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Triangle-Decomposable Graphs for Isoperimetric Robots
Nathan Usevitch1, Isaac Weaver1, and James Usevitch2

Abstract—Isoperimetric robots are large scale, untethered
inflatable robots that can undergo large shape changes, but
have only been demonstrated in one 3D shape- an octahedron.
These robots consist of independent triangles that can change
shape while maintaining their perimeter by moving the relative
position of their joints. We introduce an optimization routine
that determines if an arbitrary graph can be partitioned into
unique triangles, and thus be constructed as an isoperimetric
robotic system. We enumerate all minimally rigid graphs that
can be constructed with unique triangles up to 9 nodes (7
triangles), and characterize the workspace of one node of each
of these robots. We also present a method for constructing larger
graphs that can be partitioned by assembling subgraphs that are
already partitioned into triangles. This enables a wide variety
of isoperimetric robot configurations.

I. INTRODUCTION

Robotic systems will be able to perform a wider range of
tasks if they can adapt their shape and safely interact with
humans. One type of robot with the potential for large shape
change and human-safe interaction is the isoperimetric robot,
first introduced in [1], and with an example shown in Fig. 1.
This robot consists of inflated fabric beams as the primary
structural members, with robotic rollers that pinch the tube,
reducing the local bending stiffness to create a region of the
tube that acts as a rotational joint. These rollers can drive up
and down the tube, simultaneously lengthening one edge of
the tube and shortening another. The overall internal volume
inside the tubes is conserved, meaning that for inflated beams,
no source of compressed air is needed. Computationally, the
resulting structure approximates a computer mesh defined by
edges and nodes, and allows the robot to change shape. The
soft structure of the robot also gives it inherent compliance
that makes the robot human safe.

The only demonstrated 3D shape of an isoperimetric robot
has been an octahedron, composed of 4 individual tubes that
form connected triangles [1]. The fundamental building block
for these robots in 3 dimensions is the triangle. In a triangle,
the axis of rotation formed by each of the roller modules are
guaranteed to remain parallel. These robots can be precisely
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Fig. 1. (A) An isoperimetric robot constructed from 7 triangles (6 inflated
triangles, and a rigid triangle that serves as an interaction surface. (B) An
isoperimetric robot in the shape of a hexagonal bipyramid, formed from
6 triangles. (C) The operating principle of the isoperimetric robot. Each
triangle changes shape as the rollers move along the inflated tube, changing
the position of the vertex, but maintaining a constant perimeter.

modeled as graphs composed of interconnected triangles,
allowing us to apply tools from graph-theory to systemat-
ically generate and analyze new configurations. Robots can
be constructed by connecting multiple triangles at spherical
joints, but the requirement that each edge belongs to exactly
one triangle imposes strict constraints. This constraint raises
a fundamental design question: What shapes can be formed
using only triangles, such that each edge in the resulting
graph belongs to exactly one triangle? This paper introduces
theoretical tools to answer that question and identify a wide
range of viable robot configurations. Two such robots have
been physically constructed and are shown in Fig. 1.

This paper makes the following contributions:
• We present a novel algorithm that determines if a graph

can be partitioned into individual triangles, the base unit
of an isoperimetric robot, and finds a valid partition.

• We enumerate all possible minimally rigid graphs up to
9 nodes that can be partitioned into individual triangles,
along with all possible partitions of those graphs. This
enumerates all minimally rigid isoperimetric robots that
can be constructed from 7 triangles.

• We present a constructive method for combining par-
titioned graphs together to form larger structures that
themselves are triangle-decomposable, allowing con-
struction of arbitrarily large isoperimetric robots.

• We give an analysis of the reachable set of points by
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minimally rigid isoperimetric robots up to 9 nodes.

II. RELATED WORK

A. Modular Robotics

A robot composed of modular and reconfigurable elements
would allow robotic systems to adapt to a wide variety of
tasks and environments [2], [3]. Often the robots themselves
are the primary building blocks of the structure [4], [5], while
in other cases robots can form a shape from passive material
([6]).

The class of modular robots to which the Isoperimetric
robots most closely belongs is truss robots, often referred
to as variable geometry trusses. Truss robots consist of rigid
links that can change their length connected at passive joints.
The tetrobot project used as its base unit a tetrahedron, and
developed hardware and dynamic controllers for this class
of robots [7], [8], [9], [10]. The tetrobot project enumerates
a number of different shapes that the tetrahedral robots
can take, including an algorithm for chaining tetrahedon
elements together to create arbitrarily long chains. Hardware
construction and controller design of these tetrahedral based
structures has also been considered for lunar operations [11],
[12]. There have been several other hardware constructions
of these truss style robots [13], [14]. In [15], the authors
determine which shapes the truss robot can take while it
reconfigure itself without user intervention. Truss robots are
also closely related to tensegrity robots [16], which have
been proposed for space exploration [17], [18], climbing
through ducts [19], and other tasks. Determining how to
combine tensegrity elements into large numbers of shapes
has also been a topic of research [20], [21]. In the case
of the isoperimetric robot, the fundamental element is a
triangle, which poses the problem of what shapes can be
formed from triangles. While other similar other works that
have described and enumerated tensegrity, tetrahedral, and
truss configurations, this work describes and enumerates
isoperimetric robots.

B. Graph Decomposition

This work also draws on prior contributions in graph theory
and discrete optimization. The problem of partitioning a
graph into triangles is a special case of an edge partition
problem, which has been shown to be NP-complete [22].
While extensive research has focused on characterizing rigid
graphs, a full combinatorial characterization of rigidity in
three dimensions is an open problem. In [23], the authors
examine the number of embedding of minimally rigid graphs,
and in doing so, enumerate all minimally rigid graphs up to 8
nodes. In constructing the graphs, the authors note that two
operations, dubbed H1 and H2 steps and shown in Fig. 2,
are sufficient to construct all Geiringer graphs with ≤ 12
vertices.

III. MATHEMATICAL DEFINITION OF AN ISOPERIMETRIC
ROBOT

We define the state of an isoperimetric robot using infor-
mation about the connectivity of the edges (an undirected

H1 Step H2 Step

Fig. 2. Two different Hennenberg steps utilized to construct graphs. In an
H1 step, a new node is added with 3 connecting edges. For an H2 step, a
new node with four new edges is added, and an edge between the connecting
nodes is deleted.

graph), the position of the vertices (the embedding) and how
the edges are divided into triangles (the triangle partition). We
denote the graph G = (V, E) where V is the set of vertices
or nodes and E is the set of edges. We define the embedded
graph as a framework (V, E ,p) where (V, E) is the graph and
p ≜

[
p⊺
1 p⊺

2 · · · p⊺
n

]⊺
, pi ∈ R3 ∀i, is a set of points in

Euclidean 3-dimensional space.
Assumption 1: All graphs considered in this paper do

not have self-loops and do not have duplicate edges. More
precisely, (i, j) ∈ E =⇒ i ̸= j and any (undirected) edge
(i, j) ∈ E is unique.

1) Triangle Partition: The goal is to partition the set
of edges E(G) into subsets, where each subset induces a
subgraph isomorphic to K3 (a triangle). To do this, we define
the notions of binary-valued triangle indicator matrices and
triangle partition matrices. For this definition, M j indicates
the jth column of the matrix M .

Definition 1: The matrix T ∈ {0, 1}|E|×NT ), NT ∈ Z≥0

is a triangle indicator matrix for a graph G = (V, E) if
every column T j is the indicator vector for the edge set of
a subgraph of G isomorphic to K3.

Definition 2: The matrix T ∈ {0, 1}|E|×|E|/3 is a triangle
partition matrix for a graph G = (V, E) if all of the following
conditions are satisfied:

1) T is a triangle indicator matrix, and
2) T 1⃗ = 1⃗. Equivalently, the edge sets associated with

each column of T form a partition of E .1

Definitions 1, 2 imply that the entries of a triangle indicator
or triangle partition matrix can be defined as

T j
i =

{
1 if edge i is in triangle j,
0 otherwise.

(1)

Each column T j of T represents a different triangle and each
row Ti of T represents an edge of the graph G. Note that
Definitions 1, 2 trivially imply that T ⊺1⃗ = 31⃗, meaning that
each triangle contains exactly three edges.

The kinematics of an isoperimetric robot relating the
changes in the edge lengths with motions of the nodes are
described in detail in [1]. For each graph, we can construct a
rigidity matrix, R(x) ∈ R|E|×3|V| can be used to determine
whether or not the framework is infinitesimally rigid using
the following result:

Lemma 1 ([24]): The framework (V, E ,p) is infinitesi-
mally rigid in Rm if and only if its rigidity matrix R(x) has
rank 3n− 6, where n is the number of nodes.

1The dimensions T ∈ {0, 1}|E|×|E|/3 for a triangle partition matrix
follow from every edge being included in exactly one triangle (with three
edges per triangle).
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IV. PARTITIONING A GRAPH INTO DISTINCT TRIANGLES

We present three separate algorithms to partition a graph
into distinct triangles: an exhaustive search algorithm, an
integer programming routine with a pre-enumeration step,
and an integer programming algorithm.

For an arbitrary graph to be decomposed into unique
triangles, it must satisfy the following necessary (but not
sufficient) conditions:

• The degree of each node in the graph must be even
• The total number of graph edges is a multiple of 3

A. Exhaustive Search Routine

If a graph meets the necessary conditions, a naı̈ve approach
to determining if a graph can be partitioned into triangles is
the following:

• Identify all triangles in the graph
• Select all possible combinations of triangles
• Evaluate each combination of triangles to determine if

each edge in the graph appears exactly once.
The triangles in a graph are precomputed using algorithm

1. In this algorithm, we loop over each node in the graph,
and look for nodes that have an intersection in their neighbor
sets, where the neighbor set of node i is denoted N(i)

Algorithm 1 Triangle Pre-Enumeration
triangles← ∅
for i = 0 : n do ▷ Loop over each node

for v ∈ N(i) do ▷ Loop over the nodes neighbors
if v < i then ▷ Avoid duplicate checks

for w ∈ N(i) ∩N(v) do ▷ Shared neighbors
if w > v then ▷ Avoid duplicate triangles

triangles← triangles ∪ {(i, v, w)}
return triangles

The computational complexity of this algorithm, and the
upper bound on the number of triangles is given in [25] as

NTriangles =
1

3

n∑
i=1

di(di − 1)

2
(2)

where di is the degree of node i. The number of possible
combinations depends on the number of triangles in the
graph. If there are m candidate triangles, and 3k edges in
the graph, the number of possible combinations to check is
given by the binomial coefficient:

Ncombinations =
n!

(n− k)!k!
. (3)

Thus the number of triangles in a graph grows quadrat-
ically with the degree of the nodes of the graph, but the
number of possible combinations grows with the factorial
of the number of triangles in the graph. This procedure
is tractable for small graphs, but exhaustively enumerating
and searching the possible combinations rapidly exceeds our
computational resources for large, dense graphs. For this
reason, we pursue an integer programming approach.

B. Integer Programming Formulations for Determining Tri-
angulated Rigidity

We present two integer programming techniques for de-
composing a graph into triangles. In the first, each triangle
in the graph is identified as an initial step. In the second,
the decomposition is solved end-to-end by an integer convex
program without pre-enumeration.

1) Triangle Pre-Enumeration ILP: The triangle pre-
enumeration technique consists of two steps. The first step
precomputes all possible triangles within the input graph,
using the procedure in Algorithm 1. The second step uses
an integer linear programming solver to partition edges into
a valid graph decomposition.

For the pre-enumeration technique, we encode all possible
triangles with a triangle indicator matrix T as per Definition
1. Since the matrix T contains all possible triangles within the
graph and is not guaranteed to be a triangle partition matrix,
it follows that some triangles within T may have intersecting
edge sets.

To obtain a triangle partition matrix from T as per
Definition 2, all edges must be included in exactly one
triangle. Mathematically this can be expressed as the con-
straint Tx∗ = 1, where the jth entry of the indicator vector
x∗ ∈ {0, 1}NT is 1 if triangle j is included in the partition
and 0 if it is excluded. The final partition matrix is then T ∗ ≜[
T j1 T j2 · · · T jm

]
where xjk = 1 ∀k = 1, . . . ,m.

Finding the indicator vector x∗ can be posed as an integer
linear programming (ILP) feasibility problem as follows:

x∗ = argmin
x∈{0,1}NT

0 s.t. Tx = 1 (4)
Any feasible point to this ILP is a valid indicator vector

specifying which columns of T form a triangle partition
matrix.

The total runtime of the Triangle Pre-Enumeration ILP
method is the runtime of Algorithm 1 added with the runtime
of the ILP in (4). The ILP in (4) can be solved by any
standard optimization solver such as Gurobi [26], MOSEK
[27], HiGHS [28], or SCIP [29].

2) End-to-End IQCQP: The second integer programming
technique involves computing a triangle partition matrix
directly from the graph incidence matrix without a pre-
enumeration step. Let d =

[
d1 · · · d|E|

]
be the vector of

degrees of the line graph L(G). Let D denote the incidence
matrix of G, and let |D| denote the entrywise absolute
value of the matrix D. Let L(G) denote the line graph of
G, and let L be the Laplacian matrix of L(G). We will
show in this section that this problem can be expressed
as the following integer quadratically-constrained quadratic
program (IQCQP):

T ∗ = argmin
T∈{0,1}|E|×|E|/3

0

s.t. T ⊺x = 31⃗ (5)

Tx = 1⃗ (6)

(T j)⊺L(T j)− d⊺T j ≤ −6 ∀j = 1, . . . , N∗
T (7)

|D|T j ≤ 2 ∀j = 1, . . . , N∗
T (8)
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The optimization variables of this IQCQP are the entries of
the matrix T ∈ {0, 1}|E|×|E|/3. The first constraint (eq. (5))
ensures the columns of T have exactly 3 non-zero entries,
and the second constraint enforces each edge to be present
in exactly 1 column. The third and fourth sets of constraints
enforce each column of T ∗ to represent an indicator vector
for an edge set of a subgraph of G isomorphic to K3. The
third set of constraints ((7) enforces that all edges in each
triangle are adjacent to each other, but on its own is not
sufficient to ensure that a given triangle T j is isomorphic to
K3. 2 Eq. (8) enforces that no single node is part of all three
edges.

Lemma 2: An induced triangle subgraph T j with edges
j1, j2, j3 ∈ E(G) is isomorphic to K3 if and only if
inequalities (7) and (8) are simultaneously satisfied.
Sufficiency: Suppose T j is the indicator vector for the edge
set of a triangle isomorphic to K3. T j can be written as
T j = Ij1 + Ij2 + Ij3 where Ij represents the jth column of
the identity matrix. Observe that

(Ii)⊺LIk = Lk
i =


di if i = k,

−1 if i ̸= k and edge i is adjacent
to edge k,

0 otherwise.
(9)

Also observe that d⊺T j = d⊺(Ij1 + Ij2 + Ij3) = dj1 +dj2 +
dj3 . From the symmetry of L (recall that we are considering
undirected graphs) it follows that

(T j)⊺L(T j)− d⊺T j = 2(Lj2
j1
+ Lj3

j1
+ Lj3

j2
). (10)

Since T j is the indicator vector for the edge set of a triangle
isomorphic to K3, all three edges j1, j2, j3 are adjacent to
each other and the RHS of (10) is equal to -6, satisfying
constraint (7).

Next, since the triangle represented by T j is isomorphic
to K3, there exist three nodes n1, n2, n3 such that |D|Ij1 =
In1+In2 , |D|Ij2 = In2+In3 , and |D|Ij3 = In3+In1 . This
follows from the definition of the incidence matrix D. We
therefore have |D|T j = |D|(Ij1+Ij2+Ij3) = 2(In1+In2+
In3), which implies that |D|T j ≤ 21⃗ for all j. Constraint (8)
is therefore satisfied.

Necessity: We prove the contrapositive. Suppose that T j

is the indicator vector for the edge set of a subgraph that is
not isomorphic to K3. The objective is to show that either
constraint (7) or (8) is not satisfied. Since the subgraph
represented by T j contains three edges due to the constraint
in eq. (5), the subgraph not being isomorphic to K3 implies
that the number of nodes within the subgraph is either 4, 5,
or 6.3

Case 1: Suppose there exists a node n∗ in the subgraph
represented by T j that belongs to all edges. Since there are
only 3 edges, this implies that the number of nodes in the

2As a counterexample, consider a 4-node graph with edges
(1, 2), (1, 3), (1, 4).

3This follows because a subgraph with three nodes and three edges must
trivially be isomorphic to K3.

subgraph is 4. An example is given by the subgraph with
edges (1,2), (1,3), (1,4) with n∗ = 1. These graphs are clearly
non-isomorphic to K3 since they must contain four nodes.
It follows that for the three edges j1, j2, j3 in T j we have
|D|Ij1 = In1 + In2 , |D|Ij2 = In1 + In3 , and |D|Ij3 =
In1 +In4 . Therefore |D|T j = 3In1 +In2 +In3 +In4 , which
implies that max

(
|D|T j

)
= 3 and therefore constraint (8) is

not satisfied.
Case 2: Suppose that T j represents a subgraph not iso-

morphic to K3 and max
(
|D|T j

)
< 3. Since constraint (8)

is feasible, we demonstrate that constraint (7) is not satisfied.
Observe that, for this case, there must exist two non-adjacent
edges j1, j2 in the subgraph. This can be easily verified by
noting that the only possible subgraphs where all three edges
are adjacent are K3 or a graph matching the conditions of
Case 1; i.e., max

(
|D|T j

)
= 3. Since there exist two non-

adjacent edges, by (9) we have (Ij1)⊺LIj2 = Lj2
j1

= 0. By
(10) we therefore have

(T j)⊺L(T j)− d⊺T j = 2(Lj2
j1
+ Lj3

j1
+ Lj3

j2
)

= 2(0 + Lj3
j1
+ Lj3

j2
) > −6.

(11)

Therefore constraint (7) is not satisfied, which concludes the
proof.

V. COMPOSITION ALGORITHMS

A. Enumeration from minimally rigid graphs

In this section we address the problem of enumeration:
what are all of the minimally rigid graphs, up to a given
number of nodes, that can be decomposed into triangles?
This allows us to determine which graphs we can use to
construct isoperimetric robots.

In [23], the authors provide an enumeration of all mini-
mally rigid graphs based on Hennenberg steps up to 8 nodes.
Extending this enumeration to an exhaustive enumeration
of graphs with 9 nodes requires a prohibitive amount of
computational resources. However, the only graphs that can
have valid partitions are those that have all nodes with even
degree. If the final step is an H1 step, the last node will
always have had odd degree, and cannot be partitioned. The
only viable partitions for 9 nodes graphs will be encountered
if the degree of each node is even. Therefore, we extend
their enumeration to 9 nodes by taking all known graphs
with 8 nodes, and evaluating all 9 node graphs that result
from taking an H2 step.

Using the enumeration of minimally rigid graphs, we then
apply the exhaustive search algorithm from the previous sec-
tion to identify which are decomposable. The total numbers
of the candidate graphs are given in table V-A for each
number of nodes. Fig. 3 shows the graphs for which a
successful partition was found. We also list the workspace of
one node of each of these graphs, which we will describe in
VII. In order to describe these graphs, we utilize a convention
used by other researchers to describe arbitrary graphs. We
take the upper triangular portion of the adjacency matrix,
interpret that string of 1’s and 0’s as a binary number, and
label the graph with the number that corresponds to the
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# of Nodes MR Graphs Satisfy NC Partitions

6 4 1 2
7 26 2 1
8 374 6 3
9 - 60 13

TABLE I
The number of minimally rigid graphs for different number of nodes, how

many of those graphs satisfy the necessary conditions, and the total
number of partitions (note that some graphs that satisfy the necessary

conditions can be partitioned in multiple ways).

value of the binary number converted to base 10. Thus the
number assigned to each graph uniquely describes the graph’s
adjacency matrix.

Interestingly, there are some graphs for which multiple
partitions of the same graph are possible. Graph 26622, an
octahedron, has two possible partitions, one with a labeled
triangle on the top, and another with a labeled triangle as
the base. There are three possible partitions of two stacked
octahedrons (graph 60243677150). Although the graphs are
structurally identical, the robot moves differently depending
on how the graph is partitioned into triangles, due to the
constraints those partitions impose. This is evidenced by the
different sizes of their workspaces.

a) Embedding the Graphs: Once the graphs are con-
structed, we must then find an embedding (assign values to
the nodes coordinates of the graph) so that we can examine
them as robotic systems. In this study we find embeddings
using a multidimensional scaling [30], as implemented by the
Matlab function “mdscale.”

One challenge is that the embedding that results from the
multidimensional scaling for some of these graphs occur at
configurations where the graph is not infinitesimally rigid.
Mathematically, the robot is not infinitesimally rigid when the
rigidity matrix, R, loses row rank. We quantify the rigidity of
a graph with the worst case rigidity index, λWCR formulated
in [31], [32]:

λWCR =
λ7∑3n
i=1 λi

=
λ7

tr(R(x)TR(x))
=

λ7∑NL

i=1(L(x)i)
2

(12)
where λ7 is the seventh smallest eigenvalue of the matrix

R(x)TR(x). In order to find embeddings that are infinites-
imally rigid, we use the algorithm in V-A0a. With this
approach, we generate a large number of embeddings of the
graph with some induced randomness, and then select the
one that has the largest worst-case rigidity index.

B. Constructive Methods for Combining Partitioned Graphs

We present a method for combining two infinitesimally
rigid graphs that are partitioned into edge-disjoint triangles,
into a single graph that is also infinitesimally rigid and
decomposes into unique triangles. Conceptually, this involves
deleting a labeled triangle from one graph, and merging the
3 nodes of that triangle with three nodes of the other graph

Let G1 = (U1, E1), with node locations x1 = (p1, ..., pn1)
and G2(V1, E2) with node positions x2 = (q1...qn2) be
infinitesimally rigid frameworks in R3. Let there be a triangle
(a subgraph isomorphic to K3) in (G1 composed of nodes

Algorithm 2 Determine a Embedding
WCR← 0
for i = 0 : ntrials do ▷ Number of Embeddings to Try

D = 0 ▷ Initialize Distance Matrix
for i ∈ 1 : n do

for j ∈ [j : n] do
if A(i, j) == 1 then ▷ Connected nodes

D(i, j) = rand()
else

D(i, j) = 10 ▷ Disjoint nodes
x=mdscale(D) ▷ Compute embedding
WCR=wcr(x) ▷ Eq. 12
if WCR > WCRmax then

xmax = x

return xmax

u1, u2, u3, and edges e12, e23, e13. Let G2 have 3 nodes
positioned at the same relative distances as the triangle
in G1, meaning that a homogeneous transform M exists
such that [p1, p2, p3] = M [q1, q2, q3]

T . We define the graph
G1′ = G1 − {e12, e23, e13}, meaning that the graph G1′ is
the graph resulting from deleted the connecting edges of the
triangle.

Lemma 3: Let Gcombine be the graph formed by joining
graphs G1 and G2, i.e., Gcombine = G1′ ∪ G2 with {v1 ∼
u1, v2 ∼ u2, v3 ∼ u3}, where ∼ denotes combining the
nodes of the two graphs. Let xc = [p1...pn1 ,Mq4...Mqn2 ]
be the node positions for Gcombine. Then the framework
(Gcombine, xc) is infinitesimally rigid.

The rigidity matrix of (G1, x1) is

R1 =

[
RC 0
R1C R11

]
. (13)

where RC is the rigidity matrix of the deleted triangle. Let
R2 be the rigidity matrix of (G2, x2) The rigidity matrix of
(Gcombine, xc) is

Rcombine =

[
R2 0
R1C R1

]
(14)

The deleted edges corresponding to the triangle Rc are lin-
early dependent with the rows of R2, because the framework
(G2, x2) is infinitesimally rigid. Thus the rank of Rcombine

is (3n1−6+3n2−6−3). As nC = n1+n2−3, the rank of
Rcombine is 3nC −6. Thus the framework (Gcombined, xc) is
infinitesimally rigid by Lemma 1.

If the triangle at which the two graphs are joined is part
of the partition in each subgraph, then the overall graph can
also be partitioned. Using this constructive algorithm, we
can combine any of the graphs presented in Fig.3. We have
constructed several different graphs using this constructive
algorithm, with the results shown in Fig. 4.

VI. RESULTS: COMPUTATIONAL TIMING

We evaluate the computational performance of the three
partition algorithms presented in Section IV. We generate a
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Fig. 3. All partitions of all minimally rigid graphs with 9 or fewer nodes that can be partitioned into triangles. Note that some graphs have multiple
possible partitions. Graphs are grouped according to the number of component triangles. Graphs that are identical but have different partitions are grouped
in blue boxes. For each graph, the normalized workspace volume NV of the top node is given.

Fig. 4. Shapes formed by combining octahedral units into chains and
branching shapes

test set of random graphs by starting with an octahedron,
identifying three random nodes in the graph, and merging
the base graph with a new octahedron using the procedure
in Lemma 3. Denoting the number of nodes in the graph
as |V|, 20 random graphs were generated for each value of
|V| in [9, 15, 21, . . . , 297]. For each graph, the Exhaustive
Search Routine, Triangle Pre-Enumeration ILP, and End-

to-End IQCQP algorithms were run and the runtimes were
recorded. Due to computational limitations a 100-second time
limit was imposed on the runtimes. Integer programs were
solved using the Gurobi optimizer [26]. All experiments were
conducted on an AMD Ryzen Threadripper Pro 5975wx
workstation processor.

A plot with the results is shown in Figure 5. The exhaustive
search reaches the memory limit beginning with graphs of 18
nodes, while the end-to-end IQCQP reaches the time limit
beginning at 24 nodes. However, the algorithm with pre-
enumeration enables computation up to 297 nodes in approx-
imately 1 second, indicating that this method is tractable for
large graphs.
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Fig. 5. Plot comparing runtimes for exhaustive search, pre-enumeration ILP,
and end-to-end IQCQP. Center dots show the median runtime, while upper
and lower whiskers show min / max runtimes respectively. All experiments
ran with a time limit of 100 seconds. Only two entries for exhaustive search
are shown since the algorithm encountered out-of-memory errors after that
point. End-to-end IQCQP runtimes beyond 27 nodes are omitted due to runs
hitting the timeout limit.

Fig. 6. Visualization of three robot workspaces: (1) Overlap of two robots
with identical graphs, (2) largest achievable workspace, and (3) smallest
constrained workspace.

VII. RESULTS: WORKSPACE CHARACTERIZATION

We now characterization the motion of the new robot
shapes given in Fig. 3 to understand how these new de-
composable graphs behave as isoperimetric robots. We pro-
vide a quantitative comparison by determining the reachable
workspace of a single vertex of each robot, while three other
“base nodes” are constrained to be stationary. The support
nodes we selected are shown as the base nodes in Fig. 3.

Determining the workspace of each robot requires solving
the inverse kinematics, meaning that we specify the motion
of the controlled nodes of the graph in operational space,
and determine how the robot must actuate to achieve this
motion. We phrase the inverse kinematics as the following
optimization problem:

min
ẋi

∥R(x)ẋ∥2 (15)

subject to Ai

Ci

TTR(x)

 ẋi =

bi0
0

 (16)

Dẋi ≥ 0 (17)

where ẋi is the velocity of all nodes of the robot at time i. In
this case, Cẋ = 0 constrains the base nodes of the robot to

be stationary, Aẋ = b constrains one of the nodes to move in
a specified target direction. TTR(x)ẋ = 0 is the constraint
that the perimeter of each triangle remains constant, where
T is the triangle indicator matrix of the graph.

We also include the inequality constraint Dẋi ≥ 0. We
move the robot while enforcing the following constraints:

• Individual edge lengths must remain above a minimum
length of 0.2

• The robot’s worst case rigidity index must remain above
a threshold of 0.005, as defined in eq. 12.

After each time step we evaluate these constraints. If violated,
we return to the previous time step and enforce the gradient
of the constraint as a linear constraint of the form Dẋi ≥ 0,
using the same technique used in [33].

To calculate the workspace, we generated a set of 200
points on the surface of a sphere of radius 6, significantly
larger than the robot can reach. We compute the convex
hull of these points to find a triangulation Each robot was
positioned within the sphere and commanded to move its
designated movement node in a straight line to each target
point on the sphere’s surface. For each attempt, the final
position reached by the movement node was recorded until
the robot could no longer continue without violating the
constraints. These final positions, along with the triangulation
of the initial point locations, was used to compute the volume
of the workspace. This procedure is visualized in the video
attachment.

To allow comparisons between robots with different num-
ber of nodes and lengths of edges, the workspace volume
was normalized by dividing it by the cube of the longest
edge length of each robot. This normalization controls for
differences in scale and initial edge length, enabling a fair
comparison of workspace across robots with differing ge-
ometries and triangle counts.

Robots with identical graphs exhibit variability in their
workspaces due to differences in how they are partitioned
into triangles. This can be seen in the boxed groupings in
Figure 3. The most drastic case is that of graph 60243677150
where the workspace ranges from 37.54 to 45.7. Similar
differences occur in graph 26622. Robots with edges that
span through the middle of the graph tend to have limited
ranges of motion. These graphs in their initial configura-
tion are closer to singularities. Graph 26622 has an initial
WCRI of 1.67, which is the highest of all the graphs we
explored. Graph 44565393342 had the smallest initial WCRI
of 0.01. The initial WCRI does not directly correlate to the
workspace volume. Robots based on the same graph have the
same WCRI regardless of their partition, yet have different
workspace volumes. Though 60243677150 had the largest
workspace, it has a comparably small initial WCRI of 0.47.

A key design insight for isoperimetric robots is that the
arrangement of triangles within a robot affects performance
significantly, even for two robots where the graph is the same.
For the physically constructed stacked octahedron shown in
Fig. 1, we selected an embedding that positioned a triangle
at the top to accommodate a solar panel. This specific parti-
tioning of triangles resulted in the lowest workspace volume
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for that configuration. In future iterations, it is important to
consider how the overall geometry and the configuration of
triangular components impact the system’s effectiveness.

VIII. CONCLUSION

In this paper we have expanded the number of isoperimet-
ric robots that can be built by characterizing triangle decom-
posable graphs. This allows for an increased number of robot
shapes and types. These robots may form a viable candidate
for space exploration, as they can stow in small volume when
deflated, and then inflate to form large structures that can
support substantial loads.

This algorithm could also be extended to decompose
graphs into shapes beyond triangles. For example, it can
partition a graph into sets of more complex base units
such as octahedra. However, the current robot configuration
requires base units to be planar. In future work, new hardware
development could lead to nodes for the isoperimetric robot
that allow for the compliant members to bend along multiple
axes. This would remove the constraint that each tube must
remain a planar triangle, and replace it with the constraint that
the graph must be decomposed into Euler paths. This would
increase the number of candidate robot configurations.
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