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Abstract—In this article, we address the shape formation
problem for massive robot swarms in environments where ex-
ternal localization systems are unavailable. Achieving this task
effectively with solely onboard measurements is still scarcely
explored and faces some practical challenges. To solve this
challenging problem, we propose the following novel results.
Firstly, to estimate the relative positions among neighboring
robots, a concurrent-learning based estimator is proposed. It
relaxes the persistent excitation condition required in the classical
ones such as the least-square estimator. Secondly, we introduce
a finite-time agreement protocol to determine the shape location.
This is achieved by estimating the relative position between
each robot and a randomly assigned seed robot. The initial
position of the seed one marks the shape location. Thirdly,
based on the theoretical results of the relative localization, a
novel behavior-based control strategy is devised. This strategy
not only enables the adaptive shape formation of large groups of
robots but also enhances the observability of inter-robot relative
localization. Numerical simulation results are provided to verify
the performance of our proposed strategy compared to the state-
of-the-art ones. Additionally, outdoor experiments on real robots
further demonstrate the practical effectiveness and robustness of
our methods.

Note to Practitioners—Shape formation has a broad potential
for large groups of robots to execute certain tasks, such as object
transport, forest firefighting, and entertainment shows. However,
most of the existing approaches rely on external localization
infrastructures, rendering them impractical in environments
where such systems are not available. To address this issue, this
article proposes an integrated strategy that can achieve shape
formation for large groups of robots by using local distance
and displacement measurements. This strategy consists of three
main components. Firstly, a relative localization estimator is
introduced to estimate the relative positions among neighboring
robots. Secondly, a protocol for reaching a consensus on the
desired shape’s position is proposed. Thirdly, a behavior-based
controller is developed to achieve massive shape formation and
enhance the observability of relative localization. More details of
the proposed algorithms and swarm robotic systems are provided
in this article.

Index Terms—Relative localization,
concurrent-learning, robot swarms.
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Fig. 1. Trajectories of a swarm of six robots forming an arrow shape in an
external localization system denied environment. Each robot is equipped with
an onboard light. This photo is obtained by long-exposure photography.

I. INTRODUCTION

HAPE formation has received significant attention in
recent years due to its broad potential across many ap-
plications [1, 2]. The objective of shape formation is to guide
the robot swarms from an initial configuration to form a user-
specified shape through local interactions. To achieve this ob-
jective, various control methods have been explored, including
the ones based on artificial potential [3], edge following [4],
mean-shift exploration [5, 6], and goal assignment [7]. How-
ever, most of the methods rely on external localization systems
such as GPS, to localize robots, which can be restrictive for
practical applications [8]. For instance, external localization
systems may be impractical or infeasible in some scenarios,
such as indoor environment, underwater, or building atrium.
Rather than relying on external localization systems, robots
equipped solely with onboard sensors are more autonomous.
In this article, we aim to investigate the problem of relative
localization in shape formation using only onboard measure-
ments, as shown in Fig. 1. To handle this problem, the existing
results can be roughly classified into the following two cate-
gories. The first class is based on the rigidity conditions. These
methods usually require an assumption that the measurement
topology among robots satisfy rigidity conditions like distance
rigidity [9, 10] or bearing rigidity [11, 12]. The second class,
which has also attracted research attention, is rigidity-free
methods. To that end, researchers incorporate the persistent
excitation (PE) characteristics into the control command, such
as noise [13, 14] or time-varying reference [8, 15], to relax
rigidity conditions on the measurement topology. Although
rigidity and PE conditions are necessary in some collaborative
tasks, they may not be essential in the context of massive shape
formation. More significantly, imposing these conditions may
bring a series of technical challenges, as outlined below.
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Firstly, the rigidity condition is the foundation of the global
convergence property of most existing results [9-12]. The
rigidity condition indicates that any two neighboring robots
must involve onboard measurements and the measurement
topology for the entire robot swarms should be rigid. However,
the two robots that are topological neighbors may be far
apart physically, which brings difficulties in measurement and
communication between them. Furthermore, the rigidity con-
dition across the entire topology is also difficult to guarantee,
especially for large groups of robots.

Secondly, to relax the rigidity condition, researchers in-
troduce the PE condition based localization estimator. In
practice, the most common way to fulfill the PE condition
is embedding noise or time-varying reference into the control
commands of individual robots [13, 14]. However, these PE
characteristics may propagate within robot swarms due to
interactions between robots. This can result in non-smooth
motion trajectories for robot swarms, leading to deteriorated
control performance in real-world applications.

Motivated by these challenges, we focus on the shape for-
mation control for large groups of robots without PE condition.
The contributions of this article are summarized below.

1) To achieve inter-robot relative localization without the
PE condition, a concurrent-learning based relative position
estimator is firstly introduced. Compared with the existing
results [13—15], both current and historical measurement data
are utilized in the estimator. As a result, it is not necessary
to incorporate PE characteristics into the control command,
resulting in smoother motion trajectories for the robots. The-
oretical analysis results are provided to guarantee the con-
vergence of the estimation error. Furthermore, we provide
the optimal strategy for relative motion and data collection
between robots. We demonstrate that the proposed estimator
achieves the largest convergence rate with the optimal strategy.

2) To achieve the shape localization agreement for the entire
swarms in the absence of global coordinates, the location
of the shape center is selected as the initial position of a
randomly assigned seed robot. Note that the position of the
seed robot is unavailable and irrelevant. By transforming the
global-coordinate based shape agreement problem [5] into
a relative position estimation problem, we propose a finite-
time consensus-based agreement protocol. This approach elim-
inates the need for the rigidity condition on the measurement
topology [9-12] to achieve shape localization agreement.
Theoretical analysis results are also provided to guarantee the
convergence of the proposed method.

3) For the shape formation control of the robot swarms,
we design a novel behavior-based control strategy which is
based on the theoretical insights from relative localization.
This strategy enables shape formation in large groups of robots
in the absence of external localization system. Additionally,
it enhances the observability of relative localization among
robots. Extensive simulation results are provided to verify the
effectiveness of the proposed methods. Moreover, compared
with the existing swarm shape formation methods based on
relative localization [8, 16, 17], outdoor experiments with a
number of robots up to six are also provided to verify the
effectiveness, stability, and robustness of the proposed method.

The rest of this article is organized as follows. Section II
provides the related works. Section III introduces an overview
of the entire system, adaptive relative localization method and
behavior-based shape formation control strategy are proposed
in Section IV and Section V. Simulation and experimental
results are discussed in Section VI and Section VII. Finally,
Section VIII concludes this article.

II. RELATED WORKS
A. Distributed Shape Formation

Traditional researches on swarm formation control rely
on consensus and graph theory [18-20]. In these methods,
each robot achieves shape formation by tracking a predefined
desired reference in a distributed manner. However, the neigh-
boring robots defined in the desired formation may be far apart
physically, which is unreasonable in real applications.

One class of shape formation strategies that are widely
studied is based on goal assignment. In these methods, each
robot is dynamically assigned a unique goal location using
decentralized approaches such as distributed auction [21] and
task-swapping algorithm [7]. Once the robots are assigned
unique goal locations, the subsequent task is simply to guide
the robots to reach their respective goal locations. Many
existing results, such as distributed model predictive control
[21], optimal reciprocal collision avoidance [22] and planning
based methods [23], can accomplish this task effectively.

The other class of strategies are based on local behavior
[24-26]. Inspired by natural processes like embryogenesis, the
method in [27] can spontaneously generate swarm shapes with
a reaction-diffusion network. Similarly, a random walk based
method is proposed in [1]. These methods exhibit significant
randomness in both the shape formed and the robots’ motion
trajectories. Another common assignment-free methods for
shape formation are based on artificial potential fields (APF).
However, APF-based methods often encounter a well-known
locally minimum problem. To address this issue, an informa-
tion integration and feedback based method is proposed in [3].
However, relying solely on APF cannot effectively avoid the
deadlock phenomena. In our previous work [5], the idea of
mean-shift exploration is adopted in the shape formation of
robot swarms, which significantly improves the efficiency of
shape formation, especially for large groups of robots.

All these methods are based on the robots’ global coordi-
nates. However, one can see that many simple organisms in na-
ture can achieve complex shapes with only basic measurement
information rather than global coordinates. Consequently, the
development of shape formation techniques for robot swarms
using only local measurements remains significant.

B. Relative Localization Estimation

Relative localization between robots is a fundamental prob-
lem in swarm robot research. Different from traditional anchor-
based localization methods [28, 29], we focus on the relative
localization strategy which does not rely on external anchors
[30]. In recent years, visual-measurement based relative lo-
calization schemes have received significant attention. The
work in [31] proposes a fisher information matrix (FIM) based
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localization-enhanced method with bearing measurement. In
[32] and [33], partially observations based framework is pro-
posed to estimate the relative poses within a robotic swarm.
To handle the limited camera’s field of view, an omnidirec-
tional cameras based simultaneous localization and mapping
system named D?SLAM is proposed in [34]. However, the
vision-based relative localization methods may lead to high
computational resource consumption [16].

In contrast, thanks to the availability of low-cost ultra
wide band (UWB) ranging sensors, distance based localization
schemes are also widely explored. A common approach is to
install multiple UWB modules on the robot. In the lastest
results [35] and [36], the relationship between the motion
trajectory and localization performance of robot is studied.
However, the use of multiple UWB sensors may increase the
structural complexity of the robot. In [14], a distance and
displacement measurement based relative position estimator
is proposed, requiring only one UWB sensor. However, this
estimator only converges when the relative motion trajectory
between robots satisfies the PE condition. As a result, the
periodic noise signal is added to the control command, which
is similar to [13]. In [16], based on the FIM theory, the
authors analyze how the relative motion between two robots
can enhance relative localization. In the latest result [37],
the PE condition is satisfied through the rotation of a UWB
module on each robot. Nevertheless, the design of the turntable
adds complexity to the robot’s structure.

In summary, most existing works still rely on the PE
conditions in the relative localization task. However, it is
worth noting that with the careful use of both the current and
historical measurement data, this condition can be relaxed. As
a result, the smoothness of the robots’ motion trajectories can
be directly improved.

C. Local Measurement Based Shape Formation

To achieve shape formation tasks with only local mea-
surements, researchers in control and robotics have explored
various strategies. One common strategy is based on a trilateral
localization algorithm. In [4], a distance measurement based
shape formation strategy is proposed. In this work, each
robot localizes itself by measuring distance with at least four
localized robots. However, this method requires the placement
of anchor robots and only edge robots can move to form
shapes, resulting in lower efficiency. Similarly, multiple rang-
ing sensors are used for inter-robot localization in [38]. In [39],
the elastic link is adopted to enhance localization for error-
prone individuals. However, these methods rely on external
facilities, making practical implementation challenging.

To overcome the above shortcomings, researchers have
developed shape formation control methods that do not require
external anchors. In [9], a distance-based adaptive formation
control method is proposed based on the graph rigidity theory.
Similarly, a bearing rigidity based shape formation control
method is introduced in [12]. However, these methods neces-
sitate that the measurement topology between robots satisfies
specific conditions, which can be impractical in real-world
implementations. To address these issues, adaptive parameter

TABLE I
LIST OF MAIN SYMBOLS USED IN THIS ARTICLE

Symbols Description
ti UWB & 10 measurement time instant for robot .
pi(tk) Position of the robot .
w;i(tr) Displacement of robot ¢ from time instant 5 t0 t1.
zi(tk) Displacement of robot ¢ from initial time instant tg to .
dij(ty)  Distance between robots i and j.
te,m Starting time instant of the m-th measurement data collection.
Yij Auxiliary signal which records innovation.
Dij Estimate of real-time relative position between robots ¢ and j.
Gio Estimate of initial relative position between robot ¢ and the
’ seed robot 0.
V4 Velocity control command for robot <.

estimation is used for relative localization in works such as
[8, 15]. Specially, when the relative motion trajectory between
two robots satisfies the PE condition, the convergence of
these methods can also be guaranteed under general connected
measurement topology. However, PE-based methods may be
ineffective for tasks such as static shape formation or linear
cruising formation where the PE condition is not satisfied.

In summary, while the existing approaches offer promising
solutions for local measurement based swarm shape formation
control, they all have limitations. Currently, there is still no
method that achieves efficient shape formation control for
large groups of robots without relying on the PE condition.
The distributed shape formation problem with solely onboard
measurements remains a challenge yet to be fully addressed.

III. PRELIMINARIES AND SYSTEM OVERVIEW
A. Notions

Consider a group of n + 1 mobile robots in R? and n > 2.
Let p; € R? be the position of robot i = 0,1,...,n in an
inertial frame. The dynamic model of each robot is considered
as p; = v;, where v; is the velocity command to be designed.
The velocity command v; satisfies ||v;|| < Vmax, where vy ay is
the maximum velocity of each robot. The interaction network
among the robots is described by an undirected graph G =
(V, &), which is composed of a vertex set V = {0,1,...,n}
and an edge set £ CV x V. If (4,5) € &, the two robots can
receive information from each other and robot j is a neighbor
of robot i. The neighbor set of robot ¢ is denoted as N; =
{j € V:(i,j) € £}. The detailed definition of the neighbor
set \V; can be found in V-B. For ease of reading, we have
listed the main symbols that appear in this article in Table I.

B. System Overview

The objective of each robot is to achieve shape formation for
the entire robot swarms through local distance and displace-
ment measurements. To achieve this, we design an integration
strategy including relative position estimation, shape local-
ization agreement, and shape formation control. The overall
system architecture is illustrated in Fig. 2.
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to enhance localization.
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Fig. 2. An illustration of the proposed shape formation strategy. A. Each robot in the swarms moves with the localization enhance control law and collects
data to localize its neighboring robots. B. Each robot estimate the relative position to the initial position of the seed robot with the finite-time consensus
method. C. Behavior-based localization enhance shape formation control scheme.

The first step involves designing a concurrent-learning based
estimator to estimate relative positions to neighboring robots
(see Fig. 2A and Section 1V). This article enables each robot
to achieve relative localization to its neighbors solely through
inter-robot distance and displacement measurements which can
be obtained using some low-cost sensors such as UWB and
inertial odometry (IO), respectively. The proposed distributed
adaptive estimators for relative position estimation among
neighboring robots are based on the concept of concurrent-
learning, i.e. the robots leverage historical and present mea-
surement data to alleviate the need for the PE condition.

The second step is to design an agreement protocol to locate
the desired shape which is marked by the initial position
of the seed robot (see Fig. 2B and Section V-B). The seed
robot plays a stubborn role by insisting on propagating the
relative displacement from its initial position (i.e., shape posi-
tion) to its non-seed neighbors. These non-seed robots utilize
this propagated relative displacement to interpret the shape
position locally through the proposed agreement protocol,
simultaneously propagating their interpretations to other non-
seed robots. In this way, the interpretations of non-seed robots
gradually converge to the seed one so that all the robots reach
a consensus on the localization of the desired shape.

The final step is to devise a behavior-based control law to
achieve the shape formation task and, meanwhile, enhance the

localization (see Fig. 2C and Section V-C). Once all the robots
reach an agreement on the localization of the desired shape,
each robot can form the desired shape driven by the proposed
behavior-based control law (see Section V). Specifically, the
behavior-based control law consists of four velocity commands
vent, p P it and v¢h. The four commands represent-
the shape-entering, shape-exploring, neighbor-interacting, and
localization-enhancing behavior motions, respectively.

IV. ADAPTIVE RELATIVE LOCALIZATION

This section addresses the problem of achieving relative
localization among adjacent robots, through the use of onboard
measurements, such as inter-robot distance and displacement.
The fundamental idea is to formulate the relative localization
problem as a parameter estimation problem, and then design
a concurrent-learning based estimator to estimate relative
positions to neighboring robots. The details are as follows.

A. Relative Localization Problem

For each robot i € V and j € N, denote the relative
position between robots ¢ and j at time ¢, = kAt as
pij(tk) = pi(te) — p;(tx), where k € N is the number of
samples, and At is the sampling interval. Here, p;;(tx) is
related to its initial relative position p;;(to) and satisfies

Pij (tk) = pij(to) + 25 (tx) (1)
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where Zij(tk) is defined as Zij(tk) = Zl(tk) — Zj(tk), Zl(tk)
is the displacement measured by 10 of robot ¢ from g = 0 to
ti, 1€ zi(tg) ft v;(t)dt. Note that z;(t)) is obtainable
through the wireless commumcatlon between robots ¢ and
J, then z;;(ty) is also available. However, the initial relative
position p;; (o) of the robot cannot be measured solely through
sensors such as UWB and 10. Then we can formulate the
relative localization problem, i.e., the determination of p;; (tx),
as an estimation problem of parameter p;; (o).

According to the cosine theorem, the relative distance,
relative displacement and relative position between robot 7 and
robot j satisfy

1
wig (te)pij () = 5 (43 (k) — di(t) —uij(te) - @)

where d;; (tx) represents the relative distance between robots ¢
and j at time instant ¢, and is defined as d;;(tx) = ||ps; (tx)]-
szy (tr) is defined as w;; (tx) = u;(tn)—u;(tr), where u;(ty) =

"1 ;(t)dt is the displacement measured by IO of robot i
from i to trp41. Since u; and u; can be measured by IO,
u;; can be directly obtained through the wireless interaction
between robots ¢ and j. For a better understanding of (2), an
illustrative example is introduced in Fig. 3. As shown in Fig.
3A, it can be seen that the relative displacement w;;(t;) and
the relative positions between the two robots at ¢ and t511
form a triangle.

Define an auxiliary signal y;;(t) as

Yij (tk) = ul (tk)pij (to) 3)
= ul;(tr)pij (tr) — uly(tr)2ij ()

= b)) — w3 (8)) — o ()25 1),

One can see that y;;(¢x) is available, since both u;; and z;; are
directly obtainable. With the fact that both y;;(¢) and u;;(tx)
can be measured, the adaptive parameter update law can be
designed to estimate the initial relative position p;;(t). As a
result, the relative localization task can be achieved.

Denote p;jo(tr) as an estimation of the initial relative
position p;;(to) and psjo(te) = Dijo(tx) — pij(to) as the
estimation error. We can define the innovation €;;(¢x) as

€ij(te) = u; (tk)p” o(te) — vij(te) = ug(tk)ﬁij,o(tk)- 4

The innovation ¢;;(t;) will be used later to design the
concurrent-learning based estimator in Section IV-C. Based
on the estimation problem modeled as (3), methods proposed
in [8], [13] and [37] attempt to estimate the initial relative
position p;;(to). However, all these existing results require
that relative displacement w;;(t) satisfies the PE condition. To
satisfy this condition, the persistent noise or periodic signal
is adopted in the control command of the robot, which is not
conducive to the expansion of massive robot swarms.

B. Data Collection Strategy

In the next section, how to collect varables d;;(tx),
d;j(tk+1) and u;;(tx) to determine p;;(to) will be presented.
However, for the real 10 sensor, if the sampling interval At
is too small, the measurements of u;; (tx) may be drowned

A
Robot i A u, (1)
|
u.(t,) !
p;(tN ,
p:/(tA) [7,,( 1)
Robot /
B
Ay (t,,)
Robot i 1N
ult,,)
@ © DPj )= P (e per)
P (t)=p;(t.,)
o @)
Robot / O ¢
Fig. 3. Geometric relationship between the displacements and distance

measurements of the two robots. A. One sampling interval At case. B. A
sketch for h sampling interval At case

in noise in practice. To address this issue, we propose the
following data collection strategy.

Whenever two robots start localization, a data collection
takes place between them. As shown in Fig. 3B, assuming
that a data collection starts at time instant ¢;, then it will end
at typ4n = ti + hAt. For biref, we denote t;,, and t¢ 41
as the starting and ending time of the m-th (m = 1,...,¢)
data collection. Note that ¢ is the data collection number and
tc.m+1 1 also the starting time of the (m + 1)-th data col-
lection. The interval between the two consecutive collections
is hRAt,h € N, ie., tcmt1 — te,m = hAt. The whole data
collection process begins at t.; and terminates at t... The
heuristic values of h and ¢ will be discussed later in Section
IV-D. In this way, the innovation €;; (¢ ) in (4) can be rewritten
as

€ij(te,m) :UZ;- (te,m)Pij,o(tr) — Yij(te,m) @)
1
Yij (tc,m) :5 (dfj (tc,m,+1) - d?y (tc,m,) - u?j (tc,m))

- U,Z; (tc,m)zij (tc,m)

where z;j(te,m) = >y wij(te,). The innovation €;;(tc,m)
will be used later in Section IV-C. Note that the tandem data
collection strategy is helpful for increasing the modulus of
the relative displacement w;;(tc ), which is beneficial for
reducing relative error in noisy measurements. This trick helps
to improve estimation accuracy in real applications.

C. Concurrent-Learning based Estimator

The concurrent-learning based estimator p;; o(t), which is
used to estimate p;;(¢p), can be designed as

Dijo(t) =Pijo(tr), tr <t <tpp (6a)
ﬁij,O(tk—i-l) pzj 0 tk - Z Uy c ,m 613 tc,m) (6b)
m=1

— nug; (tr)€ij (tr)
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with learning rate n

)\min(Sij)
()\max(Uij (tk)) + )\max(sij))2

n= (7
where matrices U;;(t;) and S;; are defined as U,;(tx) =
uij(tk)uiTj(tk) € R?*2 and Sij = RURZ; S RQXZ, re-
spectively. Here, R;; = [ui;(tc1), ..., Uij(te,c)]- Note that (6)
represents the updates at time instant t;41 and employs both
the present measurements d;; (¢xy1), dij(tx), ui;(tx) and the
historical measurements d;;(tc,m), dij(te,m+1), ij(te,m) in
its calculations. All these measurements are available at 5 ;.

To relax the PE condition, a concurrent-learning term
772:”:1 uiTj (te,m)€ij(tc,m) which records the historical mea-
surement information is designed in the estimator (6). As a
result, the persistent noise velocity command can be replaced
by an impermanent localization enhance velocity command
and the motion trajectories of robots will be smoother. Based
on the initial state estimator (6), the real-time relative position
estimator p;;(t) can be designed as

Dij(t) = Dijo(t) + zij(t). 8

Recall that z;;(t) is the relative displacement which is avail-
able through the IO measurement and inter-robot communi-
cation. For actual sensors, UWB measurement often has low
frame rates, while the frequency of IO is often high. So we
model the measurement system as a discrete system. On the
other hand, when we estimate the real-time relative position
of the robot based on Eq. (1), we can use the IO measurement
which is approximately continuous. In the next theorem, we
will show that the convergence of the proposed estimator (6)
can be guaranteed if the recorded data matrix S;; satisfies the
following assumption.

Assumption 1: The rank of the recorded data matrix .S
satisfies rank(S;;) = 2.

For the 2-D localization problem, Assumption 1 indi-
cates that the data matrix .S;; records sufficient information
to achieve localization. This is a common assumption in
concurrent-learning methods, which can also be found in
[40] and [41]. The main results regarding the convergence of
estimator (6) are presented in the following theorem.

Theorem 1: Under Assumption 1, the estimation error
Dij,o(t) is globally exponentially stable with the relative posi-
tion estimator (6). The convergence rate A;; of p;; o(t) can be
calculated as

A . )\min(Si‘)Q

Proof: See Appendix A-B. ]
Remark 1: Theorem 1 indicates that when the histor-
ical measurement data records sufficient information, i.e.
rank(S;;) = 2, the localization error converges exponentially.
Furthermore, the convergence rate of the estimator is highly
related t0 Amin(Sij) and Apax(S;;). In the next section, we
will discuss the relationship between the relative motion of the
two robots and the convergence rate of the proposed estimator.

D. Localization Enhancement Motion

In real applications, nevertheless, we still need to address
the questions on how to design the relative motion trajectories
of two robots and how to collect the measurement data, i.e.
how to choose ¢ and h such that the convergence speed
of estimator (6) is the largest. According to Theorem 1, to
improve the convergence speed of the estimator, the ratio of the
minimum and maximum eigenvalue ;‘mx(si )) of the recorded
data matrix S;; should be as large as desired. To achieve this,
we design the velocity control command of each robot i as
the following circular motion velocity

v; = [ricos(w;t), risin(w;t)] (10)
where w; = 1/i is the designed angular velocity and r; is
the motion radius. The reason for this design is to enable the
estimator (6) to have a faster convergence speed. For robots 7
and j, we select the measurement interval time hAt and the
data set number ¢ which satisfy

mod (27, hAt) =0 (11a)
¢ =1j% (11b)
where mod(-) is the remainder function and ¢ = 25 €

N. In the following theorem, we will show that the largest

convergence rate of the estimator (6) can be achieved.
Theorem 2: Under conditions (10) and (11), the proposed

estimator (6) converges with the largest convergence rate, i.e.,

Amin (Sij) -1
Amax (Sij) .
Proof: See Appendix A-C. [ ]

Remark 2: Theorem 2 shows that with careful design of the
relative motion of the two robots, the proposed estimator has
the largest convergence rate. In the practical applications, the
smint2is can be calculated at each data measurement

ratio N (50)
time instant . ,,. Define the threshold A\ of /’\\;‘37((213)) When

:\\;%((S”J)) is greater than )y, the data collection is sufficient,
there is no need to maintain the relative motion between the
two robots and the estimator will converge exponentially. This
result directly supports our design of localization enhance

command in Section VI B.

V. BEHAVIOR-BASED SHAPE FORMATION

Previously, we have shown how to achieve relative localiza-
tion with only distance and displacement measurements. In this
section, we will address the problem of how to achieve shape
formation control through behavior based control strategy.
To achieve this, we first define and parameterize the desired
formation shape. Then, a consensus based shape localiza-
tion agreement protocol is presented to determine the shape
localization in the absence of global coordinates. Thirdly,
we propose the distributed shape formation control strategy
utilizing local measurements. The details are as follows.

A. Shape Definition and Parameterization

Firstly, we define the appropriate desired formation.
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1) Graphical shape representation: Similar to our previous
work [5], a user-specified graphical binary image should be
provided to represent the desired formation shape. As shown
in Fig. 2C, the black cells correspond to the desired shape.
Each cell is described by two basic parameters p and &,. The
coordinates p = (pg, py) are the column and row indexes of
a cell, see Fig. 2C. The scalar {, € [0,1] is the color of
the cell: {, = 0 if it is black and £, = 1 if it is white.
Let neep denote the black cell number in the binary image.
Generally, the larger the value of n, the clearer the target
image, but it also consumes more storage space. Therefore,
the desired formation shape can be described by the index set
F={p:¢{ =0} and |F| = neen.

2) Gray transformation of the desired formation: To guide
the robot into the desired shape formation smoothly, we
convert the binary image to a gray image. Specifically, the
set of black cells out by the [ cells is expanded to generate an
l-level gray scale image. For any cell p in the image, its gray
value can be calculated as,

1
k _ : k—1 - — _
§, = min (fp, + l> Jk=1,2,...,1—-1 (12)

p EM,
where the superscript k£ denotes the k-th outer layer surround-
ing the grid, as shown in Fig. 2C. The set M, is composed of
3 x 3 cells including p and its surrounding cells. With iteration
(12), the gray formation shape is Fgray = {p : {, € [0, 1]}.
3) Parameters of the desired formation: The desired shape
represented by image is merely graphical. Each robot should
further parameterize it such that it is implementable in physical
world. The size of the formation shape should be determined.
The length I of each cell represents the size of the formation

shape and can be selected as l.en = ,/%%ravoid, where
Tavoid 18 the inter-robot collision avoidance distance. In this
article, we assume that the IO coordinate of each robot has the
same direction such that the orientation of the desired shape
can be determined as the same. Note that it is a common
assumption in several relative localization results including
[13] and [8], and it can be achieved through different sensors
including magnetic compasses.

B. Distributed Shape Localization Agreement

Before introducing the behavior based shape formation
strategy, determining the localization of the desired shape
formation becomes necessary. However, negotiating the co-
ordinates of the formation localization directly is ineffective
due to the lack of global coordinates [5]. To handle this issue,
we propose a consensus-based shape localization agreement
protocol (see Algorithm 1), where the shape localization is
marked by the initial position of the seed robot 0. Before
introducing the agreement protocol, we define the concept of
neighboring robots first.

1) Neighboring robot definition: The neighbor set N; of
robot ¢ at time instant ¢ is defined as

M :Mcur m'/\/;PaS (13)
with

N = {illlpi(®) = pi (O < Tsense, 7 7 i}

and
NP = {j30 < 1, |pa(t') = p3(¢")]] < Trcign, § # i}

where rgenge and Tneigh < Tsense denote the maximum mea-
surement radius and a user-defined neighboring radius. The
set N9 denotes the robots which are in the robot i’s sensing
range at the current time. The set NV’*® denotes the robots
which are close to robot ¢ in the past and current time.
The neighbor set of robot ¢ is defined as the intersection of
N and NP, According to the definition of the neighbor
set, it can be seen that when robot j firstly becomes a new
neighbor of robot 4, it is within the circular range of 7yeigh
of robot ¢ and is unlocalized by robot i, i.e., robot ¢ has
not collected sufficient measurement data. Then they need
to collect measurement data to achieve relative localization.
However, if we directly use whether the distance between
robots is less than rgense as the basis for judging neighbors,
the distance d;; between robots ¢ and j may exceed Tsense
when robots collect data on relative motion. To maintain the
measurement for a period of time between robots ¢ and 5 when
they firstly meet each other, we define the set of neighbors
as (13). One can see that communication and measurement
between robots ¢ and j can be maintained at least for a time
duartion ~erge—rneisn,

As shown in Algorithm 1, each robot maintains three
sets, i.e., CD;, RD;, CL; to represent the current measure-
ment data to its neighboring robots, the historical measure-
ment data to neighbors and the localized robot ID. Function
JdgNewNeigh(-) is used to detect the new neighbors which
are unlocalized. Function JdgDt(-) judges whether sufficient
measurement data is collected, i.e., whether ;\:;7((2]7)) is larger
than the data matrix threshold \g. If there are new neigh-
bors to be localized or the data collection is insufficient,
the localization-enhancing velocity command v$™" will derive
robot ¢ to make localization-enhancing motion within radius
r;. During this process, robot ¢ collects measurement data (see
Algorithm 1, lines 9 - 17). The detailed control protocol can
be found in Section V-C.

2) Finite time consensus based estimator design: To
achieve the shape localization agreement, an estimator §; ¢ (¢)
is designed to estimate the initial relative position p;o(to)
between robot i and the seed robot 0. The update law ¢; o(t)
is designed as

Z aij(Gi,0(t) — qj,0(t) — Dijo(t))

JEN;(to)
+ 1i(Gso(t) — ﬁz‘o,o(t)))

where ¢; > 0 and 0 < a < 1 are the gain and exponent of
the estimator (14). Parameter a;; = 1 means that robot j is a
neighbor of robot ¢ at initial time ¢(, otherwise a;; = 0. Param-
eter u; = 1 means that robot 7 is a neighbor of the seed robot,
otherwise u; = 0. Define B = diag(u1, ..., ). For vector
r = [21,...,2,)7, function sig(z)® = Y"1 sign(z;)|z;|*,
where sign(-) is the sign function. Recall that the relative
position estimator p;; o defined in (6) is also adopted in (14).
Define the estimated error as ¢, 0 = ¢i0 — Pio(to), take
G =1G1,05 - Gn0]"-

Giolt) = — Clsig(

(14)
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Algorithm 1: Shape localization agreement

Input: data matrix threshold Ao, threshold convergence rate
dp, swarm scale n.
Output: shape relative localization estimator ;o

1 N;(to) + get robot i’s neighbor set ;

2 hop; < setas 0 ;

3 CD;, RD;, RL; < set as empty set ¢ ;
4 while rure do

5 if hop; < n then
// Check whether the agreement is completed
var the hop-count;
6 N; < get robot 4’s neighbor set ;
7 if JdgNewNeigh(N;, RL;) is false and JdgDt(i, RD;, Ao)
is ture then
// No neighbor to be localized and current
neighbors have been localized;

8 RL; <« update the localized robot set ;
9 v; < set as 0;
10 else

// Robot % detects unlocalized neighbors,
localization enhance and collect data;

11 CD; < get current distance and displacement measurements
of robot 7 and its neighbors;

12 RD,; < record current mearsurement CD,;

13 vf“h < calculate localization enchance command (28);

14 | v+ vf“]‘;

15 if CalUpdRate(G;,0) > o then

16 L hop; < set as 0

17 else

18 L hop; < minjenr, (hop;) + 1
// Relative localization and shape position
agreement;

19 for j € RL; do

20 L Pij,0 < update relative position estimator according to (6)

21 | di,0 < update shape position estimator according to (14);

22 else

23 L return G0

Based on the initial state estimator (14), the real-time shape
localization estimate is designed as,

Gi(t) = Gio(t) + zi(t).

Recall that z;(¢) is the displacement measured through IO of
robot ¢. The real-time estimator designed as (15) is due to
the fact that the initial position of the seed robot, i.e., shape
localization is static. Note that the initial neighbor set N (o)
is adopted in (14). Before introducing the main result, the
following assumption should be satisfied.

Assumption 2: The initial measurement topology G(to)
defined by (13) is connected and the neighboring radius rpeigh
satisfies Theigh < T'sense — 75 — 1'j, for j € Nj(to).

Note that the connected constrain of G(¢p) in Assumption
2 is common and can be found in several consensus results
including [8, 13]. The constrain of 7,gn is to guarantee that
the initial neighbor robots in set N;(¢o) are still the neighbors
of robot 4 during the shape agreement process. Let £ be the
Laplace matrix of the initial measurement topology G (o). The
convergence of the agreement protocol (14) can be given in the
following theorem. Choose a Lyapunov function candidate,

15)

1. -
Vi = §QT(£ + B)q

Theorem 3: Under Assumption 2, given (i,5) € G(to), the
measurement data matrix S;; satisfies Assumption 1. As a

(16)

result, the agreement error ¢ will converge into an adjustable
set @ = {]|¢]| < b} in a finite time ¢, + ¢; with the estimation
law (14), where b, t, and t; are defined as,

. w (Si (Nilto)le) )

(1 =) Amin(L + B)? 17
201+ a)Vi(ta) 2"
tl N >\min(£ + 8)7(1 - Oé) (18)
- 1
o = max{ BEPso )T ny 5y e gy 19)

hl(/\ij)

where |N;(to)| represents the initial neighbor number of robot

1. Positive constants € > 0 and v > 0 are adjustable

parameters. The convergence rate \;; is defined in (9).
Proof: See Appendix A-D. [ ]

Remark 3: Note that Vj(¢,) in (18) can be calculated with
the initial sate Vj(to) and initial relative localization error
Dijo(to) according to (16). Theorem 3 offers an answer to
the question how long it takes to ensure that the agreement
error ¢ is less than an adjustable constant b defined in (17).
In other words, Theorem 3 shows how long it takes for the
shape localization achieves an agreement.

However, calculating convergence time requires the initial
measurement topology of the swarm, which is unavailable in
real applications. To overcome this issue, a gradient threshold
based decision method and the hop-count information trans-
mission algorithm [7] are adopted in this article. Function
CalUpdRate(-) calculates the variation rate of §;o over a
period of time §; which can be defined as,

Adio = 14i,0(t) Z:O(t Se)ll

If Ag; o defined as (20) remains above a user-defined thresh-
old convergence rate dy, the hop-count hop; is set as 0. Oth-
erwise, it means that the robots have reached an approximate
agreement, the hop-count hop; is set as min(hop;)+ 1, where
j € N;(to) (Algorithm 1, Lines 18-22). The value of hop-
count increases rapidly when all robots reach an agreement.

(20)

C. Distributed Shape Formation

The proposed behavior based control strategy consists of
two stages, i.e., the shape localization agreement (Algorithm
1, lines 9-17) and shape formation (Algorithm 2). During the
shape localization agreement stage, if robot ¢ does not have
unlocalized neighbors, the control law v; is designed as

v; = 0. (21)

Otherwise, robot ¢ makes circular motion to enhance localiza-
tion with neighboring robots, i.e., v; is designed as

enh
)

(22)

Vi =

where v$"! is the localization-enhancing command.

When all the robots reach a consensus on the shape local-
ization with the agreement protocol (14). The shape formation
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Algorithm 2: Distributed shape formation control

Input: shape relative localization estimator §;,0, data matrix
threshold Ao, localized robot set and collected
measurement data RL;, RD;.

1 V; < set as empty set ¢ ;

2 while ture do

3 N + get robot 4’s neighbor set ;

4 if JdgNewNeigh(N;) is false and JdgDt(i, RD;, o) is

ture then
// No neighbor to be localized and current
neighbors have been localized;

5 RL; <« update the localized robot set;

// Behavior based shape formation control;

6 vf"t < calculate shape forming command (25);
7 v, P < calculate shape exploration command (26);
s v:’“t < calculate interaction command (27);
9 v v+ uTP 4 ol
10 else

// Robot i detects unlocalized neighbors,
localization enhance and collect data;

11 CD; < get current distance and displacement measurements of
robot ¢ and its neighbors;

12 RD; < record current measurement CD;;

13 vf“h < calculate localization enhance command (28);

14 U;"t < calculate interaction command (27);

15 v 1),?“1‘ + 1);'" ;

16 V; 4 get velocity command of robot #’s neighbors.

// Relative localization during shape formation;
17 for j € RL; do
18 L Pij,0 < update relative position esetimator according to (6)

stage begins. During this stage, if robot ¢ does not have
unlocalized neighboring robots, v; is designed as

v; = U 4 P 4 it (23)
Otherwise, the control law is designed as
v; = ol i, (24)

Here, v$™, v and v!"* denote the shape-entering command,

shape-exploring command and neighbor-interacting command.

According to the control law designed as (21) and (22), one
can see that each robot either performs circular localization-
enhancing motion or stops during the shape localization agree-
ment stage. As a result, the collision avoidance between robots
can be achieved if the initial distance d;;(to) between them
satisfies d;;(to) > 2(r; + ;). During the shape formation
stage, the collision avoidance between robots can be achieved
by the neighbor-interacting command vim in (23) and (24).
The four control commands are designed as follows.

1) Shape-entering command: When all the neighboring
robots of robot ¢ are localized, robot ¢ turns to form the desired
shape (Algorithm 2, lines 4-11). The shape-entering command
v is designed to derive robot i to its interpretation of the
desired shape, as depicted in Fig. 2C. The shape-entering
command can also be understood as a proportional controller,
driving the robots into the shape.

It is designed as

ent __ gi + Ppr,i0

Uy - KlEPT,i ~

(25)
Qi + ppTﬂ'O

where x; > 0 is the gain of the shape-entering command.The
larger k1, the greater the force that pushes the robot into shape.

Recall that ¢; is the real-time shape localization estimate (15).
The relative position between the nearest gray cell to robot
is denoted as p,,. ;0. Note that p,, ,0 can be determined by ¢;
and the gray formation shape Fg.ay. The gray level of the cell
is Epr -

2) Shape-exploring command: The shape-exploration com-
mand v;"” aims to guide robot 7 into the desired formation
shape and explore the unoccupied black region, see Fig. 2C.
Note that the mean-shift concept is adopted to design v;" " as,
oxp  2opemzense K20([|Gi + poll) (4 + Ppo) a6)

Z > pentzenne Ol + Pyl
where xk; > 0 is the gain of the shape-exploring command.
The larger ko, the greater the force exerted by the robot in
shape exploration. Function ¢(z) is defined as,

1 z2<0
1

o(z) = 5(1+cos7rz) 0<z<1
0 z>1

where M5°"¢ is defined as the set of unoccupied black
cells that are in the sensing radius 7sense Of robot 7. Note
that M3$°"%¢ can be determined through ¢; and p;;, for j €
NiNRL;. Let p € M5 denote the unoccupied black cells
and p,o represent the relative position between the p cell and
shape localization. Similarly, p,o can be determined by the
gray formation shape Fy;ay.

3) Neighbor-interacting command: As shown in Fig. 2C,
the interaction command v is to achieve collision avoidance
and velocity alignment between robots, it is designed as

> > (wi—v) @D

FJENNRL; JENNRL;

int __
i — K3

v p(dij)Dij + Ka
where k3 > 0 and x4 > 0 are the gains of collision-avoidance
and velocity-alignment, respectively. The larger «3, the greater
the collision avoidance force between robots, similar to ry4.

1(z) is defined as
Tavoid o
p(z) = { z

0 2 > Tavoid

1 =z S Tavoid

For robot 7, when calculating the interaction force, only the
localized neighboring robots in set R L; are considered. As for
the current neighboring robots which are not in the localized
neighbor set RL;, they are often far away from robot ¢ and
the collision risk is low.

4) Localization-enhancing command: During the process
of shape formation control, when robot ¢ encounters a neigh-
boring robot j which is not localized, i.e., 7 € N; and j ¢
RL;. ve" drive it to make localization-enhancing motion and
collect measurement data to achieve localization(Algorithm 2,
Lines 12-18). According to the theoretical analysis in Section
IV-D, localization-enhancing command v¢™" is designed as

o™ = [rwicos(p), rywgsin(p))” (28)
with
, Tis r; < min{D;}
min{D;}, Otherwise
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Fig. 4. Comparision between the proposed relative localization method and
the PE based one in [14]. A. Simulation results with the proposed method,
from top to bottom are the trajectory, estimate error, tracking error and velocity
norm of each robot. Here, tracking error and estimation error are defined as

e5(t) = |lpi(t) — po — pil| and e§(t) = [|pi,0(t) — po — pill, respectively.
B. Simulation results with method in [14].

and

w; = wyrand(0, 1) + wo /1 (29)

where ¢ is the heading angle of robot <. The desired radius of
the circular motion and the real radius of the circular motion
are defined as r; and r;, respectively. Data set D; C CD; de-
notes the neighboring robots’ distance measurement. Function
rand(0, 1) returns a random value from O to 1 and w, > 0 is
a constant. The random term w; is designed to accelerate the
data collection of the robots whose ID value is large.

The localization-enhancing command derives robot ¢ to
make circular motion, as shown in Fig. 2C. According to
Theorem 2, this command helps to improve the convergence
speed of the proposed localization algorithm.

Compared with our previous work [5], we focus on the
shape formation control with only local measurements in this
article. To achieve this goal, a localization-enhancing dis-
tributed control strategy is proposed. All the control commands
are based on the estimated relative position. The relative
position estimator (6) with exponential convergence and the
center negotiation estimator (14) with finite time convergence
play an important role in the close-loop control strategy.

VI. SIMULATION RESULTS AND PERFORMANCE ANALYSIS

Simulation results are given in this section to show the
robustness, effectiveness and adaptability of our methods.

A. Performance of Relative Localization Method

First, we evaluate the performance of the proposed relative
localization method by a distributed formation scenario. In
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Fig. 5. Comparision between the proposed relative localization method and
the PE based one in [14] with the sensor measurement noise. A. Simulation
results with the proposed method, from top to bottom are the trajectory,
estimate error, tracking error and velocity norm of each robot. B. Simulation
results with method in [14].

the case without measurement noise, five robots are assigned
to achieve formation with the proposed concurrent-learning
based relative localization method and the localization method
proposed in [14]. The position of a seed robot is chosen as
po = [0,7)7 and the reference formation offsets for another
four robots are chosen as px = [piT,psT p3T piT)1T =
[-7,-7,0,—7,0,—14,7,—7]T. The measurement topology
is fixed, the connectivity matrix A and informed matrix
B are A = [0,1,0,0;1,0,1,0;0,1,0,1;0,0,1,0] and B =
diag(1,1,0,0). The control input of each robot is v;(t) =
—k(G;(t) — pf), where k = 0.2. The localization enhancement
motion radius and angle velocity are r; = 0.6m, vy =
0.75m/s, wg = 1rad/s, w, = lrad/s. The parameters adopted
in the relative position estimator are At = 0.01 Ay = 0.1,
c1 = 0.005, a = 0.1, and the data batch size is chosen as
h = 60. Note that the controller here is not the focus of
our simulation. We have chosen the simplest P-controller, and
other controllers such as PID or MPC can also be used in
practical use to improve tracking control performance. Under
the fixed communication and measurement topology, there
is no need for parameters §; and Jg in this scenario. The
parameters adopted in the comparative simulation can be found
in [14]. The trajectories of the robots and the tracking errors
are shown in Fig. 4A and 4B. It can be seen that without the
persistent noise, the trajectories of the robots become smoother
and velocity command converges to zero quickly in Fig. 4A.

Furthermore, to verify the noise robustness of the relative
localization algorithm, white Gaussian noises with zero mean
and variance of 0.02m and 0.002m/s are added to distance and
odometry measurement, respectively. The parameters adopted
in this case are the same as those in the noise-free case. The
trajectories of the robots, the norm of tracking errors, the
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Fig. 6. Shape formation process for a swarm of 50 robots. A. Snapshots
of the shape formation process. From left to right and from top to bottom
are the representative moments of the robots’ states, positions, and motion
trajectories. B. Shape localization agreement error and velocity command of
each robot.

norm of estimation errors and the norm of robot velocities
are shown in Fig. 5C and 5D. From the simulation results,
it can be seen that compared with the method proposed in
[14], the concurrent-learning based estimation algorithm has
better robustness against noisy measurements. This is due to
the fact that our method simultaneously utilizes historical data
for information enhancement.

B. Effectiveness of the Shape Formation Scheme

In the swarm shape formation scenario, a swarm of 50
robots is assigned to form a dart shape. Compared with the
latest result [7] and our previous work [5], only onboard UWB
and IO measurements are used to achieve the shape formation
task for robot swarms. The parameters 7ense and rneigh are
chosen as 7gense = 4m and ryeieh = 2.5m. Furthermore,
the collision avoidance radius is set as 7,yoia = 1.8m. The
localization enhancement motion radius and angle velocity are
r; = 0.3m, vpmax = 1m/s, wy = 6rad/s, w, = 4rad/s. The
parameters adopted in the relative localization are At = 0.05s,
h =40, Ao = 0.1, ¢ = 0.1, @« = 0.5, ; = 1s, o9 = 0.01lm.
The parameters used in the behavior control are nge = 2130,
k1 = 10, ko = 15, k3 = 25, k4 = 2. For more information
about parameter selection, please refer to Appendix B.

The process of shape formation is shown in Fig. 6A. During
the shape forming process, the different states of each robot are
represented by three colors. Red represents that the robot is in
neighbor relative localization state and making relative motion
to collect measurement data. According to Algorithms 1 and 2,
one can see that the velocity command of the red robot is v; =

veh it or v; = vt Magenta represents that the robot is in
shape localization agreement state. In this state, according to
Algorithm 1, the velocity command is v; = 0. Blue represents
that the robot is in distributed shape formation state. In this
state, according to Algorithm 2, the velocity command is v; =
,szorm + U?XP + U;nt.

At time instant ¢ = 0s, each robot moves and collects mea-
surement data to estimate the relative position to its neighbor
robots. As some robots complete the relative localization of
their neighboring robots at ¢ = 1s, the process of the shape
localization agreement begins. Although some robots are still
in red, they will turn to magenta when they collect sufficient
data. After the convergence of the seed robot relative position
estimator §;(t) for each robot ¢, the robots turn into distributed
shape formation control state under the action of the hop-count
algorithm at ¢ = 7.6s. The norm value of the shape localization
agreement errors ¢; o is shown in Fig. 6B. One can see that
with the proposed shape localization agreement protocol and
the hop-count based end-state decision method, the agreement
errors are less than 0.5cm. During the process of the shape
formation, some robots may encounter new neighbors and re-
enter the neighbor relative localization state, as shown in the
snapshot of the robots’ states at ¢ = 13s. It can be seen that the
desired shape is almost formed by the robot swarms at ¢ = 30s.
According to the norm value of velocity v; shown in Fig. 6B,
the robot swarms are static at t = 40s, which means the shape
formation process is completed. With the proposed methods,
the robot swarms form the desired dart shape at ¢ = 50s.

C. Adaptability to Swarm Scale Variants

In the adaptability test scenario, robot swarms with different
scales are assigned to form the capital letter “R” shape. For
the robot swarms with scale 25, 50, 100 and 200, random
initial positions are generated. The parameters adopted in this
scenario are the same as those in Section VI-B. The finial
position and the trajectory of each robot are shown in Fig. 7
A. One can see that our strategy exhibits stable performance
in different shapes and swarm scales.

Besides, to evaluate the performance of the proposed strat-
egy, statistical simulation results are provided in Fig. 7 and
the following three metrics are considered. The coverage
rate, entering rate and uniformity represent the proportion
of the desired shape, the proportion of the robots that enter
the desired shape and distribution uniformity of the robot
swarms, respectively. The mathematical definitions of the three
performance metrics can be found in our previous work [5],
we omit them for brief. We conduct 20 statistical simulation
experiments with the initial positions of the robot swarms
being randomly generated. Fig. 7 B shows the minimum,
maximum, and average values of each metric in statistical
simulation results. Specifically, the coverage rate and entering
rate remain 100% and the uniformity converges to a small
value which means the robot swarms are evenly distributed in
the desired shape. One can see that the convergence time of
the algorithm does not increase significantly with the swarm
scale increasing, which verifies the efficiency of the proposed
methods. For more additional simulation results, please refer
to Appendix B.
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Fig. 7. Simulation results to evaluate the adaptability of the proposed

method given different swarm scale n. A. Trajectory and final position of
the swarm with 25, 50, 100 and 200 robots. B. Coverage rate, entering rate
and distribution uniformity of the robot swarms to form capital letter “R”.

VII. EXPERIMENT RESULTS

In this section, indoor and outdoor experimental results are
provided to evaluate the effectiveness of the proposed relative
localization method and distributed shape formation strategy.
The video of the simulation and experiment can be found in
https://youtu.be/qMuPmzggDeU.

A. Experiment Setup

The relative docking experiment is carried out in an indoor
environment while the shape formation experiments are carried
out in an outdoor environment. In Fig. 8A, the diagram of
the experimental system is illustrated. We use a kind of
nonholonomic robot turtlebot3 as the experimental platform.
The method for transforming the omnidirectional control com-
mand into control command for nonholonomic robot can be
found in [42]. At the sensor level, each robot is equipped
with an IO to measure its own displacement and a UWB
sensor to measure the real-time distance to the surrounding
robots. There are n threads running on a ground station,
each thread ¢ receives the real-time measurement information
sent by robot ¢. Under the measurement topology defined in

(13), distributed communication between threads are imitated
with robot operating system (ROS). Furthermore, the proposed
relative localization and distributed shape formation control
strategy for robot 7 are also executed by thread 7. The robot
swarms and ground station are in the same WiFi network
to maintain the wireless communication between thread i
and robot 4. It should be noted that despite the usage of a
ground station in the experiments, the algorithm still runs in
a distributed manner.

B. Relative Docking

In this experiment, a landmark robot is randomly placed
in the experimental field, as shown in Fig. 8B. To verify
the effectiveness of the proposed relative localization method,
another robot named as docking robot is tasked to precisely
move to the position px = [0.5,—0.5]7 relative to the
landmark robot. Denote the position of the landmark robot
and docking robot as py and p4(t). In the experiment, the
control input of the docking robot is simply chosen as the
following P-controller vq(t) = —£(Pao(t) —p*), where pq o (¢)
denotes the estimated relative position between the docking
robot and landmark robot. Other parameters are x = 0.02,
Umax = 0.1m/s, At = 0.1, h = 20, Ay = 0.2.

In this experiment, NOKOV motion capture system is used
to record the real position of the landmark robot and the
docking robot. The trajectory of the docking robot is shown in
Fig. 8B. The norm value of the estimation error G4(t) is shown
in Fig. 8B. One can see that when the measurement data is
collected sufficiently, the estimation error fast converges into
a small set near 0. The norm value ||e4(t)| of the tracking
error is shown in Fig. 8B. The tracking error is around 10 cm,
which verifies the effectiveness of our localization algorithm.

C. Distributed Shape Formation

In the outdoor experiments, a swarm consisting of 6 turtle-
bot robots is assigned to form an “arrow” shape and a capital
letter “T” in an outdoor environment range of 8 x 13.5 m?. The
specific settings and parameter descriptions of the experiment
are as follows. The nominal measurement range of the sensor
is 500m, and the nominal ranging accuracy is 10cm. To
simulate robots that can only obtain local information, we
artificially limit the measurement range as Tgepse = 6m. To
ensure stable communication between the two robots during
relative positioning, rpeigh iS chosen as 7peign = 4m. Fur-
thermore, collision avoidance is triggered if the inter-robot
distance is less than 7,y0iq = 2.5m. The parameters adopted in
the relative localization and shape agreement are At = 0.05s,
h =40, Ao =0.2,¢; = 0.1, « = 0.5, §; = 1s, §p = 0.02. The
parameters used in the behavior based control are r; = 0.5m,
VUmaz = 0.15m/s, wg = 0.32rad/s, w, = 0.05rad/s, k1 = 10,
Ro = 15, K3 = 23, Rq = 2.

In this experiment, the cell number of the two graphical
binary graph shapes are nccil arrow = 2209 and neen, T = 2266.
One of the six robots is randomly selected as the seed robot
and placed in the center of the experimental site. As shown
in the Fig. 8A, each robot is equipped with a LED spotlight,
and its motion trajectory is represented by the blue trajectory
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Fig. 8. Indoor and outdoor experiment results A. Diagram of the experimental system. B. Indoor relative docking experiment results. Here, the estimation
error Gg,0 and tracking error eg are defined as q,0(t) = Pa,0(t) — (Po — pa(t)) and eq(t) = pa(t) — po — p*. C. Outdoor shape formation experiment

with a swarm consisted of 6 turtlebot3 robots.

obtained from delay photography. The whole process of the
shape formation is shown in Fig. 8C, the algorithm begins at
t = Os, all the robots begin to move. At ¢t = 24s, robots move
and collect measurement data. After the shape localization
agreement, robots move to form the desired shape at ¢ = 48s.
During the shape formation process, some robots may also
localize the new neighboring robots. At ¢t = 72s, the shape
formation process is almost complete. The final position of
each robot at ¢ = 120s is represented by a purple highlight
while the trajectories of all the robots are also shown as the
blue curves in Fig. 8C. In fact, the actual experimental field
is rugged and the robot does not have a shock absorption
function, which may cause additional measurement errors for
the 1I0. Under these adverse conditions, the swarm consisting
of 6 robots can still form the specified shape well. It proves
the effectiveness, reliability, and robustness of the relative
localization based shape formation algorithm.

VIII. CONCLUSION

This article has addressed the relative localization based
shape formation problem for massive robot swarms. The
motivation stems from applications such as object transport
and building firefighting, where external localization infras-
tructures are unavailable. First, we proposed a concurrent-
learning based relative position estimator, enabling inter-robot
relative localization without the necessity of the well-known

PE condition. Second, to achieve the shape localization agree-
ment across the entire swarms in the absence of global coor-
dinates, we proposed a finite-time consensus based agreement
protocol. Third, we devised a novel behavior-based shape
formation control strategy that can better exploit the histor-
ical measurement information to enhance the observability of
relative localization among robots. This control strategy has a
concise structure and can be implemented on robotic systems
easily. Extensive simulation results and comparisons with
state-of-the-art relative localization methods were presented.
Additionally, outdoor experiments involving up to six robots
were conducted to verify the robustness, effectiveness and
adaptability of the proposed methods.

APPENDIX A
THEORETICAL ANALYSIS
A. Preliminary lemmas

The following lemmas are useful to establish main results.

Lemma 1: [43] If the undirected graph G is connected and at
least one agent has direct access to the seed robot. The matrix
(£ + B) is nonsingular.

Lemma 2: [44] Forpe R, e Rand 0 < a < 1,if p > g,
the following inequality holds:

lp—ql* = [p|™ — 2|q|".
Furthermore, if p > ¢ > 0, the following inequality holds:
lp—ql* <2[p|* —lq|*.
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€ R"”, the

1
p-norm of z is defined as ||z||, = (3 ;—, |«;|P)?. For the
constants p, g, if p > ¢ > 1, the following inequality holds:

Lemma 3: [44] For any vector x = [x1, ..., 2,]T

1_1
lzllp < llzllq < na™wlz]lp.

a; as
as
ay > 0, as > 0 and a3 € R. Then the maximum value of the

inngﬁg = ﬂ;ﬁ{ii‘;ﬁ, if and only if ag = 0.

Proof: One can calculate that Apin(M), Apax(M) =

Lemma 6: For symmetric matrices M = , Where

ai1tazty/(a1—az)?+4(as3)? 0 h mm( ) s
Lemma 4: For p € R", ¢ € R" and 0 < a < 1, the ne can see that Ty is a mono-
following inequality holds: tonically decreasing function about (a3)?, ﬁ% take the
o . min{a;,as} o
T N Ita 4 o gt a1 || || 1Hemaximum value maxlaray at ag = 0. |
P sig(p —q) 1 ool ™2 n gl ™ {ar,az}
Proof: Let p = [p1,..,p,)" and ¢ = [q1,.,q0]". B Proof of Theorem 1
iously, it h
Obviously, it has The dynamics of the relative localization error is
n
—pTsig(p — ¢)* = Z —pisig(pi — q:)* (30) Dij,o(tks1) = (I = nUij(te) — 1Sis) Pij.o(te)- (33)

i=1

Define §; £ —p;sig(p; — ;) for brief, the following
different situations will be discussed,
Case I: p; > 0, p; > ¢q;, according to Lemma 2, it has

—Ipillpi — @i|® < —|pil (Ipil™ — 2q:|”) -

Case 2: p; > 0, p; < g;, according to Lemma 2, it has
6 = |pillai — pil™ < |pil (2]@:|™ —
= —[pi| (Ipi|* — 2[@:*) -

|p¢\a)

Case 3: p; <0, p; > q;, according to Lemma 2, it has
di = |pilllal — Ipill™ < Ipil (2lqs|* — |psl*)
= —|pi| (Ips|* — 2]@:[*) -

Case 4: p; <0, p; < q;, consider the two sub-cases:
(i). When ¢; < 0 according to Lemma 2, it has

= —Ipilllpsl — laill* < =Ipil (Ipil™ — 2[a:]®) -
(ii). When ¢; > 0, one can see that
=lpilllpl + lail|™ < —=Ipsl (Ipal™ = 2(qs]*) -

As a result, the following inequality holds

—pisig(pi — @) < —|pil (|pi|* — 2Iqi|°‘) : @31
According to Young’s inequality mn < 7” + %,k >0and
144+ =1 Take l = a+ 1, it has

) ; 14+« 1+O¢' 32
il @lal®) < o lple - T2 g ()
Substituting (31), (32) int (30) it has
_ T _ @ 1+o¢
prsigp — @) < — el +
|
Lemma 5: [45] Consider the system & = f(x,u). Suppose
that there exist continuous function V(¢) : [0,00) — [0, c0),

scalars K > 0,0 < a <1 and 0 < 8 < oo such that
Viz) < —KV(z)*+ 8.

Then the state x of the closed-loop system converges into the

set x € {V(az)a < ﬁ} in finite time ¢*, where t* is
= V(x(t()))(lia)
- Er(l-a)

Choose a Lyapunov candidate as V,(tx) = ﬁg}ﬁo(tk)ﬁij,o(tk)-
Define AV, £ V,(t1+1) — Va(tx), then it has,

AV, :ﬁg,o(tk) (—2nSi; + 20 S;; U (t) + 77251'2]') Piz,o(tr)

— Pij.o(ti)nUis; (te) (21 — nUs; (tx))Pijo(tr).  (34)

It can be checked that
Amin (Ui (tk)1Di,0 (k) | < 1 Uiibigo(te) |l (352)
Amax (Uig (t))IDij.0 ()|l > [|UsDiz.o(tr)|l- (35b)

Similar to S;;, substituting (35) in (34), it has
AV, < [IBij0(tk) 1 (=20Amin (Sij) + 20" Amax (Usj (t)) Amax (Si5)
77 Amax (5i5)% = 20Amin (Ui (tx)) + 0 Amax (Ui (tx))?) -
With the learning rate 1 defined in (7), it has
_)\min(sij)2
iiolt .
O T ) 14+ A2 P30 (18]

One can see that the maximum eigenvalue of U;;(tx)
satisfies Amax(Usj(tr)) = ||uij (te)]| < 20maxAt. Then it has,

)\min(sij)2 F
< — .
Va(ty) < (1 B A T e B2 Va(to)

As a result, the relative localization error p;; ¢ satisfies

~ k ~
1Bi5,0 i)l < (Nij)™ 1Dij0 (o)l
where );; is defined in (9)

AV, <

C. Proof of Theorem 2

«
" Define the recorded relative displacement data w;;(tc ) £

[um,ij(tc,m),uy,ij(tc,m)]T, as a result, the data matrix S;;
. s1 s
is Si; = L= , Where si, so and s3 are defined as
S3 852
_ SotJ 2 _ Soij 2
s1 = g Ugij(tem)®s s2 = o Uyij(tem)? and

53 = 200 Uy i (te,m)ty,ij(te,m). According to Theorem 1
and Lemma 6, the maximum converge rate of the proposed es-
timator can be achieved if and only if s3 = 0 and s; = s9 # 0.
When robot ¢ and robot j perform the designed motion (10),
the relative velocity between them is v;;(t) = [(r;cos(w;t) —
rjcos(w;t)), (risin(w;t) — rjsin(w;t))]?. Before giving the
main proof, we first present several useful equations. With
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condition (11) is satisfied, one can see that ¢, = 2(—”( —1).

Recall the angular velocity w; = 1/i of robot i, then it has

S0%J

2 Z sin(w;te, m)sin(w;te m) (36)
S0%J
= Z (cos(Witem — Wite,m) — cOS(Wite,m + Wjte,m))
m=1
ot ( (27(1‘ j)m) <27r(i +j)m>)
= Z cos | ——— ) —cos | ———2— ) |.
— Soij S0

It can be seen that (36) is equal to zero. One can check that
the following equation holds when condition (11) is satisfied,

SotJ
§ f w’L c7n

So%j
Z sin(wite,m)cos(wate,m) = 0, w1, we € {w;,w;} (37b)
m=1
SotJ

Z sin(w;t. m)2

m=1

flwjtem) =0, f € {sin, cos} (37a)

M
= Z cos(wl-tC,m)2 # 0. (37¢)

Besides, consider the fact that

)on (o (1)

— ¢sin(wite m (38a)
Uy,i(tc,m (38b)
where s; = r;sin(w;hAt) and ¢; = 1 — r;cos(w;hAL).
According to (37) and (38), it can be checked that
SotJ
S3 = Z (sicos(Wite,m) — cisin(wite m) — sjcos(wjte m)
m=1
+ejsin(wjte m)) (sisin(witem) + c;cos(wite m)

cjcos(wjte,m)) =0

h
Ug,i(te,m) = 2r;sin (w

= 5;c08(Wite,m)

) = sisin(wite m) + c;cos(w;te m)

—sjsin(wjtcm) —

Sotj
S] = Z (sicos(wite,m) — cisin(wite m) — sjco8(w te.m)
m=1
Sotj
+cjsin(wjtc’m))2 = Z (sisin(wite,m) + c;cos(wite,m)
m=1

—8;8I(Wjtem) — ¢jcos(Witem))’ = s2 # 0

which means the proposed observer (6) converges the fastest
with the recorded data measurements satisfying condition (11).

D. Proof of Theorem 3

For each robot j in robot 4’s initial neighbor set N; (o),
according to the definition of the neighboring robot, the initial
distance d;;(to) must satisfy d;;(to) < Tneigh. When robot ¢
makes circular motion with radius r;, the maximum distance
d;j max between them satisfies dij max < di;(to) + 1 +17; <
Tsense- RODOt j is still a neighbor to robot i. As a result, the
initial neighbor set N; (o) remains robot ¢’s neighbor.

For each robot 7 which is in the sense range of the seed robot
initially, i.e. p; = 1, recall the direct estimation error p;o,0 =

Pio,0 — Pio(to) and the agreement error ¢; o = §; 0 — Pio(to)-
As a result, it has

n

= _Clslg(z A (h U
+ 11i (Gi,0(t) — Pio,o(t)) )a

Define x; = >, aij (Gi,0(t) —

Gi o — qj,0(t) — Dijo(t))
(39

@j0(t) + 1iGi0(t)) € R? and

X = [x1, -, xn]%, then it has
Z X2 =L+ B)T(L+B)q < Amin(L + B)q" (L + B)g.
(40)
Substituting (40) in (16), one can see that
TP V) 1)
Amin (£ + B) P

According to lemma 1, Apin (£ + B) > 0. According to
(39), the derivative of Vj is derived as

Vi=§" (L+B)j=—c Z xFsig (xi — 0;)" (42)

where 6i £ 37" ai;Pij0(t) + pipioo(t) € R According to
Lemma 4, (42) can be simplified as

n
. « @
s> (-rglhle

i=1

143
—— 92%alatD) [|§; 1+a .
e

According to Eq. (41), it has

1-{2—(1
L (znxﬂ) s

Amin (£ + B) 2 V =N

n
oD Dl
i=1

1+«

< -
- 1+«

22n(a+1) (Z”(g ||1+a> )

According to the definition of ¢; and Theorem 1, one can
see that ||d;|| is bounded for all ¢ > 0. As a result,
is bounded. Furthermore, for agent 7, p;; o will converge to
satisfy ||p;j.0l| < € near zero in a finite time ¢, ;;, where ¢ > 0
is a constant and t,;; can be given as

1+

i ln(€||15ij,o(t0)H_1)A
@] lIl()\ij)

t. (43)

Besides, with the condition that the measurement data
matrix S;; is full rank for each pair (i,5) € G(to), A\i; is
positive and ¢, ;; defined in (43) is finite. As a result, there
exist a t5'#* = max{t,q;,j € Ni} such that when t > 7%,
the followmg inequality holds:

8 < |Nile

where |N;| denotes the initial neighbor number of robot 7. As

a result, there also exist a constant t, = max{t;'?*,i € V}
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defined as (19) such that when ¢ > ¢,, the following inequality
holds:

DolElT <D (NGl e (44
i=1 =1

Note that the right side of (44) is a constant. According to
Lemma 5, V; will converge into

143 n o
V< Tig 220D (Zizl(‘/\/i|€)l+ )
[ o
(1 - /Y)Hia)\min(ﬁ + B)

for t > t, + t;, where t; is defined as (18). According to
(45) and the definition (16) of V}, one can get that the global
estimation error ¢ will converge into

lall <b
where b is defined in (17).

(45)

APPENDIX B
TECHNICAL DETAILS

Please refer to Aﬁpendix B in the extended version of this
article (Arxiv link: https://arxiv.org/pdf/2410.06052)
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