint violations are not tolerated.

In contrast, our proposed RL+WBC framework strictly con-
fines all behaviors within the feasible region, ensuring absolute
satisfaction of hard constraints. Admittedly, when constraints are
particularly restrictive, this approach involves certain tradeoffs
in task performance and robustness. Nevertheless, in scenarios
where constraint violations are discouraged rather than strictly
forbidden, we can enhance overall performance through con-
straint relaxation or even selective constraint abandonment since
the constraints in the WBC layer can be dynamically adjusted.

VII. DISCUSSION

Our hierarchical RL+WBC framework involves several
design tradeoffs that stem from separating high-level pol-
icy learning from low-level constraint enforcement. While
these characteristics provide advantages in certain scenarios
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(guaranteed constraint satisfaction, energy efficiency, cross-
platform transferability), they also impose limitations in
others.

1) Predefined gait patterns: Our current framework relies on
predetermined gait sequences, limiting the robot’s abil-
ity to discover novel locomotion strategies or adapt gait
patterns dynamically to extreme terrains. This restriction
simplifies controller design and ensures predictable be-
havior but reduces adaptive potential in highly dynamic
environments. However, since the WBC formulation is
solely based on the robot’s current state and does not
inherently depend on future foot contact states, we believe
that the gait scheduler can be replaced with a neural policy,
enabling learned gait adaptation while maintaining the
safety guarantees of the optimization-based controller.

2) Model dependency: The WBC module relies on reason-
ably accurate dynamics models (e.g., SRBD models) and
kinematic parameters, whereas end-to-end RL can poten-
tially compensate for model uncertainties and unmodeled
dynamics through learning. Furthermore, constraint pa-
rameters, although can be dynamically adjusted, need to be
predetermined. Unrealistic constraint setting could cause
overly conservative behavior or system failures.

3) Performance tradeoffs from hard constraints: While
hard constraints ensure safety, they also restrict the
robot’s full actuation capacity. Our hierarchical structure
guides the lower level WBC controller within prede-
fined feasible regions. End-to-end RL, having full author-
ity over all motors, may achieve superior performance
in scenarios where constraint violations are temporarily
acceptable.

4) Scope of constraint guarantees: Like other reactive con-
trol methods, our WBC cannot guarantee predictive con-
straints that require future state information. For instance,
collision avoidance with obstacles requires predicting fu-
ture trajectories and planning over time horizons, which
our reactive controller does not provide.

Addressing these limitations while maintaining the advan-
tages of our hierarchical approach motivates several promising
directions for future work.

1) Extension to higher degree-of-freedom systems: Consid-
ering the low level WBC in our control framework can
guarantee strict constraint satisfaction, task planning can
be naturally incorporated through weighted or hierar-
chical formulations to achieve multiple task objectives
simultaneously. Therefore, we anticipate extending our
learning framework to control systems with higher de-
grees of freedom, such as quadrupedal robots equipped
with manipulators or humanoid robots with dual arms.
In contrast, end-to-end RL approaches require complex
hyperparameter tuning to balance multiple tasks, and the
exploration efficiency problem becomes increasingly pro-
nounced as the action dimensionality increases. Our hier-
archical framework could potentially address these chal-
lenges by enabling systematic task prioritization through
optimization-based planning while maintaining efficient
high-level policy learning.

2) Adaptive gait generation: Currently, the robot gaits remain
predefined in our framework. A promising direction is
to incorporate gait selection and adaptation into the RL
policy, enabling autonomous gait transitions and adaptive
gait adjustments in response to varying terrain conditions
and task requirements. This extension would combine
the adaptability of learned gait patterns with the precise
and safe whole-body dynamic control provided by the
lower level WBC, potentially achieving both versatility
and energy efficiency in locomotion control.

VIII. CONCLUSION

In this article, we develop a hierarchical control framework
for quadrupedal locomotion featuring a high-level RL policy and
a low-level high-frequency whole-body controller, integrating
the robustness of RL policies with the energy efficiency and
instantaneous constraint satisfaction of OC. To allow the RL
policy fully exploit the capability of robots, we design a convex
QP solver based on the CP method, capable of both scaling to
massive parallelization on GPU and fast real-time deployment
and thus enabling concurrent training of RL policies and large-
scale parallel running of whole-body control. Owing to the hier-
archical structure, the RL policy can focus on high-level tasks,
i.e., base acceleration reference and footstep planning, while the
high-frequency whole-body controller ensures the robot’s sta-
bility, instantaneous constraint satisfaction (joint torque limits,
friction cones, contact forces etc.), and energy efficiency during
locomotion. Extensive experiments in both simulation and real-
world validate the merits on policy training, safety, and energy
efficiency for deployment, robustness in unseen scenarios, and
generalization in quadrupedal locomotion control.

APPENDIX

A. Proof of Theorem 1

Derivation of the update rule: For the Lagrangian function (7),
the saddle differential is given by

0 I||= of(z)
OL(z,\) = 21
R A o B
whose fixed-point iteration [66] is
Skt [k
L’M] =(I+0oL)! M] ) (22)
With the change of variables
y z
=M 23

and M is chosen as a positive definite matrix

M 2 lfly[ I]
- 1
I 5I
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By the definition of the proximal operator
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we have
AL = Proxg,- (Ak + sz)
= Prox, (zk -« (2)Lk+1 — Ak)) . 27)

To compute Proxgg-, we start from Moreau’s identity [66]

¢ = Proxgg-(¢) + B Prox,/5(¢/B) Vo € R™, 3> 0. (28)

Therefore, we instead compute Prox, /5(¢)

min, %xTP:U +q'z+ gHz — 3
st. Hx +b =z

Prox,/s(¢) = argmin{

= argmin
4

TPx-i—q $+ﬁHZ—¢||2
+u (Hx4+b—=z)

(29)

The KKT conditions of the equality-constrained QP problem are

P 0 H'| |z¥ —q
0 pI —I| |z|=|p¢ (30)
H —-I 0 v* —b

Since P is positive definite and 8 > 0, the left-hand side of the
KKT system is invertible. By solving this linear system, we can
obtain the explicit solution of Prox,/5(¢)

Proxy/(¢) = 2*

—¢— (BHP'H" +1)"' (6 + HP 'q 1)

—BH(BH'H+P) 'H ¢ —p

=(I-F)p—n
where F £ (BHP'H" +1)
HTand u 2 F(HP 'q—b).

By substituting Prox,,5(¢//3) into Moreau’s identity (28),
we can obtain the explicit solution of Proxg,- (1)

(3D
=] —BH(P+BH H)!

Proxgg (1) = FA + fp. (32)
With the (27), we have
AL = Ak 4 BF2F + Bu. (33)
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Note that the proximal operator of the indicator function is the
projection operation. Therefore, we have

—a (225 =0k

In summary, the primal-dual update rule is given by cyclic
executions of the matrix multiplication (8) and the projection
operation (9).

Convergence analysis: Since all we need is to ensure the
matrix M is positive definite, wehave o > 0, 3 > Oand o < 1.
The fixed point iteration of the primal-dual update rule (24)
is guaranteed to converge to the optimal solution (A*,z*) of
problem (7).

ZF*1 = Proj, (2 (34)

B. Derivation of the Centroidal Dynamics model (14)

With the assumption of massless legs, the robot is modeled as
arigid body with mass m € R and inertia I, € R? (in the base
frame). In the base frame, the centroidal dynamics of the robot
without external disturbances is given by

mlze; O .
0 I Gp =
(35)

where gy, is the linear and angular acceleration of the robot, f;
is the contact force at the ith foot, r; is the vector of the 7th foot
relative to the centroid, and g is the acceleration due to gravity.
The centroidal dynamics can be rewritten as

.
Zz L fi+ Ry [0 0 —mg}
2?21 ri X fz

.
G, = 1/mlz.s 0 2?21 fi + Ryotd {0 0 —mg]
b =
0 Ib Zi‘lzl i X fl
= Miny(q)f + 9»
(36)
where the matrix M;,, and the vector g, € RS are defined as
Mo A L/mlzxs 1/mlzxsz 1/mlzys  1/ml3z.3
RS U P () PR S ) PR Al (1
I world T
ab 4 Rbase [0 0 _mg} (37)
0
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