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A Kinesthetic Teaching Framework for Tasks

with Contact Transitions and Time-Optimized Execution
Nikolas Thelenberg1, Graduate Student Member, IEEE, and Christian Ott2, Fellow, IEEE

Abstract—In kinesthetic teaching, a robot is manually guided
by a human operator to demonstrate a task. Most methods
focus on replaying the recorded motion, but are agnostic to
contact transitions, which can be critical when interacting with
rigid environments. To overcome this limitation, we propose a
framework that allows to teach motions in free space as well as
in contact while preventing fast unintended contact transitions.
This is accomplished by exploiting a projection-based unilateral
damping force that increases close to contact. We derive an
explicit analytical expression for the damping characteristics to
ensure a safe stop before the contact when no further forces
act on the robot. Furthermore, after the teaching, the recorded
motion data is utilized to generate a time-optimized trajectory
based on convex optimization, in which the contact transitions are
explicitly considered. We validated our framework in experiments
with a torque-controlled manipulator.

Index Terms—Physical human-robot interaction, compliance
and impedance control, motion and path planning

I. INTRODUCTION

S INCE the beginning of the century, physical collaboration,
interaction, and assistance between humans and robots

have received growing interest within the robotics community.
Physical human-robot interaction (HRI) has found its way
into numerous branches of the field, from industry [1], to
medicine [2] and deep-sea applications [3]. One important
method in HRI and common practice in these branches is
kinesthetic teaching, where the human operator physically
guides the robot [4]. Teaching tasks with contact transitions
can lead to force peaks that may harm the robot hardware and
the environment. This may happen if the operator moves the
robot too fast into contact and does not proactively slow down
the motion well enough in time.

In this paper we present an impact-aware teaching frame-
work (see Fig. 1), which compared to existing methods bridges
from a kinesthetic teaching procedure to time-optimized path
execution. As a solution to unintended fast contact transitions,
we augment the Cartesian compliance control law with a
unilateral damping force. As a damping force, it does not
impede the robot’s free movement by definition and gets
activated only if the end-effector is too close to a rigid
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environment and its speed is too high. Moreover, the damping
force builds up gradually over time. To obtain this behavior,
we provide an analytical expression for the required damping
factor for different force profiles. This gradual increase results
in a smoother and more natural feeling for the user, avoiding
abrupt feedback and discontinuities. Therefore, our presented
framework

• allows free movement of the robot in its entire workspace,
• prevents fast unintended contact transitions, instead en-

sures them with reduced velocity, and
• shall feel natural and smooth for the user.

A careful operator will perform the teaching of the contact
transitions slowly. However, this can adversely affect task
performance, as the teaching speed may differ from the execu-
tion speed. The obtained reference trajectory is then executed,
whereby the contact transitions are realized at a reduced speed.

II. RELATED WORK

Interaction and collaboration with robots are not meant for
experts alone. When novice robot users are supposed to teach
tasks on their own, new challenges arise [5]. Especially, the
question of safety for both human/ environment and robot
arises [6],[7]. Over the years, multiple approaches have been
developed to increase safety in HRI. One common technique
is to equip the robot with a controller that enables compliant
behavior. The impedance controller [8], however, is primarily
designed to track a given trajectory by introducing a virtual
mass-damper-spring system. Another pre-collision approach
is limiting velocity and acceleration [9]. Here, the trajectory
is planned by splines satisfying the predefined velocity and
acceleration constraints. To fully exploit the potential of both
methods, a predefine trajectory is necessary, which conse-
quently reduces their suitability for manual guidance. Dynam-
ical safety zones [10], on the other hand, require a permanent
monitoring of the human by a vision sensor. Another approach
involves avoiding obstacles by placing potential fields around
them [11]. Although this method is physics-inspired and very
intuitive, the robot might get stuck in local minima. A modern
approach based on control barrier functions (CBF) is presented
in [12]. There, a QP-problem is solved online, where the
CBF is added as an inequality constraint to keep the end-
effector away from the environment. This strategy has already
been extended toward barriers around each robot link [13], for
safe kinesthetic teaching [14], and learning from demonstra-
tions [15]. Nevertheless, CBF-based controllers have a high
computational demand, which can result into issues with real-
time performance. When combined with other optimization-
based control strategies, conflicts in objective prioritization
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Fig. 1. Conceptual overview of the impact-aware kinesthetic teaching framework

may occur. Further pre- and post-collision control methods
are reviewed in [16].

Complementary to the development of frameworks for safe
HRI, a distinct line of robotics research has focused on maxi-
mizing productivity in industrial applications. As productivity
is primarily constrained by speed limitations, minimizing task
execution time has been a key topic in robotics research since
the early 1970s [17]. One popular approach is to decouple
the problem into a path planning phase, which takes geo-
metric aspects into account, and a path tracking phase. In
this phase, a time-optimal path parameterization (TOPP) is
computed, which considers the manipulator dynamics and con-
straints [18]. In contrast to the classical numerical integration
methods, like [18], a convex optimization based approach to
solve the TOPP-problem was introduced in [19].

Our contribution is distinct from the state of the art, since
it focuses on contact transitions in both kinesthetic teaching
and time-optimal execution.

III. BACKGROUND

A. Robot Dynamics

The joint space model of a serial robot manipulator with
n ≥ 6 degrees of freedom (DoF) is described by

M(q)q̈ + C(q, q̇)q̇ + g(q) = τ + J(q)TFext, (1)

where q, q̇, q̈ ∈ Rn are the vectors of joint positions, velocities
and accelerations, respectively. In addition, M(q) ∈ Rn,n with
M(q) = M(q)T ≻ 0 denotes the inertia matrix, the expression
C(q, q̇)q̇ ∈ Rn contains the Centrifugal and Coriolis terms and
g(q) ∈ Rn represents the gravity terms. Moreover, τ ∈ Rn ex-
presses the controlled joint torques. The Jacobian J(q) ∈ Rn,6

maps the time-varying generalized external force Fext ∈ R6

at the end-effector to torques in the joint space. For ease of
presentation, we assume that the Jacobian J(q) has full row
rank for each joint position q.

B. Cartesian Compliance Control

For a simpler representation in task space, the symmetric
Cartesian inertia matrix Λ(q) ∈ R6,6 and the Cartesian

Coriolis matrix Γ(q, q̇) ∈ R6,6 are defined via

Λ(q) =
(
JM−1JT

)−1

Γ(q, q̇) = Λ
(
JM−1C − J̇

)
M−1JTΛ.

(2)

Applying the forward kinematic map f(q) =
[
xT, φT

]T
, the

end-effector position x ∈ R3 and orientation φ ∈ R3 are ob-
tained. Depending on the task, we can limit the workspace
or lock the orientation of the end-effector by considering
virtual walls or virtual constraints. For some given con-
straint depending reference xref , φref ∈ R3, we introduce the
error in the position x̃(t) := x(t)− xref and the orientation
φ̃(t) := φ(t)− φref . Using the task space matrices (2), the
compliance control law is stated as

τ = g(q) + τnull + JTΛ
(
JM−1C − J̇

)
q̇ (3)

+ JT

[
−
(
Γ +D +

[
DIMP 0
0 0

])(
ẋ
φ̇

)
−K

(
x̃
φ̃

)]
,

where τnull ∈ ker(JM−1) denotes the torque for controlling
the null space motion. The stiffness matrix K = KT ≽ 0
and damping matrix D = DT ≽ 0 [20] are used optionally
to embed the virtual constraints and walls into the control
law. Furthermore, the control law (3) contains the term
FIMP := DIMPẋ ∈ R3, which acts as a damping force to
enable impact-aware teaching. This force is designed to match
all the claims presented in the introduction, including unilat-
eralism as well as conditional activation. As will be shown
below, the matrix DIMP ∈ R3,3 is symmetric, positive semi-
definite, and state-dependent, thereby effecting none passivity/
stability properties.

IV. IMPACT-AWARE KINESTHETIC TEACHING

In this section, the damping force FIMP and the correspond-
ing matrix DIMP are derived stepwise. For this purpose, the
damping behavior in one-dimensional dynamic systems is first
studied in more detail.

A. One-dimensional Damping Analysis
1) Mathematical Damping Model: Consider the one-

dimensional dynamics of a point mass in free motion with
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Fig. 2. Course of the damping coefficient d(ξ) with δ = 1 and ξ ∈ [ξ1, ξ0]
for various functions hi,

a dissipation term

ηξ̈ + dξ̇ = 0, (4)

with constant inertia η > 0 and initial values ξ(t0) = ξ0 > 0
and ξ̇(t0) = ξ̇0 < 0, respectively. The damping factor d can
be either constant, time-varying or state-dependent. A time-
varying approach leads to a non-autonomous system, which is
not considered here. Hunt and Crossley [21] proposed a gen-
eral damping term in their contact model of the form d ξr1 ξ̇r2 .
Dependent on the parameters r1 and r2 ∈ {1, 2}, they com-
puted coherent values for the constant d.

Based on their state-dependent contact model, we generalize
the damping term in two steps. First, let the force pro-
file h : R+

0 → R+
0 be a continuous and monotonic increasing

function with h(1) = 1. Second, concerning the non-zero
initial value, the state-depended part is shifted from ξ to
(ξ − ξ1)/(ξ0 − ξ1) with ξ1 < ξ0. Then, we propose a state-
dependent damping factor of the form

d(ξ) := δh

(
1− ξ(t)− ξ1

ξ0 − ξ1

)
= δh

(
ξ0 − ξ(t)

ξ0 − ξ1

)
, (5)

with constant damping coefficient δ > 0. Due to the variable
shift combined with the property h(1) = 1, the state ξ1 denotes
the state in which the damping takes effect to the full extent1.
The impact of the force profile h on the course of the damping
factor is visualized in Fig. 2. Note that for h ≡ 1, the state-
dependent expression vanishes, and only the constant damping
coefficient δ remains. In theory, the above-stated conditions
on h are sufficient. However, the damping force shall feel
smooth and build up gradually over time. We, therefore,
restrict ourselves to functions that additionally fulfill h(0) = 0.
Thus, equation (4) is modified to

ηξ̈(t) + δh

(
ξ0 − ξ(t)

ξ0 − ξ1

)
ξ̇(t) = 0. (6)

2) Unique Damping Value: Since h is continuous,
it is integrable and, hence, we define its antiderivative
H(x) =

∫ x

0
h(x̃) dx̃. Note that by definition H(0) = 0 holds.

1Later, the state ξ0 is used as a threshold distance to the rigid environment,
and ξ1 as the distance at which the end-effector goes into contact with the
rigid environment.

Dividing the differential equation (6) by the inertia η > 0 and
factoring out a time derivative leads to

0 = ξ̈(t) +
δ

η
h

(
ξ0 − ξ(t)

ξ0 − ξ1

)
ξ̇(t)

=
d

dt

[
ξ̇(t)− δ(ξ0 − ξ1)

η
H

(
ξ0 − ξ(t)

ξ0 − ξ1

)]
.

The mean value theorem implies that the interior of the bracket
is constant with respect to time, thus,

ξ̇(t)− δ(ξ0 − ξ1)

η
H

(
ξ0 − ξ(t)

ξ0 − ξ1

)
= c = const.

holds for c ∈ R. Since the expression must be valid for all
times, it must also be valid for the initial time t0. We utilize
this fact to determine the constant

c = ξ̇(t0)−
δ(ξ0 − ξ1)

η
H

(
ξ0 − ξ(t0)

ξ0 − ξ1

)
= ξ̇0 − 0 = ξ̇0.

At this point, the initial value problem with the computed
constant c = ξ̇0 and initial condition ξ(t0) = ξ0

ξ̇(t) = ξ̇0 +
δ(ξ0 − ξ1)

η
H

(
ξ0 − ξ(t)

ξ0 − ξ1

)
(7)

remains. Since h ≤ 1 holds on [ξ1, ξ0], the function H is
Lipschitz continuous. Therefore, the existence of an unique
solution ξ is guaranteed by the Picard–Lindelöf theorem. Note
that, up to this point, the damping coefficient δ > 0 can be
any positive number. Its value determines the future course
of ξ(t) and ξ̇(t), respectively. Let us reverse our perspective
and assume that the system has the velocity ξ̇1 ∈ (ξ̇0, 0) at
the above introduced state ξ1. The required time t1 > t0 and
the necessary damping coefficient δ are now both considered
unknown. Then, we can solve the non-linear system

ξ(t1, δ) = ξ1 and ξ̇(t1, δ) = ξ̇1 (8)

for t1 and, above all, for the unique damping coefficient δ.
Making use of (7)-(8), results in

ξ̇1
(8)
= ξ̇(t1, δ)

(7)
= ξ̇0 +

δ(ξ0 − ξ1)

η
H

(
ξ0 − ξ(t1)

ξ0 − ξ1

)
(8)
= ξ̇0 +

δ(ξ0 − ξ1)

η
H(1),

which is solved for the desired damping coefficient

δ =
η

H(1)

ξ̇1 − ξ̇0
ξ0 − ξ1

. (9)

For the sake of completeness, the formula for the correspond-
ing time t1 along with its derivation is found in the Appendix.

Remark 1. A general closed-form solution of (6) as well
as an explicit expression for t1 are hard to derive in the
general case. However, for the specific functions (a) h1(x) = 1
and (b) h3(x) = x both can be obtained analytically. This is
achieved by solving (7) explicitly for ξ and in turn use that
function to determine t1 from (8). The results are as follows:
(a) h1(x) = 1

ξ(t) = ξ0 −
−ηξ̇0
δ

[
1− exp

[
−δ
η

(t− t0)

]]
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t1 = t0 +
ξ0 − ξ1

ξ̇1 − ξ̇0
ln

(
−ξ̇0
−ξ̇1

)
(b) h3(x) = x

ξ(t) = ξ0 −

√
−2ηξ0ξ̇0

δ
tanh

√−δξ̇0
2ηξ0

(t− t0)


t1 = t0 +

ξ0 − ξ1

−ξ̇0

√
−ξ̇0

ξ̇1 − ξ̇0
artanh

(√
ξ̇1 − ξ̇0
−ξ̇0

)
Recall that ξ̇0 < ξ̇1 < 0, so every fraction remains positive.

3) State-dependent Damping Coefficient: The damping
should be actively adjusted with the aim of reducing the
velocity to a desired velocity ξ̇1 until contact is made. First,
the final value is set to zero, i.e. ξ1 = 0, thus, the damping
coefficient simplifies to

δ =
η

H(1)

ξ̇1 − ξ̇0
ξ0

.

Recall that both velocities ξ̇0 < ξ̇1 have a negative value,
hence, the whole expression remains positive. Up next, the
initial values are replaced with the current position and veloc-
ity, leading to the state-dependent expression

δ = const. −→ δ
(
ξ(t), ξ̇(t)

)
=

η

H(1)

ξ̇1 − ξ̇(t)

ξ(t)
.

Inserting the state-dependent damping coefficient into (5)
yields the closed-loop damping factor

d(ξ(t), ξ̇(t)) =
η

H(1)

ξ̇1 − ξ̇(t)

ξ(t)
h

(
ξ0 − ξ(t)

ξ0

)
. (10)

Recall that this state-dependent damping factor is only valid
for ξ(t) ∈ [0, ξ0] and ξ̇(t) ∈ [ξ̇0, ξ̇1]. This result concludes the
analysis of the one-dimensional dynamic system.

B. Projection and Hyperplane

To avoid unintended impacts with a static environment, it
is necessary to have a mathematically representation of its
location. One approach is modeling it as a three-dimensional
hyperplane defined by a unit normal vector nhp ∈ R3 and an
offset php ∈ R3. The orthogonal (Euclidean) distance ζ(t) ∈ R
between the end-effector position x and the hyperplane is
obtained via projection as

ζ(t) := nT
hp

(
x(t)− php

)
.

This allows the velocity ζ̇(t) = nT
hpẋ(t) to be derived. A

negative velocity ζ̇ < 0 indicates movement into the plane,
whereas a positive one out of it. For illustrative purposes,
a three-dimensional hyperplane, along with the associated
projection variables, is sketched in Fig. 3. In addition to
kinematic quantities, we use

ϱ(q) =

[(
nhp

0

)T

Λ(q)−1

(
nhp

0

)]−1

∈ R (11)

nhp

pths

php

x ζζ̇

Fig. 3. Three-dimensional hyperplane (nhp, php) and orthogonal projection ζ
of the end-effector’s position x

to denote the effective inertia projected along the direction
of the unit normal vector nhp. Furthermore, any scalar force
along the direction of the unit normal vector is transformed
into a three-dimensional force in the position space. This fact
is utilized to state the damping force, required for kinesthetic
teaching as in (3), as

FIMP = nhpfIMP, (12)

with a scalar force fIMP ∈ R. Consequently, the problem of
designing a suitable damping force FIMP ∈ R3 simplifies to
choose an appropriate scalar force acting along the normal
vector of the hyperplane. As a result, all design criteria
for FIMP, e.g. unilateralism and smoothness, convey naturally
to the scalar fIMP.

C. Damping for Kinesthetic Teaching

The objective is to design a suitable scalar force fIMP

that acts along the hyperplane’s normal vector. Therefore, it
is sufficient to express the force as well as the associated
activation and design criteria by the projected scalar quantities.

1) Activation and Thresholds: First, the question is ad-
dressed, when the force should be added. To resolve this issue,
we define two thresholds. If the conditions

1) ζ(t) ≤ pths with pths > 0 and
2) ζ̇(t) < vths < 0

are met, the damping force is added to the control law. The
first condition guarantees the free movement in the entire
workspace, except close to the hyperplane. In Fig. 3 an pro-
jected end-effector is visualized, that satisfies this condition.
The second condition generates a unilateral force dependent
on the direction of the movement. In other words, if the
end-effector moves away from the hyperplane (ζ̇(t) > 0), the
condition is not fulfilled. In addition, the condition ensures
that excessive velocities toward the hyperplane are prevented.

2) Damping Force Form: Up to this point, we have formu-
lated conditions, under which the force is applied. Next, the
form of the force is stated. Since the force is intended to act
as damping, it is defined in the form fIMP = dζ̇, depending
on the current velocity ζ̇ directed toward the hyperplane. As
damping factor d, the result from section IV-A is employed.
Therefore, the theoretical result along with the notation is
transferred to the current setting.

First, ζ(t) and ζ̇(t) are used as position and velocity,
respectively. In addition, the constant mass is replaced by
the state-dependent effective inertia ϱ from (11). Since the

IEEE Robotics and Automation Letters (RA-L) paper, presented at ICRA 2026, Vienna, Austria. Cite as RA-L paper.



5

damping force is added, only if ζ(t) ≤ pths is fulfilled, the
initial position value ξ0 is replaced by pths. The remaining
parameter ζ̇1 can be interpreted as the desired velocity or as
the remaining velocity at the end of the deceleration. Thus, it
is convenient to use the velocity threshold vths. The sum of
all these modifications adds up to

fIMP =
ϱ(q)

H(1)

vths − ζ̇(t)

ζ(t)
h

(
pths − ζ(t)

pths

)
ζ̇.

Inserting that scalar force into (12) and exploiting ζ̇ = nT
hpẋ,

results in the damping force

FIMP =

[
ϱ(q)

H(1)

vths − ζ̇(t)

ζ(t)
h

(
pths − ζ(t)

pths

)]
nhpn

T
hpẋ(t)

=
(
d∗
(
ζ(t), ζ̇(t)

)
nhpn

T
hp

)
︸ ︷︷ ︸

=DIMP

ẋ(t). (13)

Note that by design the matrix DIMP ∈ R3,3 is symmetric,
positive semi-definite and state-dependent.

D. Practical Implementation and Limitations

Close to the hyperplane, the term (vths − ζ̇)/ζ approaches
a “zero by zero” limit. Although the underlying differen-
tial equation ensures that the damping coefficient remains
bounded and well-defined in theory, the position ζ(t) and
velocity ζ̇(t) are obtained from measurements, which causes
numerical issues. In addition, further inaccuracy arises from
dividing two small floating-point numbers. Furthermore, the
sign change of ζ(t) after crossing the hyperplane introduces
undesired acceleration. For practical implementation, there are
two approaches to overcome these issues:

(a) bound the state away from zero with a small positive
number ε by ζ(t)← max(ε, ζ(t)), or

(b) limit the damping factor between zero and a maximum
damping value by d∗ ← max(0, min(dmax, d

∗)).
Both approaches have their advantages and can be applied si-
multaneously. Using (a) the damping force (13) remains active,
even after the hyperplane was crossed. Whereas, (b) constrains
the force and, thus, the damping terms in the control law.

The static environment has been modeled with a hyperplane,
since this is very intuitive and it has a distinct orthogonal
surface vector. It is possible to extended the approach to curved
surfaces, as shown in the experiments, as long as a well-
defined approach direction is available.

V. OPTIMIZATION AND EXECUTION

Once a task has been successfully taught, the robot can
execute it at a higher speed than during the demonstration.
The objective is therefore to execute the task as fast as
possible. Given are the joint trajectory, torques and end-
effector wrenches, which were recorded during the teaching.

A. Gather and Convey Contact Information

Even if we aim for a time-optimized execution, smooth
contact transitions during the execution must be ensured.

The presence of contacts is crucial and has a major impact
on the overall performance. As illustrated in Fig. 1, contact
information can be obtained in two ways:
Data Interpretation The proposed method does not prevent

contacts in principle. Abrupt or forceful contacts can be
identified by detecting large peaks in the rates of change
of joint torques or end-effector wrenches, or by using
frequency-based techniques [22].

Manual Insertion If the contact has been made smoothly,
potential contacts might be undetectable. In such cases,
users must add them manually.

Regardless of the chosen method, the joint positions q∗j cor-
responding to contact transitions must be included in each of
the subsequent processing steps.

B. Pre-process Data and Extract Path Information

Before the time-optimization is executed, some pre-
processing offline steps are necessary. The path planning
phase, i.e. generating a geometric path, is the main focus in
this subsection.

• Since the recorded data contains some noise, we can
apply an offline filter to it.

• During teaching, the robot may remain in place, typically
at the start or end, resulting in nearly identical joint po-
sitions that provide no path information. To address this,
points with a geometric distance ℓk = ∥qk − qk−1∥ < ε
are removed.

• If there are still too many data points left, one can reduce
them even further, e.g. by only taking every tenth point
into account.

From the remaining joint positions, a path q : [0, 1]→ Rn is
generated via cubic spline interpolation [23], which maps the
path parameter s to joint positions, i.e. s 7→ q(s). Since the
spline is twice-differentiable, we obtain the first and second
derivative q′(s), q′′(s) with respect to the path parameter.

C. Incorporate Contact Information

In [19] various constraints on the path parameter s are
introduced. Consider the discretization of the path parameter s
into grid points 0 = s0 < . . . < sK = 1. Furthermore, for each
joint i the constraint |q̇i| ≤ q̇i,max is given. This yields the
constraint [19]

(q̇i(sk))
2
= (q′i(sk))

2
ṡ2k = (q′i(sk))

2
b(sk) ≤ q̇2i,max. (14)

Similarly, we can incorporate a constraint on general task
space velocities. A velocity constraint along the hyperplane
approach direction is embodied into the algorithm, transform-
ing the stored contact transitions (see Section V-A) into a
constraint, with ζ̇max denoting the maximum transition veloc-
ity and Jtra(q) ∈ R3,n representing the translational Jacobian.
Since ζ̇ = nT

hpẋ = nT
hpJtra(q)q̇ holds, the relation

ζ̇2 =
(
nT
hpJtraq̇(sk)

)2
=
(
nT
hpJtra(q(sk))q

′(sk)
)2

ṡ2k

=
(
nT
hpJtra(q(sk))q

′(sk)
)2

b(sk) ≤ ζ̇2max.
(15)

yields. At the sampling instance sk, the end-effector goes into
contact at the maximum velocity ζ̇max. To achieve smoother

IEEE Robotics and Automation Letters (RA-L) paper, presented at ICRA 2026, Vienna, Austria. Cite as RA-L paper.



6

and more robust transitions, constraint (15) can be applied to
neighboring points sk−j and sk+j in addition to sk. Combining
both constraints (14) and (15) to an upper bound b(sk) ≤ b̄(sk)
on the substituted time derivative, we obtain with i = 1, . . . , n

b̄(sk) = min

 ζ̇2max(
nT
hpJtra(q(sk))q

′(sk)
)2 ,

q̇2i,max

(q′i(sk))
2

 .

D. Optimization and Post-Porcessing

We utilize the TOPP-algorithm [19] to generate a time-
optimal sequence bk = ṡ2(sk). The corresponding time in-
stances starting with t0 = 0 are obtained by

tk+1 = tk + 2
sk+1 − sk√
bk+1 +

√
bk

for k = 0, . . . ,K − 1.

As a result, the time instances tk are neither equidistant
nor do they coincide with the required robot’s sampling
time. Therefore, we interpolate sk along the newly computed
time grid to obtain the time-optimized path parameter s(t).
Combined with the cubic spline q(s) and q′(s), q′′(s) from
section V-B, we obtain a twice-differentiable joint reference
trajectory t 7→ qref(t) := q(s(t)) as well as

t 7→ q̇ref(t) = q′(s(t))ṡ(t) and

t 7→ q̈ref(t) = q′′(s(t))ṡ2(t) + q′(s(t))s̈(t).

A compliant tracking controller can now follow the time-
optimized trajectory qref(t).

VI. EXPERIMENTS AND VALIDATION

To validate our proposed framework, several experiments
have been conducted on a n = 7-DoF Franka Research 3
robot. Because of the robot’s redundancy, we used null space
damping in the compliance control law (3) in all experiments.
For the execution phase, we employed a PD+ controller [24] as
compliant tracking controller in the joint space. Our proposed
damping approach adds only minimal computational overhead,
without affecting the control frequency of 1 kHz.

A. Comparison: Free Motion with and without Damping

We compare free motion, constant damping, and four dif-
ferent force profiles of our method. This comparison serves as
a baseline validation, since the proposed damping reduces the
velocity to a desired value before contact.

1) Setup: To ensure repeatability and reproducibility, a
vertical downward motion of the end-effector was performed
by a tracking controller without any external force. Then
at a height of 0.35m the control law switched to (3). To
reduce noise, the velocity ζ̇ was passed through a low-pass
filter. The motions were performed for free vertical motion
without damping, with constant damping (d∗ = 10, 60), and
with state-dependent damping (13) for four different force
profiles h. The normal vector of the virtual hyperplane pointed
in the positive z-direction, nhp = [0 0 1]T, and the origin was
set to php = [0 0 0.1]Tm. Moreover, the velocity threshold
was set to vths = −0.002m/s and the distance threshold to
pths = 0.2m.
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Fig. 4. (a) shows the end-effector position ζ(t) as well as the virtual
hyperplane at 0.1 (dashed red line), and (b) shows the applied scalar damping
force fIMP for free motion, constant damping (d∗ = 10, 60), and force
profiles h2, . . . , h5. Free motion and constant damping either overshoot or
undershoot the target; constant damping also adds jumps into the control law.

2) Results: The dark blue line in Fig. 4(a) shows the end-
effector vertical position in free motion. It moves through the
virtual environment at 0.1m (dashed red) by 13cm, where it
comes to a halt due to unmodeled friction effects. The two
motions with constant damping, however, either overshoot
or undershoot the target. All four state-dependent damped
motions stop as intended before the hyperplane, regardless of
the function h. On the contrary, the force profile h has an sig-
nificant impact on the course of the scalar damping force fIMP,
as seen in Fig. 4(b). Here, the characteristic features of each hi

from Fig. 2 are also recognizable. Furthermore, the suddenly
added constant damping terms result in discontinuities in the
applied force.

B. User Study

In this user study, we evaluate the practical benefits of the
proposed state-dependent damping approach.

1) Setup: All eleven participants were instructed to move
the end-effector fast and vertically into contact with a pipe, as
shown in Fig. 5, perform a straight wiping motion orthogonal
to the surface toward the opposite end, lift the end-effector,
and move it back to the starting position. The cycle was
repeated four times for each of the investigated methods:
(1) gravity compensation, (2) potential field, (3) constant
damping (d = 60) and (4) our state-dependent damping with
force profile h5. After each method, participants completed the
second part of the NASA Raw TLX, assessing the categories
mental demand, physical demand, and performance. In addi-
tion, they were asked, “How helpful did you find the robot
in performing the contact transitions?” to assess the overall
benefit of robot collaboration. All four categories were rated
on a scale from 0-20 (low-high), where lower values indicate
better performance.

2) Results: The upper part of Table I summarizes the results
from the NASA Raw TLX, and the middle row displays the
results from the overall benefit of robot collaboration. All
median values of our state-dependent damping approach are
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Fig. 5. The used experimental setup for the user study and the validation of
the framework

TABLE I
QUALITATIVE AND QUANTITATIVE RESULTS OF THE USER STUDY (ALL

VALUES REPRESENT MEDIANS)

Gravity
compensation

Potential
field

Constant
damping

State-dependent
damping (ours)

Mental demand 2 11 2 2
Physical demand 5 7 5 4

Performance 4 8 3 3
Robot collaboration 10 15 7 3

Force magnitude (in N) 34 9.7 30.3 19.6
Extracted energy (in J) 2.7 10.7 2.1 1.9

lower than or equal to those of the other methods, indicating
that the proposed method outperforms the others. In addition to
the qualitative analysis, we computed quantitative metrics. The
first row of the lower part in Table I shows the force magni-
tudes during contact transition. Moreover, the extracted energy
Eetra = −

∫
min

(
0, vTFext

)
dt was computed to quantify the

amount of work performed by the user against the robot’s
motion. As shown in Table I, the state-dependent damping
approach achieves the lowest values in both quantitative met-
rics, except for the potential field method, which is specifically
designed to prevent contact and is consistent with the NASA
Raw TLX outcomes.

C. Experimental Validation of the Framework

In the last experiment, we tested the framework by teaching
a wiping motion on the curved pipe (see Fig. 5).

1) Setup: The motion included three touch-down and lift-
off phases. Force profile h5 was used with velocity threshold
vths = −0.002m/s and distance threshold to pths = 0.15m.
The recorded trajectory consisted of 17,188 data points and
is visualized in Fig. 6(a). Based on the derivative of the
end-effector forces in Fig. 6(b), the contact transitions were
successfully identified and marked with black vertical lines.
In the end, 350 sampling points were used to compute the
path. For the optimization, q̇max = {2, 1, 1.5, 1.25, 3, 1.5, 3}
and τmax = {87, 87, 87, 87, 12, 12, 12} were taken from the
Franka Robotics homepage. The optimization problem was
fast solved within 3.03s.

2) Results: In Fig. 6(c), the executed time-optimized ref-
erence trajectory qref is pictured. The original 17s task is
completed in approx. 8s. As proposed, the contact transitions
are incorporated into the optimization, and thus the robot
goes slowly into contact. This velocity reduction is visible
by the nearly horizontal lines within the contact boundaries.
The entire framework is shown in the attached video.
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Fig. 6. Wiping motion on a curved pipe: (a) recorded joint positions,
(b) derivative of end-effector forces, and (c) time-optimized joint positions.
Contacts were identified and their durations were marked with black lines;
optimization reduced duration by a factor of 2.14.

VII. DISCUSSION AND LIMITATIONS

In the previous section, our proposed state-dependent damp-
ing approach was successfully validated. The results in quali-
tative and quantitative metrics indicate the effectiveness of the
method. However, the following limitations open up possibil-
ities for future work. The proposed method aims to prevent
unintended fast contact transitions by gradual increasing the
damping factor for a more natural feeling. However, this
excludes task that intentionally aim for violent impacts, e.g.
stamping. The proposed method can also not prevent violent
user behavior in free motion. For softly demonstrated contact
transitions, automatic detection can be challenging and must
be augmented manually by the user.

VIII. CONCLUSION AND OUTLOOK

In this paper we presented a kinesthetic teaching frame-
work for tasks with contact transitions and time-optimized
execution. The emphasis laid on a damping method based on
a state-dependent damping model to prevent fast unintended
contact transitions. This feature for kinesthetic teaching as well
as our proposed framework were validated in several hands-
on experiments. For a visual demonstration, we refer to the
attached video.

In our future work, we aim to generalize the approach to
multi-point contacts as well as dynamic obstacles. In addition,
we aim to extend the framework by teaching impact tasks
with faster desired contact transitions. This in return, poses a
challenge on the compliant task execution.

APPENDIX

The damping coefficient δ from (9) is used in the separation
of variables of (7) to determine final time t1 as

t1 − t0 =

∫ t1

t0

1 dt̃ =

∫
ξ1

ξ0

1

ξ̇0 +
δ(ξ0−ξ1)

η H
(

ξ0−ξ̃
ξ0−ξ1

) dξ̃
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(9)
=

∫
ξ1

ξ0

1

ξ̇0 + (ξ̇1 − ξ̇0)
1

H(1)H
(

ξ0−ξ̃
ξ0−ξ1

) dξ̃

=
ξ0 − ξ1

−ξ̇0

∫
1

0

1

1− ξ̇1−ξ̇0
−ξ̇0

H(ξ̄)
H(1)

dξ̄,

where in the last step the substitution of the integration
variable ξ̄ := (ξ0 − ξ̃)/(ξ0 − ξ1) was used. Before proceeding,
we must state a critical assumption regarding the integral.

Assumption 1. Given is the initial value ξ̇0 < 0, then the final
value ξ̇1 > ξ̇0 fulfills the inequality

ξ̇0 < ξ̇1 < 0.

Since ξ̄ ≤ 1 holds for all ξ̄ ∈ [0, 1], the continuity of H
implies thatH(ξ̄) ≤ H(1), and, under Assumption 1, the esti-
mation

ξ̇1 − ξ̇0

−ξ̇0

H(ξ̄)

H(1)
≤ ξ̇1 − ξ̇0

−ξ̇0
< 1

holds true. Therefore, the large fraction within the integral
is less than one and is replaced with the geometric series∑∞

k=0 q
k = 1/(1− q) for |q| < 1, which leads to

t1 = t0 +
ξ0 − ξ1

−ξ̇0

∫
1

0

∞∑
k=0

[
ξ̇1 − ξ̇0

−ξ̇0

H(ξ̄)

H(1)

]k
dξ̄

= t0 +
ξ0 − ξ1

−ξ̇0

∞∑
k=0

[
ξ̇1 − ξ̇0

−ξ̇0

]k∫ 1

0

[
H
(
ξ̄
)

H(1)

]k
dξ̄.

By the Weierstrass M-test the geometric series converges
uniformly, which we utilize to reverse the order of integral
and series. Since t1 is largely determined by H , obtaining
a closed-form solution that avoids both integrals and series
is challenging. However, Assumption 1 is a sufficient con-
dition for the existence of t1. As H(ξ̄) ≤ H(1) is valid for
all ξ̄ ∈ [0, 1], the integral is estimated upwards by

t1 ≤ t0 +
ξ0 − ξ1

−ξ̇0

∞∑
k=0

[
ξ̇1 − ξ̇0

−ξ̇0

]k ∫ 1

0

1k dξ̄

= t0 +
ξ0 − ξ1

−ξ̇0

∞∑
k=0

[
ξ̇1 − ξ̇0

−ξ̇0

]k
= t0 +

ξ0 − ξ1

−ξ̇1
<∞.
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