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Effect of Virtual Mass and Time Delay on the
Stability of Haptic Rendering
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Abstract—Virtual mass simulation is one of the recent topics

Q2

4
in the field of haptic devices (HDs), which can alter the apparent5
mass of the HD. Simulating negative values of virtual mass leads to6
a decrease in the apparent effective mass, improving transparency7
but weakening stability. Positive virtual mass rendering increases8
the apparent mass, reduces transparency, and enhances stability.9
This paper analyzes the stability of a haptic device while simulating10
a virtual environment consisting of a mass, spring, and damper11
in the presence of a constant time delay. The results are closed-12
form equations that can predict the stability boundary for small13
and even large values of virtual damping and time delay. These14
closed-form equations demonstrate that the maximum renderable15
virtual mass is twice the physical mass of the HD, and the minimum16
value equals its negative; both occur in the case of zero time delay.17
Increasing the time delay reduces both the minimum and maximum18
values of the renderable virtual mass. The study also shows that19
using virtual mass can improve the maximum value of a renderable20
virtual spring. The equations show that, in the absence of delay,21
properly tuning the virtual mass and virtual damping can enlarge22
the maximum renderable stiffness by up to 5.8 times in theory. In23
the experiments under time delay, the stiffness increased by a factor24
of 3.5, compared to the theoretical prediction of 4.1 times. The25
results further reveal situations where a nonzero minimum stiffness26
is required for stability. All findings are validated via simulations27
and experiments on a dedicated test bed.28

Index Terms—Haptic device (HD), stability, virtual mass, time29
delay.30

I. INTRODUCTION31

A HAPTIC device (HD) is a robot that can be used for sim-32

ulating virtual environments (VEs) [1], teleoperation [2],33

[3], [4], and learning from demonstration [5]. HDs are designed34

to transmit virtual forces and torques to users with the highest35

level of transparency. In this way, the HD enables users to36

physically interact with the VE, providing a sense of reality37

and tangibility.38

Rendering inertia and inertial forces can enhance the sense of39

touch and the experience of VEs. Employing negative values for40

virtual inertia, or mass, may reduce the impact of reflected inertia41
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on the operator’s side. Minimizing reflected inertia enhances the 42

transparency of haptic devices, but it can also lead to instabil- 43

ity [6]. Based on the results of this work and previous studies 44

such as [6], [7], [8], it can be stated that in cases where the 45

virtual environment includes mass, simulating positive virtual 46

mass values can boost the maximum renderable stiffness before 47

the system becomes unstable. 48

Haptic devices typically have several degrees of freedom 49

(DOF) and can be configured in either series or parallel arrange- 50

ments. Due to their multi-DOF, nonlinear, and intricate dynam- 51

ics, it is challenging — if not impossible — to use these dynamics 52

directly in stability and passivity analysis. When simulating a 53

virtual environment, the haptic device’s end-effector, known as 54

the stylus, makes limited movements around its operating point. 55

This allows the complex and nonlinear dynamics of the haptic 56

device to be simplified into a 1-DOF system consisting of an 57

effective mass, viscous friction, and Coulomb friction, operating 58

with an effective sensor resolution, as shown in [9]. 59

The main contribution of this paper is the development and 60

derivation of closed-form stability equations and boundaries for 61

haptic devices operating in virtual environments modeled as 62

mass-spring-damper systems with time delay, virtual damping, 63

and virtual mass, providing useful theoretical insights for haptic 64

rendering. In contrast to previous studies, which were valid only 65

for the case of no time delay and relied on trial-and-error ap- 66

proaches to define stability ranges, this work presents an explicit 67

mathematical relationship. It connects the physical parameters 68

of haptic devices to the virtual environment parameters, as well 69

as to the time delay. The proposed equations are versatile, cov- 70

ering both small and large values of time delay, virtual damping, 71

and virtual mass. Novelties are therefore observed both in the 72

absence and in the presence of a time delay. In the absence 73

of time delay, the closed-form analysis shows that introducing 74

virtual mass can, in theory, significantly increase the maximum 75

renderable stiffness. In fact, it is shown that the maximum 76

theoretical value of the virtual stiffness can be increased by up to 77

5.8 times by adding virtual mass and tuning the virtual damping. 78

When time delay is included, the stability boundaries can still 79

be obtained efficiently, and the behavior of the haptic device can 80

be systematically analyzed. In this delayed case, it is shown that 81

adding virtual mass can increase the maximum renderable stiff- 82

ness by about 4.1 times theoretically, which is consistent with 83

the 3.5-fold increase observed in the experiments. In addition, 84

the findings indicate that—whether time delay exists or not—in 85

certain cases, a non-zero minimum value for the virtual spring 86
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Fig. 1. The 1-DOF nonlinear model of a haptic device.

is required for stability, a phenomenon not reported in previ-87

ous studies. These improvements arise because, unlike earlier88

works, our analysis is not restricted to the zero-delay case with89

positive values of virtual damping and is based on closed-form90

derivations rather than trial-and-error methods. These findings91

verify that the proposed framework remains valid under delayed92

conditions and establish a new analytical approach that has not93

been reported before.94

The structure of the paper is as follows: a review of previous95

analyses is presented in Section II, while Section III contains96

the modeling of the HD. Stability analysis and the derivation of97

the stability boundary equations are presented in Section IV.98

Simulations and experiments are conducted and reported in99

Sections V and VI, respectively. Section VII presents the results100

and discusses them. The paper concludes with the conclusions101

and references sections.102

II. PREVIOUS ANALYSES103

Although the HDs may exhibit multi-DOF nonlinear dynam-104

ics, in [9] and [10], closed-form equations are provided to calcu-105

late the values of the effective mass, viscous friction, Coulomb106

friction, and resolution of a multi-DOF HD as functions of its107

dynamic parameters and operating point. The accuracy of these108

equations in predicting the stability boundary is also evaluated109

and discussed, showing good agreement between the original110

nonlinear multi-DOF system and the new simplified 1-DOF111

model. Based on these findings, the nonlinear schematic view112

of the HD is presented in Fig. 1. In this figure, m, b, c, and Δ113

represent the effective mass, viscous friction, Coulomb friction,114

and resolution, respectively, and are used in many theoretical115

analyses such as [11]. Due to the discrete nature of the HD, the116

position of the stylus (x) is sampled with a constant sampling117

time of T and used within the virtual environment V E(z). This118

force is passed through a zero-order hold and a time delay of119

Td, and then applied to the HD by its actuators as the virtual120

environment force (FV E). This force is added to the operator’s121

hand force (FH).122

A simplified linear model of the HD is shown in Fig. 2.123

This model includes only linear phenomena and is applicable124

when Coulomb friction and quantization are negligible. Ad-125

ditionally, previous studies [11], [12], [13] have demonstrated126

Fig. 2. Linear model of the haptic device. In the experimental setup used in this
paper, the Coulomb friction and gravity torque are compensated in the feedback
linearization block.

that Coulomb friction can dissipate the energy introduced by 127

quantization. Some phenomena, such as possible saturation and 128

quantization in the actuators or internal vibration modes of the 129

interface, are not considered. Although user dynamics are also 130

involved in the loop, their influence generally enhances system 131

stability [14], [15], [16]. Therefore, these dynamics have not 132

been included in the block diagram, which can be regarded as a 133

simplified and worst-case scenario. 134

Under these assumptions, the linear model can serve as a 135

good approximation for determining stability conditions. This 136

approach has been widely used in various studies for stability 137

and passivity analysis in HDs, such as [7], [8], [9], [14], [17], 138

[18], [19]. 139

Colonnese et al. identified important parameters for system 140

passivity and stability, presented passivity and stability bound- 141

aries, predicted noise limit cycles and established conditions for 142

their existence, and described the expected accuracy of rendered 143

virtual mass for a 1-DOF HD [20]. They considered only the 144

virtual mass to simulate the VE, without including the virtual 145

spring and damper. Desai et al. studied the effect of virtual mass 146

simulation on the maximum achievable virtual stiffness of a 147

1-DOF HD [21]. They showed that the maximum value of the 148

virtual stiffness is achieved when the virtual mass equals the 149

effective mass of the HD. Furthermore, they demonstrated that 150

the maximum stiffness obtained by simulating virtual mass is 151

about 2.5 times higher than that achievable with virtual damping. 152

However, they did not consider time delay in their research, even 153

though time delay is one of the key parameters significantly 154

affecting system performance and stability. 155

Stability analysis of a 1-DOF HD with different combinations 156

of mass, spring, and damper is studied in [6], in the case of no 157

time delay, by applying the Routh-Hurwitz criterion to the char- 158

acteristic equation of the closed-loop system. For this purpose, 159

in the absence of time delay, they introduced a set of nonlinear 160

inequalities through which the stability boundary could be de- 161

termined using numerical methods and iterative procedures. Gil 162

et al. analyzed the effect of implementing virtual inertia/mass on 163

the stability of a 1-DOF HD in the case of zero time delay [17]. 164

They proposed a method to measure the physical inertia of their 165

haptic device and thus characterize its dynamics. Additionally, 166

they examined how position filtering (used to mitigate excessive 167
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TABLE I
DIMENSIONLESS PARAMETERS

noise in acceleration calculations) influences stability. However,168

the study was limited to a zero-time delay, and virtual damping169

was not included (the virtual environment consisted of only a170

mass and spring, without a damper). Another limitation is that171

even without time delay and virtual damping, numerical methods172

were employed to determine and visualize the stability boundary,173

as closed-form equations were not used for this purpose.174

Researchers have simulated a VE consisting of only a mass175

(without spring and damper) [8], where time delay was not176

considered, and no closed-form equations were derived. The177

use of virtual mass rendering as a means of dissipating energy178

to stabilize the haptic system has been studied in [7]. According179

to their results, while energy dissipation through virtual damping180

is ineffective at high speeds, virtual mass can still dissipate181

energy efficiently even at high velocities. Recently, this concept182

was employed in studies such as [22] to enhance the stability183

boundary of a 7-DOF human upper limb exoskeleton.184

III. MODELING185

The model of the HD depicted in Fig. 2 is used to calculate186

the stability boundaries. The VE is assumed to be a bilateral187

wall consisting of a virtual spring of Kw, virtual damping with188

a damping coefficient of Bw, and a virtual mass of Mw. Due to189

the discrete nature of the HD, these parameters are modeled in190

the discrete domain. Therefore, the transfer function of the VE191

in the z-domain is given as follows:192

V E(z) = Kw +Bw
z − 1

Tz
+Mw

(z − 1)2

T 2z2
, (1)

where T is a constant number and represents the sampling time.193

Time delay may exist in a haptic system due to various194

sources such as force calculation, communication, or motor195

control. Given the typically fast sampling rates of HDs, even196

a few milliseconds of delay correspond to several sampling197

periods. In HDs with smaller sampling times—such as the Delta198

and Omega devices with 0.33 ms, or the Impulse Engine with199

0.2 ms [11]—the effect of time delay becomes more significant.200

In stability analysis, it is feasible to treat the aggregate of all201

delays within the control loop as a single delay represented by202

Td[23]. Hence, a constant time delay is defined as the total sum203

of all delays within the control loop.204

To simplify the analysis and reduce the number of variables,205

dimensionless parameters, as listed in Table I, are used.206

IV. STABILITY ANALYSIS 207

In this section, stability analysis is performed, and closed- 208

form equations are derived to predict the stability boundary of 209

the HD. For this purpose, the closed-loop control system shown 210

in Fig. 2 is used, assuming a discrete virtual environment as 211

described in (1). TheZOH block represents the transfer function 212

of the zero-order hold, and G(s) is the transfer function of the 213

HD. 214

In this system, the characteristic equation of the system is 215

Δ = 1 + V E(z) z−dZ[ZOHG(s)] = 0, (2)

whereZ stands for the z-transformation. Since a zero-order hold 216

is used, Z[ZOHG(s)] is simplified as 217

Z[ZOHG(s)] = Z
[
1− e−Ts

s

1

ms2 + bs

]
. (3)

Or: 218

Z[ZOHG(s)] =

(
e−

bT
m − 1 + bT

m

)
z + 1− (1 + bT

m

)
e−

bT
m

(z−1)b2

m

(
z − e−

bT
m

) .

(4)

The parameters are assumed to be dimensionless, as defined 219

in Table I, with Γ = eδ . Thus, the characteristic equation is 220

simplified in dimensionless form as follows: 221

Δ = Γδ2zd+4 − (1 + Γ)δ2zd+3 + δ2zd+2

+ [α(1 + Γ(δ − 1)) + βδΓ

+ γ(1− Γ(1 + δ)) + δ(1− Γ)]z3

− [α(1 + δ − Γ(1− 2γ)) + β(Γ(γ − 2) + δ)

+ γ(3(1− Γ) + δ) + 2δ]z2

+ (αγΓ + β(γ − Γ) + γ(3(1− Γ) + 2δ) + δ)z

− γ(1− Γ + δ) = 0. (5)

The roots of the characteristic equation correspond to the poles 222

of the closed-loop system. For the system to be stable, all these 223

roots must lie within the unit circle in the complex z-plane. 224

Accordingly, the stability boundary can be determined by sub- 225

stituting z using the following expression: 226

z = 1ejθ = cos (θ) + j sin (θ) (6)

Here, j represents the imaginary unit, and θ denotes the complex 227

argument (also known as the angle or phase) in radians. By 228

substituting z from (6) into the characteristic equation in (5) and 229

simplifying, the resulting expression can be separated into real 230

and imaginary components, both of which must independently 231

equal zero for stability(�{X(z)}+ j�{X(z)} = 0). The de- 232

tailed forms of these real and imaginary parts are provided in 233

subsection A of the Appendix. As a result, this approach yields 234

two independent equations, which can be solved for α and β, 235

resulting in the following set of dimensionless parameters: 236⎧⎨
⎩
α = γC1+γδ2C2+γδC3+δ3C4+δ2C5

C6+δ2C7+δC8

β = −γC1−γδ2C2+γδC9+δ3C10+δ2C11

C6+δ2C7+δC8

(7)
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Fig. 3. Plot of θmax versus γ in the case of d = 0.

where Ci, i = 1, . . . , 11 are coefficients listed in the Appendix,237

subsection B. The above equations can predict the stability238

boundary without limitations on time delay and virtual damping.239

In the following subsections, this equation is simplified for some240

special cases, and equations for the maximum and minimum241

values of θ are determined and presented.242

A. No Time Delay, Arbitrary Virtual Mass243

In the case of no time delay (i.e., d = 0), the coefficients C4,244

C5, C10, and C11 can be simplified, and the stability boundary245

in (7) can be plotted by varying θ from 0 to its maximum value246

θmax, as derived in Appendix C.247

θmax = 2 arctan

(√
u

2− u

)
, (8)

where248

u = − (1− Γ)2 δ2 (γ + 1 + δ)

2A
, (9)

with249

A=γ
[
(1− Γ)2−δ(Γ2 − 1) + Γδ2

]
+ Γδ2(1− Γ + δ).

(10)

By selecting an appropriate value of γ and using the known HD250

parameters, the interval θ ∈ [0, θmax] from (8) can be directly251

substituted into (7), allowing the entire stability curve to be252

obtained quickly in closed form, without iteration. As seen in the253

literature, this case was previously studied in several references,254

such as [6]. However, the method in [6] requires calculatingα on255

the stability boundary by iteratively searching for the maximum256

renderable stiffness that satisfies an inequality for each value257

of γ and β. Therefore, unlike previous, the present formulation258

provides a direct closed-form approach to generate the complete259

stability boundaries.260

Using (8), the value of θmax is plotted for different val-261

ues of γ ∈ [−1, 2], as shown in Fig. 3. For this purpose, a262

1-DOF haptic device with mechanical properties T = 1 ms,263

m = 0.0128 kg·m2, and b = 0.0324N·m·s/rad (as per the ex-264

perimental setup in this study) is considered. From Fig. 3, it can265

be seen that increasing γ causes θmax to increase continuously.266

Fig. 4. Plot of θmax versus d in the case of γ = 0.

B. No Virtual Mass, Arbitrary Time Delay 267

In the absence of virtual mass (i.e.,Mw = 0), γ becomes zero, 268

and the general stability equations in (7) simplify to (11). 269⎧⎨
⎩
α = δ3C4+δ2C5

C6+δ2C7+δC8

β = δ3C10+δ2C11

C6+δ2C7+δC8

(11)

In this case, θ varies from 0 to a new maximum value. When the 270

time delay is zero, this θmax is obtained from (8). For nonzero 271

time delay, θ lies within the interval [0, θmax], where θmax is 272

determined as follows (see Subsection D of the Appendix): 273

θmax = θ0 − AS0 +AD0 cos(θ0)

A′
S0 +A′

D0 cos(θ0) + dAD0 sin(θ0)
, (12)

where 274

θ0 =
π

2(d+ 1)

AS(θ) = 2δ
(
Γ2 + 1− (Γ + 1)2 c+ 2Γ c2

)
− 4 sh2 (Γ− 1)

(
1 + Γ− 2Γc

)
,

AD(θ) = − 4 sh2 (Γ− 1)2, (13)

with sh = sin θ
2 and c = cos θ. The prime symbol (′) denotes 275

differentiation with respect to θ, and the subscript “0” indicates 276

that the parameter is evaluated at θ = θ0. 277

For the given physical parameters of the HD, θmax is calcu- 278

lated from (47) for different values of d ∈ [0, 100], as shown in 279

Fig. 4. The figure shows that increasing the time delay reduces 280

θmax when γ is kept constant. 281

C. No Virtual Mass, No Time Delay 282

In the special case of d = 0 and γ = 0, the stability equation 283

simplifies to the following form: 284⎧⎪⎨
⎪⎩
α =

δ sin2( θ
2 )[δ2(Γ2−2 cos(θ)Γ+1)−δ(Γ−1)(Γ−2 cos(θ)Γ+1)]

1
4 δ2(Γ2−2 cos(θ)Γ+1)−δ sin2( θ

2 )(Γ2−1)+sin2( θ
2 )(Γ−1)2

β=
−δ3(Γ2−2 cos(θ)Γ+1)+4 δ2 sin2( θ

2 )Γ(Γ−1)

δ2(Γ2−2 cos(θ)Γ+1)−4 δ sin2( θ
2 )(Γ2−1)+4 sin2( θ

2 )(Γ−1)2

(14)

IEEE Transactions on Haptics (ToH) paper, presented at ICRA 2026, Vienna, Austria. Cite as ToH paper.



IE
EE P

ro
of

MASHAYEKHI et al.: EFFECT OF VIRTUAL MASS AND TIME DELAY ON THE STABILITY OF HAPTIC RENDERING 5

Fig. 5. Dimensionless stability boundary of a haptic device, determined from
the current paper ((14)) in dashed blue line, Mashayekhi et al. 2018 (refer-
ence [24]) red dotted line, and Mashayekhi et al. 2020 (reference [15]) green
solid line.

In this case, θmax is obtained by substituting γ = 0 into (8), as285

shown in the following equation:286

θmax = 2arctan

(√
(Γ− 1)2(1 + δ)

4Γ(Γ− 1− δ)− (Γ− 1)2(1 + δ)

)
.

(15)

A comparison of the stability boundaries from (14) and the287

previous results in [15], [24] is shown in Fig. 5. Using (14),288

θmax = 1.5725 rad is obtained, whereas the alternative methods289

yield a frequency of ωmax = 1572.4 rad/s. From Fig. 5, it can290

be seen that all three different methods have the same starting291

point. In fact, in [15], [24] it is shown that, for all values292

of time delay, the minimum dimensionless virtual damping is293

βmin = −bT/m. Moreover, in the following sections, it is shown294

that for all values of time delay and virtual mass, the minimum295

value of β remains the same. Despite having the same starting296

point, the endpoints of the curves vary significantly. For d = 0,297

both (7) and (14) lead to βmax = 2, which is the correct result298

and is fully consistent with prior studies [6], [18], [19], [21].299

In the general case where both time delay and virtual mass300

are present, determining θmax in a closed-form expression is a301

challenging task. Since the presence of time delay reduces θmax,302

assumingd = 0provides an upper bound for its value. The actual303

value of θmax can then be obtained numerically, lying between304

zero and this upper bound.305

In Subsection E of the Appendix, it is shown that for stability,306

it is necessary to have α > 0, and that all stability boundaries307

start from the same point, (Bw,Kw) = (−b, 0), or, in dimen-308

sionless form, (β, α) = (−δ, 0), regardless of the values of time309

delay and virtual mass. This result is consistent with the case of310

simulating a virtual environment consisting solely of a virtual311

spring and damper, as previously demonstrated in [14], [18],312

[19], [24], [25]. However, the maximum value of β is influenced313

by various factors, such as d and γ.314

V. SIMULATIONS 315

This section presents a series of simulations comparing the 316

theoretical stability boundaries obtained from (7) with those 317

derived using MATLAB/Simulink, based on the previously men- 318

tioned physical parameters of the HD. The virtual environment is 319

modeled as a discrete version of (1), with a zero-order hold block 320

used in the simulations. Various time delays Td = [0, 1, 5, 10]× 321

T and both positive and negative values of virtual mass are 322

considered. First, the values γ = [0,−0.25,−0.5,−0.75] are 323

selected, and the theoretical stability boundaries are calculated 324

using (7) and compared with the highlighted stability regions 325

obtained from simulations, as shown in Fig. 6. 326

To generate the highlighted areas corresponding to the 327

simulation-based stability results, the theoretical stability 328

boundary is first determined using the analytical model in (7). 329

Then, the α and β parameter spaces are uniformly discretized 330

into N ×N intervals (mostly N = 100), and for each pair 331

(β, α), a simulation is performed to evaluate the stability of 332

the haptic device. Stable operating points are identified and col- 333

lectively used to form the highlighted stable regions, which are 334

subsequently compared with the theoretical stability boundaries. 335

As seen in Fig. 6, the simulation results align with the the- 336

oretical predictions for both small and large time delays (d) 337

and negative values of the virtual mass (γ). Both sets of results 338

indicate that when α < 0, no stability boundary exists, a result 339

that was previously observed theoretically. 340

Additionally, it can be observed that using negative values 341

of γ reduces the stability region, regardless of the time delay. 342

Specifically, for γ ≤ 0, the smaller the value of γ, the narrower 343

the stability region becomes. Both theoretical and simulation 344

results indicate that when γ ≤ −1, the stability region vanishes 345

entirely. 346

At γ = −1, the reflected inertia at the HD output becomes 347

zero, effectively making the HD appear to have no mass. Thus, 348

completely eliminating reflected inertia is not feasible. In this 349

case, the theoretical stability boundary begins with a zero slope 350

(unlike the positive slope observed for−1 < γ < 0) and extends 351

into negative α values, representing an unstable region 352

All theoretical stability curves commence at βmin = 353

−bT/m = −0.00253. The maximum value of β is determined 354

by the values of α, γ, and d. In Fig. 6(a), the maximum value 355

of β, βmax = 2, is observed in the specific case where d = 0 356

and γ = 0. However, as the time delay increases and the virtual 357

mass decreases, the maximum achievable value of β is corre- 358

spondingly reduced. 359

It is important to note that the time delay Td does not alter 360

the intrinsic physical parameters of the haptic device, namely 361

the robot mass m and damping b. These parameters appear only 362

through δ = bT/m and Γ = eδ , which are independent of Td. 363

Instead, the effect of the delay is embedded in the trigonometric 364

terms involving d = Td/T within the coefficients C4, C5, C10, 365

and C11 in (7). These terms distort the effective contributions of 366

the virtual environment parameters (α, β, and γ) in the stability 367

condition. As a result, increasing the delay reduces the stability 368

region by shrinking the set of admissible values for the virtual 369

stiffness, damping, and mass, even though the physical device 370
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Fig. 6. The theoretical stability boundaries (solid lines, determined from (7)) versus stability regions determined by simulations (highlighted areas) for different
virtual masses (γ) and different dimensionless time delays of: (a) d = 0, (b) d = 1, (c) d = 5, and (d) d = 10. It can be seen that the stability regions decrease
significantly with increasing time delay (d). Changing the scales would make the figures for higher d too small, so all figures are fitted to their current axes.

itself remains unchanged. This explains why the renderable371

stiffness decreases with delay and provides a clear physical372

interpretation of the stability boundaries shown in the results.373

For positive values of virtual mass, the stability curves exhibit374

distinctive shapes. Fig. 7 illustrates the stability boundaries for375

d = 0 with various positive values of γ, ranging from 0 to 3.376

According to Fig. 7, for γ < 2, the stability curves begin at the377

point (α, β) = (0, βwmin) on the α− β plane and extend to the378

right, forming right-sided curves. Simulations in the following379

paragraphs verify that the regions beneath these right-sided380

curves are stable, denoted by the letter ’S’ in their legend.381

For γ > 2, the stability curves start from the same point but382

extend to the left, forming left-sided curves. It will be shown in383

the following paragraphs that the regions beneath these curves384

are unstable, marked by the letter ‘U’. At γ = 2, the stability385

curve forms a straight line starting from the same point, and it386

neither curves to the right nor left, representing the boundary of387

stability. This case is denoted by the letter ’B’ in the legend.388

There are several significant coordinates in this graph, marked389

with black circles numbered from 1 to 6. The first circle, labeled390

as 1, represents the maximum value ofα when there is no virtual391

mass (γ = 0). At this point, the maximum value of α is αmax =392

0.6896, which occurs at β = 0.8206. This maximum value of 393

α is consistent with results of [6], [21]. Fig. 7 illustrates that, 394

under the assumption of no virtual damping and no virtual mass 395

(γ = 0 and β = 0), a very small value of α = 0.005 can be 396

achieved. (This point is not shown in the figure, as it is located 397

very close to the origin.) However, with the same value of β = 0, 398

increasing γ from 0 to γ = 1 allows for an achievable value of 399

α = 2 (indicated by circle 2in Fig. 7). This demonstrates the 400

effect of increasing the virtual mass in enhancing the maximum 401

renderable stiffness. 402

In scenarios without time delays, a dimensionless virtual 403

spring value greater than 2 can be achieved by selecting specific 404

parameter values. For instance, with β = −1 and γ = 1.5, a 405

value of α ≈ 3 is attainable (indicated by circle 3in Fig. 7). 406

The maximum theoretically renderable value ofαmax ≈ 4 can 407

be achieved with β = −2 and γ = 2 under the assumption of 408

no time delay (indicated by circle 4 in Fig. 7). Comparing this 409

with αmax = 0.6896 (obtained with γ = 0), an approximately 410

5.8-fold increase is observed. It is important to note that reaching 411

this point requires very precise tuning of β and γ, as the stability 412

region near this point is quite narrow. It should be noted that this 413

increase in αmax will decrease when a time delay is introduced, 414
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Fig. 7. Stability boundaries of the HD for different values of virtual mass with
no time delay. In the case of γ < 2, the HD is stable (denoted by S), while for
γ > 2, it is unstable (U). The value of γ = 2 yields being on the boundary of
stability (B). Important coordinates are depicted by numbered circles and the
vertical dashed line.

as demonstrated in the experiments and further detailed in the415

Results and Discussion section.416

Another noteworthy observation regarding the behavior of417

the HD’s stability is presented in Fig. 7, specifically for the418

case of γ = 1.5. It can be seen that, at β = −0.5 (indicated by419

the vertical black dashed line), there are two significant points420

within the graph. The first is the maximum renderable value of421

α, marked by circle 5. The second is the minimum required α422

for stability, indicated by circle 6. This suggests that, in certain423

scenarios, a minimum virtual stiffness is necessary for stable424

haptic rendering. In contrast, when rendering only virtual springs425

and dampers, this minimum stiffness was not required and was426

always zero. This behavior, which has not been reported in the427

reviewed literature, will be further validated through simulations428

and experiments in the subsequent sections.429

It should be noted that the stability regions reported in [6]430

represent a subset of those shown in Fig. 7. In fact, the stability431

analysis in that reference was performed only within the range432

β, γ ∈ [0,+2], resulting in a limited portion of the full stability433

map shown in Fig. 7. If the formulations presented in [6] are434

applied over the extended rangesα ∈ [0,+4],β ∈ [−2,+2], and435

γ ∈ [−1,+2], and αmax is found iteratively for each value of β436

and γ while sweeping these parameters through their ranges, the437

obtained stability regions become fully consistent with those438

presented in this paper, as shown in Fig. 7. This confirms439

the consistency of the results presented in the current paper440

and highlights the advantage of using closed-form equations to441

predict the stability boundaries more efficiently.442

Based on the behavior of the stability boundaries observed443

in Fig. 7, different time delays, specifically d = [0, 1, 5, 10], are444

selected, and various values ofγ = [0, 0.5, 1, 1.5, 2, 2.2] are con-445

sidered. The stability boundaries are predicted using (7) and then446

verified through simulations, as shown in Fig. 8. All highlighted447

areas with different colors are obtained from simulations.448

According to Fig. 8(a), for γ < 2, all stability boundaries449

determined by (7) form right-sided curves, indicating stable450

behavior, which is also verified by simulations. In the case of451

γ = 2, the HD lies on the boundary of stability, with the curve 452

being neither right-sided nor left-sided. For γ > 2, the stability 453

boundaries become left-sided, indicating unstable behavior of 454

the HD. Consequently, no stable region is observed in the 455

simulation results for these cases. 456

It should be emphasized that, when these curves were first 457

obtained, simulations were initially performed to determine 458

which side of the boundary was stable, since this behavior had 459

not been reported in the literature before (particularly for γ > 2). 460

The results confirmed that the regions beneath the right-sided 461

curves are stable, whereas those beneath the left-sided curves 462

are unstable. With this understanding, simulations are no longer 463

required for classification: right-sided curves always represent 464

stable regions, left-sided curves correspond to unstable regions, 465

and the case of γ = 2 defines the boundary itself. 466

In the case of d = 1, Fig. 8(b) shows that the cases of γ = 2 467

(which was the stability boundary ford = 0) andγ = 1.5 (which 468

was stable for d = 0) are now left-sided curves and, therefore, 469

unstable. This instability occurs due to the introduction of the 470

time delay. All other cases are right-sided and, therefore, stable, 471

which is precisely verified by simulations (colored regions). 472

By increasing the time delay to d = 5 and d = 10, in the case 473

of γ = [0, 0.5, 1], the stability boundaries determined by (7) 474

remain right-sided and, therefore, stable, as verified by simu- 475

lations, as shown in Fig. 8(c) and (d). All other cases remain 476

left-sided, indicating instability in the HD. 477

In Fig. 8, from (a) to (d), it is evident that increasing the time 478

delay leads to instability in the HD and compresses the stability 479

regions. On the one hand, increasing γ helps simulate higher 480

values of α; on the other hand, it narrows the stability region 481

and can even cause it to become a line, as seen in Fig. 8(a) when 482

γ changes from 0 to 2. 483

In certain cases in Fig. 8, a minimum virtual stiffness is 484

required for the stability of rendering virtual mass, whereas for 485

γ = 0, no virtual stiffness is needed. 486

By comparing the stability boundaries for both positive and 487

negative values of the virtual mass (i.e., Figs. 6 and 8), it can be 488

observed that, on the one hand, the maximum value of β is 2, 489

and on the other hand, this value can be achieved when d = 0 490

and γ = 0. 491

From Figs. 6, 7, and 8, it can be seen that all starting 492

points of the stability boundaries are almost the same (β, α) = 493

(−bT/m, 0), regardless of the values of d and γ. 494

VI. EXPERIMENTS 495

Experiments have been conducted to validate the derived 496

stability equations. For this purpose, a 1-DOF haptic device 497

equipped with a MaxonECi-52 motor is actively controlled to 498

simulate the virtual object on its paddle side (Fig. 9). On the 499

paddle side, the haptic device has an inertia of 0.0128 Kg · 500

m2, while its viscous and Coulomb frictions have been iden- 501

tified as 0.0324 N · m · s/rad and 0.0318 N · m, respectively 502

([26], [27]). A 3-channel incremental encoder with 4096 pulses 503

per revolution improves the resolution to better than 3 seconds 504

after quadrature and gear train for reading the paddle angle. 505

The Coulomb friction and gravity torque are compensated in 506

the feedback linearization block depicted in Fig. 2. During the 507
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Fig. 8. The theoretical stability boundary (solid lines, determined from (7)) versus the stability region (highlighted areas), determined by simulation for γ > 0
and different time delays. The letter U stands for unstable case, and therefore, no stable region is found by simulations.

Fig. 9. Experimental haptic device.

experiments, a sampling rate of 1 kHz is used to read the paddle’s508

angle, calculate velocity, and acceleration. A first-order low-pass509

filter with a 50 Hz cutoff frequency is used to attenuate measure-510

ment noise in velocity. Subsequently, the torque of the virtual511

object is calculated based on (1) and applied to the actuator by a512

Maxon EPOS4 70/15 driver. A fixed time delay of Td = 40 ms513

was introduced in the experiments to prevent actuator saturation 514

and protect the hardware from excessive stiffness and severe 515

vibrations. As in other studies [10], [13], [19], the inclusion of a 516

delay also captures its effect on system stability. Moreover, the 517

delay was necessary to determine and plot the complete curved 518

stability boundary; without it, only the linear portion of the curve 519

could be obtained. 520

There is an internal PI controller in the MAXON drivers that 521

operates at 25 kHz to track the applied torque. Experimental 522

results indicated that the dynamics of the controller signifi- 523

cantly impacted the stability boundaries. To ensure accurate 524

validation, the effects of the PI controller, operating at a high 525

frequency of 25 kHz, were included in both the simulations and 526

the experimental analyses. Two different sets of PI controller 527

parameters were tested. Lower PI gains were chosen to prevent 528

high-frequency oscillations and ensure safe operation, though 529

this approach led to slower torque tracking. In contrast, higher 530

PI gains were used to improve torque tracking accuracy and 531

achieve better alignment between experimental results and the- 532

oretical stability predictions. However, excessively high gains 533

introduced instability and hardware-induced oscillations, high- 534

lighting the need for a conservative approach when selecting the 535
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Fig. 10. The theoretical stability boundary (black solid line); stable region determined by simulations where the PI controller, quantization, and low-pass filter
are omitted (PI(-), QF(-))—identical to the black solid line and therefore not plotted; stability boundary of simulations without the controller but with quantization
and filter (PI(-), QF(+)) (green dashed line); stable region determined by simulations with high gains, including quantization and filter (HG, QF(+)) (pink region);
stable region determined by simulations with low gains, including quantization and filter (LG, QF(+)) (blue region); experimental stability boundary for high gains
(HG, QF(+)) (red stars); and experimental stability boundary for low gains (LG, QF(+)) (blue circles). Results are shown for (a) Mw = −0.5m, (b) Mw = 0, (c)
Mw = 0.5 m, and (d) Mw = 1 m. In all figures, the theoretical results are fully consistent with the simulation results obtained without the PI controller or without
quantization and filtering. In subfigure (d), based on the vertical dashed black line at Bw = 0.45, a value of 5 < Kw < 15 is required for stability in the high-gain
case, while in the low-gain case, with Bw = 0.60, a value of 5 < Kw < 11 is necessary for stability.

maximum allowable PI gains to avoid potential damage to the536

experimental setup. To account for the effect of the PI controller537

gains, two sets of experiments were performed. In the first set,538

the PI gains were selected to be low, as follows:539

Kp = 600mV/A, Ki = 600mV/(A.ms). (16)

Meanwhile, in the second set, higher gains were used, as follows:540

Kp = 6000mV/A, Ki = 6000mV/(A.ms). (17)

Thus, the label low gain (LG) refers to using the gains from (16),541

while the label high gain (HG) refers to the gains in (17).542

The PI controller parameters (Kp and Ki) in (16) and (17)543

are expressed in electrical units: Kp in mV/A (millivolts per544

ampere) and Ki in mV/(A · ms) (millivolts per ampere per mil-545

lisecond). These units reflect the electrical nature of the system546

and are not directly convertible to mechanical units like Nm/s547

or N/m. These values and units are provided by the MAXON 548

driver. 549

For a fair comparison, four simulation configurations were 550

evaluated against the experimental data, as shown in Fig. 10, 551

using the physical parameters mentioned above: 552

1) PI controller, quantization, and low-pass filter omitted. 553

Since its stability boundary is identical to the theoretical 554

one, no additional curve is plotted (labeled as Theory and 555

Simulation (PI(-), QF(-))); 556

2) PI controller omitted, with quantization and low-pass filter 557

included (labeled as Simulation (PI(-), QF(+))); 558

3) PI controller with high gains, with quantization and low- 559

pass filter included (labeled as Simulation (HG, QF(+))); 560

4) Same as (3), but with low gains (labeled as Simulation 561

(LG, QF(+))). 562

Throughout the experiments and simulations, various val- 563

ues of γ = [−0.5, 0, 0.5, 1] were applied, while the sampling 564
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time and time delay were set to T = 1 ms and Td = 40 ms,565

respectively.566

VII. RESULTS AND DISCUSSION567

Fig. 10 compares the theoretical stability boundary derived568

from (7), the experimental stability boundaries obtained with569

varying PI controller gains, and the stable regions identified570

through different simulations.571

In all subfigures, the simulation results of PI(-), QF(-) com-572

pletely overlap with the theoretical stability boundary and are573

therefore not shown. All curves share approximately the same574

starting point on the (Bw,Kw) plane. Maximum ofKw obtained575

from the simulations of PI(-), QF(+) is lower than that of the576

corresponding theoretical results (black solid lines). In each577

case, both the HG and LG experiments yield higher values of578

Bw compared with the theoretical predictions. The maximum579

renderable Bw from the theoretical results is, however, closer to580

the experimental result of the HG case and also to the simulations581

including the PI controller with high gains. Furthermore, the582

LG cases—both in simulation and experiment—lead to wider583

stability regions (larger stable areas) compared with the HG584

cases. Additionally, simulations results of PI(-), QF(+), is more585

similar to the results of HG, QF(+), than LG, QF(+).586

In Fig. 10(a), corresponding to the case of negative virtual587

mass (Mw = −0.5m), the overall stability region becomes con-588

siderably smaller than in all other cases. This is also the only589

case in which the maximum experimental stiffness in both the590

HG and LG conditions exceeds the maximum theoretical value.591

Fig. 10(b) corresponds to the case of zero virtual mass. There592

is good agreement between the simulation results of PI(-), QF(+)593

and HG, QF(+). The maximum theoretical stiffness is closer594

to the experimental results of the LG, QF(+) case, while the595

maximum theoretical damping aligns more closely with the596

experimental results of the HG, QF(+) case.597

In Fig. 10(c), a small difference can be observed between598

the maximum experimental stiffness in the HG and LG cases,599

whereas in (d), this difference is almost negligible. However,600

the maximum experimental damping in both (c) and (d) shows601

distinct differences between the HG and LG conditions.602

This demonstrates that higher PI gains lead to a closer align-603

ment of both experimental and simulation results with the theo-604

retical predictions. The same trend is observed for other values605

of virtual mass in Fig. 10(b), (c), and (d).606

In earlier sections, it was observed that, in certain scenarios,607

a minimum virtual spring value is required for stability. This608

behavior was previously noted in Fig. 8 across various time609

delays and virtual damping levels. The same phenomenon was610

evident in the experiments, as illustrated in Fig. 10(d).611

For example, in the low gain case experimental results (de-612

picted with blue circles), at Bw = 0.6 (vertical pink dashed613

line), the HD is unstable for Kw < 5, while at the same Bw,614

the HD becomes stable for 5 < Kw < 11. This phenomenon is615

more pronounced with increasing PI-controller gains. In the high616

gain experiments (depicted by red stars), at Bw = 0.45 (vertical617

dashed black line), a minimum value of Kw = 5 is required for618

stability, more precisely, 5 < Kw < 15.619

During the experiments, no stability region was found for 620

negative values of the virtual spring (i.e., Kw < 0). In all exper- 621

iments, a small negative value of the virtual damping could be 622

simulated, which is related to Bwmin = −bT/m. From Fig. 10, it 623

can be concluded that the stability equations determined in (7) 624

predict the stability boundary with good accuracy. 625

The authors believe that increasing the controller gains im- 626

proves the accuracy of predicting the theoretical stability bound- 627

ary. However, during the experiments, a high-frequency noise, 628

resembling an oscillatory or buzzing sound, was emitted from 629

the Maxon drivers when the controller gains were set to very 630

high values of Kp = 9000mV/A and Ki = 9000mV/(A.ms). 631

To prevent potential damage, the maximum values of the con- 632

troller gains were set below this limit, as specified in (17). When 633

using gains of 6000, no such noise was observed. 634

In the conducted experiments under delayed conditions and 635

high-gain control, without virtual mass (γ = 0), we measured 636

Kexp
max = 4.3 (theory: K theo

max = 4.94), whereas with virtual mass 637

(γ = 1), we measured Kexp
max = 15 (theory: K theo

max = 20.35). 638

This corresponds to an increase of 412% in the theoretical 639

prediction and 349% in the experimental implementation when 640

virtual mass is introduced. Thus, the inclusion of virtual mass 641

substantially enlarges the achievable stiffness region under 642

delayed conditions, although the experimental values remain 643

below the analytical bounds due to hardware non-idealities. 644

One important definition in haptic rendering is the stable area 645

in the Kw-Bw plane, called Z-width, which was first defined 646

by Colgate et al. in [28]. The larger the Z-width, the larger the 647

stable region. Many researchers have suggested different meth- 648

ods for improving it, such as using active electrical damping [29], 649

using magnetorheological fluids [30], using acceleration feed- 650

back [31], and using dual-rate haptic systems, which can help 651

increase the velocity calculation accuracy at very high sampling 652

rates [32], [33]. It has been shown that the velocity estimation 653

method has a significant effect on Z-width [34] and can be limited 654

due to the internal vibration modes of the HD [35]. 655

The values of the maximum renderable virtual damping 656

(βmax), maximum renderable virtual spring (αmax), and the 657

Z-width are plotted against values of γ < 0 (Fig. 11). The same 658

plots can be seen in Fig. 12 for positive values of γ. 659

From Fig. 11, it can be seen that in the case of γ < 0, by 660

reducing γ from 0 to −1, βmax, αmax, and Z-width decrease 661

continuously, regardless of the time delay. In the special case 662

of γ = −1 (removing all effective mass from the HD), all of 663

them are zero. 664

In the case of simulating positive values of γ, the behavior of 665

the mentioned parameters is not the same. In the case of no time 666

delay, the maximum renderable value ofγ is 2 (Fig. 12(a)). In this 667

figure, by increasing γ from 0 to 2, βmax decreases continuously, 668

whereas in other time delays, first an increase is observed. In all 669

time delays,αmax increases, then decreases. The same also holds 670

for the Z-width. Except in the case of d = 0, in all other time 671

delays, the Z-width becomes zero while βmax �= 0 and αmax �= 0 672

(unlike Fig. 11, which was for γ < 0). This can be described 673

as closing the stability curve, which causes a zero value of the 674

Z-width and nonzero values for αmax and βmax (like the case of 675

γ = 2 in Fig. 7). 676
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Fig. 11. Values of the maximum renderable virtual damping (βmax) (solid
blue line), maximum renderable virtual spring (αmax) (dashed red line), and the
Z-width (dotted orange line) versus negative values of the dimensionless virtual
mass (γ), in the case of: (a) d = 0, (b) d = 1, (c) d = 5, and (d) d = 10.

It should be mentioned that the perceived discontinuity in677

βmax, αmax, and Z-width at γ = 0 between Figs. 11 and 12 is678

solely due to the application of different uniform scaling factors679

in these figures to enhance the visibility of very small stability680

limit values. The underlying non-dimensional values of βmax,681

αmax, and Z-width are, in fact, smooth and continuous through682

γ = 0 in both the simulations and the experimental data.683

The current study provides valuable insights into the stability684

of haptic devices when simulating virtual environments with685

mass, spring, and damper elements. However, several limitations686

should be acknowledged. First, the haptic device is modeled687

as a 1-DOF system with effective mass, viscous friction, and688

Coulomb friction. This simplification, while useful for stability689

analysis, may not capture the full complexity of multi-DOF690

haptic devices. Second, the experiments employed a fixed time691

delay of 40 ms to safeguard against excessive rendered stiffness692

and potential hardware damage. While this delay is needed for693

safety, it may not reflect the full range of delays encountered in694

different operational scenarios. Additional limitations include695

the selection of PI controller gains, which were chosen to balance696

stability and performance.697

Fig. 12. Values of the maximum renderable virtual damping (βmax) (solid
blue line), maximum renderable virtual spring (αmax) (dashed red line), and the
Z-width (dotted orange line) versus positive values of the dimensionless virtual
mass (γ), in the case of: (a) d = 0, (b) d = 1, (c) d = 5, and (d) d = 10. The
red region stands for instability.

VIII. CONCLUSION AND FUTURE WORK 698

This study conducted a stability analysis of a one-degree- 699

of-freedom (1-DOF) haptic device by modeling the virtual 700

environment as a combination of a mass, spring, and damper. 701

The analysis resulted in closed-form equations that define the 702

relationships among the virtual mass, spring, and damper, along 703

with other system parameters, at the stability boundary. Unlike 704

previous works that relied on iterative trial-and-error searches, 705

the present formulation provides explicit closed-form expres- 706

sions, including for θmax, allowing stability boundaries to be 707

generated efficiently. It was also established that the minimum 708

virtual damping is always Bw,min = −b, independent of time 709

delay or virtual mass. 710

In the absence of time delay (d = 0), the analysis showed 711

that properly tuning the virtual damping and virtual mass can 712

increase the maximum renderable stiffness by up to 5.8 times in 713

theory. These findings are consistent with the reviewed studies 714

when formulations are extended and numerical iterations are 715

applied to find the maximum renderable value of α. 716
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When a time delay was included (d = 40), both simulations717

and experiments confirmed that adding virtual mass enlarges the718

achievable stiffness region, with experiments demonstrating an719

increase of about 3.5 times (from Kexp
max = 4.3 to 15), consistent720

with the theoretical prediction of approximately 4.1 times (from721

K theo
max = 4.94 to 20.35).722

Additionally, a new behavior was identified: in certain cases,723

a nonzero minimum virtual spring value is required for stability.724

This behavior can also be reproduced by extending previous725

work to a wider range of virtual-environment parameters. All726

of these phenomena were validated through both simulations727

and experiments, confirming that the results of earlier studies728

represent special cases of the more general framework presented729

here.730

As shown in this paper, when either the time delay or the731

virtual mass was zero, closed-form equations for θmax were732

derived. In the general case, where both time delay and virtual733

damping are present, θmax was determined numerically within734

known bounds. As part of future work, deriving closed-form ex-735

pressions for this general case is proposed. Also, two additional736

theoretical aspects could be explored in greater depth: providing737

a more rigorous analytical proof of the necessity of α > 0,738

and fully characterizing why the “left-sided” stability curves739

do not correspond to stable regions. One promising direction to740

investigate these questions is to perform a root-locus analysis of741

the closed-loop system to examine how the poles migrate as the742

system parameters vary.743

APPENDIX744

A. The Real and Imaginary Parts of the Characteristic745

Equation746

The real and imaginary parts of the characteristic equation are747

given as follows:748

Real part = − δ2 (1 + Γ) cos (θ (d+ 3))

+ δ2 cos (θ (d+ 2)) + δ2Γ cos (θ (d+ 4))

+ (((−β − 2α+ 3) γ + 2β + α) Γ

+ (−β − α− γ − 2) δ − α− 3 γ) cos (2 θ)

+ (((β + α− γ − 1) δ − α− γ) Γ

+α+ δ + γ) cos (3 θ)

+ (((α− 3) γ − β) Γ + (2 γ + 1) δ

+γ (β + 3)) cos (θ)

+ γ (Γ− δ − 1) = 0, (18)

Imag part = − δ2 (1 + Γ) sin (θ (d+ 3))

+ δ2 sin (θ (d+ 2)) + δ2Γ sin (θ (d+ 4))

+ (((−β − 2α+ 3) γ + 2β + α) Γ

+ (−β − α− γ − 2) δ − α− 3 γ) sin (2 θ)

+ (((β + α− γ − 1) δ − α− γ) Γ

+α+ δ + γ) sin (3 θ)

− sin (θ) (((−α+ 3) γ + β) Γ

+ (−2 γ − 1) δ − γ (β + 3)) = 0. (19)

B. Defined Parameters and Coefficients 749

Using δ = bT/m and Γ = eδ , parameters and coefficients 750

used in (7) are as follows: 751

K1 = 32 sin5
(
θ
2

)
cos
(
θ
2

)
, (20)

K2 = (1− Γ)2, (21)

K3 = 1 + Γ2 − 2Γ cos(θ), (22)

K4 = 1 + Γ + Γ2. (23)

Using the aforementioned definitions, the coefficients of C1 to 752

C11 are defined as follows: 753

C1 = K1 K2, (24)

C2 = − 2K3 sin(θ) (cos(θ)− 1), (25)

C3 = − 16 sin

(
θ

2

)4

sin(θ) (Γ2 − 1), (26)

C4 = K4 (2 sin(θ(d+ 1))− sin(dθ)− sin(θ(d+ 2)))

− 4Γ sin(θ(d+ 1)) sin

(
θ

2

)
sin

(
3θ

2

)
, (27)

C5 = − 8 sin

(
θ

2

)3

(Γ− 1)

×
(
cos

(
θ(2d+ 1)

2

)
− Γ cos

(
θ(2d+ 3)

2

))
,

(28)

C6 = − 2K2 sin(θ) (cos(θ)− 1), (29)

C7 = K3 sin(θ), (30)

C8 = sin(θ)
(
2(Γ2 − 1)

)
(cos(θ)− 1), (31)

C9 = K1 (Γ
2 − 1), (32)

C10 = − 2 cos

(
θ(2d+ 1)

2

)

×
(
K4 sin

(
θ

2

)
− Γ sin

(
3θ

2

))
, (33)

C11 = 4 sin

(
θ

2

)2 (
Γ2 sin(θ + dθ) + sin(dθ)

)

− 4Γ sin

(
θ

2

)
sin

(
θ

2
+ dθ

)
sin(θ). (34)

C. Case d = 0, γ Arbitrary: Closed-Form Expression for θmax 754

For the case d = 0, when plotting the stability boundaries 755

using (7) of the manuscript, θ varies between a minimum (θmin) 756

and a maximum (θmax). In this subsection, it is demonstrated 757

that θmin = 0, and expressions are derived to determine θmax. 758

Set the half–angle shorthands 759

sh := sin
(
θ
2

)
, ch := cos

(
θ
2

)
, c := cos θ, (35)
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so that sin θ = 2shch, cos θ − 1 = −2s2h, and cos( 3θ2 ) = 4c3h −760

3ch. For d = 0, the θmax will vanish the following equation761

(numinator of α’s fraction):762

Φ(θ) = γC1(θ) + γδ2C2(θ) + γδC3(θ)

+ δ3C4(θ) + δ2C5(θ) = 0. (36)

In the case of d = 0, each term can be simplified as:763

C1 = K2 K1 = 32K2 s
5
hch, (37)

C2 = −2K3 sin θ (cos θ − 1) = 8K3 s
3
hch, (38)

C3 = −16 s4h sin θ (Γ
2 − 1) = −32(Γ2 − 1) s5hch, (39)

C4 = K4

(
2 sin θ − sin 2θ

)− 4Γ sin θ sh sin
(
3θ
2

)
= 8 shch

[
(K4 − 3Γ)s2h + 4Γs4h

]
, (40)

C5 = −8 s3h(Γ− 1)
(
ch − Γ cos

(
3θ
2

))
= 8 s3hch

[
K2 − 4Γ(Γ− 1)s2h

]
. (41)

Introduce the nonnegative variable764

u := 1− cos θ = 2s2h ∈ [0, 2]. (42)

With c = 1− u one has K3 = K2 + 2Γu and K4 − 3Γ = K2.765

Substitution into Φ(θ) and factoring 8shch yields766

Φ(θ) = 8 shchu

(
Au+

1

2
K2 δ

2(γ + 1 + δ)

)
, (43)

where767

A = γ
[
(1− Γ)2 − δ(Γ2 − 1) + Γδ2

]
+ Γδ2(1− Γ + δ).

(44)

The prefactor 8shch vanishes only at θ ∈ {0, π}; simply shows768

that while plotting stability curves, θ should start from θmin = 0.769

Excluding the trivial root u = 0 (θ = 0), the nontrivial branch770

solves771

Au+
1

2
K2 δ

2(γ + 1 + δ) = 0, (45)

hence772

u = − K2 δ
2(γ + 1 + δ)

2A
, 0 ≤ u ≤ 2. (46)

Recovering the angle from u = 1− cos θ is most stable via the773

half–angle map774

θmax = 2arctan

√
u

2− u
, (47)

with the usual clipping ofu into [0,2] in floating-point arithmetic.775

This expression provides a closed form for θmax in the case776

d = 0, γ �= 0, and retains the exact dependence on Γ = eδ .777

D. Case γ = 0, d Arbitrary: Closed-Form Expression for θmax778

In the case of γ = 0, while plotting the stability boundaries779

using (7) of the manuscript, θ should vary between a minimum780

(θmin) and a maximum (θmax). In this subsection, it is shown781

that θmin = 0, and expressions are derived to determine θmax.782

Minimum and maximum values of θ occur when α = 0. With 783

γ = 0, this condition becomes 784

δ C4(θ) + C5(θ) = 0. (48)

Using the identity sin(x+ θ)− 2 sinx+ sin(x− θ)=− 4 sin2 785

( θ2 ) sinx, and standard sum–to–product/half–angle formulas, 786

the left-hand side can be written exactly as 787

Φ(θ) = AS(θ) sin((d+1)θ) +AD(θ) sin(dθ) = 0, (49)

where we set 788

sh := sin
θ

2
, ch := cos

θ

2
, s := sin θ, c := cos θ,Γ = eδ, (50)

and 789

AS(θ) = δ B(θ)− 4 sh2 (Γ− 1)
(
1 + Γ− 2Γc

)
, (51)

AD(θ) = − 4 sh2 (Γ− 1)2, (52)

B(θ) = 2
(
Γ2 + 1− (Γ + 1)2 c+ 2Γ c2

)
. (53)

The trivial root θ = 0 is always present, hence θmin = 0. We 790

therefore seek the smallest positive nontrivial solution, denoted 791

θmax. The term sin((d+1)θ) carries the leading oscillation. A 792

natural expansion point is where this term is stationary, so that 793

small changes in θ do not immediately change its contribution 794

and the balance with the secondary harmonic sin(dθ) can occur 795

locally. Imposing stationarity, 796

d

dθ
sin((d+1)θ) = (d+1) cos((d+1)θ) = 0, (54)

yields cos((d+1)θ) = 0 and therefore the grid 797

θ =
(2k+1)π

2(d+1)
, k ∈ Z. (55)

Selecting the first positive instance gives 798

θ0 =
π

2(d+1)
. (56)

At this angle sin((d+1)θ0) = 1, and the companion harmonic 799

is nondegenerate in value and slope: 800

sin(dθ0) = cos
(

π
2(d+1)

)
> 0, cos(dθ0) = sin

(
π

2(d+1)

)
> 0.

(57)

A Taylor expansion with θ = θ0 + η gives sin((d+1)θ) = 1 + 801

O(η2) and sin(dθ) = sin(dθ0) + d η cos(dθ0) +O(η2). Thus, 802

the balance Φ(θ) = 0 is achieved by a small linear correction η, 803

and the true root lies close to θ0. 804

A single Newton update from θ0 provides an accurate approx- 805

imation to the smallest positive root: 806

θmax ≈ θ0 − Φ(θ0)

Φ′(θ0)
, (58)

where 807

Φ′(θ) = A′
S(θ) sin((d+1)θ)

+AS(θ) (d+1) cos((d+1)θ)

+A′
D(θ) sin(dθ) +AD(θ) d cos(dθ), (59)
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and808

A′
S(θ) = δ B′(θ)− 4(Γ− 1)

(
s
2 (1 + Γ− 2Γc) + 2Γsh2 s

)
,

(60)

A′
D(θ) = − 2(Γ− 1)2 s, (61)

B′(θ) = 2s
(
(Γ + 1)2 − 4Γc

)
. (62)

Evaluating Φ(θ0) and Φ′(θ0) at θ = θ0 yields the compact809

expression810

θmax = θ0 − AS0 +AD0 cos(θ0)

A′
S0 +A′

D0 cos(θ0) + dAD0 sin(θ0)
, (63)

where AS0, AD0, A
′
S0, A

′
D0 denote the values of811

AS(θ), AD(θ), A′
S(θ), A

′
D(θ) evaluated at θ = θ0. This812

final form corresponds to the expression reported in the main813

text.814

E. The Starting Point and Sign of α Near θ = 0815

In this subsection, the starting point and initial sign of the816

stability curves are determined. Since this point corresponds to817

values of θ near zero, the asymptotic behavior of the coefficients818

Ki and Ci can be approximated by their leading-order terms819

in the Taylor expansions. Specifically, Ki and Ci behave as820

constant coefficients multiplied by powers of θ:821

K1 ≈ 16 θ5, K2 = (1− Γ)2,

K3 = 1 + Γ2 − 2Γ cos(θ), K4 = 1 + Γ + Γ2. (64)

Using these definitions, the coefficients Ci can be approximated822

as823

C1 ≈ K2 K1 ≈ (const) θ5, C2 ≈ K3 (const) θ3,

C3 ≈ (Γ2 − 1) (const) θ5, C4 ≈ Δ θ3,

C5 ≈ η θ3, C6 ≈ K2 (const) θ3,

C7 ≈ K3 (const) θ, C8 ≈ (Γ2 − 1) (const) θ3,

C9 ≈ (Γ2 − 1) (const) θ5, C10 ≈ (3Γ−K4) (const) θ,

C11 ≈ ξ θ3. (65)

By substituting these approximations into (7), the dimensionless824

virtual stiffness α can be expressed as825

α =
γC1 + γδ2C2 + γδC3 + δ3C4 + δ2C5

C6 + δ2C7 + δC8
. (66)

For small values of θ, the leading-order terms of the numerator826

and denominator give827

α(θ) ≈ (γδ2K3 + δ3Δ+ δ2η) θ3

K2 θ3 + δ2K3 θ + δ(Γ2 − 1) θ3
. (67)

Since all coefficients δ > 0, K2 = (1− Γ)2 > 0, K3 ≥ 0, and828

Γ = eδ > 1, both the numerator and denominator are positive829

for small positive θ. Therefore,830

lim
θ→0+

α(θ) = 0+. (68)

For completeness, the asymptotic behavior of β is obtained 831

from (8): 832

β =
−γC1 − γδ2C2 + γδC9 + δ3C10 + δ2C11

C6 + δ2C7 + δC8
. (69)

Neglecting higher-order terms yields 833

lim
θ→0

β = −δ, (70)

confirming that all stability boundaries originate from 834

(Bw,Kw) = (−b, 0) or in dimensionless form, (β, α) = 835

(−δ, 0). This implies that all stability curves start from the 836

point (β, α) = (−δ, 0), and as θ increases from zero,α becomes 837

positive, indicating that negative stiffness values (α < 0) always 838

correspond to unstable configurations. Hence, the small-angle 839

expansion not only determines the common starting point of all 840

stability curves but also analytically confirms that the stability 841

boundary initially lies in the region α > 0; therefore, positive 842

stiffness (α > 0) is a necessary condition for stability. 843
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