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Abstract—Despite extensive investigations into the multiuser
haptic-enabled robotic system (M-Hers), achieving scalable control
design in the presence of nonpassive human operators remains a
key challenge. This is primarily due to the increasing complexity
of stability conditions and interaction coupling as the number of
operators grows. In this study, we address this challenge in two
steps. First, we introduce the individual interaction environment
(IIE) to isolate the passivity violations, which facilitates the inde-
pendent control design for each human–robot subsystem, thereby
enhancing the scalability with respect to the number of subsystems.
Second, within the IIE framework, we identify passivity-violating
components caused by partners’ active behaviors and propose
a novel augmented tank-based controller (ATBC) to guarantee
passive IIE while maintaining high rendering accuracy. Specifi-
cally, the ATBC employs an energy-related power regulation strat-
egy to enhance interaction safety and a time-varying control gain
to mitigate the negative effects of power regulation on rendering
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fidelity. We validated the proposed method through collaborative
haptic tasks on a customized M-Hers composed of three robots
in four different scenarios. Comparative studies demonstrate that
our approach effectively ensures IIE passivity in the presence of
active human behaviors, while ensuring high reproducibility and
achieving a favorable balance between passivity and rendering
accuracy.

Index Terms—Augmented tank-based control, collaborative
tasks, energy-related power regulation (EPR), multiuser haptic-
enabled robotic system (M-Hers), nonpassive individual interaction
environment (IIE).

I. INTRODUCTION

THE multiuser haptic-enabled robotic system (M-Hers) fa-
cilitates collaborative tasks by providing real-time kines-

thetic feedback across multiple human–robot interaction sub-
systems. This system has demonstrated a promising potential in
applications, including surgical training, telerobotic rehabilita-
tion, and multiplayer gaming. A key feature of these applications
is bidirectional energy transfer, where operators simultaneously
exert and receive physical energy. For instance, in a virtual sur-
gical environment, each operator exerts control over the task and
receives feedback in the form of environment forces, facilitating
a realistic training experience [1]. Similarly, in rehabilitation,
haptic-enabled robots allow each patient kinesthetically feel
the movements generated by other participants, enabling joint
participation in the training task. Despite facilitating dynamic
interactions, recent studies reveal that human operators often
exhibit nonpassive dynamics during voluntary actions, such as
intentional force intervention [2] and assistive force genera-
tion [3]. These nonpassive behaviors can inject energy into the
system beyond its passive constraints, which may make the
whole system unstable.

In the context of multiuser haptic interaction, passivity is
a powerful tool for analyzing system stability and guiding
the design of controllers to ensure stable and safe interaction
among users. Methods including wave-variable-based control,
immittance matrix-based control, and the time-domain passivity
approach (TDPA), rely on the principle that a system composed
of passive subsystems interconnected in parallel or feedback
structures remains passive [4] and, thus, stable. These methods
typically assume that both the environment and human operators
exhibit passive behaviors [5], [6]. Based on this assumption,
these methods follow a control paradigm in which overall system
stability can be guaranteed as long as the interaction network
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Fig. 1. Collaborative manipulation using M-Hers: A team of human operators
are tasked to move a common virtual object, where the partners might inject
active energy into human operators’ IIE. ẋi and FHi denote the velocity and
interaction forces of Operator #i, respectively. FVO and xVO are the force input
and velocity output of the interaction model, respectively. The M-Hers consists
of an (n+ 1)-port network Σ1, n human operators and an interaction model
that achieved through virtual environment. Here, the (n+ 1)-port network is
referred to as interaction network.

(e.g., the (n+ 1)-port networkΣ1 in Fig. 1) is passive. However,
in various scenarios, nonpassive human behaviors are essentially
for performing voluntary tasks, rendering this paradigm invalid.

In M-Hers where nonpassive terminations (e.g., environments
or human operators) are present, control design often relies on
the passivity/activity degree of these terminations (e.g., excess
or shortage of passivity). Existing approaches can be broadly
classified into two categories: 1) constructing augmented inter-
action network that incorporates the passivity/activity degree of
all terminations [7]. However, as the number of terminations
increases, the dimension of the immittance matrix for the new
network expands, making the network’s stability conditions
more complex and complicating the determination of controller
gains necessary to ensure stability. 2) Designing a controller
that synthesizes passivity degree of the passive termination [8].
This approach focuses on modulating the force transmission path
between a nonpassive termination and a passive termination,
typically by scaling forces based on the passivity degree of
the latter [8]. However, this approach assumes a single force
transmission path, which is infeasible in systems with multiple
terminations. As the number of terminations grows, multiple
coupled force transmission paths emerge, making accurate mod-
ulation among passive and nonpassive terminations impractical.
Both methods face scalability limitations, underscoring the need
for more robust strategies to handle complex interactions in
M-Hers with numerous terminations.

To address these scalability challenges in M-Hers with non-
passive terminations, this work proposes an augmented tank-
based control framework that consists two steps. First, to im-
prove scalability, we introduce the concept of the individual
interaction environment (IIE), which enables independent con-
troller design within each human–robot subsystem. This step
mitigates the effects of complex stability requirements (e.g.,
intricate stability conditions) and interaction coupling. The IIE
serves as a workspace that captures each operator’s task percep-
tion, integrating both virtual object and partner-induced effects

(see Σ2 in Fig. 1). Second, within each operator’s IIE, passivity
violations caused by active partners’ behaviors are identified and
addressed using an augmented tank-based controller (ATBC),
ensuring that nonpassive actions are executed in a passive
manner. In our collaborative virtual environment, as shown in
Fig. 2, forces exerted by all operators influence the motion of a
shared virtual object. Operators perceive altered task dynamics,
such as easier object mobility with increased partner forces or
harder mobility with decreased or opposing partners’ forces.
These dynamics are directly influenced by the energy injected
into or extracted from the IIE by the partners. By isolating
passivity violations within each workspace, the IIE facilitates
controller design that maintains passive IIE while preserving
haptic transparency.

A. Related Work

1) Methods Assuming Passive Terminations: As previously
discussed, ensuring the passivity of the interaction network is es-
sential to guarantee the overall stability of M-Hers, provided that
all terminations are passive. One strategy to maintain a passive
interaction network extends Raisbeck’s passivity criterion from
2-port networks to n-port ones. The work in [9] first introduced
2n conditions on immittance matrix and their residues at the
imaginary-axis poles to ensure passivity for n-port networks.
This criterion has been applied to dual-user [10], [11] and
triple-user haptic systems [12], with simulation or experimental
validation demonstrating its practicality for controller design.
However, this approach relies on constructing immittance ma-
trices, which requires the system to be either linear or can be
linearized. In addition, as the number of terminations increases,
the complexity of immittance matrix and the associated passivity
conditions grows, making the approach increasingly challenging
to implement.

Alternative approaches, such as wave-based control and
TDPA can alleviate these limitations on system model and the
number of terminations. Studies [13], [14] utilized a wave node
to interconnect multiple wave variable transmission lines in
a power-preserving way, ensuring passivity regardless of the
number of terminals. However, wave-based methods suffer from
intrinsic issues, such as wave reflections and position drift, which
can threaten system stability. In [15] and [16], track-TDPA was
developed to ensure passivity in delayed tracks and subsystems
by assuming passive agents; thereby ensuring overall system
passivity. In [17] and [18], a multilateral system was decoupled
into subsystems with respect to each conjugate power pair, with
TDPA deployed to passify each subsystem. In summary, TDPA
approach relies on the fundamental property that the passivity
of each component in a network ensures stability of the overall
network system.

2) Methods Considering Nonpassive Terminations:
Llewellyn’s absolute stability criterion has been used for
stability analysis of M-Hers with nonpassive terminations.
For example, the works in [2] and [19] extended Llewellyn’s
criterion to bilateral systems involving nonpassive operators
or environments by using Möbius transformations to map
termination impedance to driving-point impedance. However,
this approach is limited to 2-port networks. The work
in [7] addressed this limitation by applying series-shunt
decomposition to each termination impedance via Möbius
transformation, where an augmented network immittance
matrix was constructed and then analyzed using Llewellyn’s
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Fig. 2. Architecture of the collaborative manipulation using M-Hers with ATBC. EPR denotes energy-related power regulation. The definition of δi, PDISSi, σi,
and uATBCi is defined as (11), (12), (26), and (30), respectively.

absolute stability criterion. However, this method faces two
primary limitations that hinder scalability. First, as the number
of terminations increases, the stability conditions for the
augmented immittance matrix become increasingly complex,
complicating the determination of control gains. Second,
the method relies on known boundaries for the real part of
the nonpassive termination impedance, which is difficult to
determine in practice due to variations among operators or
environments.

Passivity analysis that considers the impact of partners’ be-
haviors has been explored in bilateral haptics-enabled teler-
obotic rehabilitation. This scenario allows a therapist to fully
supervise rehabilitation procedures by delivering resistive or
assistive motor therapy. The work in [8] proposed integrating
human biomechanical capabilities (i.e., excess of passivity) into
controller design to address active interaction energy and guar-
antee safe patient–robot interaction during assistive therapies.
This method provided patients with a passive interaction envi-
ronment while delivering nonpassive assistance and has been
further explored in [20], [21], [22], and [23]. However, these
approaches are limited to bilateral systems, as discussed earlier.

3) Energy Tank: Energy tanks have been extensively used to
guarantee system passivity in various contexts, including robot
manipulation [24], human–robot interaction systems with vari-
able impedance/admittance [25], [26], multirobot systems with
time-varying potential fields [27], time-varying topologies [28],
[29], and redundant manipulators implementing hierarchical
tasks [30], [31]. Power regulation has often been integrated
into energy tanks to enhance controller safety by scaling down
nonpassive control actions and regulating the rate of energy ex-
change between the controller and the energy tank. For instance,
the studies in [32], [33], and [34] augmented energy tanks with

constant power regulation (CPR). However, these methods can
be sensitive to inappropriate power limits. Excessively high-
power bounds may render power regulation ineffective due to the
rapid release and potential depletion of tank energy, while overly
restrictive bounds can compromise control objectives by scaling
down the desired nonpassive behaviors. To alleviate this, studies
have proposed methods, such as iterative learning [35], opti-
mization algorithm [31], and adaptive control [36], to determine
appropriate power bounds. However, these methods often incur
significant computation costs, which can limit their practicality.
Consequently, a straightforward and computationally efficient
power regulation approach with flexible power bound remains
critically important for ensuring passivity and achieving robust
control performance.

B. Contribution and Organization

This work focuses on passifying IIE in M-Hers involving
at least three human operators, without assuming the oper-
ators are passive. Unlike previous methods based on termi-
nation impedance [2], [7], [19], our approach introduces the
concept of IIE and analyzes its interconnection with the hu-
man hand, emphasizing the force feedback mechanisms be-
tween the operator’s hand and the IIE. This analysis simplifies
the controller design by eliminating the need for termination
impedance and directly utilizing force data measured by force
sensors. Furthermore, the introduction of the IIE facilitates
the passivity analysis of the overall system by isolating and
passifying each operator’s workspace individually, thereby en-
hancing the scalability of the control framework. In contrast
to traditional termination impedance-based methods, our ap-
proach provides a more efficient solution for complex multiuser
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environments characterized by highly dynamic and coupled
interactions.

Based on the above human-IIE interconnection analysis, we
identify passivity-violating components resulting from the non-
passive partners’ behaviors within the IIE and propose an ATBC
to ensure IIE passivity while maintaining realistic multiuser hap-
tic interaction. The ATBC employs power regulation to prevent
tank energy depletion, which could otherwise cause unstable
system behaviors when the tank energy reaches its minimum
allowable value. Our method only scales the nonpassive power
flows while compensating for the resultant nonpassivity and its
effects on rendering accuracy, distinguishing it from existing
methods that scale both the nonpassive control actions and power
flows [31], [32], [33], [34], [35]. This approach helps avoid
the degradation of key task objectives directly caused by power
regulation (e.g., modifications to the desired trajectory/force and
degradation of force regulation), a challenge that has rarely been
addressed in the literature. The main contributions of this work
are summarized as follows.

1) In the IIE framework, we theoretically demonstrate that
partners’ active behaviors, such as introducing variable
impedance/admittance-type IIEs or providing assistance,
can compromise IIE passivity. We also identify potential
passivity-violating components and address them within
each operator’s IIE. This framework facilitates both inde-
pendent passivity analysis and controller design for each
human–robot subsystem, thereby enhancing scalability.
To the best of authors’ knowledge, this is the first explo-
ration of IIE passivity in the context of M-Hers.

2) To address the impacts of nonpassive human behaviors on
IIE passivity, we propose a novel ATBC method integrat-
ing an energy-related power regulation (EPR) scheme and
a time-varying control gain. The EPR scheme intuitively
determines the power bound from real-time available tank
energy, which prevents tank energy depletion under larger
power bounds and facilitates practical implementation by
improving computational efficiency and ensuring robust-
ness across various power settings relative to the CPR
scheme. Meanwhile, the time-varying control gain miti-
gates the negative effects of power regulation on rendering
accuracy, even with a smaller power bound. This dual
innovation achieves a favorable balance between passivity
and rendering fidelity, as validated through theoretical
analysis and extensive experiments.

The rest of this article is organized as follows. In Section II,
we introduce preliminaries and problem formulation. Section III
describes the interconnection structure of the overall system
and identifies passivity-violating components within each op-
erator’s IIE. Section IV develops a tank-based controller (TBC)
to address the presented problem and augments it with an EPR
scheme. Section V analyzes the convergence of the closed-loop
system. In Section VI, experiments have been carried out using a
customized M-Hers to validate the proposed controller. Finally,
Section VII concludes this article.

II. PRELIMINARIES AND PROBLEM FORMULATION

This section begins by introducing the robotic dynamics and
interaction model, which form the foundation of analyzing
M-Hers. Then, two propositions are presented to examine the
impacts of partners’ behaviors on the IIE. Finally, the problem
addressed in this work is articulated in detail.

A. Robotic Dynamics

In M-Hers, the dynamic model of the ith robot in m-
dimensional Cartesian space is given by

Di(xi)ẍi + Ci(xi, ẋi)ẋi +Gi(xi) = ui + FHi

i = 1, 2, . . . , n (1)

where xi ∈ Rm is the pose of the end-effector,Di(xi) ∈ Rm×m

is the symmetric positive-definite inertia matrix, Ci(xi, ẋi) ∈
Rm×m represents the Coriolis and centrifugal forces, Gi(xi) ∈
Rm is the gravity vector,ui ∈ Rm is the control input, andFHi ∈
Rm is the interaction force exerted by the ith human operator
and measured by the force/torque sensor mounted on the end-
effector.

B. Interaction Model

The interaction model is implemented through virtual envi-
ronment, as shown in Fig. 2. The virtual object model is defined
as follows:

MVOẍVO +BVOẋVO = FVO (2)

where MVO ∈ Rm×m and BVO ∈ Rm×m denote the mass and
damping of the virtual object, respectively; FVO =

∑n
i=1 FHi ∈

Rm is the total force exerted to the virtual object, ẍVO, ẋVO ∈
Rm, respectively, represent the acceleration and velocity of the
virtual object, and xVO is the position of the virtual object,
which is also the reference command for each robot and human
hand.

C. Problem Definition

In this part, two propositions are introduced to validate the
existence of the problem addressed in this work, which focus on
the impacts of partners’ behavior on IIE, as illustrated in Fig. 1.
Then, the problem is formalized.

Proposition 1: In M-Hers, partners’ behaviors cause variable
impedance/admittance characteristics for the IIE.

Proof: See Appendix A. �
Proposition 2: In M-Hers, partners’ behaviors that act as a

form of assistance may violate the IIE passivity condition.
Proof: See Appendix B. �
Remark 1: Existing studies have extensively explored that

variable impedance/admittance models are potentially nonpas-
sive due to changes stiffness or inertial terms [37], [38]. Further-
more, research in bilateral telerobotic rehabilitation has verified
that assistance from the therapists can lead to a nonpassive
interaction environment for the patient [20], [22], [39]. The
above propositions point out that partners’ behaviors primarily
affect the IIE through two main mechanisms: 1) the introduction
of variable impedance/admittance and 2) assistance behaviors,
both of which violate the passivity condition. However, in M-
Hers, accurately modeling the IIE and the specific assistance
provided by partners is almost impossible due to the interaction
coupling in the interaction model.

Problem 1: Consider the M-Hers described by the robotic dy-
namics (1) and the interaction model (2) with nonpassive human
operators. Develop a TBC uTBCi such that the IIE for Operator
#i is passive with respect to (FHi, ẋi), that is, V̇TBCi ≤ ẋT

i FHi

with VTBCi being the total storage energy in IIE under uTBCi.
Problem 2: Given the solution to the Problem 1, further

consider the power regulation to enhance controller safety and
its impacts on rendering fidelity. Develop an ATBC uATBCi such
that the following properties hold.
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Fig. 3. (a) Illustration of the IIE for Operator #1. (b) Feedback interconnection of Σ2 and ZH1 in Σ3. (c) Parallel interconnection of interaction model and error
dynamics in Σ2 under classical controller (5). Σ2 is the practical IIE, Σ3 is the theoretical IIE and ZH1(·) = ZH1(t, ẋ1).

1) The IIE for Operator #i is passive with respect to
(FHi, ẋi), that is, V̇ATBCi ≤ ẋT

i FHi with VATBCi being the
total storage energy in IIE under uATBCi.

2) The velocity tracking error ei = ẋi − ẋVO is bounded.
3) The EPR-induced part of the error is addressed by the

time-varying control gain.
To address the above problems, the following properties of

robot dynamics and assumptions are outlined as follows.
Property 1 (see[40]): The skew-symmetric matrix 2Ci(xi,

ẋi)− Ḋi(xi) satisfies that

ξT
(
2Ci(xi, ẋi)− Ḋi(xi)

)
ξ = 0 ∀ξ ∈ Rm.

Property 2 (see[41]): The dynamic model described by (1)
has the property of linear parameterization. For all differentiable
vector χi ∈ Rm

Di(xi)χ̇i + Ci(xi, ẋi)χi +Gi(xi) = Yi(xi, ẋi, χi, χ̇i)θi

where Yi(xi, ẋi, χi, χ̇i) ∈ Rm×p is a known regression matrix,
and θi ∈ Rp is the constant parameter vector of Robot #i. In this
work, χi and χ̇i denote the reference end-effector velocity ẋVO
and end-effector acceleration ẍVO, respectively.

Assumption 1: The human interaction force FHi(i =
1, 2, . . . , n) is bounded during the interaction task [20]. The
position of the virtual object xVO is also bounded.

Assumption 2: The interaction force FHi(i = 1, 2, . . . , n)
contains both voluntary and passive components, i.e., FHi =
FVOLi − FPASi, where FVOLi represents the exogenous inde-
pendent voluntary component, which can generate nonpassive
energy for the IIE. FPASi = ZHi(t, ẋi) denotes the passive com-
ponent, which is a nonlinear impedance model [42].

In Assumption 1, it is practical to assume the bounded human
forces in the context of human–robot interaction. The similar
assumptions have been adopted in [6], that is, human forces
are assumed to have bounded energy. In Assumption 2, the
passive component FPAS1 can be nonlinear, which relaxes the
conventional linearity assumption on human upper limb, such
as in [43], [44], and [45].

III. IDENTIFICATION OF PASSIVITY-VIOLATING COMPONENTS

WITHIN IIE

In M-Hers, human operators interact by manipulating the
virtual object, as illustrated in Fig. 3(a). According to Assump-
tion 2, the theoretical IIE that each operator interacts with is
denoted as Σ3, where the active component FVOLi is difficult
to obtain accurately in practice. However, due to the passive
component FPAS1 and the feedback interconnection between
ZH1(•) and Σ2, as shown in Fig. 3(b), the passivity of Σ2

implies the passivity of Σ3 (A proof can be seen in Appendix
C). Therefore, the controller design in this work focuses on
ensuring the passivity of the practical IIEΣ2, which is potentially
nonpassive due to partners’ behaviors as illustrated in Fig. 3(c).

To achieve collaborative haptic interaction, the human oper-
ators’ motion is expected to remain consistent with the virtual
object. Assuming stiff contact between human operators’ hands
and robots, the control goal can be stated as enabling the robots’
motion to track the virtual object’s motion while ensuring a
passive IIE. In this context, velocity tracking performance serves
as a measure of rendering accuracy.

The velocity tracking error between Robot #i and the virtual
object is defined as

ei = ẋi − ẋVO, i = 1, 2, . . . , n. (3)

From Property 2, there exists a known matrix Ydi(xi, ẋi,
ẋVO, ẍVO) and an unknown constant vector θi such that

Ydi(xi, ẋi, ẋVO, ẍVO)θi = Di(xi)ẍVO

+ Ci(xi, ẋi)ẋVO +Gi(xi) (4)

where Di(xi), Ci(xi, ẋi), and Gi(xi) are the robot dynamics
terms as defined in (1). Without considering the requirement of
ensuring a passive IIE, the robot controller ui can be formulated
as the following basic velocity tracking controller [46] to render
the multiuser haptic interaction environment.

uBASEi = −KPiei −KIiEi + Ydi (xi, ẋi, ẋVO, ẍVO) θ̂i (5)

with
˙̂
θi = −ΛiY

T
di (xi, ẋi, ẋVO, ẍVO) ei (6)

where KPi, KIi, and Λi are the designed positive definite diag-
onal matrices, Ei =

∫
eidt is the integral of the tracking error,
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θ̂i = θi − θ̃i is the estimated vector, and θ̃i is the estimation
error. In this section, the control input ui = uBASEi.

Substituting (3)–(6) into (1), the error dynamics can be derived
as

Di (xi) ėi + Ci (xi, ẋi) ei + Ydi (xi, ẋi, ẋVO, ẍVO) θ̃i

= −KPiei −KIiEi + FHi. (7)
From Fig. 3(c), the IIE includes closed-loop system and inter-
action model. For the ith closed-loop system (7), its storage
function is expressed as

VCLi =
1

2
eTi Di (xi) ei +

1

2
ET

i KIiEi +
1

2
θ̃Ti Λ

−1
i θ̃i. (8)

Taking the derivative of (8) and substituting (6) and (7), while
using Property 1, yields

V̇CLi = eTi Di (xi) ėi +
1

2
eTi Ḋi (xi) ei

+ eTi KIiEi − θ̃Ti Λ
−1
i

˙̂
θi

= eTi Di (xi) ėi +
1

2
eTi Ḋiei + eTi

(
−KPiei

+FHi −Di (xi) ėi − Ci (xi, ẋi) ei

−Ydi (xi, ẋi, ẋVO, ẍVO) θ̃i

)
+ θ̃Ti Y

T
di (xi, ẋi, ẋVO, ẍVO) ei

= eTi FHi − eTi KPiei. (9)
In addition, the stored energy of the interaction model is defined
as SVO = 1

2 ẋ
T
VOMVOẋVO. Using (2), its derivative is computed

as

ṠVO = ẋT
VOFVO − ẋT

VOBVOẋVO. (10)

Therefore, the total stored energy of the IIE is defined as VIIEi =
VCLi + SVO. Taking its derivative and invoking (3), (9), and (10),
we obtain

V̇IIEi = ẋT
i FHi − eTi KPiei − ẋT

VOFHi + ẋT
VOFVO

− ẋT
VOBVOẋVO

= ẋT
i FHi − eTi KPiei − ẋT

VOBVOẋVO

+
ẋT

VO

n∑
k=1

FHk︸ ︷︷ ︸
δi

(11)

where k = 1, 2, . . . , n and k �= i. Obviously, δi is the potentially
passivity-violating component. This term can be positive if the
partners introduce energy into IIE, which implies that the IIE
for Operator #i can be active with respect to the input–output
pair (FHi, ẋi).

IV. ATBC DESIGN

To preserve the passivity of IIE, the concept of an energy tank
is adopted to develop a TBC, enabling the passivity-violating
components to be implemented in a passive manner. However,
maintaining IIE passivity remains a challenge, especially un-
der aggressive behaviors, such as increased force inputs from
partners, which can accelerate energy release from the tank
and potentially deplete its energy. To mitigate these risks, we
augment the TBC with a novel EPR scheme to regulate the rate

Fig. 4. Overview of the control framework for Operator #1.

of energy exchange between the tank and the controller within
specified constraints, ensuring the tank energy remains above a
minimum threshold. The proposed control scheme is illustrated
in Fig. 4.

A. Tank-Based Controller

We define an energy tank with the state xti ∈ R and the
storage function Ti(xti) =

1
2x

2
ti. In the analysis, Ti(xti) will

be abbreviated as Ti. The tank dynamics is defined as

ẋti =
αi

xti
PDISSi + uti (12)

where PDISSi = eTi KPiei + ẋT
VOBVOẋVO − γiδi denotes the

rate of dissipated energy in the subsystem #i, uti represents the
tank input, αi enables or disables the injection of energy into the
tank to prevent the tank energy from exceeding the maximum
value TMAXi. It is defined as

αi =

{
ci, if Ti < TMAXi

0, otherwise
(13)

where 0 < ci < 1 is a positive constant to be designed. In this
work, ci is set to be smaller than one due to energy conservation,
and further satisfies

∑n
i=1 ci = 1. The variable γi accounts for

monitoring the potentially passivity-violating components δi
and is defined as

γi =

{
1, if δi ≤ 0

0, otherwise
(14)

which enables/disables the injection of energy into the tank due
to δi. Based on (12), when γi = 1, the variable δi serves as a
dissipation term and its associated energy will be injected to
the energy tank. In contrast, when γi = 0, the energy injection
is stopped and the energy extraction is instead necessary to
compensate for the nonpassivity behaviors. This is achieved
by the following interconnection between energy tank and the
controller through the power ports (uti, yti) and (uci, yci) in the
following power-preserving manner:[

uci

uti

]
=

[
0 ωi

−ωT
i 0

] [
yci
yti

]
(15)

with yci = ẋi and yti = xti. ωi denoting the interconnection
between tank and controller, which is defined by

ωi = βi(1− γi)

∑n
k=1 FHk

xti
(16)

where the variable γi is responsible for the activation of energy
extraction when the potential nonpassivity is detected, and the
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variable βi is deployed as

βi =

{
1, if Ti ≥ TMINi

0, otherwise
(17)

where TMINi is the lower limit of energy tank, which should
be greater than zero to avoid singularity in (12), i.e., TMINi > 0.
βi = 1 indicates available tank energy tank to compensate for the
nonpassive behavior, and βi = 0 means that the tank is depleted
and detached from the controller. However, this detachment may
compromise IIE passivity if the potential passivity-violating
component δi remains positive. To address this issue, we modify
the robot controller ui to the following TBC based on controller
uBASEi in (5), as follows:

uTBCi = uBASEi + uci − αiμiei (18)
where uci is the controller input due to the interconnection with
energy tank, which is defined in (15), andμi is a variable damper,
which is given by

μi =

{
δi

αieTi ei
, if γi = 0 and βi = 0

0, otherwise
(19)

indicating that μi is activated under the conditions of both
potential nonpassivity and tank energy depletion.

The strategy described above guarantees IIE passivity, as
proven in the following theorem.

Theorem 1: Under Assumptions 1 and 2, the problem of
ensuring IIE passivity in M-Hers involving nonpassive human
operators, as defined in Problem 1, is solved by the TBC uTBCi
(18) based on the energy tank (12).

Proof: The total storage energy in IIE under TBC (18) is
defined as VTBCi = VIIEi + Ti, where VIIEi is detailed in (11).

Substituting (18) into (1), the error dynamics can be obtained
as
Di (xi) ėi + Ci (xi, ẋi) ei + Ydi (xi, ẋi, ẋVO, ẍVO) θ̃i

= −KIiEi −KPiei + FHi + βi(1− γi)
n∑

k=1

FHk − αiμiei.

(20)
Taking the derivative of VIIEi and invoking (18), we have

V̇IIEi = ẋT
i FHi − eTi KPiei − ẋT

VOBVOẋVO + δi

+ βi(1− γi)e
T
i

n∑
k=1

FHk − αiμie
T
i ei. (21)

From (12) and (15), the derivative of Ti is given by

Ṫi = αi

(
eTi KPiei + ẋT

VOBVOẋVO − γiδi
)

− βi(1− γi)ẋ
T
i

n∑
k=1

FHk. (22)

From (21) and (22), the derivative of VTBCi is derived as

V̇TBCi = ẋT
i FHi − (1− αi) e

T
i KPiei

− (1− αi) ẋ
T
VOBVOẋVO

+ (1− αiγi)δi − βi(1− γi)δi − αiμie
T
i ei

≤ ẋT
i FHi − (1− αi) e

T
i KPiei

+ (1− γi(αi − βi)− βi)δi − αiμie
T
i ei. (23)

The “≤” results from (13), which implies that (1−
αi)ẋ

T
VOBVOẋVO ≥ 0. Given that αi ∈ (0, 1) and eTi KPiei ≥ 0,

it follows that
ẋT
i FHi ≥ V̇TBCi − (1− γi(αi − βi)− βi)δi + αiμie

T
i ei.

(24)
If γi = 1, then μi = 0. From (24), it obtains

ẋT
i FHi ≥ V̇TBCi − (1− αi)δi ≥ V̇TBCi. (25)

Ifγi = 0, two scenarios arise. First, ifβi = 1, implying thatμi =
0, then (24) becomes ẋT

i FHi ≥ V̇TBCi. This indicates that the
desired nonpassive behaviors can be implemented in a passive
manner as long as the tank energy remains above the threshold
TMINi. Second, ifβi = 0, implying thatαiμiė

T
i ėi = δi, then (24)

becomes ẋT
i FHi ≥ V̇TBCi. In this case, the energy tank detaches

from the controller, and the variable damperμi is simultaneously
activated to dissipate the additional energy generated by the
partners’ active behaviors, thereby ensuring the passivity of IIE.
Therefore, it can be concluded that the IIE for Operator #i is
passive with respect to (FHi, ẋi). �

B. Augmented TBC

While the presented TBC theoretically preserves IIE passivity,
tank depletion may occur under aggressive operator actions,
as demonstrated in Sections VI-E and VI-F. This highlights
the need to enforce power flow constraint to maintain pas-
sivity in practice. However, such constraint involves a safety-
performance tradeoff problem. Specifically, excessively high
power limit may undermine the effectiveness of the power regu-
lation method, whereas a conservative power limit may degrade
task performance by scaling down the desired nonpassive ac-
tions. This tradeoff poses a key challenge for power limit setting
in the existing literature. For instance, the CPR scheme needs to
tune the fixed power bounds according to operator experience
or task requirements [32], [33], whereas the optimization or
learning-based method can compute appropriate trajectories but
often incur high computational cost [31], [35]. To address these
limitations, we propose an EPR scheme with a time-varying
control gain. Unlike existing methods, EPR avoids scaling non-
passive action, and its resulting nonpassivity is addressed by the
time-varying control gain, which further mitigates the negative
impacts of power regulation on control performance.

The power transferred from the tank to the controller is defined
as Pi = −uT

tiyti. To enforce constraints on Pi, a scaling factor
σi is introduced as

σi =

{
PMAXi

Pi
, if Pi > PMAXi ≥ 0

1, otherwise
(26)

where PMAXi is the maximum allowable power, which serves as
the core of the EPR scheme. It is designed as

PMAXi =
kmax

Δt
(Ti − TMINi) (27)

where Δt is the sampling time of the controlled system and
kmax is a positive constant to be designed. In this context, PMAXi

denotes the rate at which the available tank energy, Ti − TMINi,
would be depleted over a time interval of Δt

kmax
. It should be

noted that the EPR scheme (27) adjusts the power bound based
on the tank energy Ti in real time. Therefore, the tank will not
be drained as long as Δt

kmax
is larger than the sampling time.

Through the EPR scheme (27), the interconnection between
energy tank and the controller is reformulated as follows:[

uci

uti

]
=

[
0 σiωi

−σiω
T
i 0

] [
yci
yti

]
. (28)
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TABLE I
V̇ATBCi (33) UNDER DIFFERENT TANK VALUES

From (28), the power transferred from the tank to the controller
is modified as

P ′
i = σiPi ≤ PMAXi ∀t (29)

which indicates that the EPR scheme ensures power exchange
within the permitted constraints.

To address the power bound selection dilemma, we introduce
a time-varying control gain in the controller design. The robot
controller ui is designed as the following ATBC by further
augmenting TBC uTBCi:

uATBCi = uBASEi + uci − (αiμi + bi)ei (30)

where uBASEi, αi, and μi are defined as (5), (13), and (19),
respectively; uci is obtained from (28), and bi is a time-varying
control gain introduced to compensate for the impact of bounded
power flow and is defined as

bi =

{
Pi−PMAXi

PieTi ei
δi, if Pi > PMAXi ≥ 0

0, otherwise.
(31)

The proof of passivity is provided as follows.
Theorem 2: Under Assumptions 1 and 2, the problem of

ensuring IIE passivity in M-Hers involving nonpassive human
operators, as defined in Problem 2-1), is solved by the ATBC
uATBCi (30). The controller is augmented by the EPR scheme
(27) and the time-varying control gain (31).

Proof: Substituting (30) into (1), the error dynamics is given
by

Di (xi) ėi + Ci (xi, ẋi) ei + Ydi (xi, ẋi, ẋVO, ẍVO) θ̃i

= −KIiEi −KPiei + FHi + βi(1− γi)σi

n∑
k=1

FHk

− (αiμi + bi)ei. (32)

The total storage function is selected as VATBCi = VIIEi + Ti.
Taking the derivative of VATBCi and invoking (32) yield

V̇ATBCi = ẋT
i FHi −Wi + (1− αiγi)δi

− βiσi(1− γi)δi − (αiμi + bi)e
T
i ei (33)

where Wi = (1− αi)ẋ
T
VOBVOẋVO + (1− αi)e

T
i KPiei, which

is nonnegative.
The analysis of V̇ATBCi considers three cases based on γi and

βi, as detailed in Table I. For all cases, the inequality V̇ATBCi ≤

ẋT
i FHi holds. Consequently, the IIE for Operator #i is passive

with respect to (FHi, ẋi). �
It should be noted that in the second case of Table I, the non-

passive component (1− σi)δi is introduced by the EPR scheme.
This term arises because the EPR scales only the energy transfer
rate between the energy tank and the controller while preserving
the task objectives (ẋi → ẋVO, i = 1, 2, . . . , n). Thanks to the
design of bi, this issue is effectively addressed. The compensa-
tion term bie

T
i ei effectively addresses this issue and mitigates

the EPR-induced tracking accuracy degradation, as proven in
Section V.

Remark 2: When the tank energy reaches the lower limit
TMINi, the indeterminate relationship between the energy storage
rate αiPDISSi and the extraction rate Pi can cause fluctuations
in tank energy near TMINi, triggering chattering of βi. This can
lead to chattering in the control input, which further induces
high-frequency noise in the velocity and degrades system sta-
bility. One common solution is to smooth βi, which mitigates
the resulting negative effects on system stability [33]. However,
the proposed EPR scheme provides a fundamental alternative
solution by preventing the depletion of tank energy.

Remark 3: From (19) and (31), a singularity occurs when
eTi ei = 0, which may cause dramatic change in control input
and potentially degrade system stability. To avoid this issue, we
replace (19) and (31) with

μi =

{
δi

αieTi ei+ε
, if γi = 0 and βi = 0

0, otherwise
(34)

and

bi =

{
Pi−PMAXi

PieTi ei+ε
δi, if Pi > PMAXi ≥ 0

0, otherwise
(35)

respectively, where ε is a designed positive constant. By setting a
small ε, the impacts of such modification on IIE passivity could
be effectively mitigated and even be negligible when eTi ei 	 ε.
Furthermore, this modification cannot affect system stability.
The corresponding analysis can refer to Section V.

V. CONVERGENCE ANALYSIS

This section focuses on the convergence of the tracking error
ei. The tracking error serves as a key metric for evaluating
transparency in haptic rendering for the multiuser interaction.
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Theorem 3: Under Assumptions 1 and 2, the problems de-
fined in items 2) and 3) of Problem 2 are solved if (1−
αi)λKPi

− 1
2 > 0, where λKPi

represents the minimum eigen-
value of the matrix KPi.

Proof: 1) Proof of Problem 2-2): According to (3), Table I
and Young’s inequality, (33) can be calculated as

V̇ATBCi ≤ ẋT
i FHi − (1− αi)e

T
i KPiei

= eTi FHi + ẋT
VOFHi − (1− αi)e

T
i KPiei

≤ 1

2
‖ẋVO‖2 + ‖FHi‖2 −

(
(1− αi)λKPi

− 1

2

)
‖ei‖2.

(36)

Based on (36), we can see that V̇ATBCi ≤ 0 whenever

‖ei‖2 ≥ 1

ρi

(
1

2
‖ẋVO‖2 + ‖FHi‖2

)
(37)

where ρi = (1− αi)λKPi
− 1

2 . From Assumption 1 and (2), it
follows that ẋVO is bounded. Therefore, the right-hand side of
(37) is bounded. If (37) is satisfied, V̇ATBCi will be negative,
causing VATBCi to decrease. As a result, by the definition of
VATBCi, the variables ei, Ei and θ̃i will eventually decrease as
well. When ei decreases to

‖ei‖2 <
1

ρi

(
1

2
‖ẋVO‖2 + ‖FHi‖2

)
. (38)

V̇ATBCi will be positive. This leads to two possibilities. First, as
VATBCi increases, ei also increases. Once ei reaches the bound
defined in (37), VATBCi will begin to decrease. Consequently, if
ei continues to increase and decrease in this manner, ei remains
bounded, as doEi and θ̃i. The second possibility is that asVATBCi
increases, ei still remains within the bound defined in (38), while
θ̃i and Ei increase. Combining the first possibility, ei is proved
to be bounded.

To ensure system stability, it is necessary to prove that θ̃i and
Ei are bounded. From Remark 3, μi and bi are bounded, and the
above analysis establishes that ei is bounded. By Assumption 1
and (2), ẋVO, ẍVO, and ẋi are also bounded. Since the practi-
cal operational workspace of the robot’s end-effector is finite,
Assumption 1 further ensures that Ei cannot grow unbounded.
Therefore, the right-hand side of (32) and the termsCi(xi, ẋi)ei,
Di(xi), and Ydi(xi, ẋi, ẋVO, ẍVO) on the left-hand side are all
bounded. It remains to prove θ̃i and ėi are bounded. If ėi is
bounded, then so is θ̃i according to (32). Suppose that ėi goes
to infinity, then ‖ei‖ will increase to the bound in (37), making
V̇ATBCi ≤ 0 and decreasing VATBCi. As a result, ei, Ei, and θ̃i
decrease, and continually increase and decrease in this fashion.
Hence, these variables remain bounded. From (32), ėi is bounded
in this case, contradicting the infinity assumption. Therefore,
both ėi and θ̃i are bounded, and the closed-loop system is stable.

2) Proof of Problem 2-3): If the ATBC is considered without
the term related to bi to compensate for the impacts of power
regulation, it is rewritten as

u′
ATBCi = uBASEi + uci − αiμiei. (39)

Subsequently, when Pi > PMAXi ≥ 0, (33) becomes

V̇ ′
ATBCi ≤ ẋT

i FHi − (1− αi) e
T
i KPiei + (1− αiγi)δi

− αiμie
T
i ei − βi(1− γi)

PMAXi

Pi
δi. (40)

Similar to the analysis of (33), (40) is calculated as

V̇ ′
ATBCi ≤ ẋT

i FHi − (1− αi) e
T
i KPiei +Δi

≤ 1

2
‖ẋVO‖2 + ‖FHi‖2

−
(
(1− αi)λKPi

− 1

2

)
‖ei‖2 +Δi (41)

where Δi = (1− PMAXi

Pi
)δi ≥ 0 is induced by the EPR scheme.

Similar to (36), it yields that V̇ ′
ATBCi ≤ 0 if

‖ei‖2 ≥ 1

ρi

(
1

2
‖ẋVO‖2 + ‖FHi‖2 +Δi

)
(42)

and V̇ ′
ATBCi > 0 if

‖ei‖2 <
1

ρi

(
1

2
‖ẋVO‖2 + ‖FHi‖2 +Δi

)
. (43)

Compared to the results in (37) and (38), it yields that Δi

increases the boundary of ei. However, under the same parameter
settings for the virtual object and controllers, the design of bi
effectively compensates for the negative effects of power reg-
ulation on tracking accuracy. In addition, the analysis suggests
that tracking performance can be further improved by increasing
KPi. Specifically, by appropriately increasing the elements in
KPi, the bound on ‖ei‖ can be reduced, thereby mitigating the
increase of tracking error even when FHi becomes large. �

VI. EXPERIMENTAL VALIDATION

In this section, experiments are performed in four different
scenarios to validate the effectiveness of the proposed ATBC.
Specifically, Experiment #1 mainly compares the proposed
ATBC with two state-of-the-art tank-based methods in terms
of reproducibility and fidelity of haptic rendering. Experiment
#2 establishes a rigorous comparison environment to verify that
the proposed EPR scheme can enhance control robustness to
power limit settings, achieving a favorable tradeoff between
IIE passivity and haptic fidelity. This result is further validated
in Experiment #3, which involves a human–robot interaction
scenario. Finally, Experiment #4 demonstrates a clinical ap-
plication of the ATBC, with a focus on rendering fidelity.
All experiments involving human subjects were approved by
the local ethics committee of the Southern University of Sci-
ence and Technology (Approval No. 20230095), and consents
were obtained from them.

A. Experimental Setup

The M-Hers used in experiments is shown in Fig. 5, consisting
of three one-DOF haptic robots with identical configurations. A
workstation PC, equipped with an Intel Core i5 9400F CPU
(2.90 GHz), is connected to the three robots via USB cables.
Each robotic setup is built on ESP32-S3 (Espressif Systems,
Shanghai, PRC) and programmed on FreeRTOS with C code,
operating at a frequency of 1 kHz. The interaction model is
implemented via a virtual environment, created by the unity 3-D
game engine (Unity Technologies, San Francisco, CA, USA).
The end-effector velocity is computed by numerical differentia-
tion of the position signal, derived from measured joint position
via the transmission ratio, and applying a first-order low-pass
filter (cut-off frequency of 64 Hz).
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Fig. 5. System architecture of (a) Experiment #1, (b) Experiment #2, and (c1) Experiment #3. (c2) Task requirements for Experiment #3. In Stage 1, Operator #2
exerts the largest force to dominate the task; in Stage 2, Operator #1 takes over. The curves broadly depicts the contribution of human effort, instead the predefined
force trajectory. VO denotes the virtual object.

For the considered setup, the dynamic model (1) is formulated
as a one-DOF mass-damper system as follows:

Diẍi + Ciẋi = ui + FHi, i = 1, 2, 3

where Di and Ci are mass and damping terms, respectively.
The implemented TBC (18) is designed as

uTBCi = −KPiei −KIiEi + Ydiθ̂i

+ βi (1− γi)

n∑
k=1

FHk − αiμiei (44)

with ˙̂
θi = −ΛiY

T
diei, where Ydi = [ẍVO, ẋVO], and θ̂i =

[D̂i, Ĉi]
T . D̂i and Ĉi are the estimated values of Di and Ci,

respectively.
The implemented ATBC (30) is designed as

uATBCi = −KPiei −KIiEi + Ydiθ̂i

+ βiσi (1− γi)

n∑
k=1

FHk − (αiμi + bi) ei. (45)

Unless otherwise stated, the parameters of controller and
interaction model used in all experiments are as follows: KP1 =
KP2 = KP3 = 50, KI1 = KI2 = KI3 = 1200, Λ1 = Λ2 =
Λ3 = diag{6, 60}, TMIN1 = TMIN2 = TMIN3 = 1.6J, TMAX1 =
TMAX2 = TMAX3 = 16J, Δt = 0.001s, T1(0) = T2(0) =
T3(0) = 8J, α1 = α2 = 0.33, α3 = 0.34, MVO = 30 kg,
and BVO = 30 Ns/m.

B. Experiment Design

In this section, the collaborative task of moving a shared
virtual object was implemented under four scenarios.

1) Experiment #1: The performance of the proposed ATBC
in addressing nonpassive human behaviors was evaluated by
comparing it to two state-of-the-art controllers: the basic tank-
based controller (BTC) [24] and valve-based tank-based con-
troller (VTC) [32]. Following their design principles, we adapted
their approaches to address the potentially nonpassive compo-
nent δi identified in our work.

1) Case #1 (BTC): This controller modifies the desired ve-
locity command as

ẋdi = (γi + (1− γi)βi) ẋVO + (1− γi)(1− βi)ẋ
′
VOi
(46)

with ẋ′
VOi from MVOẍ

′
VOi +BVOẋ

′
VOi = FHi. The posi-

tion command x′
VOi is obtained by integration of ẋ′

VOi. γi
is designed as (14) and βi is smoothly modified according
to (26) in [24], given by

βi =

⎧⎪⎪⎨⎪⎪⎩
1, if Ti ≥ TMINi + 0.6
1
2

(
1− cos

(
Ti−TMINi

0.6 π
))

, if TMINi + 0.6 > Ti

≥ TMINi

0, otherwise.

2) Case #2 (VTC): This controller augments BTC with CPR,
and the desired velocity command is as follows:

ẋdi = σi (γi + (1− γi)βi) ẋVO + (1− γi)(1− βi)ẋ
′
VOi
(47)

where σi is designed following (25) in [32], which is same
as (26) in the work but employs CPR with PMAX = 2.
Other variables, including βi and γi, are designed as same
as those in Case #1.

3) Case #3 (TBC): This is the proposed TBC (44) without
power regulation.

4) Case #4 (ATBC w/o bi): The proposed ATBC (45) without
bi, using kmax = 2Δt.

5) Case #5 (ATBC): This is the full ATBC approach (45)
with kmax = 2Δt.

All the above cases were implemented under the identical
experimental conditions for 10 trials. To ensure a consistent in-
teraction environment, the M-Hers is mechanically coupled with
three external robots that replace human operators by following
predefined velocity trajectories, as shown in Fig. 5(a). The exter-
nal robots serve as velocity sources and the connectors (i.e., stiff
adapting piece and damping spring) provide passive mechanical
behaviors. When the external robots move, the springs deform
and generate interaction forces on the M-Hers. These forces
consist of a voluntary component driven by the external robots’
motion, and a passive component arising the connector, which
aligns with Assumption 2.
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TABLE II
POWER LIMIT SETTING IN EXPERIMENTS #2 AND #3

2) Experiment #2: This experiment includes nine scenarios,
summarized in Table II, where all conditions remain same except
for the upper bound of powerPMAXi. Each scenario was repeated
for 10 trials, and the results focus on the comparison between
the proposed EPR approach and the CPR method (e.g., [32]).
The experimental setup is shown in Fig. 5(b). Since operator
forces are hard to keep consistent across trials, virtual opera-
tors with predefined forces were adopted to facilitate reliable
comparison and statistical analysis. The predefined forces for
virtual operators are set as FH1 = 0 N, FH2 = −5.8 sin 0.8t N,
and FH3 = 15 sin 1.6t N.

3) Experiment #3: Three healthy human operators (two male
and one female: age 27.33 ± 2.52 years, weight 67 ± 14.1 kg,
height 171.33 ± 10.07 cm) were recruited in this experiment,
where they sat at the robots and grabbed the end-effector handles,
as shown in Fig. 5(c1). The experiment simulates collaborative
manipulation of moving a shared virtual object, whose motion
arises from the operators’ collective effort. The visual feed-
back shows the actual motion of the virtual object and robotic
end-effectors, reflecting the control performance rather than a
predefined trajectory to track. The task requirements are shown
in Fig. 5(c2), indicating intended maximal forces at each stage
and allowing operators to perceive assistance and resistance
during the task. The identical procedure was implemented in
10 scenarios, categorized into CPR and EPR methods, as listed
in Table II.

4) Experimental #4: To show the potential of the work for
clinical applications, we conducted a clinical experiment in
Shenzhen Second People’s Hospital. In Fig. 6(a), three pa-
tients (two male and one female: age 54 ± 12.17 years, weight
74 ± 18.25 kg, height 163.33 ± 9.61 cm) with upper limb im-
pairment collaboratively performed physical exercise in a shared
virtual environment. The experiment series include eight trials of
which patients sequentially joined the task with specified force
directions, as illustrated in Fig. 6(b). They are designed to enable
each patient perceive assistance or resistance from others in the
collaborative task. In this experiment, kmax = 0.5Δt.

C. Evaluation Method

The experiment results are evaluated regarding reproducibil-
ity, rendering fidelity, and robustness to power limit setting.

Fig. 6. (a) System architecture of Experiment #4. (b) Requirements of task
participation in eight trials (Tr1–Tr8). Stage 1: One operator performs the task
alone. Stage 2: A second operator joins. Stage 3: The third operator joins.
Once joined, each operator continues participating in all subsequent stages. VO
denotes the virtual object.

Unless otherwise stated, the results are expressed as mean ±
standard deviation (SD). |(̄·)| denotes the absolute value of (̄·),
with (̄·) =

∑Tr
tr=1(·)tr

Tr being the average value of variable (·) across
repeated trials, where (·)tr is the (·) in the trth trial, and Tr is the
number of trials. The subscript i denotes i = 1, 2, 3.

1) Reproducibility: High reproducibility of haptic rendering,
referring to the consistency of force-velocity behavior across
repeated trials, is crucial for stable and repeatable task execution.
It is rigorously examined using three indicators.

First, we calculate the normalized root mean square error
(NRMSE) of interaction forces and their corresponding veloc-
ity response for each trial, using the average profiles across
10 trials (F̄Hi and ¯̇xi) as baselines. The NRMSE is com-
puted based on min–max normalization, i.e., NRMSE(FHi, F̄Hi)
and NRMSE(ẋi, ¯̇xi). Consistently small values across tri-
als indicate low trial-to-trial variation and, thus, high
reproducibility.

Second, we compute the SD of Spearman correlation co-
efficients between FHi and ẋi (Corr(FHi, ẋi)) across trials to
assess the consistency of the force-velocity relationship. The SD
of Corr(FVO, ẋVO) is also analyzed to evaluate the consistency
of virtual object rendering. A smaller SD value indicates more
consistent results across trials, reflecting the reliability of haptic
rendering.

Third, we analyze the concordance correlation coefficient
(CCC) between each trial’s interaction force and velocities and
their baselines, i.e., CCC(FHi, F̄Hi) and CCC(ẋi, ¯̇xi). Higher
CCC values represent strong agreement and consistent force-
velocity coupling behavior across trials.

2) Rendering Fidelity: The rendering fidelity is assessed us-
ing the trajectory tracking errors between M-Hers and virtual
object. We analyze the integral absolute error (IAE) of the
2-norm of both E = [E1, E2, E3] and e = [e1, e2, e3], which
treats all tracking errors equally and fully integrates their values
and variations. In this work, it is defined as

IAE1(t) =

∫ t

0

‖�(τ)‖dτ (48)

where � represents E and e, t ∈ [0, tend] and tend denotes the
end time of a whole trial. Furthermore, we also introduce IAE2
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Fig. 7. Experiment #1: Validation of reproducibility. Average interaction force (curves), NRMSE based on min-max normalization (bars), and Spearman correlation
coefficients (bars) for (a1)–(a3) Case #1, (b1)–(b3) Case #2 (c1)–(c3) Case #3, (d1)–(d3) Case #4, and (e1)–(e3) Case #5. CCC values for (f) interaction forces and
(g) corresponding velocity responses. The numbers in (a1)–(e1) and (a2)–(e2) are the mean NRMSE values. (a3)–(e3) Spearman correlation coefficient is denoted
as Corr. SD denotes standard deviation. (f)–(g) Pink asterisk indicates a significant difference from Case #1, and the blue asterisk indicates a significance from
Case #2.

for statistic analysis, which denotes the total accumulation of
‖�(t)‖ throughout the entire trial, as follows:

IAE2 =

∫ tend

0

‖�(τ)‖dτ. (49)

3) Robustness to Power Limit Setting: As discussed in
Section IV-B, the power limit involves a tradeoff between con-
trol performance and IIE passivity. We, therefore, assess the
controller’s robustness to various power limit settings from both
aspects. Since velocity is directly influenced by the control input
and, thus, more sensitive to power regulation than position,
the related metrics are calculated based on velocities. First,
rendering accuracy is quantified using IAE2, as described in
Section VI-C2. Second, we examine the signal-to-noise ratio
(SNR) of robot velocities during operation, which measures
the ratio of desired signal power to noise power. As noted in
Remark 2, high-frequency noise may be introduced into veloc-
ity signals when the tank energy approaches its lower bound,
indicating that the IIE passivity is deteriorated. Thus, SNR is
used to evaluate IIE passivity, with lower SNR values reflecting
increased high-frequency noise

SNR = 10 lg

(
Pdesired

Pnoise

)
(50)

where Pdesired and Pvelocity are the power of the reference ve-
locity ẋVO and the actual measured velocity ẋi, respectively.
Pnoise = Pvelocity − Pdesired denotes the power of noise in the
actual velocity, relative to the desired velocity.

4) Statistical Analysis: Based on the above metrics, statisti-
cal results were obtained using the Wilcoxon signed rank test
(p < 0.05 is accepted as statistical significance). For multiple
comparisons, the Benjamini–Hochberg correction was used to
control the false discovery rate. In the corresponding plots,
levels of statistical significance are indicated by asterisks as
follows: ***p < 0.001, **p < 0.005, *p < 0.05; n.s. indicates
no significant difference (p ≥ 0.05).

D. Evaluation Results for Experiment #1

1) Reproducibility: Fig. 7 illustrates the reproducibility of
haptic rendering under different methods. In Fig. 7(a1)–(e1), the
mean NRMSE values for interaction forces under Cases #3–#5
range from 0.0297 to 0.0872 (mean: 0.0484), which are notably
lower than those in Cases #1 and #2 (range from 0.0862 to
0.1835; mean: 0.1255). Fig. 7(f) further confirms the improved
force reproducibility in Cases #3–#5 through higher CCC.
For example, the CCC values for Robots #1–#3 are 0.9322 ±
0.0563, 0.9901 ± 0.0116, and 0.9885 ± 0.0187 in Case #5, with
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Fig. 8. Experiment #1: Validation of rendering fidelity: Distribution of the (a) absolute average position tracking error |Ēi| and (b) absolute average velocity
tracking error |ēi| across repeated trials under Cases #1–#5. The percentages are computed from the mean value of the absolute average errors (lines).

Fig. 9. Experiment #1: Validation of rendering fidelity: IAE under Cases #1–#5. (a) IAE1, (b1) IAE2, and its (b2) corresponding statistics based on ‖E‖.
(c) IAE1, (d1) IAE2, and (d2) its corresponding statistics based on ‖e‖. The curves in (a) and (c) denote the average IAE1 across trials, and the shaded regions
represent the standard deviation.

improvements of 25.42%, 3.09%, and 13.31% over Case #1 (all
p < 0.005), and 4.78% (p = 0.1602), 6.03%, and 7.36% over
Case #2 (all p < 0.005 except Robot #1).

In Fig. 7(a2)–(e2), reproducibility enhancements are also
observed in resultant robotic velocity response. Cases #4 and #5
yield lower NRMSE (all ≤ 0.033) versus Cases #1 and #2 (all
≥ 0.0541), along with significantly higher CCC. For example,
in Case #5, CCC values for Robots #1–#3 are 0.9931 ± 0.125,
0.9922 ± 0.143, and 0.992 ± 0.123, all significantly higher than
those in Cases #1 and #2 (all p < 0.05), as depicted in Fig. 7(g).
Notably, ¯̇x1 in Case #3 exhibits high NRMSE due to its frequent
oscillations caused by tank energy depletion, thereby reducing
trial-to-trial consistency. This inference is shown in the results
of TBC in Experiments #2 and #3.

In Fig. 7(a3)–(e3), Case #5 demonstrates superior consistency
in force-velocity coupling behavior compared to Cases #1 and
#2. This is verified by its lower SD values of Corr(FHi, ẋi) (i.e.,
0.0801, 0.029, and 0.0275 for Robots #1–#3) and a reduced
SD values of Corr(FVO, ẋVO) (0.0374; 42.37% and 32.49%
reduction from Cases #1 and #2 respectively).

In summary, the proposed ATBC (Case #5) significantly
enhances haptic rendering reproducibility over BTC (Case #1)
and VTC (Case #2). A possible reason is the modified trajectory
command in BTC and VTC [see (46) and (47)], where large

deviations between ẋVO and ẋ′
VOi may cause aggressive transi-

tions, leading to unpredictable robotic responses and degraded
consistency. This effect is also evident in the Video 1, where
slight oscillations in motion are observed under VTC.

2) Rendering Fidelity: Fig. 8(a) shows that the distribution
of |Ēi| in Case #5 is 0.0119 ± 0.0073 m, 0.0181 ± 0.0098 m,
and 0.0082 ± 0.0066 m for Robots #1–#3, with reductions up
to 91.91% compared to Cases #1 and #2. Similarly, Fig. 8(b)
presents that the |ēi| in Case #5 yields 0.0093 ± 0.005 m/s,
0.0117 ± 0.0069 m/s, and 0.0117 ± 0.0077 m/s for Robots
#1–#3, reducing by ≥56.33% compared to Cases #1 and #2.
These improvements arise because the ATBC preserves the
reference trajectory from virtual object as the desired command
while ensuring IIE passivity via a time-varying control gain.
In contrast, Cases #1 and #2 enforce passivity by modifying
the desired trajectory, leading to large deviations from the
virtual object and degraded rendering accuracy. As shown in
Fig. 9(a) and (c), IAE1 values for ‖E‖ and ‖e‖ grows notably
lower in Cases #4 and #5 than in Cases #1 and #2. A simi-
lar result is observed in IAE2 [see Fig. 9(b1) and (d1)], with
significant difference (p < 0.005) listed in Fig. 9(b2) and (d2).
Therefore, these findings demonstrate that the proposed ATBC
achieves better rendering fidelity than conventional tank-based
approaches.
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Fig. 10. Experiment #2: Evolution over time of tank energyTi,βi, andPi (i = 1, 2, 3) under (a)PMAX = 4, (b)PMAX = 2, (c)PMAX = 0.1, (d)kmax = 0.05Δt,
(e) kmax = 2Δt, and (f) kmax = 4Δt. PMAX = PMAXi (i = 1, 2, 3). Pi represents the power without regulation. The green markers denote the moment when the
power first reaches its limit. The shaded regions denote two adjacent intervals when power is limited.

Furthermore, Case #5 achieves better tracking performance
than Case #4, including the slower growth in IAE1 and smallest
values in IAE2 for both position and velocity errors (all p <
0.005). These results reveal that the time-varying control gain
bi is helpful to enhance rendering accuracy.

Despite statistical difference, the increasing trend of IAE1 for
‖E‖ under Case #3 is close to that under Cases #4 and #5,
whereas Case #3 exhibits higher IAE2 for ‖e‖. This is because
the tank energy is depleted, and hence chattering is induced
on velocity. Given no significant difference between Cases #3
and for ‖E‖, it can be inferred that position is more robust to
tank energy depletion than velocity. This motivates the focus on
velocity-based results in Experiments #2 and #3.

E. Evaluation Results for Experiment #2

1) EPR Scheme Analysis: The evolution of power is shown
in Fig. 10(d)–(f), corresponding to different EPR settings of
kmax = 0.05Δt, 2Δt, and 4Δt, respectively. Two key results
can be observed. First, a smaller EPR setting imposes a stricter
limit on power flow. For example, under kmax = 0.05Δt, power
first reaches its bound much earlier (t ≈ 1.3s for bothP1 andP2)
than under kmax = 2Δ (t = 4.29 forP1 and 4.3s forP2) and 4Δt
(t = 5.94 s for P1, 6.06s for P2). As a result, the tank energy (T1

and T2) continually increases, as shown in Fig. 10(d), because
the strict power limit constrains energy extraction. By contrast,
higher EPR settings allow more effective energy extraction,

causing a reduction in tank energy, as shown in the curves of
T1 and T2 in Fig. 10(e) and (f).

Second, the power limit PMAXi adapts to the real-time tank
energy Ti as defined in (27). A higher Ti yields a larger PMAXi,
allowing greater power flow Pi and faster energy extraction. For
instance, in Fig. 10(f), the largest EPR setting (kmaxi = 4Δt)
leads to the lowest values of T1 and T2 at t = 5 s compared
to other settings. As Ti drops, the PMAXi decreases, limiting
Pi and slowing energy extraction. When the energy storage
rate exceeds the extraction rate, Ti rises again, increasing
PMAXi accordingly. This trend, highlighted by the shaded re-
gion in Fig. 10(f), demonstrates the regulation loop between Ti

and PMAXi that prevents tank depletion and preserves system
stability.

2) High-Frequency Noise: Fig. 10 shows the tank energy Ti,
signal βi, power Pi, and velocities ẋi in a single trial under
six scenarios. Fig. 10(a) and (b) depicts that overly large CPR
settings (PMAXi = 4, 2) lead to tank energy depletion, causing
chattering in the βi and velocities. In contrast, with a smaller
power bound (PMAXi = 0.1) in Fig. 10(c), Ti remains above the
minimum energy limit TMINi, ensuring passive IIE and avoiding
high-frequency noise in velocities. These results indicate that
only CPR scheme with an appropriate bound can avoid tank en-
ergy depletion, as further confirmed by Fig. 11, where the SNRs
for ẋ1 and ẋ2 increase as the PMAXi decreases. Using the EPR
scheme, Ti always remains above its lower limit across different
kmax settings, as displayed in Fig. 10(d)–(f). The corresponding
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Fig. 11. Experiment #2: Validation of high-frequency noise: SNR. PMAX =
PMAXi (i = 1, 2, 3).

Fig. 12. Experiment #2: Validation of rendering fidelity: IAE of ‖e‖ under
different power regulation conditions. (a) Changes of IAE under scenarios with
different power regulation. (b) Significant difference analysis of IAE. PMAX =
PMAXi (i = 1, 2, 3).

SNRs for ẋ1 and ẋ2 exceed those using CPR scheme with high
bounds (e.g., PMAXi = 4, 2), as illustrated in Fig. 11. Therefore,
the EPR scheme is more robust to power limit settings, as it can
effective prevent tank energy depletion across a wide range of
configurations.

3) Rendering Fidelity: Fig. 12(a) shows a significant reduc-
tion in IAE2 as the CPR power upper bound decreases [p < 0.05
for pairwise comparisons in the pink frame in Fig. 12(b)].

This occurs because larger power bounds enable faster energy
exchange between tank and controller, which can induce risky
system behaviors. For example, Fig. 10 shows faster tank de-
pletion under PMAXi = 4 compared to PMAXi = 2, leading to
increased chattering in the signal βi and higher velocity noise in
ẋ1 and ẋ2. This observation aligns with the increased SNRs
of ẋ1 and ẋ2 as PMAXi decreases, as shown in Fig. 11. In
contrast, IAE2 shows no significant change across EPR cases
(kmax = 0.05Δt, 0.75Δt, 2Δt; as highlighted in the blue frame
of Fig. 12), with nearly identical SNR values in Fig. 11. These
sharp contrasts suggest that EPR offers a better tradeoff between
passivity and tracking performance compared to CPR, simpli-
fying the selection of power bound and ensuring more reliable
control outcomes.

The above claim is further substantiated by using PMAXi =
0.1 and kmax = 0.05Δt as the baseline. As shown in Fig.
10(c) and (d), the tank energy behavior under PMAXi = 0.1
demonstrates stricter power regulation, with Ti reaching the
upper limit TMAXi in a shorter duration-15 s under PMAXi = 0.1
versus more than 20 s under kmax = 0.05Δt. Despite this,
there is no significant difference in rendering fidelity between
these two cases (p ≥ 0.05), as shown in Fig. 12(b). However,
when the power bounds are increased 40-fold (PMAXi = 4
and kmax = 2Δt, respectively), the system’s behavior diverges
significantly in terms of passivity and rendering fidelity. For
instance, Ti reaches the lower limit under PMAXi = 4, while
remaining above the lower limit under kmax = 2Δt, as shown
in Fig. 10(a) and (e). This indicates that the passivity con-
dition of IIE is compromised under PMAXi = 4. Furthermore,
Fig. 12(b) reveals a significant difference in IAE2 between
PMAXi = 4 and PMAXi = 0.1, no significant difference be-
tween kmax = 2Δt and kmax = 0.05Δt, and a significant dif-
ference between PMAXi = 4 and kmax = 2Δt. These contrasts
further validate the superior balance between IIE passivity and
rendering accuracy achieved under the EPR method. Addi-
tional supporting results are highlighted in the green frame of
Fig. 12(b).

The significant increase of IAE2 under kmax = 4Δt (p < 0.05
between kmax = 4Δt and other three EPR cases listed in the
blue frame) might be caused by the immense power exchange
between energy tank and controller. In particular, overly relaxed
power regulation can lead to dramatically changed control input,
which would cause aggressive robot behavior and, thus, damage
tracking performance.

F. Evaluation Results for Experiment #3

Fig. 13 displays the performance of TBC and ATBC, where
velocities under TBC exhibit high-frequency noise, whereas
ATBC maintains the stable motion throughout the operation.
This distinction is validated by the power spectrum results, that
is, the TBC generates higher power levels in the high-frequency
range (200–500 Hz) compared to ATBC.

Fig. 14 presents the results under ten different power regula-
tion conditions. Excessive CPR (PMAXi = 12 and PMAXi = 8)
causes high-frequency noise, as shown in the power spec-
trum plots, leading to lower SNR values than other conditions.
Fig. 14(d) shows that the tank energies reach their maximum
limits within a similar time interval under PMAXi = 1 (t = 6.4s)
and kmax = 0.05Δt (t = 6s), which indicates these two power
limits regulate the rate of tank energy release at comparable
levels. However, when the power limit increases eight-fold to
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Fig. 13. Experiment #3: Evolution over time of tank energy Ti and βi (i = 1, 2, 3) and the resulting velocity under (a) TBC and (b) ATBC.

Fig. 14. Experiment #3: Validation of the impacts of different power regulation conditions on (a) Robot #1, (b) Robot #2, (c) Robot #3. (d) Tank energy evolution
under PMAX = 1 and kMAX = 0.05Δt. PMAX = PMAXi (i = 1, 2, 3).

PMAXi = 8, the SNR values of velocities decrease substantially
by 4–5 dB, as displayed in Fig. 14(a)–(c). In contrast, the SNR
values remain nearly unchanged under EPR, demonstrating that
this scheme relaxes the power bound selection for ensuring
stable interaction. Furthermore, the tracking accuracy metric
IAE2 generally decreases as the power limit is reduced under
both CPR and EPR schemes, further confirming that excessive
power exchange would negatively affect tracking performance.
In summary, the findings in Experiment #3 are consistent with
those of Experiment #2.

G. Evaluation Results for Experiment #4

In this experiment, all patients successfully completed the
tasks without injury. Fig. 15 shows the interaction force profiles
in two trials. In Fig. 15(a), the movement period (MP, the
duration of one cycle as illustrated in Fig. 6(a) increases from
12.71 s (Stage 1) to 15.29 s (Stage 2), likely because FH2 in
Stage 2 serves as resistance to Operator #1. In contrast, the MP

in Stage 3 decreases to 7.6 s, as FH3 assists Operator #1 by
acting in the same direction as the virtual object’s movement.
Similar results can be observed in Fig. 15(b), where reduced MP
corresponds to operators applying force aligned with the virtual
object’s motion. These findings suggest that the proposed ATBC
enables collaborative task implementation in clinical scenarios.

Furthermore, despite irregular variations in interaction forces
caused by patients’ inconsistent motor outputs (see Fig. 15),
the system maintained high fidelity. Fig. 16(a) shows the mean
NRMSE for position tracking remains below 0.03 for all par-
ticipants. Fig. 16(b) verifies that the mean NRMSE for velocity
tracking remain below 0.06. These results demonstrate that the
proposed ATBC maintains high rendering fidelity even under
challenging interaction conditions.

VII. CONCLUSION

In this study, we focus on the scalability challenges in M-Hers
with nonpassive human behaviors. To address this problem,
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Fig. 15. Experiment #4: Interaction forces profiles in (a) Trial 2 (Tr 2) and
(b) Trial 4 (Tr 4). MP denotes movement period, as illustrated in Fig. 6(a). VO
denotes the virtual object.

Fig. 16. Experiment #4: Validation of the rendering fidelity in terms of (a)
NRMSE(xi, xVO), and (b) NRMSE(ẋi, ẋVO). NRMSE denotes the NRMSE
based on min–max normalization.

we propose an augmented tank-based control framework that
includes two parts: 1) introducing the IIE to isolate the passivity-
violated components caused by partners’ active behaviors within
each operator’s workspace and 2) identifying these passivity
violations within the IIE and designing an ATBC to ensure
passive IIE. This proposed method effectively overcomes the
challenges, such as complex stability conditions [7] and interac-
tion coupling [8], [20], [21], [22], [23], by enabling independent
ATBC design within each operator’s IIE, thereby enhancing
scalability and ensuring passive IIE.

The ATBC involves two critical efforts: first, rendering the
multiuser interaction scenario that resembles real-world con-
ditions while ensuring passive IIE; and second, enabling ef-
ficient tuning of power bound. The first goal is achieved by
employing the EPR to only scale the power exchange between
tank and controller, but remains the original task objectives.
In other words, the desired command ẋVO from the interaction
model is not modified, maintaining the authenticity of the haptic
feedback. To further address potential resulting nonpassivity,
we introduce a time-varying control gain bi, which not only
mitigates potential instability risk but also compensates for
the impact of EPR on rendering fidelity. The second goal is
achieved by the energy-related power bound adopted in EPR
scheme. It effectively prevents the depletion of tank energy,
avoiding potential unsafe system behaviors including chattering.

Furthermore, this EPR mechanism enables a more flexible power
bound range to ensure passive IIE than CPR [32], [33] and a
lower computation cost compared to those utilizing optimization
or learning algorithms [31], [35].

The effectiveness of the proposed ATBC was evaluated
through four experimental scenarios, focusing on reproducibil-
ity, rendering accuracy, and robustness to power limit setting.
First, Experiment #1 showed that ATBC significantly improves
both reproducibility and fidelity of haptic rendering compared
to the BTC and VTC in [24], [32] (see Figs. 7–9) in addressing
nonpassive human behaviors in IIE. The designed time-varying
control gain bi, formulated as (31), further enhances the render-
ing accuracy, as verified by the significant difference between
ATBC and its variant without bi (see Fig. 9). Second, Exper-
iments #2 and #3 proved that the EPR scheme significantly
enhances the controller’s robustness against varying power limit
settings compared to CRP method, effectively preserving pas-
sivity and maintaining rendering quality (see Figs. 11, 12, and
14). Specifically, the EPR-based ATBC prevents the depletion
of tank energy, thereby avoiding the chattering in both signal
βi and control input, and ensuring stable velocity response (see
Figs. 10 and 13). In addition, rendering accuracy, quantified by
IAE2, shows statistical significance among CPR settings but
remains statistically consistent across EPR settings (except at
kmax = 4Δt; see Fig. 12). Third, Experiment #4 validated the
clinical application of ATBC for collaborative task, verifying
its ability of preserving high rendering fidelity despite irregular
interaction forces from patients.

Although ATBC has been extensively validated through ex-
periments for its effectiveness, its general applicability still
requires further verification and expansion. Future experimen-
tal investigations will explore the effectiveness of the ATBC
on M-Hers with multi-DOF robots or systems with different
robotic dynamics. These studies are promising to provide more
haptic-enabled interaction tasks in three-dimension space. The-
oretically, further extensions will focus on addressing the impact
of communication delays on the passivity of the IIE, making the
proposed ATBC applicable to multiuser teleoperation systems.
Another promising direction is to design a state observer for
velocity and acceleration estimation that simultaneously guar-
antees IIE passivity, which could provide more stable estimate
and better performance. These three future avenues hold the
potential to expand the theoretical and practical scope of ATBC
in complex scenarios.

APPENDIX A
PROOF OF PROPOSITION 1

In the proof, we assume that the end effector of robots can
perfectly tracking the position and velocity of virtual object,
that is, xVO = xi and ẋVO = ẋi, i = 1, 2, . . . , n. For clarity, we
proceed with the proof in one dimension as an example.

Proof:
Applying Laplace transformation to (2), we have

FVO(s) = ZVO(s)VVO(s) (51)

where ZVO(s) = MVOs+BVO is the impedance of virtual ob-
ject, VVO(s) = sXVO(s).

For Operator #i, there exists

FHi(s) = Zi(s)VVO(s) (52)
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where Zi(s) denotes the impedance felt by Operator #i.
Due to FVO(t) =

∑n
i=1 FHi(t), and by combing (51) and

(52), the following holds:

ZVO(s) =

n∑
i=1

Zi(s). (53)

Based on (51)−(53), we obtain

FHi(s)

FVO(s)
=

Zi(s)

ZVO(s)
. (54)

If FHi(s), i = 1, 2, . . . , n at sample time tk evolves to
FNEW
Hi (s) = FHi(s) + ΔFHi(s) at the subsequent sample time

tk+1, then (54) becomes

FNEW
Hi (s)

FVO(s) +
∑n

j=1 ΔFHj(s)
=

ZNEW
i (s)

ZVO(s)
(55)

where the subscript j is used as a summation index to avoid
confusion with the fixed operator index i.

From (54) and (55), we define the changed impedance felt by
Operator #i as

ΔZi(s) = ZNEW
i (s)− Zi(s)

=

(
FNEW
Hi (s)

FVO(s) +
∑n

j=1 ΔFHj(s)
− FHi(s)

FVO(s)

)
ZVO(s)

=
FVO(s)ΔFHi(s)− FHi(s)

∑n
j=1 ΔFHj(s)

FVO(s)FVO(s) + FVO(s)
∑n

j=1 ΔFHj(s)
ZVO(s).

(56)

To ensure ΔZi(s) = 0, the condition should be sat-
isfied such that for any ΔFHi(s), FVO(s)ΔFHi(s)−
FHi(s)

∑n
j=1 ΔFHj(s) = 0. This implies that the changed in-

teraction forces FHi(s) should meet the following requirement:

FHi(s)

FVO(s)
=

ΔFHi(s)∑n
j=1 ΔFHj(s)

. (57)

The condition in (57) is challenging to fulfill because∑n
j=1 ΔFHj(s) includes the voluntary contributions of partners,

as described in Assumption 2. Given that regulating operators’
voluntary contributions is almost impossible, it can be inferred
that the impedance felt by Operator #i will vary with changes
in partners’ interaction forces. �

APPENDIX B
PROOF OF PROPOSITION 2

Proof: In multiuser collaborative haptic-enabled interaction,
the movement of all operators is in the same direction. Taking
the IIE for Operator #i ∈ {1, 2, . . . , n} as an example, an IIE
satisfies

ẋT
i (t)FHi(t) = V̇i(t) +Wi(t)

with Wi(t) = WSi(t) +WPi(t). Here, Vi(t) is the stored en-
ergy in the ith IIE, WSi(t) ≥ 0 denotes the power dissipated
by the controlled system, and WPi(t) is the power dissipated
or injected by the partners in IIE of the ith human operator. If
WPi(t) > 0, the partners within the ith IIE dissipate energy;
otherwise, they will inject energy into the IIE.

On the one hand, if WPi(t) > 0, the partners’ forces oppose
the movement of Operator #i. In this case, the movement of
Operator #i is resisted, and the conditionWSi(t) +WPi(t) > 0
holds. Thus, the passivity of the ith IIE will be ensured.

On the other hand, if WPi(t) < 0, the partners will inject
active energy to the ith IIE, which means that their forces support
or are at least consistent with the movement of Operator #i. In
this case, the ith human operator could maintain the current
velocity with less force or achieve larger velocity with the same
force. As a result, the movement is assisted. According to the
definition of passivity, once the conditionWSi(t) +WPi(t) < 0
holds, the passivity of the ith IIE will be violated. �

APPENDIX C
PROOF OF FIG. 3

Proof: According to Assumption 2, the model of passive
component FPAS1 is ZH1(•), we can obtain that

ṠH1 ≤ ẋT
1 FPAS1

where SH1 is the storage function of the passive component.
Suppose Σ2 is passive, it yields that

ṠΣ2
≤ ẋT

1 FH1

where SΣ2
is the storage function of Σ2.

Taking SΣ3
= SH1 + SΣ2

as the storage function for the
feedback interconnection between ZH1(•) and Σ2 in Σ3, and
based on FVOL1 = FPAS1 + FH1 as stated in Assumption 2, we
have

ẋT
1 FVOL1 ≤ ṠH1 + Ṡσ3

.

Therefore, the passivity of Σ2 suffices the passivity of Σ3. �
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