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Effect of Virtual Mass and Time Delay on the
Stability of Haptic Rendering

Ahmad Mashayekhi *“, Mehdi Shakeri

Abstract—Virtual mass simulation is one of the recent topics
in the field of haptic devices (HDs), which can alter the apparent
mass of the HD. Simulating negative values of virtual mass leads to
a decrease in the apparent effective mass, improving transparency
but weakening stability. Positive virtual mass rendering increases
the apparent mass, reduces transparency, and enhances stability.
This paper analyzes the stability of a haptic device while simulating
a virtual environment consisting of a mass, spring, and damper
in the presence of a constant time delay. The results are closed-
form equations that can predict the stability boundary for small
and even large values of virtual damping and time delay. These
closed-form equations demonstrate that the maximum renderable
virtual mass is twice the physical mass of the HD, and the minimum
value equals its negative; both occur in the case of zero time delay.
Increasing the time delay reduces both the minimum and maximum
values of the renderable virtual mass. The study also shows that
using virtual mass can improve the maximum value of a renderable
virtual spring. The equations show that, in the absence of delay,
properly tuning the virtual mass and virtual damping can enlarge
the maximum renderable stiffness by up to 5.8 times in theory. In
the experiments under time delay, the stiffness increased by a factor
of 3.5, compared to the theoretical prediction of 4.1 times. The
results further reveal situations where a nonzero minimum stiffness
is required for stability. All findings are validated via simulations
and experiments on a dedicated test bed.

Index Terms—Haptic device (HD), stability, virtual mass, time
delay.

1. INTRODUCTION

HAPTIC device (HD) is a robot that can be used for sim-
ulating virtual environments (VEs) [1], teleoperation [2],
[3], [4], and learning from demonstration [5]. HDs are designed
to transmit virtual forces and torques to users with the highest
level of transparency. In this way, the HD enables users to
physically interact with the VE, providing a sense of reality
and tangibility.
Rendering inertia and inertial forces can enhance the sense of
touch and the experience of VEs. Employing negative values for
virtual inertia, or mass, may reduce the impact of reflected inertia
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on the operator’s side. Minimizing reflected inertia enhances the
transparency of haptic devices, but it can also lead to instabil-
ity [6]. Based on the results of this work and previous studies
such as [6], [7], [8], it can be stated that in cases where the
virtual environment includes mass, simulating positive virtual
mass values can boost the maximum renderable stiffness before
the system becomes unstable.

Haptic devices typically have several degrees of freedom
(DOF) and can be configured in either series or parallel arrange-
ments. Due to their multi-DOF, nonlinear, and intricate dynam-
ics, itis challenging — if not impossible — to use these dynamics
directly in stability and passivity analysis. When simulating a
virtual environment, the haptic device’s end-effector, known as
the stylus, makes limited movements around its operating point.
This allows the complex and nonlinear dynamics of the haptic
device to be simplified into a 1-DOF system consisting of an
effective mass, viscous friction, and Coulomb friction, operating
with an effective sensor resolution, as shown in [9].

The main contribution of this paper is the development and
derivation of closed-form stability equations and boundaries for
haptic devices operating in virtual environments modeled as
mass-spring-damper systems with time delay, virtual damping,
and virtual mass, providing useful theoretical insights for haptic
rendering. In contrast to previous studies, which were valid only
for the case of no time delay and relied on trial-and-error ap-
proaches to define stability ranges, this work presents an explicit
mathematical relationship. It connects the physical parameters
of haptic devices to the virtual environment parameters, as well
as to the time delay. The proposed equations are versatile, cov-
ering both small and large values of time delay, virtual damping,
and virtual mass. Novelties are therefore observed both in the
absence and in the presence of a time delay. In the absence
of time delay, the closed-form analysis shows that introducing
virtual mass can, in theory, significantly increase the maximum
renderable stiffness. In fact, it is shown that the maximum
theoretical value of the virtual stiffness can be increased by up to
5.8 times by adding virtual mass and tuning the virtual damping.
When time delay is included, the stability boundaries can still
be obtained efficiently, and the behavior of the haptic device can
be systematically analyzed. In this delayed case, it is shown that
adding virtual mass can increase the maximum renderable stiff-
ness by about 4.1 times theoretically, which is consistent with
the 3.5-fold increase observed in the experiments. In addition,
the findings indicate that—whether time delay exists or not—in
certain cases, a non-zero minimum value for the virtual spring
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Fig. 1. The 1-DOF nonlinear model of a haptic device.

is required for stability, a phenomenon not reported in previ-
ous studies. These improvements arise because, unlike earlier
works, our analysis is not restricted to the zero-delay case with
positive values of virtual damping and is based on closed-form
derivations rather than trial-and-error methods. These findings
verify that the proposed framework remains valid under delayed
conditions and establish a new analytical approach that has not
been reported before.

The structure of the paper is as follows: a review of previous
analyses is presented in Section II, while Section III contains
the modeling of the HD. Stability analysis and the derivation of
the stability boundary equations are presented in Section IV.
Simulations and experiments are conducted and reported in
Sections V and VI, respectively. Section VII presents the results
and discusses them. The paper concludes with the conclusions
and references sections.

II. PREVIOUS ANALYSES

Although the HDs may exhibit multi-DOF nonlinear dynam-
ics, in [9] and [10], closed-form equations are provided to calcu-
late the values of the effective mass, viscous friction, Coulomb
friction, and resolution of a multi-DOF HD as functions of its
dynamic parameters and operating point. The accuracy of these
equations in predicting the stability boundary is also evaluated
and discussed, showing good agreement between the original
nonlinear multi-DOF system and the new simplified 1-DOF
model. Based on these findings, the nonlinear schematic view
of the HD is presented in Fig. 1. In this figure, m, b, ¢, and A
represent the effective mass, viscous friction, Coulomb friction,
and resolution, respectively, and are used in many theoretical
analyses such as [11]. Due to the discrete nature of the HD, the
position of the stylus () is sampled with a constant sampling
time of 7" and used within the virtual environment V E(z). This
force is passed through a zero-order hold and a time delay of
Ty, and then applied to the HD by its actuators as the virtual
environment force (Fy ). This force is added to the operator’s
hand force (F'g).

A simplified linear model of the HD is shown in Fig. 2.
This model includes only linear phenomena and is applicable
when Coulomb friction and quantization are negligible. Ad-
ditionally, previous studies [11], [12], [13] have demonstrated

IEEE Transactions on Haptics (ToH) paper, presented at ICRA 2026, |E%B%fwﬁg?§%WeH3§T oﬁq\’%ﬁ’gﬁ\‘o- 0,2025

Feedback
linearization

Haptic device

Fy 4 1 x
+ X 1 ms2+bs g
| Fve
1—esT
= e [ VE(z) —"
Delay ZOH Virtual Environment

Fig.2. Linear model of the haptic device. In the experimental setup used in this
paper, the Coulomb friction and gravity torque are compensated in the feedback
linearization block.

that Coulomb friction can dissipate the energy introduced by
quantization. Some phenomena, such as possible saturation and
quantization in the actuators or internal vibration modes of the
interface, are not considered. Although user dynamics are also
involved in the loop, their influence generally enhances system
stability [14], [15], [16]. Therefore, these dynamics have not
been included in the block diagram, which can be regarded as a
simplified and worst-case scenario.

Under these assumptions, the linear model can serve as a
good approximation for determining stability conditions. This
approach has been widely used in various studies for stability
and passivity analysis in HDs, such as [7], [8], [9], [14], [17],
[18], [19].

Colonnese et al. identified important parameters for system
passivity and stability, presented passivity and stability bound-
aries, predicted noise limit cycles and established conditions for
their existence, and described the expected accuracy of rendered
virtual mass for a 1-DOF HD [20]. They considered only the
virtual mass to simulate the VE, without including the virtual
spring and damper. Desai et al. studied the effect of virtual mass
simulation on the maximum achievable virtual stiffness of a
1-DOF HD [21]. They showed that the maximum value of the
virtual stiffness is achieved when the virtual mass equals the
effective mass of the HD. Furthermore, they demonstrated that
the maximum stiffness obtained by simulating virtual mass is
about 2.5 times higher than that achievable with virtual damping.
However, they did not consider time delay in their research, even
though time delay is one of the key parameters significantly
affecting system performance and stability.

Stability analysis of a 1-DOF HD with different combinations
of mass, spring, and damper is studied in [6], in the case of no
time delay, by applying the Routh-Hurwitz criterion to the char-
acteristic equation of the closed-loop system. For this purpose,
in the absence of time delay, they introduced a set of nonlinear
inequalities through which the stability boundary could be de-
termined using numerical methods and iterative procedures. Gil
et al. analyzed the effect of implementing virtual inertia/mass on
the stability of a 1-DOF HD in the case of zero time delay [17].
They proposed a method to measure the physical inertia of their
haptic device and thus characterize its dynamics. Additionally,
they examined how position filtering (used to mitigate excessive
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TABLE I
DIMENSIONLESS PARAMETERS

Parameter Variable  Dimensionless variable
Sampling time T -

Time delay Ty d="T,/T

Physical mass m -

Physical damping b 6 =bT/m

Virtual stiffness Ky a=Ky,T?/m
Virtual damping By B8 = BuwT/m

Virtual mass My, v = My/m

noise in acceleration calculations) influences stability. However,
the study was limited to a zero-time delay, and virtual damping
was not included (the virtual environment consisted of only a
mass and spring, without a damper). Another limitation is that
even without time delay and virtual damping, numerical methods
were employed to determine and visualize the stability boundary,
as closed-form equations were not used for this purpose.
Researchers have simulated a VE consisting of only a mass
(without spring and damper) [8], where time delay was not
considered, and no closed-form equations were derived. The
use of virtual mass rendering as a means of dissipating energy
to stabilize the haptic system has been studied in [7]. According
to their results, while energy dissipation through virtual damping
is ineffective at high speeds, virtual mass can still dissipate
energy efficiently even at high velocities. Recently, this concept
was employed in studies such as [22] to enhance the stability
boundary of a 7-DOF human upper limb exoskeleton.

III. MODELING

The model of the HD depicted in Fig. 2 is used to calculate
the stability boundaries. The VE is assumed to be a bilateral
wall consisting of a virtual spring of K, virtual damping with
a damping coefficient of B,,, and a virtual mass of M,,. Due to
the discrete nature of the HD, these parameters are modeled in
the discrete domain. Therefore, the transfer function of the VE
in the z-domain is given as follows:

(2 —1)?
T222 7

z—1
:Kw+Bw +M'w

VE(z) Ts

(D

where 7' is a constant number and represents the sampling time.

Time delay may exist in a haptic system due to various
sources such as force calculation, communication, or motor
control. Given the typically fast sampling rates of HDs, even
a few milliseconds of delay correspond to several sampling
periods. In HDs with smaller sampling times—such as the Delta
and Omega devices with 0.33 ms, or the Impulse Engine with
0.2 ms [11]—the effect of time delay becomes more significant.
In stability analysis, it is feasible to treat the aggregate of all
delays within the control loop as a single delay represented by
Ty[23]. Hence, a constant time delay is defined as the total sum
of all delays within the control loop.

To simplify the analysis and reduce the number of variables,
dimensionless parameters, as listed in Table I, are used.
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IV. STABILITY ANALYSIS

In this section, stability analysis is performed, and closed-
form equations are derived to predict the stability boundary of
the HD. For this purpose, the closed-loop control system shown
in Fig. 2 is used, assuming a discrete virtual environment as
described in (1). The ZO H block represents the transfer function
of the zero-order hold, and G(s) is the transfer function of the
HD.

In this system, the characteristic equation of the system is
A=1+VE(z)z “Z[ZOHG(s)] = 0, )

where Z stands for the z-transformation. Since a zero-order hold
is used, Z[ZOH G(s)] is simplified as

1—eTs 1
S ms2 +bs |’

ZIZOHG(s)] = 2 [ 3)

Or:

bT.

e‘%—l-l—%)z-i-l—(l-i-%)e’m
L (s %)
“4)

The parameters are assumed to be dimensionless, as defined
in Table I, with T = ¢%. Thus, the characteristic equation is
simplified in dimensionless form as follows:

A =T522 — (14 1)6%29%3 4 522412
+ [(1 +T(6 — 1)) 4 BT
+ (1 =T(1+6)) +6(1—1)]23
—[a(1+8-T(1=27)) + B(T(y —2) +0)
+7(3(1 = T) +0) + 20]2*
+ (@ +B8(y—T)+~v(3(1—-T)+20) + )z
— (1 =T +6)=0. )

The roots of the characteristic equation correspond to the poles
of the closed-loop system. For the system to be stable, all these
roots must lie within the unit circle in the complex z-plane.
Accordingly, the stability boundary can be determined by sub-
stituting z using the following expression:

Z[ZOH G(s)] = (

2z =1e/? = cos () + jsin (0) (6)

Here, j represents the imaginary unit, and 6 denotes the complex
argument (also known as the angle or phase) in radians. By
substituting z from (6) into the characteristic equation in (5) and
simplifying, the resulting expression can be separated into real
and imaginary components, both of which must independently
equal zero for stability(R{X (2)} + jS{X (2)} = 0). The de-
tailed forms of these real and imaginary parts are provided in
subsection A of the Appendix. As a result, this approach yields
two independent equations, which can be solved for « and S,
resulting in the following set of dimensionless parameters:
YC14+78%C2+76C3+8°Ca+6%Cs
C6+62C746Cs

5 01 —y6%2Ca+~75Ce+62Cro+62C1y
- C6+02C7+0Cs

o =

)
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Fig. 3.

Plot of 6,ax versus 7 in the case of d = 0.

where C;,i = 1,...,11 are coefficients listed in the Appendix,
subsection B. The above equations can predict the stability
boundary without limitations on time delay and virtual damping.
In the following subsections, this equation is simplified for some
special cases, and equations for the maximum and minimum
values of  are determined and presented.

A. No Time Delay, Arbitrary Virtual Mass

In the case of no time delay (i.e., d = 0), the coefficients Cy,
Cs, Ch0, and C11 can be simplified, and the stability boundary
in (7) can be plotted by varying 6 from O to its maximum value
O max, as derived in Appendix C.

Brn = 2 arctan< Y ) , 8)
2—u
where
B (1-T)262(y+1+6)
u = i , ©)
with

A=y [1-1)*=6(* —1) 4+ I'6°] + T'6*(1—T +9).
10)

By selecting an appropriate value of v and using the known HD
parameters, the interval 6 € [0, 0,,ax] from (8) can be directly
substituted into (7), allowing the entire stability curve to be
obtained quickly in closed form, without iteration. As seen in the
literature, this case was previously studied in several references,
such as [6]. However, the method in [6] requires calculating o on
the stability boundary by iteratively searching for the maximum
renderable stiffness that satisfies an inequality for each value
of v and (. Therefore, unlike previous, the present formulation
provides a direct closed-form approach to generate the complete
stability boundaries.

Using (8), the value of 0, is plotted for different val-
ues of v € [—1,2], as shown in Fig. 3. For this purpose, a
1-DOF haptic device with mechanical properties 7' = 1 ms,
m = 0.0128 kg-m?, and b = 0.0324 N-m-s/rad (as per the ex-
perimental setup in this study) is considered. From Fig. 3, it can
be seen that increasing -y causes 0, to increase continuously.
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Fig. 4. Plot of O1,ax versus d in the case of v = 0.

B. No Virtual Mass, Arbitrary Time Delay

In the absence of virtual mass (i.e., M,, = 0), v becomes zero,
and the general stability equations in (7) simplify to (11).
_83C4+063%Cs
Q= Cet62C7+3Cs

; (1)
ﬁ _ 03C10+6%C1y
T C6+62C7+6Cs
In this case, @ varies from 0 to a new maximum value. When the
time delay is zero, this 0, is obtained from (8). For nonzero
time delay, 0 lies within the interval [0, Opnax], Where Opayx is
determined as follows (see Subsection D of the Appendix):

Ago + Apo COS(Q())

Oinax = 60 = Al + Al cos(8g) + dApgsin(6y) (12)
where
Ag() = 25(F2 +1-(T+1)%c+ 2Fc2)
—4sh*(I'—1) (1+T —2l¢),
Ap(0) = —4sh? (T —1)2, (13)

with s, = sing and ¢ = cos 6. The prime symbol (') denotes
differentiation with respect to 6, and the subscript “0” indicates
that the parameter is evaluated at § = 6.

For the given physical parameters of the HD, 6, is calcu-
lated from (47) for different values of d € [0, 100], as shown in
Fig. 4. The figure shows that increasing the time delay reduces
Omax When 7y is kept constant.

C. No Virtual Mass, No Time Delay

In the special case of d = 0 and v = 0, the stability equation
simplifies to the following form:

_ 8sin?(4)[6%(T2-2 cos(0)T+1)—-5(I'—1)(I'—2 cos(0)['+1)]
T 5 82(M2-2 cos(0)T+1)—d sin?(§ ) (02 —1)+sin?(§ ) (I-1)°
B —33 (122 cos(0)T+1)+462 sin?(§)T(I'-1)
T 82(I2—-2 cos(9)T+1)—46 sin?(§ ) (I2—1)+4 sin?(§ ) ('-1)*
(14)
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d=0, v =0

= = Current paper
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— Mashayekhi et al. 2020
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Dimensionless virtual stiffness («)
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Fig. 5. Dimensionless stability boundary of a haptic device, determined from
the current paper ((14)) in dashed blue line, Mashayekhi et al. 2018 (refer-
ence [24]) red dotted line, and Mashayekhi et al. 2020 (reference [15]) green
solid line.

In this case, 0. is obtained by substituting v = 0 into (8), as
shown in the following equation:

amax = 2arctan <\/4F(F
15)

A comparison of the stability boundaries from (14) and the
previous results in [15], [24] is shown in Fig. 5. Using (14),
Omax = 1.5725 rad is obtained, whereas the alternative methods
yield a frequency of wyax = 1572.4 rad/s. From Fig. 5, it can
be seen that all three different methods have the same starting
point. In fact, in [15], [24] it is shown that, for all values
of time delay, the minimum dimensionless virtual damping is
Bmin = —bT/m.Moreover, in the following sections, itis shown
that for all values of time delay and virtual mass, the minimum
value of  remains the same. Despite having the same starting
point, the endpoints of the curves vary significantly. For d = 0,
both (7) and (14) lead to B,..x = 2, which is the correct result
and is fully consistent with prior studies [6], [18], [19], [21].

In the general case where both time delay and virtual mass
are present, determining 6y, in a closed-form expression is a
challenging task. Since the presence of time delay reduces 6,4,
assuming d = 0 provides an upper bound for its value. The actual
value of 0,,,,x can then be obtained numerically, lying between
zero and this upper bound.

In Subsection E of the Appendix, it is shown that for stability,
it is necessary to have o > 0, and that all stability boundaries
start from the same point, (B, K,,) = (—b,0), or, in dimen-
sionless form, (3, &) = (-0, 0), regardless of the values of time
delay and virtual mass. This result is consistent with the case of
simulating a virtual environment consisting solely of a virtual
spring and damper, as previously demonstrated in [14], [18],
[19], [24], [25]. However, the maximum value of 3 is influenced
by various factors, such as d and .

(D — 1)2(1 +6)
“1-6)- (T —12(1+9)
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V. SIMULATIONS

This section presents a series of simulations comparing the
theoretical stability boundaries obtained from (7) with those
derived using MATLAB/Simulink, based on the previously men-
tioned physical parameters of the HD. The virtual environment is
modeled as a discrete version of (1), with a zero-order hold block
used in the simulations. Various time delays T; = [0, 1, 5, 10] x
T and both positive and negative values of virtual mass are
considered. First, the values v = [0, —0.25, —0.5, —0.75] are
selected, and the theoretical stability boundaries are calculated
using (7) and compared with the highlighted stability regions
obtained from simulations, as shown in Fig. 6.

To generate the highlighted areas corresponding to the
simulation-based stability results, the theoretical stability
boundary is first determined using the analytical model in (7).
Then, the o and [ parameter spaces are uniformly discretized
into N x IV intervals (mostly N = 100), and for each pair
(8, «), a simulation is performed to evaluate the stability of
the haptic device. Stable operating points are identified and col-
lectively used to form the highlighted stable regions, which are
subsequently compared with the theoretical stability boundaries.

As seen in Fig. 6, the simulation results align with the the-
oretical predictions for both small and large time delays (d)
and negative values of the virtual mass (). Both sets of results
indicate that when o < 0, no stability boundary exists, a result
that was previously observed theoretically.

Additionally, it can be observed that using negative values
of « reduces the stability region, regardless of the time delay.
Specifically, for v < 0, the smaller the value of -, the narrower
the stability region becomes. Both theoretical and simulation
results indicate that when v < —1, the stability region vanishes
entirely.

At v = —1, the reflected inertia at the HD output becomes
zero, effectively making the HD appear to have no mass. Thus,
completely eliminating reflected inertia is not feasible. In this
case, the theoretical stability boundary begins with a zero slope
(unlike the positive slope observed for —1 < v < 0) and extends
into negative « values, representing an unstable region

All theoretical stability curves commence at S, =
—bT'/m = —0.00253. The maximum value of /3 is determined
by the values of «, v, and d. In Fig. 6(a), the maximum value
of 3, Bmax = 2, is observed in the specific case where d = 0
and v = 0. However, as the time delay increases and the virtual
mass decreases, the maximum achievable value of (3 is corre-
spondingly reduced.

It is important to note that the time delay 7y does not alter
the intrinsic physical parameters of the haptic device, namely
the robot mass m and damping b. These parameters appear only
through § = bT/m and T’ = ¢°, which are independent of T};.
Instead, the effect of the delay is embedded in the trigonometric
terms involving d = T,;/T within the coefficients Cy, C5, C1o,
and C11 in (7). These terms distort the effective contributions of
the virtual environment parameters («, (3, and ) in the stability
condition. As a result, increasing the delay reduces the stability
region by shrinking the set of admissible values for the virtual
stiffness, damping, and mass, even though the physical device
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Fig. 6. The theoretical stability boundaries (solid lines, determined from (7)) versus stability regions determined by simulations (highlighted areas) for different

virtual masses () and different dimensionless time delays of: (a) d = 0, (b) d = 1, (c) d = 5, and (d) d = 10. It can be seen that the stability regions decrease
significantly with increasing time delay (d). Changing the scales would make the figures for higher d too small, so all figures are fitted to their current axes.

itself remains unchanged. This explains why the renderable
stiffness decreases with delay and provides a clear physical
interpretation of the stability boundaries shown in the results.

For positive values of virtual mass, the stability curves exhibit
distinctive shapes. Fig. 7 illustrates the stability boundaries for
d = 0 with various positive values of v, ranging from 0 to 3.

According to Fig. 7, for v < 2, the stability curves begin at the
point («, 8) = (0, Bu,,, ) on the a — 3 plane and extend to the
right, forming right-sided curves. Simulations in the following
paragraphs verify that the regions beneath these right-sided
curves are stable, denoted by the letter ’S’ in their legend.

For v > 2, the stability curves start from the same point but
extend to the left, forming left-sided curves. It will be shown in
the following paragraphs that the regions beneath these curves
are unstable, marked by the letter ‘U’. At v = 2, the stability
curve forms a straight line starting from the same point, and it
neither curves to the right nor left, representing the boundary of
stability. This case is denoted by the letter "B’ in the legend.

There are several significant coordinates in this graph, marked
with black circles numbered from 1 to 6. The first circle, labeled
as 1, represents the maximum value of o when there is no virtual
mass (7 = 0). At this point, the maximum value of « is ax =

0.6896, which occurs at 8 = 0.8206. This maximum value of
« is consistent with results of [6], [21]. Fig. 7 illustrates that,
under the assumption of no virtual damping and no virtual mass
(y =20 and 8 =0), a very small value of @ = 0.005 can be
achieved. (This point is not shown in the figure, as it is located
very close to the origin.) However, with the same value of 5 = 0,
increasing «y from 0 to v = 1 allows for an achievable value of
a = 2 (indicated by circle 2in Fig. 7). This demonstrates the
effect of increasing the virtual mass in enhancing the maximum
renderable stiffness.

In scenarios without time delays, a dimensionless virtual
spring value greater than 2 can be achieved by selecting specific
parameter values. For instance, with § = —1 and v = 1.5, a
value of o /= 3 is attainable (indicated by circle 3in Fig. 7).

The maximum theoretically renderable value of o, ~ 4 can
be achieved with f = —2 and v = 2 under the assumption of
no time delay (indicated by circle 4 in Fig. 7). Comparing this
with amax = 0.6896 (obtained with v = 0), an approximately
5.8-fold increase is observed. It is important to note that reaching
this point requires very precise tuning of 3 and -, as the stability
region near this point is quite narrow. It should be noted that this
increase in ap,, Will decrease when a time delay is introduced,
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Fig.7.  Stability boundaries of the HD for different values of virtual mass with
no time delay. In the case of v < 2, the HD is stable (denoted by ), while for
~ > 2, it is unstable (U). The value of v = 2 yields being on the boundary of
stability (B). Important coordinates are depicted by numbered circles and the
vertical dashed line.

as demonstrated in the experiments and further detailed in the
Results and Discussion section.

Another noteworthy observation regarding the behavior of
the HD’s stability is presented in Fig. 7, specifically for the
case of v = 1.5. It can be seen that, at § = —0.5 (indicated by
the vertical black dashed line), there are two significant points
within the graph. The first is the maximum renderable value of
o, marked by circle 5. The second is the minimum required o
for stability, indicated by circle 6. This suggests that, in certain
scenarios, a minimum virtual stiffness is necessary for stable
haptic rendering. In contrast, when rendering only virtual springs
and dampers, this minimum stiffness was not required and was
always zero. This behavior, which has not been reported in the
reviewed literature, will be further validated through simulations
and experiments in the subsequent sections.

It should be noted that the stability regions reported in [6]
represent a subset of those shown in Fig. 7. In fact, the stability
analysis in that reference was performed only within the range
B,~ € [0, +2], resulting in a limited portion of the full stability
map shown in Fig. 7. If the formulations presented in [6] are
applied over the extended ranges o € [0, +4], 5 € [—2, +2],and
v € [—1,+2], and apyy is found iteratively for each value of 3
and ~y while sweeping these parameters through their ranges, the
obtained stability regions become fully consistent with those
presented in this paper, as shown in Fig. 7. This confirms
the consistency of the results presented in the current paper
and highlights the advantage of using closed-form equations to
predict the stability boundaries more efficiently.

Based on the behavior of the stability boundaries observed
in Fig. 7, different time delays, specifically d = [0, 1, 5, 10], are
selected, and various values of v = [0, 0.5, 1, 1.5, 2, 2.2] are con-
sidered. The stability boundaries are predicted using (7) and then
verified through simulations, as shown in Fig. 8. All highlighted
areas with different colors are obtained from simulations.

According to Fig. 8(a), for v < 2, all stability boundaries
determined by (7) form right-sided curves, indicating stable
behavior, which is also verified by simulations. In the case of

%é%&ﬁ‘éﬁﬂ‘é‘b%‘?ﬁﬁgﬁna, Austria. Cite as ToH paper. !

~v = 2, the HD lies on the boundary of stability, with the curve
being neither right-sided nor left-sided. For v > 2, the stability
boundaries become left-sided, indicating unstable behavior of
the HD. Consequently, no stable region is observed in the
simulation results for these cases.

It should be emphasized that, when these curves were first
obtained, simulations were initially performed to determine
which side of the boundary was stable, since this behavior had
not been reported in the literature before (particularly fory > 2).
The results confirmed that the regions beneath the right-sided
curves are stable, whereas those beneath the left-sided curves
are unstable. With this understanding, simulations are no longer
required for classification: right-sided curves always represent
stable regions, left-sided curves correspond to unstable regions,
and the case of v = 2 defines the boundary itself.

In the case of d = 1, Fig. 8(b) shows that the cases of v = 2
(which was the stability boundary for d = 0) and vy = 1.5 (which
was stable for d = 0) are now left-sided curves and, therefore,
unstable. This instability occurs due to the introduction of the
time delay. All other cases are right-sided and, therefore, stable,
which is precisely verified by simulations (colored regions).

By increasing the time delay to d = 5 and d = 10, in the case
of v =0,0.5,1], the stability boundaries determined by (7)
remain right-sided and, therefore, stable, as verified by simu-
lations, as shown in Fig. 8(c) and (d). All other cases remain
left-sided, indicating instability in the HD.

In Fig. 8, from (a) to (d), it is evident that increasing the time
delay leads to instability in the HD and compresses the stability
regions. On the one hand, increasing v helps simulate higher
values of «; on the other hand, it narrows the stability region
and can even cause it to become a line, as seen in Fig. 8(a) when
~ changes from O to 2.

In certain cases in Fig. 8, a minimum virtual stiffness is
required for the stability of rendering virtual mass, whereas for
~ = 0, no virtual stiffness is needed.

By comparing the stability boundaries for both positive and
negative values of the virtual mass (i.e., Figs. 6 and 8), it can be
observed that, on the one hand, the maximum value of 3 is 2,
and on the other hand, this value can be achieved when d = 0
and v = 0.

From Figs. 6, 7, and 8, it can be seen that all starting
points of the stability boundaries are almost the same (3, @) =
(—=bT/m,0), regardless of the values of d and .

VI. EXPERIMENTS

Experiments have been conducted to validate the derived
stability equations. For this purpose, a 1-DOF haptic device
equipped with a MaxonECi-52 motor is actively controlled to
simulate the virtual object on its paddle side (Fig. 9). On the
paddle side, the haptic device has an inertia of 0.0128 Kg -
m2, while its viscous and Coulomb frictions have been iden-
tified as 0.0324N-m-s/rad and 0.0318 N - m, respectively
([26], [27]). A 3-channel incremental encoder with 4096 pulses
per revolution improves the resolution to better than 3 seconds
after quadrature and gear train for reading the paddle angle.
The Coulomb friction and gravity torque are compensated in
the feedback linearization block depicted in Fig. 2. During the
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and different time delays. The letter U stands for unstable case, and therefore, no stable region is found by simulations.
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Differential

Motor /Gearbox

Maxon EPOS4
Driver

Fig. 9.

Experimental haptic device.

experiments, a sampling rate of 1 kHz is used to read the paddle’s
angle, calculate velocity, and acceleration. A first-order low-pass
filter with a 50 Hz cutoff frequency is used to attenuate measure-
ment noise in velocity. Subsequently, the torque of the virtual
object is calculated based on (1) and applied to the actuator by a
Maxon EPOS4 70/15 driver. A fixed time delay of T; = 40 ms

was introduced in the experiments to prevent actuator saturation
and protect the hardware from excessive stiffness and severe
vibrations. As in other studies [10], [13], [19], the inclusion of a
delay also captures its effect on system stability. Moreover, the
delay was necessary to determine and plot the complete curved
stability boundary; without it, only the linear portion of the curve
could be obtained.

There is an internal PI controller in the MAXON drivers that
operates at 25 kHz to track the applied torque. Experimental
results indicated that the dynamics of the controller signifi-
cantly impacted the stability boundaries. To ensure accurate
validation, the effects of the PI controller, operating at a high
frequency of 25 kHz, were included in both the simulations and
the experimental analyses. Two different sets of PI controller
parameters were tested. Lower PI gains were chosen to prevent
high-frequency oscillations and ensure safe operation, though
this approach led to slower torque tracking. In contrast, higher
PI gains were used to improve torque tracking accuracy and
achieve better alignment between experimental results and the-
oretical stability predictions. However, excessively high gains
introduced instability and hardware-induced oscillations, high-
lighting the need for a conservative approach when selecting the
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The theoretical stability boundary (black solid line); stable region determined by simulations where the PI controller, quantization, and low-pass filter

are omitted (PI(-), QF(-))—identical to the black solid line and therefore not plotted; stability boundary of simulations without the controller but with quantization
and filter (PI(-), QF(+)) (green dashed line); stable region determined by simulations with high gains, including quantization and filter (HG, QF(+)) (pink region);
stable region determined by simulations with low gains, including quantization and filter (LG, QF(+)) (blue region); experimental stability boundary for high gains

(HG, QF(+)) (red stars); and experimental stability boundary for low gains (LG, QF(+)) (blue circles). Results are shown for (a) M,

= —0.5m, (b) M, =0, (c)

My, = 0.5m, and (d) M,, = 1 m. In all figures, the theoretical results are fully consistent with the simulation results obtained without the PI controller or without
quantization and filtering. In subfigure (d), based on the vertical dashed black line at B,, = 0.45, a value of 5 < K, < 15 is required for stability in the high-gain
case, while in the low-gain case, with B,, = 0.60, a value of 5 < K, < 11 is necessary for stability.

maximum allowable PI gains to avoid potential damage to the
experimental setup. To account for the effect of the PI controller
gains, two sets of experiments were performed. In the first set,
the PI gains were selected to be low, as follows:

K, =600mV/A, K;=600mV/(Ams). (16)

Meanwhile, in the second set, higher gains were used, as follows:

K, =6000mV/A, K;=6000mV/(A.ms). 17)
Thus, the label low gain (LG) refers to using the gains from (16),
while the label high gain (HG) refers to the gains in (17).
The PI controller parameters (K, and K;) in (16) and (17)
are expressed in electrical units: K, in mV/A (millivolts per
ampere) and K; in mV/(A - ms) (millivolts per ampere per mil-
lisecond). These units reflect the electrical nature of the system
and are not directly convertible to mechanical units like Nm/s

or N/m. These values and units are provided by the MAXON
driver.

For a fair comparison, four simulation configurations were
evaluated against the experimental data, as shown in Fig. 10,
using the physical parameters mentioned above:

1) PI controller, quantization, and low-pass filter omitted.
Since its stability boundary is identical to the theoretical
one, no additional curve is plotted (labeled as Theory and
Simulation (PI(-), QF(-)));

2) Pl controller omitted, with quantization and low-pass filter
included (labeled as Simulation (PI(-), QF(+)));

3) PI controller with high gains, with quantization and low-
pass filter included (labeled as Simulation (HG, QF(+)));

4) Same as (3), but with low gains (labeled as Simulation
(LG, QF(+))).

Throughout the experiments and simulations, various val-

ues of v =[—0.5,0,0.5,1] were applied, while the sampling

548
549
550
551
552
553
554
555
556
557
558
559
560
561
562
563
564



565
566

567

568
569
570
571
572
573
574
575
576
577
578
579
580
581
582
583
584
585
586
587
588
589
590
591
592
593
594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615

617
618
619

10

time and time delay were set to 7'= 1ms and 7y = 40 ms,
respectively.

VII. RESULTS AND DISCUSSION

Fig. 10 compares the theoretical stability boundary derived
from (7), the experimental stability boundaries obtained with
varying PI controller gains, and the stable regions identified
through different simulations.

In all subfigures, the simulation results of PI(-), QF(-) com-
pletely overlap with the theoretical stability boundary and are
therefore not shown. All curves share approximately the same
starting point on the (B,,, K,,) plane. Maximum of K, obtained
from the simulations of PI(-), QF(+) is lower than that of the
corresponding theoretical results (black solid lines). In each
case, both the HG and LG experiments yield higher values of
B,, compared with the theoretical predictions. The maximum
renderable B,, from the theoretical results is, however, closer to
the experimental result of the HG case and also to the simulations
including the PI controller with high gains. Furthermore, the
LG cases—both in simulation and experiment—Iead to wider
stability regions (larger stable areas) compared with the HG
cases. Additionally, simulations results of PI(-), QF(+), is more
similar to the results of HG, QF(+), than LG, QF(+).

In Fig. 10(a), corresponding to the case of negative virtual
mass (M,, = —0.5 m), the overall stability region becomes con-
siderably smaller than in all other cases. This is also the only
case in which the maximum experimental stiffness in both the
HG and LG conditions exceeds the maximum theoretical value.

Fig. 10(b) corresponds to the case of zero virtual mass. There
is good agreement between the simulation results of PI(-), QF(+)
and HG, QF(+). The maximum theoretical stiffness is closer
to the experimental results of the LG, QF(+) case, while the
maximum theoretical damping aligns more closely with the
experimental results of the HG, QF(+) case.

In Fig. 10(c), a small difference can be observed between
the maximum experimental stiffness in the HG and LG cases,
whereas in (d), this difference is almost negligible. However,
the maximum experimental damping in both (c) and (d) shows
distinct differences between the HG and LG conditions.

This demonstrates that higher PI gains lead to a closer align-
ment of both experimental and simulation results with the theo-
retical predictions. The same trend is observed for other values
of virtual mass in Fig. 10(b), (c), and (d).

In earlier sections, it was observed that, in certain scenarios,
a minimum virtual spring value is required for stability. This
behavior was previously noted in Fig. 8 across various time
delays and virtual damping levels. The same phenomenon was
evident in the experiments, as illustrated in Fig. 10(d).

For example, in the low gain case experimental results (de-
picted with blue circles), at B,, = 0.6 (vertical pink dashed
line), the HD is unstable for K, < 5, while at the same B,,,
the HD becomes stable for 5 < K,, < 11. This phenomenon is
more pronounced with increasing PI-controller gains. In the high
gain experiments (depicted by red stars), at B,, = 0.45 (vertical
dashed black line), a minimum value of K,, = 5 is required for
stability, more precisely, 5 < K,, < 15.
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During the experiments, no stability region was found for
negative values of the virtual spring (i.e., K, < 0). In all exper-
iments, a small negative value of the virtual damping could be
simulated, which is related to B,,,,, = —bT'/m. From Fig. 10, it
can be concluded that the stability equations determined in (7)
predict the stability boundary with good accuracy.

The authors believe that increasing the controller gains im-
proves the accuracy of predicting the theoretical stability bound-
ary. However, during the experiments, a high-frequency noise,
resembling an oscillatory or buzzing sound, was emitted from
the Maxon drivers when the controller gains were set to very
high values of K, = 9000mV/A and K; = 9000 mV/(A.ms).
To prevent potential damage, the maximum values of the con-
troller gains were set below this limit, as specified in (17). When
using gains of 6000, no such noise was observed.

In the conducted experiments under delayed conditions and
high-gain control, without virtual mass (y = 0), we measured
Kby = 4.3 (theory: K0 = 4.94), whereas with virtual mass

(y = 1), we measured Kmax = 15 (theory: K10 = 20.35).
This corresponds to an increase of 412% in the theoretical
prediction and 349% in the experimental implementation when
virtual mass is introduced. Thus, the inclusion of virtual mass
substantially enlarges the achievable stiffness region under
delayed conditions, although the experimental values remain
below the analytical bounds due to hardware non-idealities.

One important definition in haptic rendering is the stable area
in the K,,-B,, plane, called Z-width, which was first defined
by Colgate et al. in [28]. The larger the Z-width, the larger the
stable region. Many researchers have suggested different meth-
ods for improving it, such as using active electrical damping [29],
using magnetorheological fluids [30], using acceleration feed-
back [31], and using dual-rate haptic systems, which can help
increase the velocity calculation accuracy at very high sampling
rates [32], [33]. It has been shown that the velocity estimation
method has a significant effect on Z-width [34] and can be limited
due to the internal vibration modes of the HD [35].

The values of the maximum renderable virtual damping
(Bmax), maximum renderable virtual spring (cun.x), and the
Z-width are plotted against values of 7 < 0 (Fig. 11). The same
plots can be seen in Fig. 12 for positive values of .

From Fig. 11, it can be seen that in the case of v < 0, by
reducing v from 0 to —1, Bmax, max, and Z-width decrease
continuously, regardless of the time delay. In the special case
of v = —1 (removing all effective mass from the HD), all of
them are zero.

In the case of simulating positive values of +, the behavior of
the mentioned parameters is not the same. In the case of no time
delay, the maximum renderable value of v is 2 (Fig. 12(a)). In this
figure, by increasing y from 0 to 2, 5yax decreases continuously,
whereas in other time delays, first an increase is observed. In all
time delays, aunay increases, then decreases. The same also holds
for the Z-width. Except in the case of d = 0, in all other time
delays, the Z-width becomes zero while B, 7# 0 and appax 7# 0
(unlike Fig. 11, which was for v < 0). This can be described
as closing the stability curve, which causes a zero value of the
Z-width and nonzero values for amax and Spax (like the case of
v = 2in Fig. 7).
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Fig. 11.  Values of the maximum renderable virtual damping (Smax) (solid
blue line), maximum renderable virtual spring (aumax) (dashed red line), and the
Z-width (dotted orange line) versus negative values of the dimensionless virtual
mass (), in the case of: (a) d = 0, (b) d = 1, (¢) d = 5, and (d) d = 10.

It should be mentioned that the perceived discontinuity in
Bmax> Omax, and Z-width at v = 0 between Figs. 11 and 12 is
solely due to the application of different uniform scaling factors
in these figures to enhance the visibility of very small stability
limit values. The underlying non-dimensional values of Sy,
Qmax, and Z-width are, in fact, smooth and continuous through
v = 0 in both the simulations and the experimental data.

The current study provides valuable insights into the stability
of haptic devices when simulating virtual environments with
mass, spring, and damper elements. However, several limitations
should be acknowledged. First, the haptic device is modeled
as a 1-DOF system with effective mass, viscous friction, and
Coulomb friction. This simplification, while useful for stability
analysis, may not capture the full complexity of multi-DOF
haptic devices. Second, the experiments employed a fixed time
delay of 40 ms to safeguard against excessive rendered stiffness
and potential hardware damage. While this delay is needed for
safety, it may not reflect the full range of delays encountered in
different operational scenarios. Additional limitations include
the selection of PI controller gains, which were chosen to balance
stability and performance.
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Fig. 12.  Values of the maximum renderable virtual damping (SBmax) (solid
blue line), maximum renderable virtual spring (aumax) (dashed red line), and the
Z-width (dotted orange line) versus positive values of the dimensionless virtual
mass (), in the case of: (a) d =0, (b) d =1, (¢c) d = 5, and (d) d = 10. The
red region stands for instability.

VIII. CONCLUSION AND FUTURE WORK

This study conducted a stability analysis of a one-degree-
of-freedom (1-DOF) haptic device by modeling the virtual
environment as a combination of a mass, spring, and damper.
The analysis resulted in closed-form equations that define the
relationships among the virtual mass, spring, and damper, along
with other system parameters, at the stability boundary. Unlike
previous works that relied on iterative trial-and-error searches,
the present formulation provides explicit closed-form expres-
sions, including for 6., allowing stability boundaries to be
generated efficiently. It was also established that the minimum
virtual damping is always By, min = —b, independent of time
delay or virtual mass.

In the absence of time delay (d = 0), the analysis showed
that properly tuning the virtual damping and virtual mass can
increase the maximum renderable stiffness by up to 5.8 times in
theory. These findings are consistent with the reviewed studies
when formulations are extended and numerical iterations are
applied to find the maximum renderable value of «.
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When a time delay was included (d = 40), both simulations
and experiments confirmed that adding virtual mass enlarges the
achievable stiffness region, with experiments demonstrating an
increase of about 3.5 times (from Kby = 4.3 to 15), consistent
with the theoretical prediction of approximately 4.1 times (from
K1 = 4.94 to 20.35).

Additionally, a new behavior was identified: in certain cases,
anonzero minimum virtual spring value is required for stability.
This behavior can also be reproduced by extending previous
work to a wider range of virtual-environment parameters. All
of these phenomena were validated through both simulations
and experiments, confirming that the results of earlier studies
represent special cases of the more general framework presented
here.

As shown in this paper, when either the time delay or the
virtual mass was zero, closed-form equations for 6, were
derived. In the general case, where both time delay and virtual
damping are present, 0, was determined numerically within
known bounds. As part of future work, deriving closed-form ex-
pressions for this general case is proposed. Also, two additional
theoretical aspects could be explored in greater depth: providing
a more rigorous analytical proof of the necessity of a > 0,
and fully characterizing why the “left-sided” stability curves
do not correspond to stable regions. One promising direction to
investigate these questions is to perform a root-locus analysis of
the closed-loop system to examine how the poles migrate as the
system parameters vary.

APPENDIX

A. The Real and Imaginary Parts of the Characteristic
Equation

The real and imaginary parts of the characteristic equation are
given as follows:

Realpart = — 6% (1 +T)cos (6 (d + 3))
+ 6% cos (6 (d 4 2)) + 6°T cos (0 (d +4))
+((-B-2a+3)y+28+a)T
+(—f—a—7—2)0 —a—37)cos(26)
+({((B+a-y-1)d—a-T
+a+ 0+ y)cos (36)
+(((a=3)y=BL+27+1)d
+v (B +3))cos (0)
fy (T —6-1)=0, (18)
Imagpart = — 6% (1+T)sin (6 (d + 3))

+62sin (0 (d+2)) + 6°T sin (0 (d + 4))
+(((-f—2a+3)y+28+a)T
+(-B—a—v—2)—a—37)sin(20)
+(((B+ta-v-1)-a-7)T

+a 49 +7)sin(30)

V
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—sin(0) ((ma+3)y+6)T

+(=27-1)d-7(B+3))=0. (19)

B. Defined Parameters and Coefficients

Using § = bT/m and T’ = ¢°, parameters and coefficients
used in (7) are as follows:

Ky =32 sin® (%) cos(%), (20)
Ky =(1-T), @1
K3 =1+T%— 2T cos(8), (22)
Ky=1+T+T2 (23)

Using the aforementioned definitions, the coefficients of C to
(17 are defined as follows:

C, = Ky Ko, (24)

Cy = — 2 K3 sin(f) (cos(d) — 1), (25)
4

C3 = — 16 sin (Z) sin(9) (T? — 1), (26)

Cy = Ky (2sin(0(d+ 1)) — sin(df) — sin(6(d + 2)))

— 47T sin(f(d + 1)) sin (g) sin (329> , 27

o\ 3
Cs5 = —8sin () (r-1)
2
y <COS ("(26”1)> T cos <9(2d+3))> ’
2 2
(28)
Cs = — 2 K5 sin(6) (cos(0) — 1), (29)
C7 = K3 sin(0), (30)
Cs = sin(0) (2(I'*> — 1)) (cos(6) — 1), (31)
Co = K, (I — 1), (32)
Cio= — 2 cos (H(Zd;_l)>
X <K4 sin (Z) — I sin (329)> , 33)
0\ 2
Cy1 =4 sin <2> (T2 sin(6 + dO) + sin(d0))
AN .
— 47T sin (2> sin (2 + d9) sin(9). (34)

C. Case d = 0, v Arbitrary: Closed-Form Expression for 0.x

For the case d = 0, when plotting the stability boundaries
using (7) of the manuscript, 6 varies between a minimum (0, )
and a maximum (6, ). In this subsection, it is demonstrated
that 0,;, = 0, and expressions are derived to determine 6,,,x.
Set the half-angle shorthands

Sp = sin(g) , cp = cos(g) , c:=cosb, (35)
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so that sin = 2sy,¢p,, cos) — 1 = —2s7, and cos(3) = 4cj —
3cp,. For d =0, the 0,,« will vanish the following equation
(numinator of s fraction):

©(0) = vC1(0) + 75> C2(8) + 73C5(0)
+0°Cy(0) + 6°C5(0) = (36)
In the case of d = 0, each term can be simplified as:
C, =Ky K, =32K, s)cp, (37)
Cy = —2K3sinf (cos — 1) = 8 K3 s5cp, (38)
C3 = —16stsinf (T? — 1) = =32(I% — 1) spcn,  (39)
Cy =Ky (2 sin @ — sin 20) —4I" sin 6 sy, sin(%)
— 8spen [(K4 —30)s? + 4rsﬂ, (40)
Cs =—8sp(I' = 1)(cp, — Fcos(‘w))
—8s3cy [Kz 4T — 1)sﬂ. 1)
Introduce the nonnegative variable
u:=1—cosf = 2s7 € [0,2]. (42)

With ¢ =1 —wone has K3 = Ky + 2I'u and K, — 3I"' = K.
Substitution into ®(#) and factoring 8sp¢p, yields

&(0) = 8spcpu <Au + %Kg (v +1+ 6)> , (43)

where

A=~[1-T)*-6(I*—-1)+16°] + [6*(1 - + ).

(44)

The prefactor 8sy¢p, vanishes only at @ € {0, 7}; simply shows
that while plotting stability curves, 6 should start from 6,,;,, = 0.
Excluding the trivial root u = 0 (# = 0), the nontrivial branch
solves

1
Au+§K252(’y+1+5):0, (45)

hence

Ky 8%(y+1496)
=== - 7 <u<2.
U 54 , 0<u<?2

Recovering the angle from © = 1 — cos # is most stable via the

half-angle map
Omax = 2 arctan L,
V 2—u

with the usual clipping of v into [0,2] in floating-point arithmetic.

This expression provides a closed form for 6, in the case

d = 0, v # 0, and retains the exact dependence on I" = e’

(46)

(47)

D. Case~ =0, d Arbitrary: Closed-Form Expression for 0,

In the case of v = 0, while plotting the stability boundaries
using (7) of the manuscript, 6 should vary between a minimum
(fmin) and a maximum (6,,,x ). In this subsection, it is shown
that 6,,;, = 0, and expressions are derived to determine 0,,.
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Minimum and maximum values of 6 occur when o« = 0. With
~ = 0, this condition becomes

5 Cu(6) + C5(0) = (48)

Using the identity sin(x + 6) — 2sinx + sin(z — 6)= — 4 sin?

(g)sin x, and standard sum-to—product/half—angle formulas,
the left-hand side can be written exactly as
®(0) = Ag(0) sin((d+1)0) + Ap(0) sin(df) =0, (49)
where we set
.0 0 . s
sh = 51n§,ch = cos§, s:=sinf,c:=cos,I' =¢°, (50)
and
Ag(0) =8B(0) —4sh®> (T — 1) (L+T —2c), (5D
Ap() = —4sh* (I' — 1), (52)
B(6) :2(F2+1— (F+1)26+2I‘02). (53)

The trivial root & = 0 is always present, hence 6,,;, = 0. We
therefore seek the smallest positive nontrivial solution, denoted
Omax. The term sin((d+1)0) carries the leading oscillation. A
natural expansion point is where this term is stationary, so that
small changes in 6 do not immediately change its contribution
and the balance with the secondary harmonic sin(d6) can occur
locally. Imposing stationarity,

dilebm((cH—l)H) = (d+1) cos((d+1)0) = 0, (54)
yields cos((d+1)0) = 0 and therefore the grid
(2k+1)m
=-— Z.
2@ F€ 49
Selecting the first positive instance gives
T

At this angle sin((d+1)6y) = 1, and the companion harmonic
is nondegenerate in value and slope:

sin(dfy) = cos (7 ) > 0, cos(dfo) = sin 57y ) > 0.
(57

A Taylor expansion with § = 0y + 7 gives sin((d+1)0) =1 +
O(n?) and sin(df) = sin(dfy) + dn cos(dby) + O(n?). Thus,
the balance ®(#) = 0 is achieved by a small linear correction 7,
and the true root lies close to 0.

A single Newton update from 6 provides an accurate approx-
imation to the smallest positive root:

®(0o)

emax ~ 90 - my (58)
where
d'(0) = Ay(0) sin((d+1)0)
+ Ag(0) (d+1) cos((d+1)0)
+ AL (0) sin(df) + Ap(8) d cos(db), (59)
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and
5(0)=6B'(0) —4(' —=1)(5 (1 + T —2'c) + 2I'sh*s)
(60)
p(0) =2 —1)*s, (1)
B'(9) = 23<(F 11?2 - 4rc). (62)

Evaluating ®(6y) and ®'(6y) at 6 = 0y yields the compact
expression

Aso + Apo COS(GO)

Hrnax =0 — " 5 63
0 19() + A/D(] COS(&()) + d AD() Sln(e(]) ( )

where  Ago, Apo, Agg, Ay denote  the  values of

Ag(0),Ap(0), A4(0), AH(0) evaluated at 6 =6,. This

final form corresponds to the expression reported in the main
text.

E. The Starting Point and Sign of o Near 0 = 0

In this subsection, the starting point and initial sign of the
stability curves are determined. Since this point corresponds to
values of § near zero, the asymptotic behavior of the coefficients
K; and C; can be approximated by their leading-order terms
in the Taylor expansions. Specifically, K; and C; behave as
constant coefficients multiplied by powers of 6:

K, ~166°, K, =(1-T)%

K3 =14T2—-2Tcos(d), Ky=1+T4+T2 (64

Using these definitions, the coefficients C'; can be approximated
as

Cy ~ Ky K; ~ (const) 6°,
Cs ~ (I'? — 1) (const) 67,
Cs ~nb°,

C7 =~ K3 (const) 6, Cg ~ (T? — 1) (const) #°,

Cy ~ K3 (const) 62,
Cy=~ NG,

Cg ~ K> (const) 63,
Cg =~ (T? = 1) (const) #°,  Chg = (3T — K4) (const) 6,
Chi ~ £6°. (65)

By substituting these approximations into (7), the dimensionless
virtual stiffness o can be expressed as
a0t v62Co + v6C5 + 63Cy + 62C5
o Ce + 62C7 + 6Cy '

For small values of 6, the leading-order terms of the numerator
and denominator give

(66)

a0) ~ (762 K3 + 83 A + §%n) 63
T K203+ 02K30+ 602 —1)6%
Since all coefficients § > 0, Ko = (1 —T')2 > 0, K3 > 0, and

I' = ¢’ > 1, both the numerator and denominator are positive
for small positive 6. Therefore,

lim () =07.

0—0+

(67)

(68)
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For completeness, the asymptotic behavior of [ is obtained
from (8):

_ —~vC — 7(5202 +70Cy + 53Cho + 62Cyy

69

p Ce + 02C7 + 6C% (©9)
Neglecting higher-order terms yields

(lg%ﬁ = -9, (70)

confirming that all stability boundaries originate from
(Bw, Kw) = (=b,0) or in dimensionless form, (3,a) =
(—0,0). This implies that all stability curves start from the
point (5, &) = (—0,0), and as 6 increases from zero, o becomes
positive, indicating that negative stiffness values (o« < 0) always
correspond to unstable configurations. Hence, the small-angle
expansion not only determines the common starting point of all
stability curves but also analytically confirms that the stability
boundary initially lies in the region o > 0; therefore, positive
stiffness (a > 0) is a necessary condition for stability.
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