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Sensor Query Schedule and Sensor Noise Covariances for
Accuracy-constrained Trajectory Estimation

Abhishek Goudar!' and Angela P. Schoellig!

Abstract—Trajectory estimation involves determining the tra-
jectory of a mobile robot by combining prior knowledge about
its dynamic model with noisy observations of its state obtained
using sensors. The accuracy of such a procedure is dictated by
the system model fidelity and the sensor parameters, such as the
accuracy of the sensor (as represented by its noise covariance)
and the rate at which it can generate observations, referred to as
the sensor query schedule. Intuitively, high-rate measurements
from accurate sensors lead to accurate trajectory estimation.
However, cost and resource constraints limit the sensor accuracy
and its measurement rate. Our work’s novel contribution is the
estimation of sensor schedules and sensor covariances necessary
to achieve a specific estimation accuracy. Concretely, we focus
on estimating: (i) the rate or schedule with which a sensor
of known covariance must generate measurements to achieve
specific estimation accuracy, and alternatively, (ii) the sensor
covariance necessary to achieve specific estimation accuracy
for a given sensor update rate. We formulate the problem of
estimating these sensor parameters as semidefinite programs,
which can be solved by off-the-shelf solvers. We validate our
approach in simulation and real experiments by showing that
the sensor schedules and the sensor covariances calculated using
our proposed method achieve the desired trajectory estimation
accuracy. Our method also identifies scenarios where certain
estimation accuracy is unachievable with the given system and
sensor characteristics.

Index Terms—Localization, Probability and Statistical Meth-
ods, Optimization and Optimal control.

I. INTRODUCTION

HE task of estimating the trajectory of a mobile system

involves determining its position (and orientation) over
time as it moves through the environment. A common ap-
proach to do this is to combine prior knowledge about the
system’s dynamics with measurements of the system’s state
obtained using sensors. The accuracy of any such trajectory
estimation method is governed by (i) the system model fidelity,
and (ii) the accuracy and frequency of sensory measurements.
The accuracy of an unbiased sensor is captured by its sensor
noise covariance values, with lower covariance values imply-
ing higher accuracy. We refer to the frequency or schedule with
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Fig. 1. Application of the proposed sensor query schedule calculation
approach to trajectory estimation. For a desired trajectory estimation root
mean square error (RMSE), we calculate a sensor query schedule using our
proposed method (top right). The calculated query schedule is then used
to generate measurements on our robot for use in the trajectory estimation
pipeline (bottom right). Results from real experiments showing the estimated
trajectory, using the proposed query rate ms (optimal rate) and a lower query
rate ms /3 (suboptimal rate), the ground-truth (gt) trajectory, and the desired
accuracy envelope (k) are shown (bottom left). The trajectory estimated with
the proposed query rate is consistently within the accuracy envelope whereas
the trajectory estimated using the lower query rate breaches the accuracy
envelope on several instances, showing the validity of our approach.

which a sensor generates measurements as its sensor query
schedule. Tt follows that querying sensors with lower covari-
ance at higher frequencies will achieve better trajectory esti-
mation accuracy. Various factors such as manufacturing cost,
power consumption, communication bandwidth, and available
compute restrict the accuracy (or covariance) of a sensor and
the rate at which it can generate measurements. For example,
we consider ultra-wideband (UWB) radios that operate in two-
way ranging (TWR) mode [1]. In this mode, a robot equipped
with a UWB radio (referred to as a fag) individually measures
its distance to other UWB radios installed in the environment
(referred to as anchors). Due to the high-bandwidth nature
of UWB technology, only one UWB radio can transmit at
any given time. Additionally, due to the finite time of flight
delay [1], two UWB radios can only communicate up to a
certain maximum measurement frequency. Hence, if a tag
operates at its maximum measurement frequency, no other tag
can acquire distance measurements. However, if the desired
estimation accuracy can be achieved at a lower measurement
frequency, then multiple tags can share the same channel. The
overarching goal and contribution of our work is to estimate
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sensor parameters such as the sensor query schedule and
the sensor noise covariances necessary to achieve a desired
trajectory estimation accuracy.

An overview of our approach to sensor query schedule
estimation is shown in Figure 1. For a desired trajectory
estimation root mean square error (RMSE), we calculate the
sensor query schedule using our proposed method (outlined in
Section V-C). The calculated query schedule is then used to
generate measurements for trajectory estimation.

Next, we highlight another benefit of our approach. A
common criterion for selecting sensor parameters is to choose
parameters that minimize the state uncertainty [2], [3]. How-
ever, such an approach cannot be used to determine if the
desired estimation accuracy is achievable. Since our approach
considers trajectory estimation accuracy explicitly, it can iden-
tify scenarios where certain estimation accuracy is infeasible
given the system parameters. The following are the main
contributions of our work:

o An estimator-agnostic optimization-based approach for
calculating sensor parameters that incorporates the de-
sired estimation accuracy.

o Application of the proposed framework to estimate (i)
the sensor query schedule (for a given sensor noise
covariance) and (ii) sensor noise covariance (for a given
query schedule) for trajectory estimation.

o Evaluation of our methods in simulation and real exper-
iments. We share our code used in the experiments .

II. RELATED WORK

We review previous works that focus on sensor scheduling,
sensor parameter estimation, and the achievable performance
of estimators commonly used in state estimation for robotics.
In probabilistic state estimation, a common approach for
scheduling sensors in robotic systems is to optimize for sensor
query frequencies that minimize the posterior state covariance
estimator [2], [4]. Such an approach can yield low estimation
error, but at the cost of injudicious use of sensory data. Our
proposed method provides sensor query schedules optimized
for a specific desired estimation accuracy, leading to judicious
use of sensor measurements. An alternative approach to sensor
scheduling is to trigger a measurement request when the
estimated uncertainty of a particular estimator (the unscented
Kalman filter (UKF)) is above a certain threshold [3]. Such an
approach takes estimation uncertainty into account explicitly,
but the calculated sensor schedule is specific to the employed
state estimation method. In contrast, we use the posterior
Cramér-Rao bound (PCRB) [5] to calculate estimator-agnostic
sensor schedules that achieve the desired estimation accuracy.
The PCRB can be viewed as a Bayesian analog of the
parametric Cramér-Rao bound (CRB) [6], [7]. Unlike the
CRB, the PCRB also holds for estimators with unknown bias
under mild assumptions [8]. We also propose a convex SDP
formulation for calculating sensor query schedules that can be
solved efficiently using off-the-shelf solvers and can identify
scenarios where certain estimation accuracy is infeasible.

Ihttps://github.com/abhigoudar/spi_acte

The Fisher information matrix (FIM) [9] and CRB [6],
[7] have been used in an array of problems such as the
observability analysis of the simultaneous localization and
mapping (SLAM) framework [10], planning for localiza-
tion [11], and active perception [12]. The CRB has been
used to derive bounds on the achievable localization accuracy
in range-based positioning [13]. The CRB has also been
applied to localization of transmitters from time-difference-
of-arrival measurements [14], [15], choosing among multiple
observations by exploiting their submodular (diminishing re-
turn property) nature [16], and simultaneous placement and
scheduling of sensors [17]. More recently, the problem of
optimal beacon placement for range-aided localization was
formulated as maximization of a submodular set function
based on the FIM [18]. In a related application, an information-
theoretic objective is used to design optimal placement for
a set of diverse sensors on a mobile robot for improved
sensing [19]. The PCRB has been relatively less explored in
robotics. A common application of the PCRB is to design a
generic framework to deploy and schedule multisensor systems
based on sensor contributions [20]. Since PCRB provides a
lower bound on the estimation mean square error, it has been
used to evaluate the effect of different sensing modalities for
SLAM [21]. The previous approaches directly minimize the
lower bounds provided by the CRB and the PCRB to estimate
sensor placements and schedules, and do not consider the
required estimation accuracy explicitly. Our proposed method
calculates an estimator-agnostic sensor query schedule by
minimizing the predictive PCRB that incorporates the required
estimation accuracy explicitly.

Sensor covariances are typically identified using sensor
data sheets or through an offline calibration procedure. An
alternative approach is to estimate the sensor noise models
online using a bi-level optimization approach. Specifically, co-
variances for robot motion and sensor models can be estimated
using an expectation-maximization-based approach [22]. Al-
ternatively, a data-driven approach can be used to estimate
the process density of a motion prior using ground-truth
information [23]. Similarly, sensor noise models can also
be estimated using incremental maximum a posteriori infer-
ence [24]. More recently, [25] proposed a convex formulation
for the problem of joint state and noise covariance estimation
within the maximum a posteriori (MAP) inference framework.
While these works proposed methods that estimate sensor
covariances to improve trajectory estimation accuracy, our
framework estimates sensor noise covariances required to
achieve a specific estimation accuracy. As mentioned before,
our proposed framework can also be used to identify if par-
ticular estimation accuracy is unachievable for a given sensor
setup. To the best of the authors’ knowledge, the calculation
of sensor query schedules and sensor noise covariances that
achieve a desired trajectory estimation accuracy has not been
done before. In the next section we introduce the necessary
background for our problem formulation.

III. PRELIMINARIES

We introduce the notation used in this paper. Lower-case
symbols are used to represent scalar quantities. Bold lower-
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case and upper-case symbols are used to represent vectors
and matrices, respectively. The set of positive real numbers
is denoted by R ; and the sets of d x d positive definite and
positive semidefinite matrices are represented by Si 4 and Si,
respectively. For a matrix A € R4, A 3= 0 implies A € S¢,
and A > 0 implies A € S?,. For matrices A,B € S%,
A > B implies A — B = 0.

A. System model

We consider nonlinear systems of the form
Xpt1 = f (X, ug) + Wy,
Y = h’(xk) + Nk
where the subscript k represents the time index, xj is state
at time tx, uy is the control input, y; is the measurement
obtained at time ¢, and wy, ~ N (0, Qy) and n;, ~ N(0, Ry)
are additive white Gaussian noise (AWGN) with covariances
Qi and Ry, respectively. The system process model is rep-
resented by the nonlinear function f(-) and the measurement
model by A(-), respectively. We assume that the measurement

noise, process noise, and the initial state, xg, are uncorrelated
with each other and over time.

(D

B. Estimation error

The goal of a state estimator is to infer the state of a system
by combining knowledge about the system model with noisy
observations of the state obtained using sensors. To assess its
performance, we can use the estimator mean squared error
(MSE) as the metric. Let g(y) be an estimate of the true state
X, then the estimator MSE is given by

MSE(x) = E [(9y) %) (¢s) - %) ], @

which is matrix-valued and considers both the (co)variance
and the bias of an estimator [26, Section 8.2]. An estimate of
the state can be obtained using a filtering or an optimization-
based approach. We will refer to the matrix resulting from the
expected outer product in (2) as the error correlation matrix.

C. Posterior Cramér-Rao bound

The PCRB [27] provides an estimator-agnostic lower bound
to the estimation error (2). More importantly for us, PCRB
sets a lower limit on the estimator MSE in the sense that the
difference between the expected mean square error correlation
matrix and a matrix determined by the model of the estimation
problem is positive semidefinite [8]. Consider the sequence of
states and measurements until time &: Xo.x = (Xo, X1, .+, X )s
vik = (¥1, ., ¥x). The joint distribution over the state and
measurements based on (1) is

k—1 k
p(%0:k, y1:410) = p(x0) [ [ p(xivalxi, 0) [] p(ylx;.6)
i=0 j=1

where 6 represents sensor parameters that we want to identify.
The PCRB on the estimation error is

Py, (0) 2 E [(Q(YI:k) —Xo:) (9(Y1:1) — XO:I@)T}
= (T (0)) 71,

where P, is the error correlation matrix associated with
estimating Xg.; and

0 =E _82 log p(%0:%, ¥1:£|0)

T
8x0:k8x§k

X0k 3)
is the (Fisher) information matrix [6], [9]. Note that the
information matrix is a function of the parameters 6.

IV. PROBLEM STATEMENT

We represent a sensor query schedule either by a sequence
of monotonic time instants, t; = (¢1,t2,...), or as a single
parameter, mgs, when the sensor is queried at a constant rate.
The sensor covariance is represented by R and the desired
estimation accuracy by the positive scalar k,.

The objectives of our works are (i) identify a sensor query
schedule (for a given sensor covariance) with minimum entries
in t, or the smallest m, that achieves the desired estimation
accuracy, and (ii) identify sensor covariances (for a given
sensor query schedule) that achieve the desired estimation
accuracy. We can express these objectives as the following
optimization problem

s(0)

s.t. MSE(xq.;) is at most k2.

min
0

“4)

where as before s(-) is a parameter-dependent function with
0 = ms; or § = R. In the next section, we develop a
computationally tractable convex formulation for (4).

V. METHODOLOGY

A challenge associated (4) is that the MSE depends on
a particular realization g(yi.x) of a specific estimator. In
contrast, the FIM provides an estimator-independent lower
bound to the estimator MSE. An alternative optimization
problem that uses the FIM to estimate sensor parameters is
as follows

s(0)

st (Zxy, (0))7" is at most k2,

min
0

(&)

However, calculating the inverse of the FIM can be expensive.
In the next section, we derive a recursive form for the
PCRB that is computationally tractable and in the subsequent
section we incorporate the desired estimation accuracy into the
recursive PCRB.

A. Recursive posterior Cramér-Rao bound

Our objective in this section is to obtain a recursive
form for the PCRB associated with the joint distribution
p(X0:k,Y1:k, Xk+1|0). For brevity, we denote the joint dis-
tribution p(Xo:x, Y1:k, Xk +1]0) by pry1. Let Iy, ., (0) be
the information matrix derived from pji1. The check ()
notation is used to indicate the information matrix associated
with a predictive distribution, i.e., the information until time
k = n + 1 excluding the observation yy,1. The PCRB for
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a decomposed form of the error correlation matrix and the
information matrix is

|:v Pxo;k P)go;k,xk+1:| |:Ak+1 Bk+1:| o
ka+1»x0:k Xk41 Bk+1 Ck+1 7
where the dependency on 6@ has been omitted for
brevity, Px,, and Py, , are the error correlation

submatrices associated with xg.; and X1, respectively,

PxO:k,xk 41 18 the error cross-correlation submatrix, and
9% log pr41 9% log pry1
A =E|-—————|,B =F|——=""-
kol |: 8x0;k8xgk ’ kol 8X0:k8X{+1 ’
9 log pr11 ] 9% 1og pr41
Bl =E |- =000 Oy =E |- — 0
kt1 |: an+1aX,(1;:k 8xk+18xf+1

As noted in [5], the estimation error associated with Xy
is lower bounded by the inverse of the right-lower block of
(Z. (6))~", denoted here by Jx, ,,:

X0:k+1
ka+1 = (jxk+1)_1 £ Ck-i-l - Bg—i—lAl;,l-lBk-l-l' (6)

However, (6) requires inverting a relatively large A1, which
is expensive. The following proposition gives a recursive form
that is computationally more efficient.

Proposition 1. Let Xj11 be the one-step-ahead predictor for
Xit1. The correlation matrix of estimation error ka“ =
E [(kk+1 — Xpp1) (X1 — ka)T] is lower bounded by ma-
trix ijl for any time k=0,1,2,...:

Py m Tx) ™ 7

where J obeys the recursion

XE+1
jxk+1 - Dk:+1 Dk+1 (Dk+1 +jxk) Dk+1 (8)
with

[ 0 logp(xpya1lxk) 0% logp(yr|x)
Dk+1 =E |- T - T )

L 0x,0%;, 0x,0%;,

i 9? log p(Xg41]Xk) T
Dk+1 =E |- 3Xkaxf+1 ’ Dk+1 - (Dk-i-l) )

F 2
D2, —E 0 ng(xk+T1|Xk)

i an+1an+1

_ 9” log p(x0)

statement holds under the additional assumption that the
relevant derivatives, expectations, and matrix inversions exist.

The recursion is initiated by jxo

Proof. The result follows the same argument as [5, Proposition
1] applied to the prediction step, instead of the update step,
of the filter. O

Although the Hessians in (8) look complicated, they sim-
plify for the system (1) under the AWGN assumption:

D, =E[FTQ,'F;] + E [H/R 'Hy], ©
Dk+1 = —E[Fy] Q;:l’ Dk+1 = Q;;l,
where
Of (x) Oh(xy)
Fp=—"* H,=—"-.
k (9Xk; ’ k 8xk

bound

~ .

Error correlation
ellipse

.

Flg 2. The error correlation matrix, Px,, viewed as the ellipse {x € R? |

xT(Py,) 'x < 1} (green), represents the spread of errors and the square
root of its maximum eigenvalue, Amax, gives the maximum error along any
principle axis. To achieve desired accuracy kq, the error ellipse must be within
the accuracy bound ellipse {x € R? | xT (k2I)~'x < 1} (blue) at each time
step ¢ (gray dashed line).

The expectations can be computed using Monte Carlo methods
or Gaussian quadrature. The upshot is that we now have a way
to recursively compute a lower bound to the estimation error
at each time step.

B. Constraint on estimation error

In this section, we take the required estimation accuracy into
account by incorporating it as a constraint on the information
submatrix J xi+1+ We begin by noting that thev square root of
the eigenvalues of the error correlation matrix Py, , represent
the magnitude of the spread of estimation error along principle
directions (given by eigenvectors), with the square root of
the maximum eigenvalue, \ﬂmax(f’xk .1)» representing the
maximum spread of estimation error in any direction (see
Figure 2). To achieve the necessary accuracy, we require
that the square root of the maximum eigenvalue of the error
correlation matrix is at most the required accuracy:

Amax (P i,) < k- (10)

Xk+1
The above inequality can also be expressed by the following
convex constraint [28, Appendix A.5.2]

< k2T, (11)

Xk+1 N

P
where I is the identity matrix. We can obtain a constraint on
the information submatrix from (7) and (11) as

Jxk-+1 % (ka+1)71 % k;21'

Including the recursion from (8) in the above inequality gives
the following relation

DL, (DL +ij)

Moving k;°I to the left side and using the Schur com-
plement characterization of symmetric positive semidefinite
matrices [29, Proposition 2.2], we get the following conic
inequality constraint

12)

D, — D2, =k °L

Jxk —+ Dk+1
Dk+1

Dk-i—l

Sk(e) Dk+1 ka 2]:

=0.  (13)

C. Optimization problem

We now present the main result of our work. As outlined
in Section IV, our objective is to identify sensor parameters
to achieve a pre-specified estimation accuracy. To achieve the
necessary estimation accuracy, (13) outlines the constraint that
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must be satisfied. Any parameter that satisfies (13) is a feasible
parameter. As such, we can cast the problem of identifying

optimal parameters at each time step £k = 0,1,... as solving
the following optimization problem
min  s(0)
o 14

where as before s(-) is a parameter-dependent function. The
parameter € can be constant or change over time. The op-
timization problem (14) is general and can be used in any
setup that satisfies the assumptions outlined in Section IV. In
the next section, we apply it to the calculation of sensor query
schedules and sensor covariances for estimating the trajectory
of a mobile robot to the desired accuracy.

VI. TRAJECTORY ESTIMATION

Our approach in this section is as follows: First, we present
expressions for the process model Jacobian, F', the measure-
ment model Jacobian, Hy, and the covariance function, Qj,
that are required for formulating the constraint (13). Next, we
use this constraint in (14) to solve for sensor query schedules
and sensor covariances. We use the framework of continuous-
time trajectory estimation [30], [31] that uses a continuous-
time motion model and discrete-time measurement models.
We use a continuous-time motion model as the state and the
corresponding uncertainty can be computed at arbitrary time
instants, which is ideal for scheduling measurements.

A. Motion model

We use a white noise on velocity (WNOV) or a constant-
velocity motion model as the system process model. Specif-
ically, we use motion priors based on linear time-invariant
stochastic differential equations:

x(t) = u(t) + w(t), (15)

where x(t) € R? is the state and x(t) is the correspond-
ing time derivative, u(t) € R? is the velocity input, and
w(t) ~ GP(0,Q4(t —t')) is a zero-mean Gaussian Process
(GP) with power spectral density matrix . The state consists
of the robot’s position, x(t) = p(t), however, the procedure
outlined here can be applied to nonlinear spaces such as the
special Euclidean (SE(d)) manifold using local poses defined
on vector spaces [32]. The mean of the GP prior between two
consecutive time instants ¢, and tx41 is

Xp41 = X + upAty, (16)

where x;, = x(t;) and Aty = tx41 — tg. The process model
Jacobian and the covariance function are [31, Section 3.4]:

Fr=1 Qi=QAt. (17)

B. Measurement models

In this section, we present measurement models and Jaco-
bians for two commonly used sensing modalities: position and
range Sensors.

1) Position measurement model: The observations in this
case are the position of the mobile robot over time:

Pk =Xk +1,,, (18)

where P, € R? is a measurement of the true position xj, € R
at time & and 7, ~ N'(0,R,, ) is AWGN of covariance R, .
The measurement Jacobian in this case is H,, =L

2) Range measurement model: In range-based localization,
the measurement model consists of the distance measured
between a tag and an anchor:

Tap = Hpa - XkH2 + My s (19)

where 7,, € R is the measured distance to anchor a with
position p, € R, || -||2 is the Ly norm, and 7, ~ N(0,02 )
is AWGN of variance afk. Commonly used technologies for
range-based positioning include WiFi, UWB, sonar, radar, and
lidar. The corresponding measurement Jacobian is
— _M_ (20)
[Pa — xk|2

We now have the necessary components to apply our opti-
mization problem (14) to trajectory estimation for determining
required parameters.

Tk

C. Parameter estimation

1) Sensor query schedule estimation: As mentioned in
Section IV, we want to identify a sensor query schedule
that minimizes the number of queries. For a given trajectory
duration, this is equivalent to maximizing the duration between
subsequent measurement times (see Figure 1). If we consider
t, and tx1 to be aligned with successive measurements and
as such with consecutive sensor queries, then At from (16)
corresponds to the time duration between subsequent sensor
queries. Substituting expressions for the process model Jaco-
bian and the covariance function from (17) in (13), we get the
following optimization problem

max Aty
At €Ry 4 1)
s.t. Sk(Atk) =0, k£k=0,1,2,..
where
Ju, + Q' +E[HIR,'H,] Q;t
S (At) = k k - k vk B k =0
k( k) le le—k;21

with Qr = QAty. According to the principles of disciplined
convex programming [33], (21) is not convex in Aty, however,
it is convex in At,;l. We can reformulate the above problem
as a convex problem by setting my, = At;lz

min my
i €R (22)
s.t. Sk(mk) =0, k£k=0,1,2,..
where
Jx -1 L R[HTR,'H 1
Sk(mk) = F * ka g 71[ k= k] -1 :“;{;721 )
my mi a

with Q,,, = lezl. For the WNOV motion model (15),
the inequality constraint in (22) is a linear matrix inequality
(LMI) at each time step and consequently (22) is a semidefinite
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program (SDP). We can initialize the recursion for (22) by (i)
~ 2
setting Jx, = E {—810’571’("0)] if the distribution over the

onaxg
initial state, p(xo), is known, or (ii) setting J, = k2T if the
initial state is known. Once Aty is computed, J can be
computed using (8) for the next iteration.
For robots operating in uniform conditions, we can obtain
nominal values for Jacobians. Assuming the initial conditions
are known, we can solve for a constant sensor query rate:

Xk+1

min Mg
s €R 4+ (23)
st. S(ms) =0,
where
Jy, +Q; +E[HIR, 'H, 1
S(mb): » Q ° ’—1[ kT k} Q,_l 7;/”,—21 ’

with Q,,. = Qm; " andJ,, = k; *I, since we are solving for
a constant sensor query rate. Nominal value for a measurement
Jacobian depends on the sensing modality. For instance, for a
position sensor, we have Hy, = H = 1.

2) Sensor covariance estimation: In this section, we want
to identify a sensor covariance matrix to achieve a desired
accuracy for a given sensor query schedule. We use R to
refer to both R,, for position sensor covariance and o2 for
range sensor covariance. Similar to the previous case, (13) is
not convex in Ry but is convex in R;l. The optimization

problem (14) in this case is
min tr(R; 1)
R, 'esq,

st. Sp(RpY) =0,

(24)
k=0,1,2,..

where tr(A) is the trace of matrix A and

_ [T+ Qi+ E[H{R, TH]
= Q!

We chose to minimize the trace of the inverse covariance
matrix, which corresponds to the A-optimal design criteria [28,
Section 7.5.2]. However, other design criteria, such as mini-
mizing the determinant (D-optimal) or minimizing the norm
(E-optimal) of R,:l can be used while retaining convexity.
In (24), we solve for a different measurement covariance at
each time instant. Alternatively, we can optimize for a constant
measurement covariance for uniform trajectories.

Q'

-1
Sk(Rk ) lel —k;zl :

Remark 1. When using sensing modalities with lower dimen-
sionality compared to the state, multiple measurements are
needed if J;, < k2L This is expected since a single lower-
dimensional measurement cannot constrain the full state. For
instance, in 2D trajectory estimation with range sensors, we
require at least two anchors to calculate the Jacobian Hy,.

VII. EXPERIMENTS

In this section, we apply our proposed methods to trajectory
estimation in simulation and real experiments. We use the
CVXPY [34] package with MOSEK [35] solver to optimize
SDPs for identifying parameters and use Gaussian quadra-
ture to calculate the necessary expectations. We estimate the
trajectory of the robot using nonlinear batch maximum a
posterior (MAP) inference. We evaluate the performance of

— ko m, 4 my/3
(optimal rate) (suboptimal rate)

0101

E rmse > kq
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=}
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Fig. 3. Trajectory estimation results from simulation using position sensors
(left) and range sensors (right) with different sensor query rates. Noise values
for the position and the range sensors are 0p = 0.08 m and o, = 0.08 m,
respectively. The desired RMSE for a given accuracy value, kg, is indicated
by the black line in each case. RMSE values obtained using the proposed
optimal sensor query rate, ms (optimal rate), are equal to or lower than
the desired accuracy k, (black line), whereas the lower sensor query rate,
ms/3 (suboptimal rate), results in higher RMSE, indicating the validity of
the proposed sensor query rate.

MAP inference using root-mean-squared error (RMSE) metric:
Ixgt (£) — Xest (£) |2, Where X (¢) and Xeq () are the true and
the estimated states, respectively.

A. Simulation

1) Sensor query schedule estimation: The objective of
this simulation is to show that for given sensor covariances,
our proposed sensor query schedule achieves the required
estimation accuracy. Our approach in simulation is as follows.
We first sample random initial positions and velocities between
[—4,4]m and [—1,1]m/s, respectively. The initial positions
and velocities are used to generate a GP prior by simulating
the system dynamics using (16). A ground-truth trajectory
is generated by sampling uniformly from the GP prior. The
process noise and sensor covariances are selected to reflect
real systems and are constant across different experiments:
Q =0.001L,R, = 0.00641, and 02 = 0.0064. For each gen-
erated ground-truth trajectory, we calculate a constant sensor
query schedule, mg, using (23) for each k, € [0.01,0.1] m. In
this case, the SDP state size is one (a single scalar) and the
average time taken to solve for a constant sensor query rate
in (23) is 0.017 s. Next, we simulate measurements according
to the estimated sensor query schedule. These measurements
are subsequently used in the MAP inference to estimate the
robot trajectory. The estimated trajectory is compared with the
ground trajectory to calculate the associated RMSE.

Average RMSE from 10 trials for each value of k, for
position and range sensors are shown in Figure 3. Error values
for a query rate lower than the estimated rate, m/3, are also
shown. In each case, the proposed sensor schedule achieves
equal or lower error than the required accuracy and with query
rate lower than the identified value, the estimation error is
higher than the required accuracy in most cases. However, for
kq > o, the estimated query schedule is conservative in some
cases, indicating that a sensor query schedule with lower query
rate could also be viable.

2) Sensor covariance estimation: In this section, our objec-
tive is to show that for a given sensor schedule, our proposed
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ke = R -+-  R=3R
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Fig. 4. Trajectory estimation results from simulation using position sensors
(left) and range sensors (right) of proposed covariance, R. (optimal cov.), and
higher covariance, R = 3 R (suboptimal cov.). The desired RMSE for a given
accuracy value, kq, is indicated by the black line in each case. Using sensors
with the proposed covariances, the trajectory estimation RMSE is lower than
the desired accuracy k, in each case. However, using sensors with higher
covariances results in RMSE higher than the required accuracy, indicating the
validity of our approach.

method estimates appropriate sensor covariances to achieve a
certain estimation accuracy.

The setup for this case is similar to the previous case,
but now we assume that the sensor covariances are unknown
and a sensor query schedule is given. Specifically, we set
mgs = 20Hz for positions sensors and mgs = 40Hz for
range sensors and for each k, € [0.01,0.1]m we compute
the corresponding sensor covariance, R, using (24). For 2D
trajectory estimation, the state consists of a 2 x 2 matrix and
the average time taken to solve (24) at each time step is
0.017s. The estimated sensor covariances and the provided
sensor schedule are used to simulate measurements that are
then used for MAP inference. Results from 10 trials for the
different sensing modalities are shown in Figure 4. As before,
the identified sensor covariances achieve RMSE lower than the
required accuracy. For validation, we also computed RMSE
with sensor covariances higher than the one proposed by
our methods: R = 3R. With higher sensor covariance, the
estimation error is larger than the required accuracy in most
cases, indicating the efficacy of our proposed method.

B. Real experiments

In real experiments, we apply our proposed method to
estimate the trajectory of an omnidirectional mobile robot (see
Figure 1). The test space is equipped with a motion capture
system for ground-truth pose and eight UWB anchors at the
corners of the arena. The data rate of the ground-truth pose is
100 Hz, and that of range data is 50 Hz. We performed multiple
experiments where the mobile robot was commanded along
predefined trajectories, and the sensor data was recorded on
the onboard computer for offline evaluation.

1) Sensor query schedule estimation: We use the com-
manded trajectory and sensor covariances to calculate a con-
stant sensor query schedule. To simulate noisy position mea-
surements, we corrupt the ground-truth position with Gaussian
noise of variance R, = 0.00641. The covariance of UWB-
based range measurements is calculated using ground truth
as 02 = 0.0049. To emulate different sensor query rates, we
(sub)sampled the recorded data. Average trajectory estimation

— ky—+ M -0- ms/3
(optimal rate) (suboptimal rate)

Z 015

\q;_g/ __--®

g

-
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2z op = 0.08m
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0.06 0.07 0.08 0.09 0.10

desired accuracy, k, (m)

Fig. 5. Trajectory estimation RMSE from real experiments with position
sensors sampled at the proposed sensor query rate, ms (optimal rate), and
a lower sensor query rate, ms/3 (suboptimal rate). The desired RMSE for
different accuracy values, ko, is shown by the gray line. In all cases, the
estimated sensor query rate yields RMSE equal to or lower than the desired
accuracy ko, whereas the lower sensor query rate results in higher RMSE.

RMSE from three experiments for k, € [0.01,0.1]m with
position measurements and range measurements are shown in
Figure 5 and in Table I, respectively. Estimated trajectories
using range measurements from one such experiment are
shown in Figure 1.

The results highlight the main benefits of our approach.
Firstly, for feasible accuracy values, the estimated query rate
achieves the desired performance, and a lower query rate,
mg /3, results in degraded performance, proving the validity
of our approach. Secondly, our proposed method can be
used to ascertain if specific accuracy is infeasible given the
system parameters. For instance, with the process and sensor
covariances in our real setup, the optimization problem for
calculating the sensor query schedule for £, = 0.001m is
infeasible (with a certificate of infeasibility from the numerical
solver), providing feasible performance limits. Even with a
feasible configuration, our approach can be used to identify
operational limits. For example the recommended query rate
for (i) k, = 0.03m with range sensors is 152Hz and (i)
ke = 0.02m with position sensors is 340 Hz that are beyond
the capabilities of the sensors used in our setup.

2) Sensor covariance estimation: As in simulation, the
objective in this section is to estimate sensor covariances
to achieve a certain estimation accuracy. We evaluate sensor
covariance estimation for position sensors only, as results
with range sensors are similar. The sensor query rate is set
to ms = 20Hz for position sensors. Sensor data at the
required query rate is generated by downsampling the recorded
data. For each k, € [0.01,0.1]m, we compute the required
sensor covariance R, using (24). To emulate noisy position
sensors, AWGN with the estimated covariance is added to
the down-sampled position data. Results from three trials
for each value of k, for the position sensors are shown in

TABLE I
TRAJECTORY ESTIMATION RMSE USING RANGE SENSORS FROM REAL
EXPERIMENTS. THE PROPOSED SENSOR QUERY RATE, ms, ACHIEVES
RMSE VALUES LOWER THAN kg AS DESIRED, WHEREAS THE SENSOR
QUERY RATE, ms/3 RESULTS IN RMSE VALUES LARGER THAN k.

RMSE (m)
Query
frequency | kg = 0.07m | kg = 0.08m | kg =0.09m | kg = 0.1m
ms 0.055 0.054 0.067 0.092
ms/3 0.072 0.155 0.171 0.156
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TABLE I

TRAJECTORY ESTIMATION RMSE WITH POSITION SENSORS FROM REAL
EXPERIMENTS. THE PROPOSED SENSOR COVARIANCE R, ACHIEVES
RMSE VALUES LOWER THAN kg AS DESIRED, WHEREAS THE SENSOR
COVARIANCE R, = 3R RESULTS IN RMSE VALUES LARGER THAN K.

RMSE (m)
Sensor
covariance | kg = 0.07m | kg = 0.08m | kg = 0.09m |k, = 0.1m
R, 0.049 0.064 0.074 0.0942
f{p = 3R, 0.073 0.107 0.122 0.204

Figure II. For feasible parameter configurations, the identified
sensor covariances achieve lower RMSE, and higher sensor
covariances, Rp = 3R, achieve higher RMSE compared
to the desired accuracy as shown in Table II, indicating the
validity of our approach.

VIII. CONCLUSION AND FUTURE WORK

In this work, we presented a framework to estimate sensor
parameters to achieve the desired estimation accuracy. We
applied our method to calculate the sensor query schedules and

the

sensor covariances necessary to attain a desired trajectory

estimation accuracy. We validated our approach in simulation
and real experiments by showing that a desired trajectory
estimation RMSE is achieved using the calculated sensor
schedules and covariances. The proposed method also iden-
tifies scenarios where a certain RMSE is unachievable given

the

system and sensor parameters. There are several avenues

to explore further, such as the inclusion of diverse motion
models, estimation of process covariances, and extension to
nonlinear manifolds.
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