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Actuator Dynamics-Aware Model Predictive Control
of a Wheeled Inverted Pendulum with a Fan

Dohyeon Kim

Abstract—Wheeled Inverted Pendulum (WIP) systems offer ag-
ile mobility but are challenging to control due to their unstable and
underactuated dynamics. To address these limitations, we develop
a Wheeled Inverted Pendulum with a Fan (WIPF), which incor-
porates a fan-generated bidirectional thrust force as an additional
control input. This makes the system fully actuated and enhances
stability; however, the limited bandwidth of the fan thrust intro-
duces control challenges. In this letter, we propose a Frequency-
Shaped Model Predictive Control (FSMPC) design framework that
accounts for actuator dynamics in the optimization process, and
is expandable to other systems with different actuator dynamics.
The proposed FSMPC can provide improved stability by penalizing
high-frequency input using the frequency response of the fan. The
nonlinear solver enables control input updates at rates exceeding
1 kHz, meeting real-time control requirements. The performance of
FSMPC with the proposed design framework is compared through
simulations and experiments against a Linear Quadratic Regula-
tor (LQR), a standard Model Predictive Controller (MPC), and
a Frequency-Shaped LQR (FSLQR) that does not consider fan
dynamics or the input constraint. The results demonstrate that
FSMPC achieves improved stability and robustness compared to
other controllers.

Index Terms—Actuation and joint mechanisms, optimization
and optimal control, motion control.

I. INTRODUCTION

HEELED inverted pendulum (WIP) robots have been

widely researched due to their agile locomotion and
effective mobility across various environments [1], [2], [3]. Var-
ious control strategies, including whole-body controllers [4] and
model-free controllers [5], have been employed to stabilize and
control WIP and legged WIP systems [6], [7], [8]. However, WIP
systems remain challenging to control due to their inherently
unstable and underactuated dynamics. Their dependence on
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Fig. 1. (a) Concept of the WIPF robot. (b) A 2D reduced model of the WIPFE.
(c) Free body diagram of the WIPF.

ground reaction forces makes them unstable on low-friction or
uneven surfaces, while their non-minimum phase behavior limits
motion in constrained spaces. To overcome these limitations of
traditional WIP systems, additional balancing mechanisms have
been explored. Air blowers have been utilized to control roll
motion in [9], [10], while the pitch control relies on wheel torque
as same as traditional WIPs, inheriting the same drawbacks
in sagittal plane dynamics. Reaction wheels [11] and control
moment gyros [12] provide pitch stabilization but require heavy
rotating masses and are constrained by wheel and gimbal speed
saturation.

We are developing arobot that incorporates a wheeled inverted
pendulum with a fan (WIPF) along with linear legs to achieve
agile motion over various terrain (Fig. 1(a)). The bidirectional
fan functioning in the sagittal plane allows fully actuated char-
acteristics; thus, the tilting and locomotion can be separately
controlled. This also enables balance over low-friction terrain
as the thrust is independent of terrain conditions. The linear
leg mechanism allows for height adjustment without interfering
with the environment, making it suitable for use in limited
spaces. A simplified model with a wheel, a fan, and the body was
introduced in our previous work and controlled by a simple linear
quadratic regulator (LQR) [13]. This was the first WIP system to
implement bidirectional thrust with a fan in the pitch direction,
whereas only unidirectional thrust was utilized in [ 14]. However,
controlling fan-actuated systems is challenging due to the fan’s
limited thrust bandwidth (a few hertz) and asymmetric thrust
behavior resulting in highly nonlinear actuator dynamics. On
the other hand, the wheel motor offers a much higher bandwidth
(hundreds of hertz), resulting in a hybrid actuation system that
increases the complexity to the controller design.

2377-3766 © 2025 IEEE. All rights reserved, including rights for text and data mining, and training of artificial intelligence and similar technologies.
Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

©2026 IEEE

Authorized licensed use limited to: Jeonbuk National University. Downloaded on October 20,2025 at 02:57:11 UTC from IEEE Xplore. Restrictions apply.



KIM AND JU
IEE

Model Predictive Control (MPC) algorithms can be used for
the optimal control of such a hybrid actuation system. MPC has
demonstrated superior performance in trajectory optimization
and tracking controller [15], [16], but its iterative nature im-
poses computational challenges for real-time control with the
update rate of a few tens of hertz. Another limitation arises
from the modeling uncertainty. In drone systems, for example,
the nonlinear dynamics of fan motors and propellers are of-
ten neglected in low-level control, which results in modeling
uncertainties [16], [17]. To address these uncertainties, inte-
grators are commonly added to feedback controllers; however,
this approach decreases both stability and bandwidth of the
system. An alternative approach is to treat these uncertainties
as disturbances and apply disturbance rejection control [18].
However, this requires time to observe the disturbance, resulting
in a delayed response. While fan dynamics were considered
as inequality constraints in the MPC controller in [19], these
highly nonlinear constraints limited control frequency to 150—
400 Hz, which is insufficient for two-wheeled or legged robotic
systems that typically require 500—1000 Hz. Thus, it is neces-
sary to develop fast real-time MPC that accounts for actuator
dynamics, minimizing model complexity. Frequency-Shaped
LQR (FSLQR) [20] can address such uncertainties induced
by actuator dynamics via a frequency-dependent cost function;
however, it cannot handle the system’s nonlinearities or input
constraints [21].

To overcome these limitations, Frequency-Shaped MPC
(FSMPC) extends FSLQR to a constrained nonlinear MPC
framework. Yun et al. proposed FSMPC in [22] with the applica-
tion to a simulated second-order linear system. FSMPC was later
applied to real-world robots in [23] to address challenges arising
from variable contact dynamics, accounting for terrain-specific
contact frequencies. However, this approach was used only for
high-level trajectory optimization. The cost function was also
designed in an empirical way by tuning the parameters manually.

We propose a systematic design process of the FSMPC to
achieve real-time control of a nonlinear system considering the
actuator output bandwidths of hybrid actuation systems. The
dynamics of a fan in WIPF is identified through experiments and
utilized to design a frequency-dependent cost function, allowing
the controller to leverage fan thrust in the low-frequency range
while using wheel torque over a wide frequency range. In this
way, the force bandwidth of different actuators can be reflected
to the controller. An SQP-based solver, which allows using
nonlinear system models and inherently handles state and input
constraints, was applied to reduce the model uncertainty.

The primary contributions of this research are:

¢ Jnvestigation on the dynamics of a fan actuation system
that can provide bidirectional thrust.

e Actuator dynamics-aware design framework for the
frequency-dependent cost function of FSMPC, which can
be applied in the low-level control for a high-speed real-
time system.

e Simulational and experimental validation of the stability
and robustness of the proposed FSMPC.

The remainder of this letter is structured as follows. Section II

introduces the dynamics of the WIPF system. The design of the
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TABLE I
PARAMETERS OF THE WIPF

Symbol  Quantity

Fy Fan thrust

Tw Torque applied by the wheel motor

my Mass of the robot body

Iy Rotational inertia of the robot body

M Mass of the wheel and the motor

Ly Rotational inertia of the wheel and the motor

ly Distance between the fan and the CoM

Iy Distance between the CoM and the wheel

oy Pitch angle of the body

Tw Distance traveled by the wheel

Fpwe Reaction force along the x-axis applied on the axle
Fywy Reaction force along the y-axis applied on the axle

Fuox Friction force along the x-axis at the contact point
between the wheel and the ground
Friction force along the y-axis at the contact point
between the wheel and the ground

frequency-shaped MPC is presented in Section III. Sections IV
and V validate the stability of the system with simulations and
experiments, respectively. Finally, Section VI concludes with
limitations and future plans.

II. DyNAMICS OF WIPF

The dynamics of WIPF is investigated in this section to under-
stand its characteristics and to design FSMPC that can account
for a hybrid actuation system with different input bandwidths.

A. Modeling

Fig. 1(b) shows the reduced model of the WIPF that incor-
porates additional input to the traditional WIP: bidirectional
fan thrust [13]. The model is designed considering the sagittal
plane dynamics assuming a constant leg length as this research
focuses on navigating the control of hybrid actuation systems
with different force bandwidths. The dynamics of WIPF can be
derived using the Newton-Euler approach with the free body
diagram shown in Fig. 1(c). The fan thrust, denoted as F’ is
located above the center of mass (CoM), which includes the fan
as well as all other structural components. Other configurations
and notations are similar with traditional WIP systems. Detailed
parameters are provided in Table I.

The rotation, horizontal and vertical translation of the body
are governed by following equations.

Ibéb = —Tyw —Fwalbcosﬁb—i—Fbwylbsinﬁb—i—Fflf €))
myp (Iw + lb(éb cos 6y — 02 sin 91))> = Fyypa + Fy cos 0y (2)
my (lb(féb sin 91, — 9? COS 9;,)) = Fbwy — mpg — Ff sin 01,

3

Similarly, the rotation, horizontal and vertical translation of the
wheel can be expressed as follows:

I’w(éb + ew) =Ty — FuzTw 4
My Loy = wa - Fbwz (5)
_Fbwy+Fwy_mwg:0 (6)
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Fig. 2. Prototype testbed of the WIPF. (a) Overall configurations. (b) Fan
system identification setup.

Assuming non-slip condition, the rolling constraint between the
wheel and the ground can be expressed as follows:

Gy = T (O + O) (7)

Combining (1)—(7) results two governing equations as follows:

L,
fiw (mb—i—mw + -
T

w

) + mblb(éb cos Oy — 92 sin 6y)

= 4 Fycost, (8)

+ (mblg + 1) 0y
Z(lb+lf)Ff—Tw )

Note that the two control inputs, wheel torque 7,, and the fan
thrust F'y allow the system to be fully actuated, whereas a tradi-
tional WIP that does not have F; is underactuated. Model-based
controllers can effectively be used to control this system based
on the derived governing equations. However, a problem arises
from the dynamics of the fan, which limits the bandwidth of F’y.

mply cos O, — mpgly sin 6,

B. Fan Dynamics

A prototype testbed built in [13] (Fig. 2), was used to inves-
tigate the WIPF dynamics and test the controller, which will
be developed in Section III. A back-drivable quasi-direct drive
motor that can provide output torque bandwidth up to around
a hundred hertz was used for the wheel actuation. The position
and velocity of the wheel motor are transmitted to the controller,
which runs at 1 kHz via CAN bus. A ducted fan with a BLDC
motor is mounted on top of the WIPF body to generate fan thrust.
We used a Hall sensor-equipped BLDC motor and a bidirectional
controller to achieve continuous bidirectional thrust with a single
fan, which is uncommon in drone applications. A 1.5 kg weight
is placed between the fan and the motor. An inertial measurement
unit (IMU) is positioned near the motor to measure the tilt
angle and angular velocity of the body. To minimize slip during
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TABLE II
HARDWARE SPECIFICATIONS OF THE WIPF SYSTEM

Component Specification

CubeMars AK 80-6
Rated torque: 6 Nm
Peak torque: 12 Nm
Encoder resolution: 14 bit

SKY RC Cheetah 1/10-1870KV
Rated current: 60 A
Hall sensor embedded

ODrive v3.6
Rated current: 60 A
Reference signal: 500 Hz PWM

National Instruments cRIO-9082
Control rate: 1 kHz

FPGA clock: 40 MHz

Modules: NI-9853 and NI-9401

EBmotion-V5
Maximum sensing rate: 1 kHz

‘Wheel motor

Fan motor

Electronic speed controller
(ESC)

Controller

IMU sensor

these experiments, high-friction tape was applied to the wheel.
While this does not fully guarantee ideal non-slip conditions, it
reflects the real-world conditions in the practical application of
WIPF robots. Detailed hardware specifications are summarized
in Table II.

The fan dynamics can be modeled considering the aerody-
namic properties, inertia, and the control diagram of the electric
speed controller (ESC). It is well known that the fan thrust shows
a linear relationship with the square of fan speed as follows:

Ff = Kinrustf (10)

where FY is the fan thrust force, kiprus¢ represents the thrust
coefficient, and 9'f represents the fan speed. Considering the
inertia and drag force of the fan and rotor [24], [25], and internal
PI speed controller of the electronic speed controller (ESC) [26],
we can derive the equation of motion of the fan as follows:

mrwm%@—m<m/eﬁ+@%

where I is the inertia of the fan and rotor, kgq4 is the drag
constant, k¢, k,, and k; represents the torque constant of the
motor, proportional and integral gain of the PI controller of the
ESC, respectively. e is defined as follows:

an

e= éﬁref — éf (12)

where 0 ..y is the reference fan speed. Equation (10) and (11)
represent the closed-loop controlled fan dynamics.

The thrust coefficient was identified by measuring the actual
output force using the force/torque sensor shown in Fig. 2(b)
for several fan velocities at the steady state of each stair of
a staircase fan velocity profile (Fig. 3(a)). The ks for the
forward direction was 6.169 x 1079 N - s2, while that for the
reverse direction was 3.955 x 1076 N - s? . The maximum forces
in those directions were 3.74 N and —2.35 N, respectively.
The drag coefficient was identified with a quasi-static sinu-
soidal desired thrust force input at 0.01 Hz with an amplitude
of 1 N over 100 seconds, assuming that the inertia does not
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Fig. 3. Fan identification results. (a) Reference and calculated velocity using

identified k¢ p 1. (b) Frequency response of the fan.

affect the dynamics (kgrag, forward = 2.946 X 108N -m-s?,

Kdrag,reverse = 1.392 x 1078 N - m - s?). The rotor and fan in-
ertia was identified to 2.494 x 107° kg - m? from a step response
with a desired velocity equal to the maximum available velocity
magnitude.

The frequency response of the closed-loop controlled fan was
tested to determine its dynamic characteristics and identify the
remaining unidentified system parameter in (11). Reference fan
velocity trajectories for a 1 N amplitude sinusoidal bidirectional
desired thrust were applied to the fan driver, with the frequency
varying from 0.1 Hz to 2.5 Hz. The actual fan velocity was mea-
sured simultaneously. Fig. 3 shows the bidirectional frequency
response of the fan velocity. Note that the controlled fan has
a cutoff frequency of 0.4234 Hz, significantly slower than the
wheel motor torque bandwidth, which operates in the hundreds
of hertz. These limited-force-bandwidth dynamics are typically
ignored in most applications, particularly for multirotors, and
consequently it negatively affects stability and control accu-
racy [17], [18], [19]. Therefore, it is essential to incorporate the
fan’s dynamic characteristics in the controller design to ensure
stability by reducing modeling uncertainty.

III. CONTROLLER

MPC is widely used to control robotic systems, as it provides
optimal control inputs based on given cost functions and system
models. However, introducing complex nonlinear systems, such
as fan dynamics, increases computational burdens and makes
it difficult to apply in real-time control systems. This research
develop a nonlinear model predictive controller (NMPC) with a
frequency-shaped cost function [20] to provide optimal control
input in real-time. For this, we propose a systematic design
framework of the frequency-shaped cost function that accounts
for the limited bandwidth of actuator dynamics.

A typical quadratic cost function in the time domain is ex-
pressed as follows:

J=3 /OOO (2" (6)Qx(t) + pu” (t)Ru(t))dt  (13)
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where z(t) is the state of the system, () is the weighting matrix
for the state, p is the scaling factor, u(t) is the input for the
desired fan thrust, R is the weighting matrix for the input. This
equation can be converted to frequency domain using the Fourier
transform as follows:

[~ ) ) e .
T=5 [ (T GwIQX () + U () RU () do (14)
Since the control objective is to manage slow actuator dynam-
ics with frequency-dependent output force, it is intuitive that
the control weighting matrix R should be generalized as a

frequency-dependent function:
R(jw) = R} (jw) Ry (jw) >0 (15)

where * denotes complex conjugate transpose. Then, the cost
function in the frequency domain becomes as follows:

=5 | (T GeQx e
U () R(G)U () o

To make R(jw) usable in the time domain, we can use R (jw) as
a filter, allowing the relationship between U (jw) and the filtered
control input Uy (jw) to be satisfied as:

Us(jw) = Ry (jw)U(jw)

Substituting this into the cost function gives a new cost function
composed of the filtered input variables as follows:

(16)

a7)

1 [ . . . .
J = 5/ (XT(]w)QX(jw)erUf(]w)Uf(]w)) dw (18)
Using Parseval’s theorem, this can be transformed back into the
time domain as follows:

J= %/O (2" (1)Qux(t) + puf (t)us(t)) dt  (19)
However, the quadratic function involving the filtered control
inputs is still difficult to solve. Therefore, it is necessary to
convert it into a standard quadratic problem. The frequency-
shaping weighting transfer function, I2, can be expressed using
state-space realization:

7;’1 (t) = Alzl(t) + Blu(t)
Uf(t> = C’lzl(t) + Dlu(t)

(20)
2n

An intermediate state z; is introduced. By substituting (21) into
(19), the cost function can be expressed as:

1 oo
J= 5/0 (:UTQx

—|—p(01z1 + Dlu)T(Clzl + D1u)) dt. (22)
The resulting nonlinear system dynamics are:
[ t
Pl Jmed 23)
Z1 Ayz1 + Biu

Since the fan thrust input exhibits relatively slow dynamic
characteristics, the weighting function R (jw) can be designed
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Fig. 4. Overall controller architecture of FSMPC for the WIPF system with the design framework. The fan’s frequency response is utilized to design an input

weighting filter for the frequency-dependent cost function. The OCP solver processes this information to output motor wheel torques and fan thrust, explicitly

accounting for the fan’s dynamic characteristics.

to penalize high-frequency fan control inputs as follows:

1+ ajwl?
1+ Bjw

The parameters « and [ determine the frequency-dependent
penalty, which were set in an empirical way in previous re-
searches. The parameters were selected by comparing the simu-
lation results while the ratio between « and /3 was fixed in [23],
but the dynamics of the actuator were not considered in the de-
sign process. Kawai et al. [21] designed the frequency weighting
filter for one of the state variables using a first-order low-pass
filter. However, the parameters of the filter were not determined
based on actuator dynamics but were manually tuned without a
clear explanation of the parameter selection process (Fig. 4).
We propose a systematic method to determine the param-
eters « and /3 based on the actuator dynamics by analyzing
its frequency response. The inverse of the weighting function,
Ry (jw) ™!, is designed as a low-pass filter with the same cutoff
frequency as the frequency response of the fan, as follows:

R(jw) = R} (jw) Ry (je) = \ 24

1+62fc2utoff o i

1+afutoff \/5

where feuiorr denotes the cutoff frequency of the actuator,
which in our application is that of the fan. To determine the
ratio between « and 3, we utilize the stopband attenuation of the
actuator M, from Fig. 3(b). My,,,, is applied as the stopband
attenuation of R (jw)~! when w — oo as follows:

Miop = 20l0gy (B/ )

Substituting (26) into (25), we can determine o = 0.383 and
B = 0.073 for M., = —14.30 dB. In this way, input signals
with frequencies lower than the cutoff frequency, which repre-
sent the practically usable bandwidth, are actively utilized, while
frequencies higher than the cutoff frequency are penalized by
Ry (jw). Frequencies higher than Mg, are treated equally, as

(25)

(26)

the actual response for this usually arises from sensor resolution
limitations, noise, and backlash. This design framework can be
extended to other systems with different actuator dynamics, as
long as the actuators provide good tracking performance at low
frequencies and their performance decreases as the frequency
increases.

The developed standard quadratic cost function is solved
using Sequential Quadratic Programming (SQP), which itera-
tively solves QP approximations while handling constraints. We
implemented the nonlinear optimization-based control using the
ACADO toolkit [27] and the QP solver qpOASES [28] (Fig. 4).
We employed a Gauss—Newton Hessian approximation with
multiple shooting and integrate the dynamics using a 4th order
Runge Kutta (INT RK4) scheme with 50 steps. The prediction
horizon was set to 0.3 s so that it can cover more than twice
the time it takes for the pendulum to naturally fall down, for
a sufficient prediction range considering its dynamics. Asym-
metric thrust constraints of —2.35 N and 3.74 N were applied
in the optimization process. This setting, including the asym-
metric thrust constraint, was applied in both the simulations and
experiments presented in the following sections. Thanks to the
compact system with five states and two inputs, the solver could
run within every millisecond, which is sufficient for real-time
implementation.

IV. SIMULATIONAL ANALYSIS

Simulation studies were conducted to evaluate the sensitivity
and stability of FSMPC with the proposed design framework.
Formal stability guarantees for FSMPC in constrained nonlinear
systems remain an open research challenge due to the complexity
of nonlinearity, constraints, and discretization. Preliminary work
by Yun et al. [22] provides a theoretical stability analysis of
FSMPC; however, it is limited to linear time-invariant discrete-
time systems. Furthermore, Anderson et al. [29] established
improved robustness of frequency-shaped cost functions in
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Fig. 5. Stability evaluation results. (a) Stability region obtained from the
simulations. (b) Comparison of successful balancing cases among LQR, FSLQR,
MPC, and FSMPC controllers, visualized as a Venn diagram.

Single-Input Single-Output (SISO) systems, but a formal proof
for MIMO remains challenging. Therefore, we investigated
the stability and robustness of the FSMPC through simulation
analysis. The simulations utilized MuJoCo, a high-performance
physics simulator widely used for dynamic systems modeling.
A two-wheeled inverted pendulum system was designed and
controlled in the sagittal plane. All system parameters, including
states, inputs, and physical properties, were configured to align
with the dynamics described in Section II, as well as the fan
dynamics.

A. Stability Evaluation

The stability region was used to evaluate the stability of the
proposed FSMPC in comparison to the conventional controllers
LQR, MPC, and frequency shaped LQR (FSLQR), by compar-
ing their balancing performance under various initial conditions.
The MPC used for comparison is a standard nonlinear MPC
that uses the same solver and settings as FSMPC, but without
any frequency-shaped cost. The frequency cost of FSLQR was
determined using the same strategy as FSMPC. The initial states,
including linear velocity (i), pitch angle (), and pitch angular
velocity (90), were varied across 30 evenly spaced levels, result-
ing in a total of 27,000 cases for each controller. For each case,
the simulation ran for 10 seconds, with the system attempting to
maintain balance throughout. Each simulation result was evalu-
ated against failure thresholds of & = 0.2 m/s, § = 0.04 rad, and
0 = 0.4 rad/s, and it was considered successful if the system
maintained balance for two seconds after 8s without exceeding
any of these thresholds. The results of the simulations are shown
in Fig. 5. FSMPC outperformed the other controllers, achieving
660 successful cases, which is more than two times the number of
successful cases for LQR (188), FSLQR (284) and MPC (280).
There are some cases where FSMPC fails while LQR, FSLQR
or MPC succeeds. These cases typically occur under extreme
initial conditions, such as when slip occurs or when the wheel
lifts off the ground due to high initial wheel and body speed.
These extreme conditions introduce significant modeling uncer-
tainties; however, FSMPC achieves superior stability under such
conditions by incorporating frequency-domain considerations
about the actuator into its optimization process, outperforming
other controllers. These results indicate that FSMPC provides
enhanced stability under various conditions.
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Fig. 6. Generalized sensitivity function S(a,w) and complementary sensi-
tivity function T'(a,w) for LQR, FSLQR, MPC, and FSMPC. (a) Sensitivity
with respect to a sinusoidal reference: x,, in the upper subplot with amplitude
a = 0.1, and € in the lower with @ = 0.01. (b) Complementary sensitivity with
respect to a sinusoidal disturbance with amplitude a = 0.1.

B. Generalized Sensitivity Analysis

To further investigate the stability and robustness of the sys-
tem, a frequency-domain sensitivity analysis was performed.
While classical sensitivity theory applies limited to linear time-
invariant systems, Pavlov et al. [30] extended it to nonlinear
systems by defining the generalized sensitivity function S(a, w)
and generalized complementary sensitivity function 7'(a, w) as
follows:

S(a,w) o HeaUJHQ T(a7w) o ”pawH2

B ”racuHZ7

= 27)

[rawll2
where 14, () = asin(wt) is a sinusoidal reference trajectory of
amplitude a and frequency w, €4, (1) its steady-state output error,
and p,,, (t) is steady-state output. Although a formal theorem
linking the generalized sensitivity function to the stability of
nonlinear systems has not yet been established, the behavior of
these functions can still provide valuable insights into system
stability. In this analysis, we set S(a,w) to €44 () of 2., and 0
induced by the sinusoidal reference r,, (¢) of the corresponding
variable. T'(a,w) was set to pa,, (t) of 2, and € induced by the
sinusoidal disturbance 7, (t) applied to the right side of both
(8) and (9).

Fig. 6(a) shows the generalized sensitivity function S(a,w).
FSMPC reduces S(a,w) across the low-frequency region com-
pared to LQR, FSLQR, and standard MPC, indicating supe-
rior tracking performance and disturbance rejection. FSMPC
also shows improved generalized complementary sensitivity
function T'(a,w) across the high-frequency region (Fig. 6(b)),
demonstrating robustness against high frequency disturbances
such as unmodeled fan dynamics, wheel slip, and measure-
ment noise. Although the formal stability analysis of nonlinear
FSMPC remains an open problem, these simulation results
imply that the system exhibits stable and robust characteristics.

V. EXPERIMENTAL VALIDATION

The FSMPC was tested with the WIPF prototype shown in
Fig. 2.

A pendulum-like load with variable mass was used to ap-
ply controlled impacts to the WIPF body to verify the impact
robustness of the system. The drop height was set to 0.38 m,
ensuring consistent and reproducible impact forces across all
trials. The first experiment was performed with a 0.6 kg load. As
shown in Fig. 7(a) and the attached video, the FSMPC achieved
the smallest wheel displacement with a wheel travel of 0.20 m
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Fig. 7. Impact robustness test results. (a) Motion of the WIPF system over
time when a 0.6 kg load was applied to the COM of the body. (b) Motion of the
WIPF system over time when a 1.1 kg load was applied to the COM of the body.

and a pitch change of 0.037 rd, while LQR, FSLQR and MPC
exhibited larger deviations (0.435 m and 0.148 rd for LQR,
0.276 m and 0.0980 rd for FSLQR, 0.374 m and 0.13 rd for
MPC). When the load was increased to 1.1 kg (Fig. 7(b) and
the attached video), LQR, FSLQR and MPC failed to maintain
balance, whereas FSMPC stabilized the system with a maximum
wheel deviation of 0.41 m and a pitch change of 0.14 rad. The
results suggest that the actuator dynamics-aware FSMPC design
significantly enhances the balancing performance under external
disturbances. The improved performance of FSMPC arises from
its frequency-shaped cost design, which explicitly accounts for
the actuator’s limited bandwidth. Unlike LQR and standard
MPC, which do not utilize the actuator dynamics, FSMPC puts
penalty on high-frequency control actions through the proposed
weighting filter design. FSMPC also shows better performance
than FSLQR, as it can explicitly accounts for the asymmetric
input constraint. The typical average calculation time of the
FSMPC solver was about 600 ys, which was sufficient for these
real-time experiments.

VI. CONCLUSION

In this research, we proposed a frequency-aware design
framework for FSMPC to control the WIPF system, which has a
small actuator force bandwidth. The dynamics of the fan provid-
ing bidirectional thrust was identified, and the cost function of
FSMPC was designed by incorporating the actuator dynamics.
The stability and robustness of the proposed FSMPC was eval-
uated through both simulations and experiments, and compared
against LQR, standard MPC, and FSLQR controllers that do not
explicitly account for fan dynamics or input constraints. The
results demonstrate that FSMPC achieves improved stability
and robustness compared to other controllers. The mathematical
stability analysis and proof remain open problems. However, the
FSMPC with the proposed design framework can be extended to
other systems that require consideration of slow actuators, such
as pneumatic actuators and low-stiffness series elastic actuators.

OTI SA D AUTOMATION LETTERS, VOL. 10, NO. 8, AUGUST 2025
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Future research will focus on a two-wheeled WIPF robot with
two linear legs, which will require a higher computational burden
for FSMPC due to the increased number of states.
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