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Constrained Articulated Body Algorithms for
Closed-Loop Mechanisms

Ajay Suresha Sathya

Abstract—Efficient rigid-body dynamics algorithms are in-
strumental in enabling high-frequency dynamics evaluation for
resource-intensive applications (e.g., model-predictive control,
large-scale simulation, and reinforcement learning), potentially
on resource-constrained hardware. Existing recursive algorithms
with low computational complexity are mostly restricted to kine-
matic trees with external contact constraints or are sensitive to
singular cases (e.g., linearly dependent constraints and kinematic
singularities), severely impacting their practical usage in existing
simulators. This article introduces two original low-complexity
recursive algorithms: the loop-constrained articulated body algo-
rithm and proximal BBO (Brandl, Bae, and others), both based
on a proximal dynamics formulation for forward simulation of
closed-loop mechanisms. These algorithms are derived from first
principles using nonserial dynamic programming, exhibit linear
complexity in practical scenarios, and are numerically robust in
the face of singular cases. They extend the existing constrained
articulated body algorithm to handle internal loops and the pi-
oneering BBO algorithm from the 1980s to singular cases. Both
algorithms have been implemented by leveraging the open-source
Pinocchio library, benchmarked in detail, and demonstrate state-
of-the-art performance for various robot topologies, including over
6 X speed-ups compared to existing nonrecursive algorithms for
high-degree-of-freedom systems with internal loops, such as recent
humanoid robots.

Index Terms—Direct/inverse dynamics formulation, dynamics,
humanoid robots, optimization and optimal control.

NOMENCLATURE
n Number of robot degrees of freedom.
m Number of motion constraints (excluding spanning-tree
joints).
d Depth of the kinematic tree.
C(-)  Returns cardinality of a set.
q Robot configuration.
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Robot configuration space.

Generalized robot velocities.

Tangent space of Q at q.

Generalized robot accelerations.

Generalized robot forces.

Dual tangent space of Q at g.

tth link’s 6-D spatial velocity.

Motion vector space in spatial algebra.

ith link’s 6-D spatial acceleration.

6D spatial forces acting on the <th link.

Force vector space, dual of M.

tth link’s 6-D spatial inertia tensor.
Cross-product operator on spatial motion vectors.
Cross-product operator on spatial force vectors.
ith link’s parent link.

Number of links in the mechanism.

Number of cut-joints in the mechanism.

Set of all cut-joint indices.

Index of the jth link in the ith cut-joint.

Set of ith link’s children link indices.
Topologically ordered list of tree link indices.
List S reversed.

Set of indices of supporting links of the ¢th loop.
Set of indices of loops supported by the ith link.
ith loop’s root link index.

Set indexing loops rooted at the ¢th link.

Spans ith joint’s motion subspace.
Constraint matrix of the ith
loop.

Desired constraint accelerations of the ¢th constraint.
ith link’s bias acceleration vector.

Joint-space inertia matrix (JSIM).

Unconstrained spanning-tree generalized acceleration.
Desired constraint accelerations.

Geometric Jacobian of f,..

Lagrange multipliers and constraint force magnitudes.
Proximal operator / ALM parameter.

Damped Delassus inverse matrix.

Constraint augmented Inertia matrix.

Inertia matrix coupling the sth and jth links in LCABA.
Set of link indices neighboring the ith link in LCABA
and LS(¢) in proxBBO.

Apparent constrained inertia felt at the ¢th joint.
Backward force propagation matrix at the 7th joint.
List of link indices in the LCABA elimination order.

link for the jth
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me Maximum number of neighbors for any link in LCABA.

K;;  Constraint matrix felt at the 7th link due to the jth loop.

L; ;  Constraint coupling matrix for the ith and jth cut-joint
constraints.

U, LS@) — R4

my Maximum number loops supported by any link.

I. INTRODUCTION

FFICIENT and reliable simulation of rigid-body dynam-
Eics is an important and extensively studied [1] prob-
lem in robotics. Efficient simulation is key for enabling
computationally demanding downstream applications such as
model-predictive control (MPC) [2] and reinforcement learning
(RL) [3], and for generating large-scale synthetic datasets for
modern data-hungry foundation models [4]. Faster simulation
can unlock whole-body MPC for complex robots, allow for
longer planning horizons that enhance optimality and safety,
reduce the significant training and deployment time required
for RL due to iterative reward and environment shaping, and
even permit RL training on less expensive hardware. These
simulation-driven techniques are at the forefront of research
advancing reliable and real-time loco-manipulation with high-
degree-of-freedom (DoF) robots, potentially in contact-rich
scenarios.

Forward simulation algorithms in constrained scenarios, aris-
ing from bilateral [1], [5], unilateral, or frictional contact con-
straints [6], [7], [8], use a constrained dynamics algorithm
(CDA) as a core inner solver, which solves the constrained
forward dynamics problem. Constrained forward dynamics in-
volves computing accelerations and constraint forces for a robot,
given its configuration, velocity, applied forces, and desired
constraint accelerations. To effectively simulate diverse loco-
manipulation scenarios, the underlying CDA must efficiently
handle a range of constraints, including those from contacts
and kinematic loops, while being numerically robust to singular
cases occurring at kinematic singularities or linearly dependent
constraints.

Internalloops, i.e., kinematic loops of links that do not involve
the ground link, constitute a particularly challenging class of
constraints to simulate efficiently for existing CDAs [1], [5]. This
constraint class is gaining importance as modern robot designs
frequently incorporate kinematic loops to enhance mechanical
properties. Even robots without inherent loops can form internal
loops dynamically during operation, e.g., a robot hand grasping
a cube in Fig. 1(a) or two humanoids in Fig. 1(b) jointly trans-
porting a heavy object. Submechanisms such as gears and belt
transmissions also result in internal loops [1, Sect. 9.6], which
need to be accounted for to ensure simulation accuracy.

Despite their high relevance, only a few simulators, such
as BULLET [9], MuJoCo [10], or SIMPLE [7], support internal
loops, likely due to the challenge of simulating them efficiently.
Even these select simulators use joint-space algorithms based
on Featherstone’s LTL algorithm [1], [11], [12]. However, the
LTL algorithm does not fully exploit the available problem
structure and is computationally expensive, with a complexity
of O(nd? + m?d + md? +m?), where n, d, and m are the

(a) (b)

Fig. 1. Examples of closed-loops interactions or mechanisms classically en-
countered in robotics. (a) Several internal closed loops formed due to contact
between the hand and the cube. (b) Humanoid platforms consisting of internal
loops in addition to the loop formed due to collaborative manipulation.

robot DoFs, kinematic spanning tree depth, and the constraint
dimensionality, respectively . SIMPLE employs an extension of
the LTL algorithm, which we refer to as the proximal LTL
(proxLTL) algorithm [5]. ProxLTL handles loops and leverages a
proximal dynamics formulation to address singular cases exactly
(up to solver tolerances) and efficiently. This avoids the need
for approximate techniques such as Tikhonov regularization or
expensive techniques such as the singular value decomposition
(SVD). However, proxLTL retains the same computational com-
plexity as the original LTL algorithm.

In contrast, for kinematic trees with only external loops
(such as ground contact), there exist efficient recursive CDAs
with lower computational cost, such as the PV algorithm [13],
[14] with O(n +m?d + m3) complexity and recent O(n +
m) complexity algorithms such as PV-soft, PV-early [15],
proxPV, and constrained articulated body algorithm (con-
strainedABA) [16]. Efficient C++ implementations of these
recursive algorithms are also available within the widely used
open-source PINOCCHIO library [17]. There also exist pioneering
recursive algorithms [18], [19] that can handle internal loops.
These two works independently proposed what is practically
the same algorithm, which we refer to as BBO (Brandl, Bae,
and others) after the first authors of the two papers. The BBO
algorithm is challenging to derive and implement and is vul-
nerable to singular cases. Likely due to these reasons, to the
best of our knowledge, there is no efficient and user-friendly
implementation of BBO available; it has not been benchmarked
against the LTL algorithms and has seen limited use despite its
potential advantages.

Addressing a key need for fast and reliable CDA that can han-
dle internal loops, this article explores recursive algorithms that
are robust to singular cases by leveraging the proximal dynamics
formulation [5]. We introduce two efficient recursive CDAs:
the loop-constrained articulated body algorithm (LCABA) and
the proximal BBO (proxBBO) algorithm. LCABA and prox-
BBO extend the constrained ABA and proxPV algorithms [16]
to handle internal loops, respectively. In addition, proxBBO
generalizes the original BBO algorithm [18], [19] to be robust to
singular cases using the proximal approach and is the recursive
counterpart to the proxLTL algorithm [5]. These algorithms are
derived by solving the quadratic program (QP) [20] associated
with Gauss’ principle of least constraint (GPLC) [21], [22],
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[23] using dynamic programming (DP) [24] similarly to the
approach in [15] and [16]. However, internal loops introduce
a graph structure that requires nonserial DP [25, Ch. 10], [26],
[27], leading to a variable elimination (also known as bucket
elimination in probabilistic inference [28]) approach.

Article contributions: Our contributions are listed as follows.

1) LCABA: LCABA, a recursive efficient algorithm that can
handle singular cases and internal loops with a best case
complexity of O(n + m), is derived by applying nonserial
DP on the GPLC problem.

2) ProxBBO: The BBO algorithm [18], [19] is generalized to
handle singular cases using a proximal dynamics formu-
lation to obtain the proxBBO algorithm. The proxBBO
algorithm is derived similarly to LCABA, but with a
different variable elimination order, and also has a best
case complexity of O(n + m).

3) Open-source and efficient implementations, detailed
benchmarking, and analysis: Both algorithms have been
implemented in C++, leveraging the open-source library
PINOCCHIO,' and are pipelined to be released to the public
in the Pinocchio 4.0.0 release in January 2026.
These algorithms are extensively benchmarked against the
prevalent nonrecursive LTL algorithm for different robot
topologies.

Article organization: The rest of this article is as follows.
Section Il reviews existing literature to situate our contributions,
followed by Section III introducing the notation and necessary
prior knowledge. The LCABA algorithm is derived, analyzed,
and presented in an algorithmic form in Section IV, with an
analogous treatment for the proxBBO algorithm in Section V.
Section VI presents implementation details and benchmarking
results, followed by a discussion in Section VII. Finally, Sec-
tion VIII concludes this article and outlines future work.

II. RELATED WORK

CDAs can be broadly classified based on whether they solve
forward, inverse, or hybrid dynamics [1]. In inverse dynamics,
a robot’s joint torques are computed given its configuration,
velocity, acceleration, and constraint forces. In hybrid dynamics
[1, Ch. 9], torques for a subset of the joints and accelerations for
the remaining joints are provided as inputs, and the problem
is to compute the accelerations and torques, respectively, of
these joints. Due to our focus on simulation, this article fo-
cuses exclusively on forward dynamics CDAs, where the robot’s
joint accelerations and constraint forces are computed given its
configuration, velocity, joint torques, and motion constraints.
Forward dynamics CDAs can be further classified as recur-
sive algorithms or joint-space algorithms (also called general-
ized/minimal/reduced coordinates). All the CDAs considered
in this article leverage a spanning tree of the kinematic graph
representing the mechanism, where links and joints correspond
to nodes and edges, respectively. For completeness, we note an

![Online]. Available: https://github.com/stack-of-tasks/pinocchio [17]
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alternate nonspanning tree approach, inspired by Baraff [29],
that involves constructing a large and sparse system consisting
of each link’s Newton—Euler equations and joint constraint
equations, which is then solved using a general-purpose sparse
linear solver. This approach is typically not computationally
competitive against spanning-tree-based algorithms [1].

CDAs can be further classified based on whether motion
constraints are formulated implicitly or explicitly [1, eq. (3.11)].
The implicit formulation imposes constraints through additional
equations that must be solved simultaneously with the equations
of motion. The explicit constraint formulation, by computing a
set of independent coordinates parameterizing the mechanism’s
constrained motion, projects the mechanism’s equations of mo-
tion onto these independent coordinates and solves them.

In the rest of this section, we will review existing CDAs for
unconstrained kinematic trees followed by general CDAS using
explicit or implicit constraint formulations.

Unconstrained Kinematic Trees: Dynamics algorithms for
even unconstrained kinematic trees can be joint-space-based or
recursive. The joint-space approach computes the joint-space
inertia matrix (JSIM) (typically using the efficient composite
rigid body algorithm [30]). It then factorizes the JSIM efficiently
using the LTL algorithm [11], which exploits branching-induced
sparsity in the JSIM to reduce the factorization cost from O(n?)
operations to O(nd?) operations. In contrast, the articulated
body algorithm (ABA) [31], [32], [33], a recursive algorithm,
has a linear computational complexity of O(n) and scales better
to high-DoF robot systems.

Implicit Constraint Approach: The implicit approach simul-
taneously solves the dynamics equations and constraint equa-
tions. External loops, arising commonly from robot—ground
contacts, constitute a special class of implicit constraints that
can be solved efficiently by cutting the loop at the ground
link to preserve a tree structure. The joint-space LTL algorithm
was extended in [12] to account for external loops. It exploits
branching-induced sparsity to efficiently compute an expen-
sive intermediate quantity known as the Delassus matrix [34],
[35] (also named inverse operational space inertia matrix [36]).
This results in an O(nd? + m? d + md? + m?) complexity al-
gorithm. Carpentier et al. [5] introduced an extension of the
LTL factorization in [11], that we call proxLTL, that leverages
proximal algorithms [37] to cope with singular cases accurately.
Among recursive algorithms for the implicit formulations of
external loop constraints, the PV algorithm [13], [14] is a
pioneering contribution with an O(n +m?d + m?) compu-
tational complexity. The PV algorithm was recently revisited
in [15], providing a DP-based derivation for the PV algorithm
by solving an equivalent discrete-time linear—quadratic regulator
(LQR) problem [2]. Sathya et al. [15] further proposed two
original algorithms, PV-soft and PV-early, by relaxing motion
constraints with quadratic penalties and through early elimi-
nation of constraint forces, respectively. Both have a compu-
tational complexity of O(n + m). However, PV-soft violates
motion constraints, while PV-early is significantly challenging
to implement, especially for singular cases and multi-DoF joints
(e.g., when there are redundant constraints). Finally, Sathya
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and Carpentier [16] applied the augmented Lagrangian method
(ALM) [38], [39] on the proximal dynamics formulation [5] to
derive an iterative algorithm, constrainedABA, which retains
the optimal O(n + m) complexity of PV-early, while handling
singular cases and being significantly simpler to implement.

For both joint-space methods and recursive algorithms, han-
dling internal loops is more challenging and represents a sig-
nificant increase in computational cost. [1, Ch. 8] provides a
detailed discussion on exploiting branching-induced sparsity
for kinematic quantities associated with loop joints. Among
joint-space methods, the proxLTL algorithm [5] extends the
LTL algorithm to support internal loops and handles singular
cases using proximal algorithms [40]. ProxLTL is also avail-
able as an efficient C++ implementation in the PINOCCHIO
library [17]. Both LTL and proxLTL algorithms retain the
O(nd? +m? d + md? + m?) complexity for the internal loop
case. Recursive algorithms for internal loops were pioneered by
the BBO algorithm [18], [19], which independently rediscovered
the PV algorithm and extended it to internal loops, resulting
in a worst case O(n + m?2d + m?) complexity algorithm. Both
these works also pioneered the early elimination of internal loop
constraints, resulting in a best case computational complexity of
O(n + m) for local loops. The worst case complexity manifests
only when all the loops are coupled with each other (e.g., external
loops).

Despite its low computational complexity, the BBO algorithm
has not been adopted in existing simulators, perhaps due to
its implementation complexity, sensitivity to singular cases,
absence of open-source implementations, and lack of bench-
marking. Considering the demonstrated computational speed-
ups provided by the recursive algorithms [15], [16] for external
loops, there is an unexplored opportunity to exploit recursive
algorithms for internal loops, provided that they can be made
robust to singular cases. This is addressed in this article.

Explicit Constraint Approach: The explicit constraint for-
mulation directly parameterizes the effective DoFs of the con-
strained system using independent coordinates, which are gen-
erally obtained by computing the null space of the implicit
constraint formulation. This scales cubically, with the worst
case manifesting for mechanisms with a large loop consisting
of o< n links. Both external and internal loops are approached
identically in the explicit constraint approach and are, therefore,
similar in computational cost and implementation difficulty. In
the joint-space approach, the JSIM and the joint torques are
projected onto the independent coordinates and solved, which
typically corresponds to O(n?n,, +nn2, +n3 ) operations,
where n,,, is the mobility of the constrained system. Local loops,
e.g., due to a four-bar linkage, permit an efficient recursive
approach through linear constraint embedding (LCE) [41], [42],
[43]. LCE aggregates the links constituting a loop and defines
aggregate-level generalizations of rigid-body quantities such
as spatial inertia, motion, and force vectors. This aggregation
transforms a kinematic graph into a tree of aggregated links,
to which the articulated-body algorithm is straightforwardly
adapted, resulting in a recursive algorithm. When all loops are
local, LCE-ABA has a best case computational complexity of
O(n + m). It is particularly well-suited to handle local loops
resulting from submechanisms such as gears, where the explicit

constraint formulation is readily available and the loops are local.
This algorithm has recently been implemented and open-sourced
in [43]. The explicit approach has limited generality, as it be-
comes inefficient for large loops or coupled loops, which can
occur frequently, e.g., for external loops when a robot makes
multipoint contact with the ground. It is, moreover, sensitive
to singular cases that can occur when loop-closure constraints
become linearly dependent.

III. PRELIMINARIES

This section introduces the notation used in this article, the
connectivity graph representation of a mechanism, and GPLC.
We also review the two equivalent QP solver approaches, the
ALM and the dual proximal point algorithm (PPA), which will
be used to derive LCABA and proxBBO, respectively. This is
followed by a brief introduction to nonserial DP and joint-space
CDAs.

A. Notations

Lowercase symbols (), bold-faced lowercase symbols (x),
and uppercase symbols (X) represent scalars, vectors, and ma-
trices, respectively. The C(.) operator returns the cardinality
of a given set. The operator := defines the left-side symbol

with the right-side expression. The operators <, <i, and < as-
signs, increments, and decrements, respectively, to the left-side
variable with the right-side expression. The sets of symmetric
positive-definite and symmetric positive-semidefinite matrices
of size m x m are denoted as S, and S'[’, respectively. Any
variable x overset with a bar and indexed with a set ) as Ty
concatenates all x;Vi € ). Any list X' is reversed and denoted
by X..

Letq € Q, v € TqQ ~ R", and © be the robot generalized
configuration, generalized velocity, and generalized accelera-
tions, respectively, where Q and 74 Q are the robot’s config-
uration space and Q’s tangent space at q, respectively. Let
TE ’7:1* Q ~ R be the generalized forces exerted on the robot. If
the generalized coordinates q span the Euclidean space R", as it
does for robot manipulator arms, q, v, and 2 are simply the joint
positions, velocities ¢, and accelerations ¢, respectively. When
Q is a nontrivial manifold, such as for floating-base robots, v
and 2 are not the time derivatives of q, but are related to g
and g through the tangent space of the local parameterization
of Q [44]. We use Featherstone’s spatial algebra [1] for rigid
body quantities. The 6-D spatial velocity and acceleration of a
rigid body indexed by i are v; € M and a; € MY, respectively,
where M is the spatial motion vector space. The spatial forces
acting on the ith body is f; € FS, where FS is the spatial force
vector space that is dual to M. The spatial inertia of the ith
link is H; € [°%¢ ~ S% | and maps M° to F®. x and x* are the
cross-product operators on the spatial motion and force vectors.
Refer [1] for more details on the spatial algebra.

B. Kinematic Graph

Consider a mechanism with n; links modeled via a connec-
tivity graph, as shown in Fig. 2(a). The mechanism’s links and
joints are denoted by nodes and edges, respectively. The ground
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(a) (b)

Fig. 2. (a) Kinematic graph for an illustrative mechanism. (b) Spanning tree
for the graph in Fig. 2(a).

is the zeroth link, also called the root link. In floating-base
mechanisms, such as legged robots, the floating-base link is
connected to the root through a “free-flying joint” that per-
mits unrestricted relative motion. A tree is a special type of
graph that is acyclic, i.e., there is a unique path between any
two nodes. A subgraph of a graph consists of a subset of the
original graph’s links and joints. A spanning tree is a subgraph
that is a tree containing all nodes of the original graph. The
original graph’s edges absent in the spanning tree are termed
cut edges or cut joints. For a given joint indexed ¢ in the
spanning tree connecting two links, the link closer to the root
and the other link are termed the joint’s parent and child links,
respectively, and are numbered (i) and 4, respectively. All the
nonroot links and joints are numbered topologically from 1 to
np, such that 7m(¢) < ¢, and the cut-joints are numbered from
np + 1 to np + mp. Let the lists S = {1,2,...,np} and € =
{np+1,np +2,...,np + mp} index the nonroot links/joints
and cut-joints respectively. Let [} and [? index the two links
connected by cut-joint 7. Let the set y(i) = {j € S| 7 (j) =i}
consist of the ith link’s children links. For the illustrative graph
in Fig. 2(a), Fig. 2(b) shows a spanning tree that is appropriately
numbered, where spanning tree joints are shown as directed
edges from parents to children links, and cut-joints are shown
as dashed edges.

A spanning tree defines my, fundamental loops, where loop
1 is formed by adding cut-joint ¢ to the spanning tree. From
now on, we will refer to each fundamental loop simply as a
loop. Let SL(%) (supporting links) be the set of indices of links
constituting loop ¢. Similarly, let the set LS (%) (loops supported)
contain indices of loops that link ¢ supports. A loop i’s root,
defined as v; = min(SL(7)), is the link with the smallest index
in the loop. Let the set R; denote the set of loops for which link
1 is the loop root. Two loops 7 and 7 are considered to be coupled
if they share at least one joint.

C. Gauss’ Principle of Least Constraint

We now recall GPLC [21], [23], an optimization-based me-
chanics formulation, which states that a constrained rigid body’s
acceleration under forces is the minimizer of the following
strongly convex QP [13], [15]:

ny
c 1 .
minimize E {2aZTH¢a¢ — ﬁ;Tai — riTui (1a)
V,a .
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subjectto a; = a,; + Siv; tap;, 1€S (1b)
Klap + Kfap =k;, i=¢& (Ic)
g = —QAgray (1d)

where f; is the resultant spatial force on link ¢ due to external
forces and bias forces (—v; x* H;v;), v; € R™. The vectors
r; € R™ and 7; € R™ are the ¢th joint’s generalized velocities,
generalized accelerations and the joint torques respectively,
where n; is the ith joint’s DoFs. The acceleration recurrence
equation in (1b) explicitly formulates the spanning tree joint
constraints. The column vectors of the matrix S; € R*™ span
the ith joint’s motion subspace. The ith link’s bias acceleration
isay; := 'iui, which, during the common case of the joint axis
being fixed relative the parent link, is

ap; = Vi X SZI/,L

The cut-joint motion constraints are implicitly formulated
in (1c). Here, K}, K2 € R™i*6 are the constraint matrices on
the links indexed li1 and l?, respectively, whose relative motion
is constrained by the ith cut-joint, and k; € R™¢ is desired
constraint accelerations, where m; = 6 — n; is the constraint
dimension. Each row vector of K} (or K?) is an element in
[FS. A uniform acceleration field of minus acceleration due to
gravity is applied by fixing the root node acceleration in (1d).
This strategy [33] spares us from adding each link’s weight to
f;, improving computational efficiency.

Joint-space GPLC formulation results in the following QP
problem:

A .. . .
minimize - HV — Vfree (qa v, T) ||?\/I(q) (23)
o 2

subject to Jr (q) = a.(q,v) (2b)

where M(q) € S}, Uree, Jg, € R™*™, and a, € R™ are the
JSIM, unconstrained spanning-tree joint accelerations, con-
straint Jacobian, and desired constraint accelerations, respec-
tively. The terms J¢, and a. are typically computed from (1c)
by substituting a; with the corresponding kinematic Jacobian
equations

a; = Jiv+ Jv. 3)

D. QP Solver Approaches

To solve a strongly convex QP of the form

1
minimize EXTQX +q'x (4a)
X

subjectto Ax=Db (4b)

where @ € S} ,, we review two equivalent approaches: the
ALM [20], [38], [39] and the dual PPA [37], [40], which un-
derpin LCABA and proxBBO, respectively. These approaches
do not assume constraint linear independence (A need not have
full row-rank) and are efficient by leveraging the Cholesky de-
composition [45]. Alternate strategies for redundant constraints
such as Tikhonov regularization or truncated SVD [45] either
undesirably bias the optimal x toward the origin or incur high
computational costs.
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The QP’s Lagrangian function [46] is defined as

L(x, L) := %XTQX +q'x +1T (Ax — b) 5)

where A, are the QP’s dual variables.

The ALM augments the Lagrangian function with a quadratic
penalty on constraint violation, defining the augmented La-
grangian function (ALF)

L2 (0, hy) = L{x, ) + 5l Ax = b ©)
and alternately minimizes and maximizes the ALF w.r.t the

primal and dual variables in an iterative fashion

-1
xFtl = (Q + gATA) (—q— ATk 4 MATb) (7a)
AT = Ak 4 (AxFT — D) (7b)

until a termination criterion is met.

Dual PPA: The QP’s dual function is
g(Ay) := min L(x, ;) )

where minimizing £ w.r.t x is always possible since ( is positive
definite, yielding

g0 = — 2T (AQ AT,

—(AQ'a+b) A )
Note that the dual Hessian AQ ' A" € ST makes the dual func-
tion concave, but not necessarily strongly concave since A need
not have full row-rank. The QP can be solved by maximizing
the dual function [note that optimal x* can be recovered from
optimal A" using (7a)].

The proximal operator for a convex function f : R — R is
defined as

1
prox“’f(xk) = arg;nin {f(x) + ZHX - xk||2} (10)
where 11 € (0,00). The PPA minimizes the function f by per-
forming fixed-point iterations using the proximal operator
= proxmf(xk) (11)

until a termination criterion is met. The dual function g(X)
needs to be maximized to solve the optimization problem. This
is achieved by minimizing —g(A,.) using the PPA

(k).

xk+1

AR = prox,,
The shifted regularization term added in (10) makes each inner
problem solved by the proximal operator strongly convex, even if
the dual function is not strongly concave. For convex problems,
PPA enjoys theoretical convergence guarantees [40, Sect. 4.1]
for any choice of 1 > 0 under very mild conditions, assuming
that the minimizer exists. However, the specific choice of p,
which can be interpreted as a step-size parameter in PPA, can
significantly affect the convergence rate of both the ALM and
the PPA methods. Proximal algorithms [40] have been found to
be particularly effective in robotics [47], [48]. They are easy to
implement, support warm-starting, can handle infeasible initial
guesses and even infeasible problems (by returning the closest
feasible solution [49]), and typically require a few iterations

(each of which is efficient) to converge to desired levels of
accuracy for robot dynamics problems [5], [7], [16].

E. Joint-Space Algorithms

The joint-space GPLC problem formulation in (2) can also be
solved using dual PPA or the ALM, resulting in the proxLTL [5]
and proxLTLs algorithms, respectively. These two algorithms
are the joint-space counterparts of proxBBO and LCABA, re-
spectively, and will be reviewed in this section.

ProxLTL Algorithm: The first iteration of dual PPA is equiv-
alent to solving the following Karush-Kuhn-Tucker (KKT) sys-

tem [5]:

[_ifmxm chl *11 _ [ac - ;AO] (12)

Jf?; M v ! Mv free

where both M and J¢, have the spanning-tree-induced sparsity
pattern [1, Sect. 8.9], [11]. This sparsity was exploited in [5] to
efficiently factorize the KKT system above using the UDUT
Cholesky decomposition (reverse of the typical LDL? order-
ing). This approach turns out to compute the dual function as an
intermediate quantity and the upper left-block of the U matrix
corresponds to the Cholesky factor of the damped Delassus
matrix (A, = JfTCM’lJff + i[mxm). The Cholesky factor is
reused to efficiently compute the subsequent dual PPA iterations

1
AT = T Dpee — @, + ﬁx’“. (13)

ProxLTLs Algorithm: Applying ALM on the joint-space
GPLC problem yields the following updated equations:

PP = M (Dt + T [pac — 1)) (14a)

AL =k 4 (T o — a,) (14b)
where

M, =M+ J¢ (plysm), Jg, €S (15)

The proxLTLs was mentioned in [5], but not implemented,
while it has been first considered in [16] for the restricted case
of kinematic trees with external loops. In this restricted case,
M,,’s sparsity pattern is identical to that of M. However, this
property no longer holds for mechanisms with internal loops,
where M,, contains a dense block corresponding to all the
joints comprising a loop. To see why, consider a row of the
J, matrix corresponding to a cut-joint. All the columns of this
row corresponding to the joints in the loop will be nonzero in
general, and a p-weighted outer product of this row with itself
yields a dense block in M,. This loss of sparsity significantly
complicates the implementation of proxLTLs and also reduces
its computational efficiency; therefore, this algorithm is not
considered in this article.

F. Nonserial Dynamic Programming

Nonserial DP [25, Ch. 10], [26], [27] is a straightforward
generalization of the traditional serial DP [24] to nonchain
graphs. Suppose that the function to be optimized is given by

fla,b,c,d,e) =p(a,d) + q(b,c) + r(b,e) + s(d, e)
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Fig. 3. (a) Visualizing the structure of the objective function minimized by
nonserial DP. (b) Graph structure after optimizing over nodes a and b.

whose structure can be visualized in Fig. 3(a), with the variables
depicted as nodes and the functions depicted as edges. A function
depending on multiple variables is depicted by a clique involving
the corresponding nodes and vice versa. DP successively elimi-
nates variables by optimizing over them to compute the optimal
“cost-to-go” functions that depend on the remaining variables
until all variables are eliminated.

Let NV (g) be the set of all the nodes neighboring ¢ in the graph.
Let f(g,N(g)) be the sum of functions depending on ¢, and
f (N(g)) be the sum of functions depending only on variables
in A/(g). Optimizing over the variable g gives the function

W (g)) = min{ f(g, N (9)) }

g

(16)

which, in general, depends on all elements in N(g) and is
thereby represented graphically as a clique comprising the nodes
in N'(g). The graph’s connectivity is updated by adding edges
between any unconnected nodes in A (g). Then, the function
f(N(g)) is updated with the terms obtained from optimizing
over g as follows:

FN(9)) & f* N (g))-

This step is repeated until all the variables are eliminated.

As an illustrative example, suppose that DP optimizes over
variables in the order a, b, ¢, d, e for the case depicted in Fig. 3(a).
After eliminating a, we get

F(d) - min p(a, d

a7

(18)

where the connectivity structure of the graph does not change
since a has only one neighbor. At the next step, minimizing over
b results in the following update:

fle,e) mbin {r(b,c) + s(b,e)} (19)
resulting in a new edge being added between the nodes ¢ and
e. This new graph connectivity is plotted in Fig. 3(a). Similarly,
the function is sequentially optimized over ¢, d, and e to get a
constant function, which is the optimum.

DP is generally intractable due to the curse of dimension-
ality. This is exacerbated in nonserial DP, where the cost of
representing and optimizing the cost-to-go function grows ex-
ponentially with the number of neighbors of the variable being
eliminated. However, just as LQR is a tractable special case
for serial DP, solving GPLC over graphs also turns out to be a
tractable problem because the cost at each stage can be efficiently
parameterized as a quadratic form. Finally, it is worth noting
that the traditional serial DP is a special case of the nonserial
DP algorithm, where each leaf node of the graph has only one
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p
CRA 20
neighbor, due to which eliminating that variable does not modify
the graph structure.

IV. Loopr-CONSTRAINEDABA

This section derives the LCABA algorithm, presents it in an
algorithmic form, and analyzes its computational complexity.

A. LCABA Derivation

The derivation applies the ALM to the GPLC problem
from (1) and solves each inner primal problem [see (7a)] using
DP. We will follow the notation and style of [15] for this
DP-based derivation.

The ALF associated with GPLC (1) is given by

1
LA(D,a,L) = Z {QaiTHiai —fla; — TZTIQZ} +
€S

Z{x? (K,}al% + Kap — kj,) -

€€

Dl g + KPap —kﬂ} (20)
where the spanning tree joint constraints [see (1b)] are excluded,
as they are eliminated by substitution, similar to single-shooting
transcription [2] in optimal control.

The ALM’s inner primal problem is defined by

o k41

PRl gkt

= argmin £ (2, a,1"). (21)

v,a

Rearranging the constraint terms for the ith cut-jointin £4 yields
the quadratic form:

k2K [ap

pEITEY | | an

T
1 |ape pKATK?
2 |ap pEiTK?
K27 (,uki - X’-“) ’ a2
e 2)
KT (pki = AF) | |an
The off-diagonal blocks reveal an inertial coupling term
puK T K? between links connected by a cut-joint. To account for
this in DP, we hypothesize the following quadratic form for the
optimal cost-to-go function for the intermediate DP subproblem
at a spanning tree leaf link indexed i:

T _
V* (a, a ) — 1 & Hi’i H;’I:NL a;
7 iy AN ) - 2 é/\/i I:Iz,N, H,/\f,,/\f, éM

[ L]

where N denotes the set of neighboring link indices for the ith
link. Note that initially, before any eliminations, N; consists of
the cut-joint neighbors of the ith link, represented by the red
dashed edges in Fig. 2(b). The terms ay;, H; v, Hy; u,, and
fM concatenate the accelerations, coupled inertias, and forces

(23)
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of the links indexed in AV;. For all j, k € N;

B r T T _ T T
ayv,= [... a } 7fM:[... £ }
Mo Hk:,k Hk,]
by ) 19V T
, Hy ; H;j

(24)

The quadratic form coefficients are initialized by iterating
over the cut-joint constraints. For a cut-joint j, the updates are

Hp g KK}
RAY J J f1 KlT k. — A,k
+ I+ M
ol il [0 [T )
Hip g2 K;TKJ2 i J 70

(25)

The DP elimination process begins by selecting a leaf link
indexed ¢ and eliminating its acceleration a; and joint accel-
eration ;. In addition to its cut-joint neighbors N;, link 7 is
connected to its parent link indexed 7(7) via the acceleration
recurrence relation. Thus, upon eliminating the ith link, the
resulting cost-to-go function depends on links in {7 (7)} UN;,
by the recurrence relation

* = 1 T T
V* (an(i, an:) < () Hu(),x(iar(i) = fran

+aj\/

r).vanti) + min { V' (2 8x) = 71} (26)

Ui,a;
Substituting a; using the acceleration recurrence relation (1b)
transforms the minimization above to

min {VZ* (aﬂ(i) + Siv; + ap é/\/l) — T;TFIJZ-} . 27
Expanding V" using (23) and collecting terms with ©; yields
the unconstrained QP

minimize

1
o D = [ri + 87 (f — AT\ ay,

T
— Hig (ari) + ) )| 28)
where D; := SiT H; ;S; is the ith link’s projected inertia on the
joint subspace, with D; € S'", [19]. Solving this QP yields the
optimal joint accelerations

I/;F = D;l [Ti + S;T (fz — HZMQM — le (a,r(i) + abﬂ-))]

(29)

Substituting ] into (26) results in the updates
Ho i) x ) & P;H;; (30a)
£r ) & p(f - H;ap;) — H; ;SiD; 'y (30b)
Hoiy 5, - Hi g, P (30¢)
Hy, < H; xS D' STHE (30d)

fM — Hi,M PiTab,i + SZD;l (Ti + SZTfZ)} (30e)

where
P; = Igug — H; ;8;D; 'S}

After eliminating the ¢th link, it is removed from the neighbor
lists \V; forall j € \;

'/\/‘J<_‘A/‘J_{Z}a

Eliminating link ¢ introduces mutual coupling between all links
in V; U{m(i)} [see (30c) and (30d)], requiring neighbor list
updates

Nj = N U (VU {r(i)}) —

for j € N;. 31)

1), forj € N;U{n(i)}.

(32)
Undefined I} j, terms are initialized to Ogx¢ before executing
(30c) and (30d).

The process repeats for the next selected leaf link in the
spanning tree until all are eliminated. Note that a link k becomes
a leaf once all its children ~y(k) are eliminated. The kth link’s
neighbors AV}, at this DP stage will have been recursively updated
using (31) and (32) whenever a neighbor or child is eliminated.
Furthermore, V) retains the quadratic form hypothesized in (23),
updated via (30). Therefore, the quadratic form hypothesis in
(23) can be shown to hold inductively throughout the DP process.

Once all links are eliminated, the optimal joint accelerations
are calculated in reverse of the elimination order using (29),
solving the ALM’s inner primal problem. Subsequently, dual
variables are straightforwardly updated [see (7b)] using the
constraint violations

N <A p (Klaft 4 KRal — k). G3)
When m(i) € N;, a special case occurs. Equation (30c) eval-
uates the off-diagonal matrix blocks H ;) v, with 7 (i) € ;.
Since the Hessian is symmetric, the symmetric counterpart of
the update in (30c) must be added to H (5, x(s)

(34)

T T
He(iyni) 4 He(iymi) + (Him) Py

Efficiency of subsequent primal iterations: Subsequent ALM
iterations’ inner problems only need to recompute force and
acceleration terms affected by updated Lagrange multipliers.
Since inertia terms H are constant, a reduced recursion is de-
vised, which avoids expensive matrix operations in (25) and (30)
and only performs operations needed for force and acceleration
updates. This is akin to reusing a factorized linear system and
will be detailed later in this section.

Elimination ordering: A spanning tree may have multiple leaf
links, allowing various elimination orders, with differing com-
putational costs. The cost of eliminating a link scales quadrat-
ically with the link’s neighbor count (JN;|) and introduces
coupling. Poor ordering choice can result in costly coupling
among numerous links. Finding an optimal elimination order
for variable elimination is generally NP-hard [50]. However,
effective greedy heuristics exist, such as minimum degree [51],
nested dissection [52], and the Cuthill-McKee algorithm [53].
LCABA adopts the minimum degree heuristic: eliminating the
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Fig. 4. (a)—(e) Graphical illustration of LCABA’s elimination steps.

leaf link with the fewest neighbors, breaking ties randomly. Let
m,. denote the maximum neighbor count encountered.

Constraints with respect to ground: The constraint model in
(1) also supports external contact constraints (e.g., quadruped
foot contacts) without internal loops. Assume that [} th link is the
ground link without loss of generality. Since ground acceleration
ag = —agry 18 constant and known, it is directly substituted.
As ag is not a decision variable, only H;2 ;> and ;2 need to be
updated in (25). To account for H;: ;2 coui)lilng, the force update
needs to be modified as follows:

fio &= K27 (uk; — pKlag —AF) . (35)

Since inertial coupling is absorbed into the force update, the
ground link and [?th link are not neighbors, substantially sim-
plifying the DP. Remaining steps proceed as derived. If all loops
are external, LCABA reduces to constrainedABA [16]. Thus,
LCABA generalizes constrained ABA to support internal loops,
while retaining constrainted ABA’s efficiency for external loops.

Remark 1: Although the constraint model (1) constrains rel-
ative motion between two links, the presented algorithm readily
supports multilink constraints of the form

> {Klay} =k

J

(36)

with trivial modifications to the quadratic form updates in (25) to
compute coupling among all the links involved in this multilink
constraint.

However, efficiency drops if many links are involved, as cost
scales quadratically with neighbor count. Thus, LCABA is not
recommended for global constraints involving o n links (e.g.,
center-of-mass (CoM) constraints).

B. LCABA Illustration

Fig. 4 illustrates LCABA elimination for an 11-link mech-
anism with two cut-joints (links 6&8 and 8&11). Solid edges
depict spanning-tree constraints; dashed red edges depict cut-
joint coupling. Link 6 is eliminated first (minimum degree
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heuristic), having the fewest neighbors among the leaf-links 6,
8, and 11 (though not strictly since the eighth link has the same
number of neighbors). This elimination couples links 5 and 8.
Subsequently, leaves 5 and 4 are eliminated, coupling links 3 and
8 [see Fig. 4(b)]. Next, leaves 9—11 are eliminated [see Fig. 4(c)].
Since links 3 and 8 were already coupled, eliminating link 9 only
modifies this existing coupling. Links 8 and 7 are then eliminated
[see Fig. 4(d)]. Since the remaining links have no neighbors,
LCABA proceeds identically to ABA. If link 8 were eliminated
first, it would couple links 6 and 11 [see Fig. 4(e)]. This increases
cost, as each leaf link would then have two neighbors (note that
neighbors are links with inertial coupling which may not include
the parent). This demonstrates the benefit of the minimum degree
heuristic.

C. LCABA Algorithm

This section presents LCABA in an algorithmic form. Let
S¢ be the order in which spanning-tree links are eliminated.
The first ALM iteration is presented in Algorithm 1, followed
by the more efficient reduced-sweep for subsequent ALM it-
erations in Algorithm 2, before presenting the whole LCABA
in Algorithm 3. The terms in parentheses, such as (U; D; ), are
stored in variables to avoid their re-computation. Since blocks
in coupling matrices satisfy H; ; = Hj s>only H; ;,fori < j,is
computed and stored. However, this aspect is avoided in the al-
gorithm for clarity. The reduced sweeps depicted in Algorithm 2
compute only the delta changes in forces and accelerations due
to constraint force updates in an ALM iteration.

1) Forward Kinematic Sweep: The link velocities and the
bias accelerations are computed as

Vi = Ve + Sivi, api = v; X Siv;.

Link inertias and the link wrenches due to external forces and

bias forces are initialized as
Hi,i < Hi, fz < fiexl —V; x* Hivi~

2) Resultant Torques, Apparent Inertia, Inverse Inertia, and
Projection Matrix: They are computed as

w =7, +S/fi, Ui=H;S;, D;=S]U;, D"
i57)-

3) Backward Inertia and Forces: The propagated inertias and
forces to the parent link are updated as

P; = Isxe — Ui (D

Hf; = Hi; — (U:D; ) U5 Hygoymey & H;

fﬂ.(z) (i f; — H;fiaw — (UZD;l) u

4) Second Forward Sweep: The resulting joint and link ac-
celerations at the (k + 1)th iteration are computed as

(UiD‘_l)T (ar@) +api)

E+1 k+1+S (k+1)_~_ab7i'

i 7r(z

o (k+1) -1
v, = Di u; —

a,;

D. LCABA Complexity Analysis

The worst case computational complexity of LCABA is
now analyzed, starting with the three-sweep Algorithm 1. The
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Algorithm 1: LCABA Three-Sweep Algorithm.

Algorithm 2: LCABA Reduced Two-Sweep Algorithm.

Require: q, v, T, S;s, H;s, K;s, k;s, £, 8¢,
l:foriin S > First forward sweep

2:  FK and initialize inertias and forces (see

A0, €

Section IV-C1).
30N« {}
4:for jin & >Process constraints: update inertia,

forces, and neighbors
50 Hpp & pKi KL, Hp & pEGTK?;
6: if Hj: j2 is undefined >Create new edges
7 Hljl,l? < O6x63
8 Ny Np U{i} Nz = N2 U{15}
9: Hp <& pKITK?, £1 & KT (uk; —A%),

p 4».7 J

100 fi2 ¢ K37 (ukj — %)
11: for i in S¢ >Backward sweep
12:  Compute resultant torques, apparent inertia, inverse

inertia, and projection matrix (see Section IV-C2).
13: ifC(NV;) >0 >Update terms after sth link’s

elimination
14:  for jin N; U {m(i)} >Update connections
15: N« N; —{i}; >Remove the ith link

from neighbors

16: for k in (M U{r(1)}) — {4}

17: Hj, ; < Ogxe; if Hy, ; undefined

18: N; — N; U {k} >Update N;

19: Compute (30c) to (30e) >Update coupling

inertias and forces.

20 if7w(i) eN; >Resymmetrize if parent is a

neighbor

21: Hori) ity & (Hy iy P17

22: ifw(i) >0

23: Backward inertia and forces propagation (see
Section IV-C3)

24: for i in Sf >Second forward sweep (Rollout)
25: u; +— (Hi7/\q Si)TﬁNi;
26: Compute joint and link accelerations (see

Section IV-C4)

first forward sweep from line 1 to line 10 requires O(n + m)
operations. In the second forward sweep, line 25 requires
O(|N;|) operations per joint, while the next line requires a fixed
number of operations, bringing the second forward sweep’s
complexity to O(n 4+ m.n). Note that m. is the maximum
neighbor count among all links, given by max;cs C(N;).
Similarly to ABA and constrainedABA, the backward sweep is
the most computationally expensive part, with line 19 requiring
O(C(N;)?) operations at each joint to update the inertial cou-
pling by computing (30d). This brings the total computational
complexity of the three-sweep algorithm to O(n + m + m?n).
Note that loops are local and not coupled in many practical cases,
e.g., the four-bar submechanisms of the Digit robot in Fig. 1(b).
Even when there is coupling among loops, typically only a
few loops (m. ~ 3) participate in such coupling, bringing the

Require: Afis, KiS, (I’]A[1 S’i)s, UiS, DiS, SZ'S, Sg

1: for i in S¢ >Reduced backward sweep

2: Au; + STAf; >Resultant torque changes

30 ifC(NV;) >0 >>Update forces on neighbors
due to Au;

4 Afy, & (Hp S)(D; Auy)

5. ifnw(i) >0 >Update forces on parent due to
Au;
61 Afy) & Af — U(D; ' Aw;)
7. Aao — Ogx1
8: for i in S¢ >Reduced forward sweep
9: ifC(N;) >0 >>Update Au; due to neighbor
accelerations
10: Aui <; (HL'/\[iSi)TAéM
11: A = DI AW, — (U; DY) Aag);
12: Aa; = Aagy + SiApFY
Algorithm 3: LCABA.
Require: q, v, T, S;s, H;s, K;s, k;s, £, S8, 1%, &, e,

max_iter
1: Execute the three-sweep algorithm in Algorithm 1.
2: for k in range(1, max_iter)

3: foriinS

4: Afl < 0Og;

5: foriin& >ALM multiplier update

6 Ak; « Klap + Kfal? —k; >Compute

constraint residual;
7: Afe — puK?T Ak
8: )Jf“ & nAk; -
9: if min(||2" — F |, | AK|lw) < €
10: break >Terminate if converged

11:  Execute reduced-two sweep algorithm in Algorithm 2
12 oM ok 4 Ap;

Afy & puK!'7T Ak;;

effective complexity of LCABA to the best case complexity
of O(n +m).

V. PROXBBO

This section presents the proxBBO algorithm, which gener-
alizes the state-of-the-art recursive algorithm BBO [18], [19] to
the proximal dynamics formulation, enabling the handling of
singular constraints.

A. ProxBBO Derivation

ProxBBO is derived using the dual PPA discussed in
Section III-D, similarly to the LCABA derivation. ProxBBO
uses DP to compute the following dual PPA iteration:

)\'k-‘rl

1 ,
= argmln{ (min E(D,a,k)) + —|x - kk||2}
by v 21
(37)
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where
1
L(D,a, L) = Z {Qal Hia; — fla; — TiTIJi}
€S
+ Z{AZT (K}al} + K?ap — ki> } (38)
i€

Note that the proximal regularization term in (37) does not
depend on 2, so the proximal term can be pushed inside the
inner minimization problem to get

1
AFHL = argmax {m.in <£(1’/,a,k) . 2—||X — lk||2> } .
A v M
(39)
This max—min problem will be solved using DP.

From the Lagrangian’s structure, we anticipate linear—
quadratic terms depending on a; and the Lagrange multipliers
associated with the cut-joints of loops supported by the sth link.
Therefore, we hypothesize the optimal cost-to-go Lagrangian
for the DP step at a spanning-tree leaf-link to have the following
quadratic form similarly to [15]:

a;
A,

(40)

T T
VE (apdy) = = i Ko,
’ 2 XN Kin, —Ly, v,

T
f; a;
kv, | A

where Ay, K; v, Ly, ;»and k, aggregate the dual variables,
constraint matrices, dual Hessian terms, and desired constraint
accelerations for all the loop constraints supported by the link ¢
such that ; = LS(3).

For every j, k € N;, these terms are defined as follows:

XNI.Z[... k? ...}T,IEM.Z{... kf ...T

. (41)

At the start of the DP elimination, the aforementioned terms are
initialized to zero and updated by iterating over the cut-joints
j € & as follows:

Kjp < Kj, K3+ K; (42a)
1
Ljj < —Im;m; (42b)
i,
1 k
kj + =A%, (42¢)
%

For each jointi € S

Hii — HZ

)
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Similarly to LCABA, the DP recurrence relation for proxBBO
is given by

- 1
Lx T T
VE (an(ys Ani) = 52 Ha(i) (@) — Er(@n()+

2

Lx T
AN o Ko A B0 +13}1;1{V (2, Ay,) = 77 }
(43)
To solve the aforementioned minimization problem, link i’s
acceleration a; is again eliminated via substitution using the

acceleration recurrence relation to get the following simplified
unconstrained QP, similar to (28):

minimize

v;

1
SPT D - [TZ« 57 (f — Kl —
T .
Hi ;i (an) + ab,i))] U; (44)
the optimization of which yields
l'/;-K = D;l [Ti + SiT (fi — KENL-X-M —H;; (aﬂ(i) + abvi))] .
(45)

Substituting the optimal ] expression back into (43) gives a
quadratic form for the function V*(a(;y, Ay, ) with the follow-
ing quadratic form coefficient updates:

Hriym(i) & PiHis (46a)
fr) &P (f; — Hiap;) — H; :S;D; 7 (46b)
Kryw, & Kin PL (46¢)
Ly, v, Kin, SiD;'STK] (46d)

kv, & K, [piTab,i + 8D (7 + ST fi)] . (46e)
The inertia and force recursions in (46a) and (46b) are identical
to the ABA and LCABA equations in (30). However, the H; ; and
f; terms computed by proxBBO differ from the corresponding
terms in LCABA because proxBBO’s Lagrangian [see (38)]
does not contain the quadratic penalty terms of the ALF used
in LCABA. The ith link’s constraint matrix K; A, 1s backpropa-
gated to the parent link 7(7) in (46c¢). The set LS(7 (7)) for each
link can be recursively computed using the following update
rule:

Ny < Na@y UN;.

Early elimination: The spanning-tree leaf-links can all be
eliminated sequentially using the recursive formulas above be-
fore solving for the optimal Lagrange multipliers. However,
this would introduce expensive coupling between all the loops,
eventually leading to O(n + m?n + m?) operations. To counter
this, the authors of [18] and [19] propose eliminating loop
constraints as soon as all links supporting the corresponding
loop are eliminated. We adopt this approach for proxBBO as
well.

The last link to be eliminated among the links supporting loop
J is the loop’s root link 4 = t; from its definition in Section III.
The set of loops supported by link ¢, N, can be partitioned

(47)
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into two sets: 1) the set of loops for which the link ¢ is a root
denoted as R; and 2) the remaining neighbor loops Uf; := N; —
R;. The optimal cost-to-go Lagrangian function from (40) is
also expanded based on this partition

VE (ai, Ay, Ag) =
T

1 a; [ Hi,i K;Z:Ul KZ—‘RL a;
5 z_VZ/{,; I_Z i,U; - ?Z/{,; U - -?Z/{,; JRi z_VZ/{,; -
A |[Kire —Liz, —Lror] [z
[ fz ’ a;
ky, Ay, (48)
_RRi AR,

The Lagrange multipliers associated with the loops in R; are
now eliminated, leading to the following updates to the DP cost
function and the ith link’s neighbor set:

V& (ay,hy) + max V5 (a;, Ay, Ag) (49)
AR
N; « U;. (50)

The optimizer A5, of (49) is given by the necessary first-order
optimality conditions of the corresponding QP problem

— =1 _ = _ _
A'7zi = LR”Rq (KlaRLal - Lu“RiA.ui - kRL)

where Ly, r, is invertible because it is initialized as a positive-
definite diagonal matrix due to the proximal regularization
[see (42)], which is followed by adding symmetric positive-
semidefinite matrices to its diagonal blocks in (46d). Substi-
tuting optimal Lagrange multipliers back into the original DP
cost function in (48) gives the following recursive formulae for
the coefficients of V/~*(a;, Ay):

61V}

_ . ro_ - _ T
H;; Kz‘Tu- + KiTR' F-1 KiTR-
v i — _ bR L’RLR _ b
Kiaui 7Lui7u'i_ _7LU¢7RL'_ o 7Lui7'R'i
(52a)
£ ] o [ KTy |-, -
UL E | TR Ll g kR, (52b)
kl/[i_ __Lui,Ri_ o

This way, all links and loop constraints are eliminated from the
leaf links down to the root link. The second forward sweep then
computes the numerical values of the joint accelerations and the
optimal Lagrange multipliers using (45) and (51), respectively.
Note that similarly to the LCABA algorithm, the subsequent
proximal iterations are efficient because only relatively inex-
pensive acceleration and force computations in (42c), (45),
(46b), (46e), (51), and (52b) need to be evaluated.

B. ProxBBO Illustrative Example

ProxBBO is illustrated in Fig. 5 on the same mechanism
used in the LCABA illustration in Section IV-B. Compared to
LCABA, proxBBO introduces additional nodes for the Lagrange
multipliers of each cut-joint constraint, depicted as red nodes
in Fig. 5(a). Similarly to LCABA, elimination of each link

@ () © (d © ®

Fig. 5. (a)—(f) Graphical illustration of the proxBBO’s elimination steps.
Compared to LCABA, additional red nodes are introduced to represent cut-joint
Lagrange multipliers.

or constraint introduces coupling between all the neighbors
(including a link’s parent) of the eliminated link or constraint.
Eliminating links 4—6 results in a graph where constraint 12 is
coupled with the link 3, as seen in Fig. 5(b). Then, eliminating
links 9—11 couples constraint 13 and link 3, as seen in Fig. 5(c).
Eliminating link 8 introduces coupling between constraints 12
and 13, as seen in Fig. 5(d), since link 8 supports both the loops.
Upon eliminating the next leaf link, link 7, we arrive at link
3 in Fig. 5(e), which is the root link of both loops 12 and 13.
Both constraints are then eliminated to get the graph in Fig. 5(f),
after which the elimination steps proceed identically to the ABA
algorithm.

C. ProxBBO Algorithm

This section presents proxBBO in an algorithmic form. Sim-
ilarly to LCABA in Section IV-C, the three-sweep algorithm
corresponding to the first proximal iteration is presented in
Algorithm 4, followed by the reduced two-sweep algorithm for
the subsequent iterations in Algorithm 5 and the entire proxBBO
algorithm in Algorithm 6.

D. ProxBBO Complexity Analysis

Let the maximum number of loops supported by a link be

m;, = max C(N;) (53)
€S
in the proxBBO algorithm. The three-sweep algorithm from
Algorithm 4 corresponding to the first proximal iteration dom-
inates the computational cost of the algorithm. Reasoning sim-
ilarly to the LCABA analysis, the first forward sweep can be
shown to require O(n + m) operations. The second forward
sweep is more expensive than LCABA due to line 23 requiring
O(C(N;)?) operations per joint, bringing the second forward
sweep’s cost to O(n + mZn) operations. The backward sweep
is the most expensive part, where backpropagating the constraint
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Algorithm 4: proxBBO Three-Sweep Algorithm.

Algorithm 5: proxBBO Reduced Two-Sweep Algorithm.

Require: q, v, T, S;s, H;s, K;s, ks, £, 11, A%, €
l:foriin S >First forward sweep
2:  FK and initialize inertias and forces (see

Section IV-C1).

3 N« {}

4:for jin & >Initialize constraint terms and

connections

50 UK« Kby UK« K2

6 Ly LI it k& 120

7o Np <= Np U{ih N« Np U {5k

8:foriin S, >Backward sweep

9: ifC(R;) >0 >Early eliminate constraints
rooted at ¢

10: Z/{Z<—M—RZ, M(—u“
neighbor set
11: Update Hi,ia K@z,{w Eui Uss f;, and Rui after
constraint elimination using (52);
12:  Compute resultant torques, apparent inertia (its
inverse) and projection matrix (see Section IV-C2).
13: ifC(NV;) >0 >Propagate remaining
constraints to parent
14 R & NiNNz)s Nay ¢ N
15: Update K (;) n;» L v, and Ky, using (46¢)—(46e);
16: ifw(i) >0

>Update

17: Backpropagate inertia and force to parent link (see
Section IV-C3).
18:foriin S >Second forward sweep (roll-out)
19: ifC(N;) >0 >Add constraint forces to joint
torques

21: Compute resulting joint and link accelerations (see

Section IV-C4).

22: ifC(R;) >0 >>Compute eliminated constraint
forces

230 Ag, =Ll (Kigeal — L] & Ay, —kr,)

matrices, constraint couplings, and the constraint accelerations
in line 15 incur O(C(N;)), O(C(N;)?), and O(C(N;)) oper-
ations, respectively, at each joint, bringing their total worst
case cost to O(m3n) operations. ProxBBO also factorizes the
constraint coupling matrices in line 11 during early elimination,
incurring a cubic cost in the number of eliminated constraints,
upper-bounded by O(m3) at each joint. If all the loops are
coupled, this cost can even reach O(m?) operations. This brings
the backward sweep cost to O(n + mjn). The reduced two-
sweep algorithm in Algorithm 5 reuses the factorization from the
three-sweep algorithm and incurs a lower cost of O(n + mZn)
operations. Therefore, the total worst case complexity of the
proxBBO three-sweep algorithm, being dominated by the back-
ward sweep computations, is O(n + mjn). While the worst
case computational complexity of LCABA required patholog-
ical cases to manifest, the proxBBO algorithm’s worst case
complexity is more likely to be encountered in the common case

Require: Af;s, Au, K;s, (K; x.S:)s, Uss, D;s, Sis

I: foriin S, >Reduced backward sweep
2: ifC(R;) >0 >Updates from early eliminated
constraints -
Af; Kl
3: — (i LRl Ri AkR P
Akz,{i LZ/{“R
4: Au; + STAf; >Compute change in joint
torque;
5: ifC(NV;) >0 t>Update desired constraint
accelerations
6: Ak, < (K 0, S:) (D Awy);
7. ifw(i) > 0 >>Propagate force changes to parent
8: Af‘n'(z) <— Af; — Ui(Di_lAui);
9: Aay < 0Og;
10: foriin S >Reduced forward sweep
11: ifCN;) >0 >Add constraint forces to joint
torques )
12: AUj — _(Ki,MSi)TAX/\/};
13: AFTY = DI AW, — (U;D; )T Aag gy
14: Aa; = Aay) + SiAIQEk+1);
15: ifC(R;) >0 >>Compute eliminated constraint
forces

16 AAgt' = Lg! g, (Kig, Aalt—
L ,AMT — Akg,);

Algorithm 6: proxBBO.
Require: q, v, T, S;s, H;s, K;s, k;s, £ 1, 1%, &, ¢,
max_iter
1: Execute the three-sweep algorithm in Algorithm 4.
2: for k in range(1, max_iter)

3: foriinS

4: Afl — 0Og

5: foriin& >>Update right-hand side of dual
PPA problem

6: AkF iAlf ;

7: if min(|| AL, [|Ake||o0) < € >>Check
convergence

8: break

9: Execute reduced two-sweep algorithm in Algorithm 5;
10: BT BF 4 Ay

11: x’g“ — Xf 4 Ak

when the loops are external and coupled, e.g., ground contact
for a quadruped.

VI. EXPERIMENTS

This section discusses the C++ implementation of LCABA
and proxBBO, presents the computational benchmarking of the
algorithms on various robot setups, and investigates the scaling
of the algorithms for different topologies.
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A. Implementation

The recursive algorithms LCABA? and proxBBO® are im-
plemented in C++ using the efficient open-source dynamics
library PINOCCHIO [17] and are staged for release in Pinoc-
chio 4.0.0 version in January 2026. These algorithms are
computationally benchmarked with the joint-space algorithm
proxLTL, whose state-of-the-art version [5] is implemented in
PINOccHIO. All these three algorithms, being implemented in
C++ and identically leveraging PINOCCHIO’s efficient rigid-body
dynamics functions, contribute to benchmarking fairness. The
proxLTL implementation in Pinocchio is particularly mature
with implementation improvements since [5] and leverages
vectorization, which empirically gives it quadratic scaling as
opposed to the theoretically expected cubic scaling [16], making
the comparison between the recursive and the joint-space algo-
rithms particularly fair toward the joint-space algorithms. All
timings were benchmarked on a laptop running Ubuntu 22.04
LTS with an Intel Core Ultra 7 165H CPU, and the
code was compiled using the Clang 21.1.2 compiler.

To simulate the constrained system, our implementation sup-
ports the semi-implicit Euler method

(54)
(55)

Viyl = Vi + At vy,
Qr+1 =g D At vy

where @ denotes integration on manifold, supporting configura-
tion spaces, including Lie groups due to floating base. Numerical
integration can accumulate constraint drift over time. To stabilize
the constraints against this drift, we support Baumgarte stabiliza-
tion technique [54], where a proportional—derivative feedback
term on the position and velocity terms of the constraint is added
to the desired constraint acceleration term k; in (1c).

We note that there is diverse and rich literature on integration
schemes for constrained systems [55], [56]. Users can readily
integrate our algorithms within any of the explicit integra-
tion schemes. However, implicit or half-explicit DAE schemes
[56, Sect. VII] typically rely on Newton iterations, whose Ja-
cobian may not match the problem structure assumed in (1),
except for special cases such as [57]. Therefore, the presented
algorithms require nontrivial extensions to be integrated within
such schemes. Investigating this is left for future work.

B. Benchmarking on Robot Setups

We benchmark the presented algorithms on five robot scenar-
ios consisting of internal closed loops. We start with the 16-DoF
Allegro hand (AH)* holding a cube with its four fingertips.
Connect-type 3-D constraints, which allow relative rotation
but not relative translation, are imposed at the contact point be-
tween the fingertips and the cube. The next example involves two
AHs collaboratively holding a cube. Subsequently, the two AHs

2include/pinocchio/algorithm/loop—constrained—

aba.hxx

3inc lude/pinocchio/algorithm/proximal-bbo.hxx

4 Accessed: 19 August 2024. [Online]. Available: https://github.com/Gepetto/
example-robot-data/tree/8d899847¢c8e7531a3d723b9647a79748056b04 14/
robots/allegro_hand_description/urdf

TABLE I
COMPUTATIONAL TIMINGS OF THE PROPOSED ALGORITHMS LCABA AND
PROXBBO COMPARED WITH PROXLTL [5] UP TO TWO SIGNIFICANT DIGITS IN
MICROSECONDS IS AVERAGED OVER 100 000 SAMPLES

System LCABA | BBO | LIL || ABA
AH-cube-T4, (1){22}[12] 4.1 51 | 44 2.0
AH-cube-T(3) 5.6 73 | 59 -
HZ-cube-T5,(1){38}[24] 7.6 15 13 47
AHZ-cube-T5,(3) 9.7 21 16 -
Hum-AH?-cube-T3,(1){73}[24] 13 26 25 9.0
Hum-AH2-cube-T5(3) 15 33 28 -
Hum-AH?-cube-Fa Tay (1) 13 31 32 9.0
{73}136]
Hum-AHZ-cube-Fi2, Ty (3) 16 41 37 -
Digit-F2,CSp, (1){44}[48] 9.1 12 25 5.3
Digit-F2,Copy (3){44}[48] 12 17 30 -
Digit-cube-Fg,CS 5, Tap (1) 11 14 31 5.6
{50}(54]
Digit-cube-F2,CS 5y T2, (3) 14 20 38 -
Digit’-cube-Fgp, Cepy Tap (1) 22 37 | 160 11
{94}[108]
Digit?-cube-Fap, C2 Tap (3) 29 50 | 180 -

Timings of ABA [1] is provided for reference. The number of proximal/ALM iterations
executed are indicated in the parentheses, system DoF within curly braces, and
constraint dimension within the box brackets. Note that 6-D constraints used for each
loop in Digit’s leg lead to a redundant constraint formulation.

holding the cube are attached to a humanoid® robot’s wrists to
investigate the scaling of the algorithms. Then, 6-D weld-type
constraints are imposed between the humanoid robot’s feet and
the ground, testing the algorithms on a combination of internal
and external loops. Then, we consider the Digit humanoid robot,
which has three closed loops on each leg, standing with Weld-
type constraints on the feet. This is followed by a Digit robot
standing and holding a box with its wrists. Finally, we consider
the example of two Digit platforms collaboratively holding a
box with their wrists while standing.

Table I lists the benchmarking results. The robot name is
listed on the left, with the superscript indicating the number
of robots. The constraints are listed as T, F, or H, depending on
whether the constraint is imposed on the fingertip, feet, or hand.
The three closed loops in each of Digit’s legs are modeled by
cutting a link involved in the loop and introducing a fixed joint,
denoted by C'. The subscript on the constraint indicates the type
of constraint, and the superscript indicates the number of such
imposed constraints. For each example, the timings are listed
for one proximal/ALM iteration and three iterations to indicate
how the cost might scale for a higher number of iterations. The
computation timings are averaged over 100000 samples and
are reported in microseconds. The benchmarking was done in
Ubuntu’s terminal mode to avoid interference with the back-
ground processes affecting benchmarking results. Intel’s Turbo
Boost was left turned ON since we did not observe appreciable
differences in computation timings between different runs. For
reference, the computation timings of the vanilla ABA algorithm
for unconstrained dynamics are also reported in the last column.
The ALM parameter was set to an unrealistically low value of

S[Online].  Available:  https:/github.com/stack-of-tasks/pinocchio/blob/
25714c¢7d738b08¢98201871757811525db74f2aa/models/simple_humanoid.
urdf
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Fig. 6. Computational scaling of the different CDAs for cyclic mechanisms.
(a) Cycle with n links. (b) Computation timings in microseconds for the first
prox/ALM iteration for the cycle mechanism.

u = 10! to ensure that all the algorithms will execute three
iterations without converging to obtain the timings for three
iterations. For a single AH grasping a cube, both proxLTL and
LCABA are competitive. Note that the AH’s topology, with its
extensive branching and short depth, best suits the proxLTL
algorithm. The resulting JSIM matrix enjoys a favorable sparsity
structure that is even block-diagonal. The proxBBO algorithm
is more expensive than the other algorithms for this contact-rich
AH example because all the loops are coupled through the
free-floating cube leading to its worst case (more on the worst
case in Section VI-C) cubic complexity. LCABA emerges as the
most efficient algorithm and remains so for the rest of the cases
with larger robots due to its lower computational complexity.
For the Digit robot, both the recursive algorithms scale better
than the higher complexity proxLTL algorithm, with LCABA
being the fastest among the recursive algorithms. ProxBBO’s
improved performance on the Digit platform is due to limited
coupling among constraints due to the closed loops in the legs
being local. For the case of two Digits holding a box together,
LCABA is even over 6 faster than the proxLTL algorithm.

C. Scaling Results

This section studies how the algorithms scale for different
robot topologies, starting with a single loop with a varying
number of links, followed by a chain of loops, a worst case mech-
anism topology where every loop is coupled with every other
loop, and finally, a topology that particularly favors LCABA
over proxBBO.

Single Loop: A schematic diagram of a cycle of n links is
shown in Fig. 6(a), with the last link connected to the first link
through a 6D weld joint (shown in red) and Fig. 6(b) shows
the computation timings in us for the first prox/ALM iteration.
The proxLTL algorithm scales superlinearly with the number of
links, as expected. Note that its cost is empirically observed to
be quadratic and not the theoretically expected cubic cost due to
the efficient implementation that leverages vectorization. Both
the recursive algorithms display similar scaling since the cost
of propagating a single constraint through a loop is similar for
both the algorithms.

Chain of Loops: Next, we benchmark the algorithms on a
chain of loops, as shown in Fig. 7(a), with each loop consisting of

CARPENTIER: CONSTRAINED ARTICULATED BODY ALGORITHMS FOR CLOSED-LOQ
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Fig.7. Computational scaling of the different CDAs for cyclic mechanisms. (a)
Chain of m; loops with each loop consisting of n; links. (b) Computation timings
in microseconds for the first prox/ALM iteration for the cycle mechanism.
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Fig. 8. Computational scaling of the different CDAs for cyclic mechanisms.
(a) Simple worst case mechanism topology. (b) Computation timings in mi-
croseconds for the first prox/ALM iteration for the cycle mechanism.

seven links. The computation timings plotted in Fig. 7(b) follow
a similar trend as the single-loop case for the same reasons, with
proxBBO being slightly faster than LCABA and proxLTL being
the slowest.

Worst Case Mechanism Topology: The algorithms are next
benchmarked on a mechanism topology shown in Fig. 8(a),
where all the loops are coupled. Each loop formed contains at
least one joint from every other loop. The computation timings
in Fig. 8(b) show that all the algorithms scale superlinearly, and
the results indicate that the speed-up provided by the recursive
algorithms is not as high in the worst case scenario, where they
are subject to a similar cubic computational complexity, which
is fortunately not encountered in practice.

Favorable Mechanism Topology: We now consider a topol-
ogy where there is branching arising from a single link, and the
branch tips are connected with each other with a 6-D constraint,
as seen in Fig. 9(a). LCABA’s minimum degree heuristic ensures
that the neighbor count for a leaf link being eliminated does not
exceed one. The computation timings shown in Fig. 9(b) demon-
strate that LCABA’s scaling is much better than proxBBO,
which, in turn, scales better than proxLTL for this mechanism
topology.
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Fig.9. Computational scaling for a mechanism topology that favors LCABA
over proxBBO. (a) Favorable mechanism topology with branching from a single
link 7. (b) Computation timings in microseconds for the first prox/ALM iteration
as the number of branches my, increases.
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Fig. 10. Benchmarking convergence of the different algorithms on the two
AHs grasping a cube (second case in Table I with 24 constraints TgD). This
leads to a redundant constraint formulation that requires proximal methods.
The constraint residual’s inf norm is shown for 11 proximal/ALM iterations for
p = 105 for 10 000 randomly generated examples. The box depicts mean and
standard deviation, while line depicts the maximum and minimum values.

D. Convergence of the Algorithms

This section investigates the convergence of the constraint
residuals (the /,, norm of the residuals to be precise) and the
numerical stability of the presented algorithms. Benchmarking
is done for the second case in Table I with two AHs grasping a
cube with their fingertips, which leads to a singular case due to
redundant constraint formulation. The results, plotted in Fig. 10
for ;1 = 10°, depict mean and standard deviation of the constraint
residual with the boxes and maximum and minimum values of
the constraint residual with the lines. These statistics, generated
over 10000 randomly sampled robot positions and control in-
puts, indicate rapid convergence for all three algorithms within
a few iterations. Faster convergence was observed for higher
values of ;. However, the ALM behind LCABA is known to be
numerically sensitive to large quadratic penalty parameters .
Therefore, the numerical sensitivity of the different algorithms
was investigated by comparing the solution () of different
algorithms against the relatively numerically stable solution of
proxLTL with g = 103 and the results are plotted in Fig. 11
over different values of .. As expected, the ALM-based LCABA
algorithm’s solution deviated from the reference solution with
increasing u values, while both proxBBO and proxLTL demon-
strated numerical stability up to p = 10!,

10-3] —— LCABA f
o !
' '
51079 ” ' '
':10*12 ' i
TR

1 2345067891011

n=10"
: 27— el
Fig. 11. et

creases, using the relatively numerically stable proxLTL algorithm with p = 103
as the reference over 10 000 randomly generated samples. The box depicts mean
and standard deviation, while line depicts the maximum and minimum values.

Relative residual (

) is plotted for the algorithms as  in-

Values of y between 10° and 107 appear to provide a good
balance between fast convergence and numerical stability for
all the algorithms. We observed similar behavior across other
setups and tasks, where these values lead to convergence within
atolerance of 10~ typically within three iterations. Note that an
effective value of  needs to be > 10 times the largest eigen-
value of the JSIM, since the relative magnitude of the penalty
parameter and the objective function of the QP determines the
convergence of the ALM. This eigenvalue can be estimated using
power iteration, which can be computed efficiently in a low-
complexity manner using recursive Newton-Euler Algorithm
(RNEA)-based sweeps. However, we do not pursue this direction
of automatic selection of the ;1 parameter because it is fairly easy
to tune. If users of the presented algorithms find themselves with
a mechanism whose JSIM spectrum is significantly different
enough for the recommended range of y to not work, they can
easily tune p by going high enough that the convergence is fast
without encountering numerical issues.

VII. DISCUSSIONS

This section critically discusses the presented algorithms,
LCABA and proxBBO, their connections to existing literature,
and potential directions for extensions. We first discuss how
they generalize Riccati recursion to graphs. We then discuss
the impact of the choice of spanning tree on the computational
efficiency of the algorithms. We then highlight the connections
between proxBBO and LCABA and how they can be combined
to form a unified algorithm before connecting the algorithms to
factor graphs and probabilistic inference. Finally, we discuss the
choice of implicit versus explicit constraint formulations and its
implications for the presented algorithms.

A. Generalizing Riccati Recursion to Graphs

The ABA [31], [32] and the PV algorithms [13] are
known [15], [58] to generalize the celebrated Riccati recursion to
tree-structured unconstrained and constrained equivalent LQR
problems respectively. Such tree-structured Riccati recursions,
developed in parallel in control and optimization literature [59],
[60], are useful for solving stochastic optimal control problems
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with scenario trees [61]. The presented recursive algorithms
eliminate links from leaves to root for a spanning tree using
the joint acceleration recurrence relation similarly to dynamics
equation elimination via substitution in LQR solvers, effectively
making them a generalization of Riccati recursion beyond tree
structure to general graphs with loops. A straightforward oc-
currence of loops in an LQR problem is in periodic optimal
control problems, where the periodicity constraint imposes the
initial and terminal states to be equal. Efficient numerical algo-
rithms for such periodic optimal control have been well studied
(see [62], [63], and references therein). However, they do not
appear to have been generalized to general graph structures.
Applying the presented algorithms to control problems for
combining scenario trees and periodicity constraints, as well as
studying the convergence and stabilization properties of such
controllers, is a promising avenue for future work. Permitting
graph structure in optimal control further enables interesting ap-
plications such as periodicity constraints at different frequencies
for different subsets of states or for enforcing synchronization
constraints in multiagent systems at different time instants.

B. Spanning Tree Selection

It is important to choose the spanning tree that is assumed
as an input to the presented algorithms appropriately, especially
since it can significantly impact their computational efficiency.
In practical scenarios, the spanning-tree choice is often straight-
forward. External contact constraints, e.g., finger-cube contact
constraints from Fig. 1(a), are modeled as cut joints, and the
robot joints are included in the spanning tree to prioritize the
mechanism’s kinematic consistency. Even for robots with kine-
matic loops like the Digit robot, the actuated joints and the
floating-base joint are typically chosen to get a spanning tree, and
the closed-loop constraints and the submechanism constraints
are modeled as cut joints. This also often yields a favorable
spanning tree for the presented algorithms.

It may be desirable to algorithmically automate the opti-
mal spanning tree selection by solving a secondary discrete-
optimization problem for a given mechanism and algorithm.
However, it is well known that finding an optimal elimination
order, even without the restriction of conforming to a spanning-
tree ordering, is an NP-complete problem [50]. Developing an
effective algorithm for this problem is nontrivial and is unlikely
to provide significant speed-ups for many existing robot topolo-
gies over manual spanning-tree selection. Therefore, this aspect
is decidedly considered out of the scope of this article so as not
to overload it.

Relaxing spanning-tree elimination order: The spanning-tree-
based elimination ordering can be relaxed to fully leverage
heuristics from numerical linear algebra such as minimum
degree or minimum fill-in. However, such an approach does
not exploit “term-level” sparsity inherent in joint acceleration
recurrence relations. It is likely to be less efficient than the
presented algorithms for most practical robots. It also results in a
significantly more complex algorithm; for example, eliminating
a joint and the corresponding link in the middle of a chain
of one DoF joints results in constructing a new fictitious two
DoF joint between the link’s parent and child link after tedious
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calculations, and the new constraint, moreover, does not, in gen-
eral, have term-level sparsity. Overall, this approach is sensitive
to singularities necessitating expensive pivoting methods and
corresponds to general-purpose sparse linear solvers, which are
known to be less efficient than specialized algorithms [1].

C. Relation to Factor Graphs and Probabilistic Inference

The GPLC problem for a mechanism with loops can also be
interpreted as a probabilistic inference problem over a Bayesian
network [64]. Consider the link accelerations, joint accelera-
tions, and joint torques as random variables, with a Bayesian
prior on each link’s acceleration given by a Gaussian distribution
whose covariance is the link’s inverse inertia matrix and mean is
the link’s acceleration in the absence of joint constraints. Each
joint imposes a deterministic constraint between the accelera-
tions of different links. Being an equivalent representation of the
GPLC problem, solving for the maximum likelihood solution
of this network, conditioned upon the applied joint torques,
provides the solution to the constrained dynamics problem. The
factor graph perspective is not merely theoretically interesting,
since nonserial DP and the variable elimination perspective used
to derive this article’s algorithms are the same ideas underpin-
ning inference algorithms [28] over factor graphs. This implies
that the dynamics algorithms from this article are suitable for
probabilistic inference over factor graphs whose priors and
constraints conform to the GPLC problem structure.

D. Connections Between proxBBO and LCABA

LCABA can be derived from proxBBO’s proximal formula-
tion by eliminating Lagrange multipliers before eliminating any
primal variable. Starting with the proximal formulation in (39),
swap the order in which A and 2 are eliminated to get

o) — argmin max {c(:;, A) — inx —® 2} (56)
where solving the inner minimization problem yields LCABA’s
ALM formulation from (20) for the outer minimization problem.
The equivalence between ALM and dual PPA is well known
in optimization [65] and has also been observed between con-
strainedABA and proxPV in the context of CDAs for kinematic
trees and external loops [16].

Therefore, the main difference between LCABA and prox-
BBO is the elimination ordering of the variables from the proxi-
mal formulation. ProxBBO can be more efficient for constraints
involving a high number of links compared to the LCABA
algorithm, making it suitable for constraints like CoM con-
straints. This suggests that a unified algorithm that can switch
to proxBBO or LCABA based on the type of constraints and
the connectivity graph structure can offer some speed-up. Like
spanning-tree selection, this second-order enhancement requires
discrete optimization and is left for future work. Similarly to
constrainedABA [16], LCABA also generalizes the compliant
constraint model in MUJOCO [8], with the first ALM iteration
corresponding to solving MUJOCO’s soft-Gauss principle (if
dual variable initial guess A" = 0) and the subsequent iterations
converging to the rigid constraint model.
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E. Explicit Versus Implicit Constraint Formulations

This article focused exclusively on the implicit constraint for-
mulation. Explicit constraint formulations are readily specified
only for a limited set of constraints like four-bar linkages with
single-DoF joints and gear submechanisms. In other cases, they
need to be derived from the implicit formulation, leading to
an additional cost that can get particularly expensive for large
loops. Another common strategy to obtain an explicit constraint
formulation is to assign a subset of joints as independent, which
is, however, prone to kinematic singularities. Compared to these
approaches, the implicit formulation is more readily specified,
can handle a wider variety of constraints efficiently, and is less
prone to singularities.

There exists Jain’s [41] LCE approach that exploits explicit
constraint formulation to propose efficient recursive algorithms.
LCE, while particularly suited for local loops, can get expensive
for larger loops (like the dual-arm manipulation constraint or
the feet—ground contact constraint for legged robots) because
its cost increases cubically with the number of joints supporting
the largest loop. While not as optimized for local loops as
LCE, the presented algorithms can handle a wider variety of
constraints efficiently. Investigating LCE’s speedup compared
to the presented algorithms for mechanisms with only local
loops is interesting. Still, due to the complexity of implementing
LCE within PINOCCHIO for fair comparison, this is considered
outside the scope of this article. Moreover, the LCE approach is
compatible with the GPLC derivation [43] and can be embedded
in the derivation of proxBBO or LCABA to obtain a hybrid
algorithm that uses implicit formulation for larger loops and
explicit formulation for local loops. However, it is nontrivial to
combine these approaches, and the computational benefit of such
a hybrid algorithm compared to LCABA/proxBBO is unclear.
Answering these questions must be left for future work so as not
to overload this article.

VIII. CONCLUSION

This article culminates the development of low-complexity
CDAs, proxBBO and LCABA, in the context of the proximal
dynamics formulation [5], by efficiently extending proxPV and
constrainedABA [16], respectively, to a wide class of mech-
anisms with internal closed loops. The presented algorithms
leverage proximal/ALM iterations, enabling them to account
for singular cases due to redundant constraints and singular
configurations in a straightforward manner. It also contributes to
revisiting and reviving recursive low-complexity CDAs, which
had fallen out of favor in modern simulators compared to joint-
space algorithms, by demonstrating compelling computational
speed-ups compared to the state-of-the-art joint-space algorithm
proxLTL.

LCABA matches proxLTL’s performance for lower dimen-
sional robots while providing over 6x speed-ups for higher
dimensional robots like humanoids with several internal closed
loops. LCABA also typically outperforms proxBBO because it
does not require additional factorizations to eliminate constraints
and benefits from additional flexibility in choosing elimination
orderings. It is also simpler to implement. However, proxBBO

may be preferable for constraints that involve a large number of
bodies, such as CoM or momentum constraints, and is numeri-
cally more robust to high penalty parameters.

Limitations of the presented algorithms were also identified,
such as LCABA being numerically sensitive to high penalty
parameters u. The presented algorithms also likely require non-
trivial modifications to support implicit integration schemes, as
well as some half-explicit schemes. Moreover, the proposed
recursive algorithms assume that a spanning tree is provided
as input. They are also limited to a spanning tree elimination
order and implicit constraint formulations. Finally, the proposed
CDAs are currently limited to equality constraints, while many
practical applications involve motion constraints arising from
contacts, which are inequality constraints or frictional contact
constraints.

Future work: Future work will involve addressing these lim-
itations. Most importantly, we will next explore strategies to
support inequality constraints and frictional contact constraints
leveraging the proposed algorithms. A natural avenue for such an
extension is to use the alternating direction method of multipliers
(ADMM)-style approach to handle frictional contact proposed
in [7]. The inner subproblem solved at each ADMM iteration in
this approach directly matches the equality-constrained proxi-
mal dynamics problem solved in this article. Another promising
avenue for this extension would be to explore interior-point-
based approaches [66], which also require solving a sequence
of equality-constrained problems. However, the contribution of
the barrier term to the KKT conditions does not directly match
the proximal dynamics problem and, therefore, will require
additional, but minor, modifications to the presented algorithms.

The assumption of a spanning tree can be relaxed by develop-
ing a discrete-optimization framework to compute the optimal
spanning tree or even to relax the spanning-tree elimination
ordering constraint when beneficial. The proposed algorithms
can also be extended to support explicit constraint formulations
by exploring a combination of the proposed algorithms with the
LCE [41] approaches. Whether implicit integration schemes,
with their energy dissipative properties, are beneficial in the
context of robot control needs to be explored. If found to
be relevant, we can also explore extending our algorithms to
support such schemes. However, this extension is expected to
be nontrivial. Finally, differentiability of the proximal operator
also makes it suitable for gradient-based optimization methods.

Through this future research agenda, this article’s algorithms
have the potential to serve as the algorithmic foundation for
speeding up contact-rich simulation and computation-intensive
control applications such as MPC. Beyond mechanics, the
presented algorithms can also find applications in control and
estimation by effectively generalizing Riccati recursion to gen-
eral graphs and through the factor graph connection.
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