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Cuspidal Redundant Robots: Classification of
Infinitely Many IKS of Special Classes of 7R Robots

Durgesh Haribhau Salunkhe

Abstract—Redundant robots, with more degrees of freedom than
required for a given task, offer enhanced dexterity but can exhibit
complex kinematic behaviour in motion planning. Cuspidal robots,
which can change inverse kinematic solutions without crossing sin-
gularities, have been reported to pose unique challenges for motion
feasibility and repeatability. While cuspidality has been extensively
studied for 3R and certain 6R robots, no formal classification
exists for redundant architectures. This letter presents a systematic
framework for classifying 7R wrist-partitioned redundant robots
based on their cuspidal properties. The method reduces the 7R
structure to a parameterized 3R equivalent via the redundant joint
angle, enabling the application of established theory for cuspidal
robots. Using this approach, commercially available robots are
analysed and categorized as cuspidal or noncuspidal. Results show
that the design offsets in commercial cobots may lead to cuspidality,
which can potentially cause a nonsingular change of operation
mode in collaborative applications. This classification framework
provides a foundation for cuspidality-aware path planning and
offers practical guidelines for designing non-cuspidal redundant
robots to ensure safer and more predictable operation.

Index Terms—Kinematics, Industrial robots.

1. INTRODUCTION

EDUNDANT robots are robotic systems with more de-

grees of freedom (DOF) than the minimum required to
achieve a given end-effector task. A robot with more than six
joints, therefore, has redundancy, which provides additional
flexibility to optimize various criteria such as obstacle avoid-
ance, joint limit avoidance, and manipulability enhancement [1].
Redundant robots have found widespread applications in areas
where flexibility, dexterity, and safe human-robot interaction
are essential, notably in humanoid-related applications, service
robotics, and collaborative manufacturing.

In particular, many commercially available redundant robots
with seven revolute joints, 7R robots, such as the KUKA
LWR iiwa 7, the Franka Emika Panda, MAiRA from Neura
Robotics, and the Kinova Gen3 (7-DOF version), incorporate
a wrist sub-chain into their architecture, and thus are called
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TABLE 1
CLASSIFICATION OF COMMERCIAL 6 R ROBOTS ON THE BASIS OF THEIR
CUSPIDAL PROPERTIES

Sr. No | Robot Type Property Year
1 Unitree Z1 Cobot Noncuspidal | 2024
2 FANUC CRX-series Cobot Cuspidal 2022
3 Kinova Link 6 Cobot Cuspidal 2022
4 ABB GoFa CRB 15000 | Cobot Cuspidal 2021
5 Kinova Jaco Gen 2 Cobot Cuspidal 2013
6 FANUC M-series Industrial | Noncuspidal | 2009
7 URS Cobot Noncuspidal | 2008
8 KUKA KRS Industrial | Noncuspidal | 2007

wrist-partitioned architectures. These robots are specifically
designed to mimic human-like dexterity, making the kinematic
study of this special class of robots critical. Their redundancy
is typically structured as a serial 6 R architecture for positioning
and orientation, combined with an extra joint that introduces
redundancy.

Within the broader context of robot kinematics, the con-
cept of cuspidal robots is important for the path planning of
robots [2]. Cuspidal robots are robots that can transition between
different inverse kinematic solutions (IKS) without crossing a
singularity, a phenomenon known as a nonsingular change of
solutions [3]. While cuspidality has been studied extensively for
non-redundant systems, notably 3R manipulators [4], [5] and
more recently for certain classes of 6 R robots [6], there is no
literature available concerning cuspidality analysis of redundant
robots.

One of the key observations from recent studies [6] is that a
generic 6 R robot is almost always cuspidal. Table I shows differ-
ent commercial robots available classified according to their ap-
plication and cuspidal properties. A rising trend in collaborative
robots, also called cobots, led to unconventional robot designs. It
has been shown that most of these robots are cuspidal, and their
path planning requires special considerations. This motivates
the necessity to investigate the implications of cuspidality in
redundant robots. Despite the redundancy, which theoretically
allows bypassing singularities through internal motion, the robot
can still exhibit cuspidal properties such as nonsingular change
of ‘operation modes’ (related to IKS, refer to Section II). The
cuspidal properties of a redundant 7R robot can be studied as
a parameterized 6 robot. The architecture of the 6R robot
depends on the arm angle or self-motion angle. The arm angle is
not always easy to define and interpret [ 7], and different methods
have been proposed earlier to parameterize the redundant motion
of 7R robot [8] such as the shoulder-elbow-wrist (SEW) angle.
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A cuspidal robot presents distinct path-planning challenges
because it can exhibit a continuous, nonsingular change of
IKS: two different inverse-kinematic solutions for the same
end-effector pose can be connected by a joint-space trajectory
that does not cross a Jacobian singularity. Consequently, a tra-
jectory that begins on IKS ‘A’ can smoothly move onto IKS ‘B’
without triggering the usual singularity indicators. If IKS ‘B’
later meets joint-limit, collision, or singularity constraints, the
planner may encounter an unexpected infeasibility or a loss of
repeatability. This phenomenon is particularly likely on closed
task-space loops that encircle cusp regions. By contrast, for a
noncuspidal robot, distinct IKS are separated by singularities;
the robot’s operation modes (defined in Section II) are separated
by singularities, so any transition between branches must pass
through a singular configuration and is therefore more readily
detected and handled. These topological differences explain why
cuspidal behaviour complicates reliable and consistent motion
planning compared to noncuspidal robots. [6], [9]

As a result, path planning algorithms must consider the
possibility of nonsingular transitions between solutions, which
can lead to unexpected behavior if not properly handled [6],
[10]. This is particularly critical in applications requiring high
reliability and predictability, such as collaborative human-robot
interaction and precision assembly. Given the increasingly com-
mon presence of 7R robots with wrist sub-chains in humanoid
applications, understanding the effects of cuspidality on their
kinematics and path planning is critical. To our knowledge,
this study is the first comprehensive analysis of cuspidality in
redundant robots. The results provide fundamental insights for
designing reliable path-planning algorithms and improving the
predictability of robot behavior in humanoid and collaborative
robotic applications with redundant arms.

1. Organization of the Paper

The remainder of this letter is structured as follows. Section II
presents the preliminaries and definitions related to the cuspidal-
ity of redundant robots. Section III discusses the kinematic mod-
eling of redundant robots as parameterized 6 R robots, along with
the associated singularity analysis. In Section IV, we present the
classification of commercially available redundant robots based
on their cuspidality characteristics. Section V delves into the
implications of cuspidality in explaining inverse kinematics and
its usefulness in the path planning of robots. Finally, Section VI
concludes the paper and discusses future research directions
toward developing an explainable framework for handling cus-
pidality and enabling smooth transfer of robot behavior among
different platforms.

II. PRELIMINARIES

We start with a set of standard definitions related to the kine-
matic analysis of nonredundant and redundant robots. The robot
parameters are identified by the original Denavit-Hartenberg
parameters [11].

Definition 1: An aspect is defined as the largest singularity-
free partition in joint space. There exists multiple aspects in a
joint space.
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Definition 2: The largest semi-algebraic set in the workspace
without singularities is defined as a connected component of the
workspace. Here, semi-algebraic set refers set of polynomials
with inequalities.

Definition 3: An operation mode uniquely identifies an in-
verse kinematic solution (IKS) at any given end-effector pose of
a serial robot.

A 2R planar robot has two operation modes: elbow up
and elbow down modes. In wrist-partitioned noncuspidal 6R
robots, there exist up to eight operation modes that are termed
elbow(up/down)-shoulder(right/left)-wrist(flip/unflip) [6]. In a
generic 3R robot, we can reduce the joint space dimensions to
2 by eliminating # as it does not define singularities. Similarly,
the effect of 6; can be removed in the workspace. Thus, a
projection of the workspace singularities on a slice of p-z, where
p = /2% + y2, can be studied without any loss of information
on singularities, as shown in Fig. 2.

Definition4: A cuspis apointin the workspace of a 3R serial
robot that satisfies the following conditions [3]:

M(t) =0
%4@) ~0
%(t) —0
TN 1) 0 1)

where M (t) is the inverse kinematic polynomial of degree four
of a generic 3R serial robot, where ¢t = tan %", in Fig. 2, the
robot has four cusps located at the corners of the inner region.

Definition 5: The locus of critical values is the image of
critical points.

This is commonly termed as singularities in the workspace,
and can be derived by solving for M (t) = 0, %—Af(t) = 0 from
Eq. (D).

Definition 6: A cuspidal nonredundant robot is a robot that
has multiple finite IKS in at least one aspect [3].

In cuspidal robots, it is not always feasible to identify every
IKS with a unique operation mode. Even if possible, the robot
can switch to operating mode without encountering a singular
configuration. It was shown in [4] that for any generic 3 R robot,
the existence of a cusp in the critical values of the kinematic
function projected onto a p — z slice is a necessary and sufficient
condition for a robot to be cuspidal. Here, the end-effector
position is given as [z,v, 2] and p = \/22 + y2. An example
of a nonsingular change of solution in a 3R cuspidal robot with
joint space parameterized in 05 — 63 and workspace in p — 2
slice is shown in Fig. 2.

Definition 7: A wrist-partitioned 7R robot is a serial robot
with seven revolute joints with a subchain of three consecutive
joints intersecting at a point (spherical-wrist), either at the be-
ginning or at the end of the architecture. In this letter, we focus
on this class of robots and refer to them as redundant robots.
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Comparison of simplified kinematic structure and singularities in joint space and workspace of a commercial noncuspidal and a cuspidal robot. (A-B)

The Kuka LWR iiwa robot and its schematic show the decoupling of the last three joints (spherical-wrist) from the rest of the 4 R position robot. (E-F) Franka
Emika Panda 3 robot and schematic of inverted chain showing the decoupling of first three joints (spherical-shoulder) from the rest 4 R position robot. (C and G)
singularities in joint space of the redundant 4 R noncuspidal and cuspidal robot. (D and H) singularities in the workspace of the redundant 4 R noncuspidal and

cuspidal robot.

31 4 Nonsingular
change of solutign
2 @ Nonsingular 34
<\—chﬁe of solution
24
1 N
b3
0 2o
(rad) | @
-1 locus of

critical points -2

-2 ® -3 locus of

4 critical values
-3 T T T T T
5 5 4 1 7 ] [UN 22 42 5
s (rad) p=+z2+y
Fig.2. A nonsingular change of operation modes in joint space and workspace

of a cuspidal robot. Robot parameters: d = [0, 1, 0], a = [1, 2, 3/2], a = [73,
5> 0]. Path in the joint space (2, 63): from (—0.742,2.628) to (-3, —0.5).

Definition 8: A cuspidal redundant robot is a 7R robot with
a redundant joint angle 6,. such that for almeost all values of 6,.,
the corresponding 6R robot is cuspidal.

Here, ‘almost all’ means excluding finite distinct values of 6,
in the [—, 7] range. For instance, in the example discussed in
Section III-B, the 0, € {0, 7, —7} are excluded from studying
the cuspidal properties as the equivalent mapping from a 7R
robot to 6 R robot is singular at these values.

III. KINEMATIC ANALYSIS

In this section, we discuss the kinematic analysis of the
redundant robots and the dimension reduction, allowing one to
visualize the singularities of redundant robots. Previously known
studies related to inverse kinematic solutions include generalized
inverse methods [12], genetic algorithms and particle swarm
optimisation [13] as well as closed-form solutions for specific
redundant robots [14], [15]. As numerical methods cannot pro-
vide all IKS for any given EE-pose, they cannot be employed to
study the nature of the distribution of IKS in the joint space.

A redundant wrist-partitioned robot can be decoupled into a
redundant positional 4R chain and an orientation wrist chain.
This is because a wrist can change the orientation of a frame
without affecting the position. It was reported earlier [6] that a
wristis anoncuspidal robot as ithas two IKS that are separated by
a singularity. Thus, the cuspidality of a redundant robot depends
only on the redundant positional 4R sub-chain.

The redundant angle, 0,., is one of the joint angles in the
positional chain. Every 4R serial chain can be mapped to a
3R robot for a given value of 6,.. This implies that we can
study the singularities of a redundant robot by parameterizing
the redundant angle and analyzing the corresponding 3 R robot.
For every value of 6,., the architecture of the equivalent 3R
robot changes. Fig. 3 shows the redundant 4R positional chain
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Fig.3. Anexample of a 4 R redundant positional robot (left) and its equivalent
3R robot (center) parameterized by the redundant angle (in pink). The rightmost
figure shows the superposition of the robots to show the equivalence of the
structures.

TABLE II
D-H PARAMETERS FOR A REDUNDANT ROBOT WITH THE SPHERICAL-WRIST
Joint 0; d; (m) | a; (m) o;
1 0, d; a [04]
2 0, d> an (0%)
3 65(6r) d3 a3 o3
4 0, dy as Oy
5 95 ds 0 Os5
6 65 0 0 Qg
7 97 d7 ay (0]

and the equivalent 3R chain. It can be seen in Fig. 3 that 6,
directly influences the D-H parameter ao of the 3R robot. As
the architecture changes, the global kinematic properties of a
given 3R robot may change, resulting in internal singularities
within the robot’s workspace. The advantage of reducing the
redundant robot in such a manner is that the cuspidality analysis
of the 3R robotis well established, and the results from 3 R robots
can be leveraged to understand the joint space and workspace
of the redundant robot. It is known that the singularities of the
3R robot are independent of the first joint angle, and, thus, the
three-dimensional joint space can be projected onto the 65 — 03
slice. This dimension reduction now allows us to stack the joint
spaces of 3R robots with respect to the redundant angle, 6,,
and thus, we obtain complete information on the positional
singularities of redundant robots, and the singularities can be
visualized in the 3D cartesian space. By doing so, the singularity
analysis of the seven-dimensional joint space of a redundant
robot can be reduced to a visualised three-dimensional space
parameterized in the redundant angle. This further allows us to
visualize the singularities in the workspace, too, as shown in
Fig. 1(D and H).

A. Redundant Robot With spherical Wrist

Robots that have a spherical-wrist at the end can be studied by
decoupling the orientation analysis from the position analysis.
The kinematic properties of the 3R positional chain can be di-
rectly used to extend the results to robots with a spherical-wrist.
The kinematics of such a robot can be solved analytically with
closed-form solutions.

A TR robot is sometimes parameterized by arm angle as
introduced in the past [16], and we will use it to parameterize
an example 7R robot. The D-H parameters of an example of
a redundant robot with aspherical-wrist are given in Table II.
As the robot has a spherical-wrist partition, we can decouple
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TABLE III
D-H PARAMETERS FOR EQUIVALENT 3 R CHAIN FOR KUKA ITWA LWR 7
PARAMETERIZED IN THE REDUNDANT ANGLE

Joint er,- dyi (m) ari (m) Oy
1 6; 0.3105 0 /2
2 6, 0 0.4 0,
3 6y 0 0.39 —n/2
TABLE IV
D-H PARAMETERS FOR AN EXAMPLE OF A REDUNDANT ROBOT WITH THE
WRIST AT THE BEGINNING
Joint 0; d; (m) a; (m) o
1 [¢] 1 d 1 0 —7T / 2
2 23 0 0 7/2
3 63 d3 as T / 2
4 64 0 as —TT / 2
5 | 056, | ds 0 72
6 [ 0 s 72
7 6, d7 0 0

the robot and study the 4R positional robot separate from the
orientation sub-chain. In the robot corresponding to Table II, we
take the third angle in the positional chain as the redundant joint
angle. Fig. 1(A-B) shows the schematic of the robot and the
decoupling of the 7R robot as a redundant 4R positional chain
and a spherical-wrist. The pink joint is treated as the redundant
joint, and the red-coloured joint is the first joint of the resulting
positional sub-chain. For Kukaiiwa LWR 7,d; = 0.3105,dy =
d4 = de :0 d3 = 04 d5 = 039,d7 = 0.078,&1 = Qg =

as = 5,00 = a3 = ag = 5,7 = 0,a; = 0. The resulting
4R chaln then can be studied as a 3R robot that changes its
architecture depending on the value of 6,.. The D-H parameters
in Table III can describe the architecture of these 3R robots. It
is to be noted that as there exists no offset between the first two
joints of the robot, the equivalent 3R chain only changes the
relative joint orientation (e = 6,. in Table III) while the link
lengths and offsets remain constant.

B. Redundant Robot With spherical-Shoulder

The kinematic chain for robots with spherical-shoulder can
be decoupled in similar fashion as robots with spherical-wrist.
In this case, we invert the chain and the position of the centre of
the spherical-shoulder with respect to the end-effector frame is
treated as the end-effector position. An example of a commercial
redundant robot with a spherical-shoulder is the Franka Emika
Panda robot. It is used in several applications, including human-
robotinteraction [17]. The D-H parameters of the robot are given
in Table IV where, d; = 0.333,ds = 0.316,d5 = 0.384,d7 =
0.107,a3 = 0.0825, a4 = —0.0825, a6 = 0.088. Fig. 1(E-F)
shows the schematic of the Panda robot and the decoupling
of the 7R robot as an inverted redundant 4R chain and a
spherical-shoulder. In this robot, the fifth joint angle is treated
as the redundant joint angle, and an equivalent 3 R chain for the
redundant 4R positional chain is found by parameterizing the
redundant angle.

Fig. 4 illustrates the process of decoupling the positional
sub-chain and the resulting equivalent 3R chain. In this robot, a
significant difference is the offset ag # 0 at the end of the robot.
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Equivalent 3R
positional subchain

Fig. 4. The schematic for decoupling the spherical-shoulder from the posi-
tional 4R robot (top). The redundant robot is then decoupled in an equivalent
3R robot parameterized by the redundant angle (bottom).

TABLE V
D-H PARAMETERS FOR EQUIVALENT 3 R CHAIN FOR FRANKA EMIKA PANDA
RoOBOT

Joint | 6, dy, (m) a,, (m) Oy,
T
1 6, '537 -de 5

2 60, d. 6, —m

” sin(6,) > "

asz cos (0,) \/ﬁ T
3 6 - d -—=
" sin(6,) a3tas 2

This offset introduces major kinematic changes in the robot
from the anthropomorphic robots discussed in Section III-A.
Because of this joint offset, the equivalent 3R chain has varying
link lengths (d and a values) and changing joint arrangements
(a values). As the 4R positional chain has been inverted, we
denote the i* joint angle of the chain with r; (here,  implies
a reversed order and not a redundant angle). The architecture
of the equivalent 3R chain can be defined by following D-H
parameters in Table V.

It can be seen that the mapping between 4R chain
and its equivalent 3R chain is singular at 6, € {0,+7} as
sin(f,) appears in the denominator. For these singular val-
ues, the equivalent 3R chain can be re-defined with a =

—ag, \/d? + a3, —+/a2 + d3], d = [d7,0,0] and adding an
offset in the joint angles 9 = [0y, 0r, +arctan(g),0r, +
arctan(g)].

Fig. 5 shows how the links in the equivalent 3R chain in-
crease as 6, approaches 0O radians. As shown in this section,
an offset in joints may alter the robot’s kinematic properties.
As human-robot interaction gains popularity, new designs are
introduced for redundant robots, leading to a deviation from
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Fig. 5. Inverted 4R positional robot in Franka Emika Panda robot and the
equivalent 3R chain for different values of the redundant angle 6,..

original anthropomorphic designs, and thus, it is necessary to
study these designs for cuspidality.

IV. SINGULARITY VISUALIZATION AND CLASSIFICATION

In this section, the classification of the redundant robots based
on cuspidal properties is discussed. As discussed in Section III,
the kinematic analysis of redundant robots can be studied by
using the reduced equivalent mapping to a 3R robot. The same
applies to the singularities in joint space and the workspace. The
singularities and cuspidal properties for a generic 3R robot are
well documented in the past [4], [18], [19], [20] allowing us
to leverage the previously known results to classify redundant
robots too.

A. Noncuspidal Redundant Robot

A noncuspidal redundant robot is a robot whose reduced
3R robot can be classified as noncuspidal at every value of
the redundant joint angle 6,.. It has been reported earlier that
if the first two joints are intersecting, the resulting 3R po-
sitional chain is noncuspidal [21]. We discuss a noncuspidal
redundant robot by specifically using this result by considering
the KUKA iiwa LWR robot which has this architecture. Fig. 6
shows the singularities in joint space at four different values
of the redundant angle, viz, {5, &, 5, 5 for an example of a
noncuspidal redundant robot. The end effector position chosen
is [0, 0.2, -0.3], and the IKS for each value of 6, is shown in
this figure. It can be confirmed that all the slices have 4 IKS, and
each is separated into four aspects by singularities. The direct
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Fig. 6.  Singularities in the joint space and the distribution of IKS for KUKA

iiwa LWR for discrete slices parametrized by 6,.. It can be seen that at each value
of 0., the singularities well separate the four IKS, and a nonsingular change of
operation mode is thus not possible. This suggests that the robot is noncuspidal.
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Fig. 7. Locus of critical values of KUKA iiwa LWR for discrete slices of 6,..
There are no internal singularities, nodes, or cusps in the workspace slice, which
suggests simplified kinematics.

implication of this separation is identifying each class of IKS
for each value of 6,.. In theory, we have infinite solutions for the
end-effector position as we have a redundant angle present in
the positional chain, but at every value of 6,., we can identify the
operation mode of the robot by identifying the aspect in the joint
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Fig. 8.  Singularities in the joint space and the distribution of IKS for Franka
Emika Panda robot for discrete slices parameterized by 6,..It can be seen that at
each value of 0, there exist only two aspects in the joint space but four IKS,

and a nonsingular change of operation mode is thus possible. This shows that
the robot is cuspidal.

space. The aspect of the robot uniquely identifies each operation
mode, and as the joint space is parameterized in 6, it allows one
to study the operation modes of a redundant robot at any given
joint configuration.

B. Cuspidal Redundant Robot

A cuspidal redundant robot is defined as a 7R manipulator
for which the reduced 3R chain exhibits cuspidal behaviour
for almost all values of the redundant joint angle 6,.. In other
words, a nonsingular change of inverse kinematic solutions
(IKS) within the same aspect of the joint space, even though
the robot is kinematically redundant. This property introduces
critical challenges in motion planning, as the robot may switch
between operation modes during continuous motion without
passing through a singularity, undermining the predictability of
the IKS evolution.

To illustrate this behaviour, we consider the Franka Emika
Panda robot, a commercially available 7R wrist-partitioned ma-
nipulator with the spherical-shoulder in the kinematic chain.
As shown in Fig. 4, the robot is decoupled into an inverted 4R
positional sub-chain and a spherical-wrist for orientation. By
treating the fifth joint as the redundant joint, an equivalent 3R
chain can be derived by parameterizing 6,.. The resulting D-H
parameters for the equivalent 3R chain are provided in Table V.

Fig. 8 demonstrates the singularities in the joint space for
discrete values of 6,.. Unlike the noncuspidal case, these slices
reveal multiple IKS within singularity-free regions, confirm-
ing the presence of nonsingular transitions between operation
modes—i.e., cuspidality. Additionally, Fig. 9 shows the critical
value locus in the workspace, which exhibits a cusp in the curves,
thus confirming the cuspidal nature of the robot. The effect of
the offset ag # 0 in the Franka robot amplifies the complexity
of the equivalent 31 kinematic structure, allowing it to satisfy
the cusp condition.

The presence of such behaviour in a widely used collaborative
robot underscores the importance of incorporating cuspidality
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Fig. 9. Locus of the critical value of Franka Emika Panda robot for discrete
slices of 0,..The workspace has internal singularities and cusps in the workspace,
thus showing a more complicated kinematics than the noncuspidal robot shown
in Fig. 7.

analysis into both the design and control pipeline of redundant
manipulators. While redundancy offers an infinite number of
configurations for a given end-effector pose, it does not inher-
ently guarantee safe or predictable transitions between these
configurations, especially in cuspidal robots.

V. DISCUSSION

In this section, we discuss the nonsingular change of solutions
in a redundant cuspidal robot and provide a brief guideline for
designing a noncuspidal redundant robot.

A. Nonsingular Change of Solutions

This section demonstrates a nonsingular change of inverse
kinematic solutions (IKS) in the modified redundant 7-degree-
of-freedom robot Motoman SIA5D (refer to Fig. ??(left)) by
illustrating a continuous transition between different configura-
tions without encountering a singularity. The D-H parameters of
the example robot are provided in Table VI, and a key observa-
tion is that the offset dy # 0 plays a crucial role in making the
robot cuspidal when a; # 0. This non-zero offset, do, leads to
the existence of a cusp in the configuration space, a defining
characteristic of cuspidal robots that allows them to switch
between different IKS branches without passing through a singu-
larity. This depicts a closed path in the Cartesian workspace that
encircles the cusp in workspace and corresponds to a open path
in joint space that changes IKS, confirming a nonsingular change
of solutions. It is to be noted that this example is provided solely

OF INFINITELY MANY IKS
L) paper, presented at ICR

QF S E Al CLASSES OF 7R ROBOTS,

515
0 6, Vienna, Austria. Cite as RA-L paper

TABLE VI
D-H PARAMETERS FOR MODIFIED MOTOMAN SIAS5D ROBOT (a; # 0)

Joint 0; d; (mm) | a; (mm) a;

1 0, 310 50 —n/2

2 6, 0 0 /2

3 05(6,) 270 85 /2

4 Ch 0 60 —n/2

5 05 270 0 /2

6 66 0 0 /2

7 6, 145 0 0

TABLE VII
LiST OF FEW COMMERCIAL 7R ROBOTS CLASSIFIED BY THE CUSPIDAL
PROPERTIES

Robot Year | wrist/shoulder | Classification
Maira (Neura Robotics) 2024 yes, yes Noncuspidal
Franka Research 3 2022 no, yes Cuspidal
Unitree G1 Arm 2023 no, yes Noncuspidal
Motoman SIASD 2022 yes, yes Noncuspidal
XArm7 2022 no, yes Noncuspidal
Motoman SIA50D 2022 yes, no Noncuspidal
Diana 7 (Agile Robotics) 2019 no, yes Cuspidal
Rizon 7 (Flexiv Robotics) 2019 no, no N.A.
KR810 (Kassow Robotics) 2019 no, no N.A.
KUKA LWR iiwa 2013 yes, yes Noncuspidal
Barrett WAM 1990 yes, no Noncuspidal
Motoman SIAS50D (a3 # 0) - yes, no Cuspidal
Motoman SIA5D (a; # 0) - yes, no Cuspidal

for illustrative purposes of a nonsingular change in solution in
a redundant robot. The Motoman SIAS5D has a; = 0, which
makes the robot noncuspidal. The above example was chosen
to illustrate that as new designs are introduced commercially, it
is crucial to understand the implications of each offset, as even
a small value may alter the overall kinematic properties of the
robot.

B. Guidelines to Design Noncuspidal Redundant Robots

This study demonstrates that the inclusion of offsets in joint
parameters of redundant 7R robots can significantly influence
their kinematic behaviour, potentially making them cuspidal.
A key implication of cuspidality in redundant robots is that,
despite having infinitely many inverse kinematic solutions (IKS)
as a function of the redundant joint angle, the robot may still
exhibit feasibility and repeatability challenges in motion plan-
ning. These issues arise because cuspidal robots allow non-
singular transitions between IKS, rendering path planning less
predictable and increasing the risk of unintended assembly mode
switches. We illustrate this in Table VII summarizing several
commercially available redundant robots and their cuspidal
classifications. Almost all 7R robots are derived as extensions
of existing 6 R counterparts developed by the parent company.
Many modern 6 R cobots—engineered to enable safe and flexible
human-robot interaction—naturally exhibit cuspidal character-
istics due to their design choices. While such architectures
provide enhanced dexterity, they can introduce complexities
in motion planning. In contrast, noncuspidal robots offer a
more predictable and interpretable kinematic structure, which
can be especially advantageous in applications demanding high
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repeatability and reliability. This highlights the value of system-
atically understanding and, where possible, favoring noncusp-
idal designs for redundant robots, particularly in collaborative
robotics. To support designers in this direction, we propose a set
of practical guidelines for constructing noncuspidal redundant
robots:

1) Prefer anthropomorphic design of 7R robot, that is, a
spherical-shoulder and a spherical-wrist with the third
joint intersecting both second and fourth joint (existing
examples: KUKA ITWA LWR 7, 14).

2) If there exists an offset between the third and fourth joint,
then make sure that a spherical-wrist exists and the first
two joints intersect (a; = 0), such as Motoman SIASD.

3) If there exists an offset in the first two joints (a; # 0),
then make sure that a spherical-wrist exists and the third
joint intersects both the second and fourth joint (existing
examples: Motoman STA50D).

4) Prefer intersecting joints over adding offsets, but if an
offsetis required for manipulation purposes, design curved
links to maintain a spherical-wrist configuration, such as
the MaiRa robot from Neura Robotics.

VI. CONCLUSION

In this work, we presented a systematic framework for ana-
lyzing the cuspidality of redundant 7R robots by reducing their
kinematic structure to parameterized 3R equivalents through the
redundant joint angle. This approach enabled us to leverage the
well-established theory of cuspidal behaviour in 3R manipula-
tors to classify the global kinematic properties of more complex
redundant architectures. Our analysis revealed that many com-
mercially available redundant robots—particularly cobots—are
inherently cuspidal due to design offsets, which can lead to
unexpected nonsingular transitions between inverse kinematic
solutions. Such behaviour complicates path planning, especially
in applications demanding high reliability and repeatability.
To the best of our knowledge, this is the first comprehensive
study to address cuspidality in redundant robots and highlight
its practical implications. This foundational insight opens the
door to developing new, cuspidality-aware planning and con-
trol strategies that can enhance the predictability and safety of
next-generation robotic systems. This study is limited to wrist-
partitioned robots with revolute joints, where orientation and
positional sub-chain decouple, allowing workspace reduction.
For non-wrist-partitioned 6R robots, no necessary and sufficient
condition for cuspidality exists, only partial criteria [6]. The
topological methods used for singularity analysis do not apply
to prismatic joints; therefore, different methods are required
for cuspidality analysis of such robots. Moving forward, this
understanding should inform both controller design and robot
architecture, with future research focusing on developing path-
planning strategies that are explicitly aware of cuspidality to
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guarantee safe and repeatable operation even in complex, high-
DOF systems.
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