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Estimation of the Caged Object’s Posture under
Forces Using Stepwise Geometric Calculations

Ryota Yokomura*!, Yutong Liu*! and Rui Fukui*!.

Abstract—In pin-hole assembly processes, precise alignment
or compliance mechanisms are typically required. This paper
proposes a method for connecting objects by utilizing caging
to constrain their motion, enabling the insertion of a pin into
a hole to adjust the allowable relative pose for assembly. This
approach eliminates the need for force control, even with low-
degree-of-freedom manipulators, and reduces deflection caused
by misalignment during connection. Although previous research
has extensively studied appropriate finger configurations for
caging, the behavior of caged objects under external forces
remains insufficiently investigated. Furthermore, when connect-
ing caged objects by contact, pose estimation often requires
complex collision computations that account for intricate object
geometries, which are computationally expensive and may fail to
converge when small gaps are present.

To address this issue, we propose a geometric method that
approximates pose changes of caged three-dimensional objects
under external forces as rotations about contact points. As a
representative case, we focus on objects composed of cuboid ele-
ments. The estimated results for simple objects, including caged
objects with small clearances, were consistent with geometrically
derived theoretical solutions, and are obtained within 0.6 seconds,
indicating a practical computation time.

Index Terms—Contact Modeling, Caging, Compliant Assem-
bly, Simulation and Animation, Computational Geometry

I. INTRODUCTION

HE use of pins and holes to determine relative positions
between objects is widely adopted in constructing a rigid
body from multiple components [1]. This method is commonly
applied in various fields, including the assembly of mechanical
parts, the connection of robots [2], and modular robots’
interconnection [3]. In such assembly tasks, ensuring precise
relative positioning and maintaining the strength and rigidity
of the joints are critical to achieving reliable connections.
When objects are assembled with misalignment in their
relative positions, unintended deformation and internal stress
can occur. Introducing compliance in the joint to accommodate
misalignment, such as Remote Compliance Control [4] or the
use of low-stiffness materials for position correction, often
results in reduced stiffness and strength and may require
additional structural modifications to the parts. To address
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Fig. 1. Assembling a caged object to simplify the alignment and to avoid
unintended deformation.

Gap! .

of

(a) Grasped
(b) Caged object

these challenges, this study proposes a method to correct
relative poses within the caging range by bringing caged
objects into contact, as illustrated in Fig. 1.

Caging is a grasping method in which an object is geo-
metrically constrained by enclosing it with a robot hand or
similar device, relying on position control rather than force
control. Makita et al. have described that caged objects can
be considered within a subspace of the configuration space
[5]. Since gaps exist in caged objects, their positions and
orientations are not fully constrained. Therefore, the pose of
a caged object changes when subjected to reaction forces
upon contact with another object. By designing the caging
and contact forces to guide the object’s pose toward a target
orientation, relative pose correction can be achieved without
precise positioning or force control.

Previous research has extensively explored finger configura-
tions for caging objects [6]-[10]. However, most approaches
focus on two-dimensional planes [11] [12], and studies ad-
dressing caging in three-dimensional space are limited. Ad-
ditionally, there is little research, to the best of the authors’
knowledge, that deeply examines the behavior of caged objects
under external forces.

When determining object behaviors under contact or col-
lision, contact analysis is generally employed. Techniques
such as finite element methods (FEM) are used to calculate
deformations and stresses caused by collisions, utilizing rep-
resentations like polygon meshes, boundary representations
(BRep), and constructive solid geometry (CSG) [13] [14].
Contact models include the penalty method, which models
contacts as springs with stiffness [15], the Lagrange multiplier
method, which formulates contacts as optimization problems
[16], and the augmented Lagrangian method, which combines
the strengths of both [17]. These approaches have been applied
to simulate robotic grasping [18] [19]. However, force-based
calculations for collisions are computationally complex due
to penetration handling and velocity calculations, and they
require extensive computational resources when dealing with
objects with small gaps and fine meshes. In addition, general-
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purpose rigid-body dynamics engines often exhibit numerical
instability in narrow-clearance contacts unless unrealistically
large damping parameters are introduced, making them un-
suitable for quasi-static caging problems.

Unlike rigid grasps that rely on force/form closure and
precise contact-force regulation, we confine the object with
a cage to permit limited pose adjustment, preventing internal
loads on the robot and eliminating the need for active force
control. In the proposed method, the robot arm itself does
not need to make fine adjustments to the object’s orientation,
removing the requirement for a full 6-DOF manipulator. This
enables the implementation through position control alone,
offering advantages in terms of system simplicity and reduced
cost.

We thus propose caging as a new foundation for robotic ma-
nipulation and present a computationally efficient framework
for its quantitative verification. Specifically, we hypothesize
that a caged object’s motion under external forces can be
approximated based on geometrical calculation as a sequence
of dominant rotational or translational motions. Furthermore,
we demonstrate that this approximation provides a rapid and
practical evaluation tool for caging-based manipulation.

The contributions of this study are as follows:

(1) Proposing a method to correct relative poses within the
caging range by bringing caged objects into contact, thereby
reducing internal stress caused by misalignment during assem-
bly. (2) Implementing a computational method to estimate pose
changes efficiently, even in the presence of small gaps, based
on the representation of the object as a union of rectangular
cuboids consisting of six faces, and the cage as multiple
points, using geometric calculations involving intersections
between points and surfaces. (3) Representing object slipping
by introducing conditional branching based on the angle of
the surface normal and external forces for cases where only
rotation movement is not valid. (4) Validating the proposed
method by comparing it with force-based estimation results in
a two-dimensional plane and demonstrating consistency in the
range of achievable poses.

II. POSE ESTIMATION OF CAGED OBJECTS USING
STEPWISE GEOMETRIC COMPUTATION

This section discusses a method to approximate the behavior
of caged objects under forces using geometric computations.

A. Representation of Caged Objects

To achieve approximating the behavior of caged objects
subjected to external forces through geometric computation,
the following conditions are defined: (A) The object, Obj, is
approximated as a union of rectangular “colliders,” Col. (B)
The structure ”Cage” that grasps the object is represented as a
set of multiple points. (C) An external force with a direction
vector f is applied to a point °p¢ on the object. The magnitude
of the external force is assumed to be significantly larger than
gravity. (D) Contact points between the object and the cage
are denoted as Tj. (E) Pose changes of the object within the
cage are assumed to be sufficiently small, specifically within
45 degrees for each axis in ZYX Euler angles.

Object (Obj)
Py € R: position
R, € R¥: rotation matrix

boxCollider (Col))
P € R*: position
°R,, € R™: rotation matrix
(w, h, )€ R*: size
Cage

P € R*: position

2 R, € R™: rotation matrix
n Vectors € R® xn: positions of
each point

Force
p.E€ R*: position
S € R% direction

Fig. 2. Parameters and model used in the simulation.

These conditions and parameters are illustrated in Fig.
2. The object Obj is approximated by combining multiple
colliders Col;, and it has parameters representing the position
of its center of gravity O as a vector p.p; and its orientation
as a rotation matrix RR.yp;. This is a reasonable assumption for
artificial structures composed of box-like components com-
monly found in construction and machinery. Here, ¢ denotes
the collider’s ID. Each collider is defined by its dimensions,
width w;, height h;, and depth d;, as well as its relative
position °pco1,; and rotation matrix R ; from the center of
gravity O. The cage is represented as points C; (1 <i < n).

Contact points are denoted as T; with coordinates pr ;,
where @ indicates the order of contact, starting from i = 1
for the first contact. Since the trajectories of the moving cage
points and the contact points can be geometrically computed
as intersections with the surfaces of colliders, this method
can provide solutions for objects with small gaps, unlike
mesh-based spatial discretization methods. The external force
is applied to a relative coordinate °p¢ on the object in the
direction of a unit vector f with a norm of 1.

B. Approximation of Object Behavior under Forces and Con-
tact Using Geometric Transformations

The behavior of objects under external forces, gravity,
and contact with the cage is approximated using geometric
transformations. The movement of the object is constrained by
the number of contact points, and the behavior is categorized
based on this number. Initially, the conditions for non-slipping
at the contact points are examined.

Fig. 3(a) illustrates the case where there are no contact
points, meaning the object does not touch the cage. The
object has six degrees of freedom (DOF), and it undergoes
uniformly accelerated linear motion in the direction of f. In
the proposed method, this motion is represented as a linear
translation parallel to the direction of f.

Fig. 3(b) shows the case with one contact point. The object’s
DOF is reduced to three rotational DOFs about the contact
point Ty, and it rotates around T; without slipping. The
direction of this rotation is determined mechanically by the
equation fw = M, where [ is the moment of inertia of the
object, w is the angular velocity, and M is the moment about
T, caused by the external force.

Pr = Robj°pr + Pobj )]
ay = ((pr — pr1) x f)/|l(ptr — p11) X | (2)

In the proposed method, the direction vector a; of the
rotational axis axis 1 is determined from the condition that
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Fig. 3. Variations of moving an object considering the contact points.

f is perpendicular to the line segment F'T';, as expressed in
Eq. (2). The object then rotates about axis 1 in the direction
of a right-hand screw until it contacts the cage.

Fig. 3(c) illustrates the case with two contact points. The
object’s DOF is further reduced to one rotational DOF about
the axis passing through T; and T,. The object rotates in
the direction of the moment caused by the external force. The
direction of the axis axis 2, represented by as, is calculated
by the difference between pr; and pro. However, the rotation
direction may not always align with the right-hand screw rule.
The rotation direction is determined based on whether the ro-
tation induced by the moment aligns with the right-hand screw
direction of axis 2. This is evaluated by comparing axis 1 and
axis 2, and as = pr1 — PT12 when (pTl —pTg) A > O, and
az = —(pr1 — pr2) when (pr1 — pr2) - a1 <0,

C. Determining Stable States and Handling Unstable Cases

Fig. 3(d) illustrates the case where there are three or more
contact points. In this scenario, the object may either remain
stationary or undergo rotational movement. In statics, the
object remains stationary if the forces and moments from the
external force and the reaction forces from the cage are in
equilibrium.

In the proposed method, when there are n contact points, all
pairs of two contact points T; (1 < j < n) are evaluated. The
axis passing through each pair is used as a candidate rotation
axis, and the object is rotated by a small angle around each axis
to check for interference with the cage. If interference occurs
in all rotations, the object is considered to be in a stable state.

If there exists a rotation axis without interference, the object
is not in a stable state, and the process transitions back to
finding new contact points. For cases with multiple candidate
rotation axes, the selection of the rotation axis for the next
pose change is based on the following method.

In the proposed method, as shown in Fig. 3(d), the rotation
axis is chosen to maximize the total distance lr; from the
external force application point °p¢ to the two cage points
forming the rotation axis. This approach assumes that, as
depicted in Fig. 3(d), under the typical scenario where the
object Obj is supported by the cage on the bottom face and,
the load on the object is better supported at points farther
horizontally from the application point F'.

Although the equilibrium of forces and moments can be
calculated precisely, such computations are complex. Since the
purpose of this study is not to fully simulate pose transitions
but to simplify the process, a heuristic method is employed.

D. Pose Changes Involving Slipping

Next, cases where the object slips at the contact points are
considered. Mechanically, static friction proportional to the

Without friction movement
along the surface

Number of linearly
independent normal vectors|

DOF

3(%y,0)

Fig. 4. DOF of an object without friction.

normal force at the contact point resists slipping, but slipping
occurs when the external force exceeds this frictional limit.

In the proposed method, the angle «; between the external
force f and the surface normal vector n; at the contact point
T; is expressed as a; = arccos ((n; - f)/(]|nill||f]])) and
used to classify contact behavior. A contact point is classified
as a (no-slip-point) if 0 < «; < by, a (slip-point) if 6y, <
a; < /2, and a (contactless-point) if c; > 7/2. (Contactless-
point)s are excluded from pose change computations as they
effectively do not involve contact.

Pose changes are determined based on the classified contact
point types. If at least one no-slip point exists, the object ro-
tates about the no-slip point, following the procedure described
in Section II-C.

If no (no-slip-point) exists, meaning only (slip-points) are
present, it becomes computationally complex to consider the
changes in the object’s DOF due to the positions and number
of contact points. To simplify, the degrees of freedom are
categorized based on the number of linearly independent
surface normal vectors m; associated with the (slip-points).

For one normal vector (Slp-1), where one surface of the
object’s collider is in contact with and slips along several
(slip-points), the DOF is three, as shown in Fig. 4. The
object can either translate along the surface or rotate about
the normal vector 1. Assuming that the center of gravity and
the application point of the external force are generally not
aligned, rotational motion is presumed to occur, with rotation
about one of the contact points on the surface.

For two normal vectors (Slp-2), where two surfaces are in
contact and slipping, the object translates along the direction
orthogonal to the normal vectors 11 and ns.

For three normal vectors (Slp-3), where three surfaces are
in contact and slipping, the object’s DOF reduces to zero, and
a stable state determination is performed as in Section 2.C.

III. IMPLEMENTATION OF POSE SIMULATION FOR CAGED
OBJECTS UNDER EXTERNAL FORCES

Based on the design principles in Chapter 2, this section
describes the implementation of translational and rotational
movements, as well as methods to stabilize the calculations
for determining stable states.

A. Simulation Framework

Fig. 5 illustrates the overall process of the proposed cal-
culation method. First, in step (A), the initial position and
orientation under gravity are determined. Subsequently, in step
(B), the position and orientation changes under the applied
force are computed.
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Fig. 5. Overview of the simulation process.

For step (A), the following substeps are executed: (A-
1) Translational movement along the direction of gravity
is used to identify T;. (A-2) Rotational movement around
T; is performed to identify T5. (A-3) Rotational movement
around the axis passing through T; and T3 is conducted
to identify T3. At this stage, (A-4) determines whether the
object is in a stable state. If the object is stable, the process
transitions to step (B). If further rotation is possible, new T4
and Ty are updated for the rotation axis, and the process
returns to (A-3) to recompute T'5. After each step is executed,
step (*) checks for other contact points. If three or more
contact points are detected, the process proceeds to step (A-4).
Slipping is intentionally disregarded in step (A), whose sole
role is to determine the unique static contact pose required by
step (B). Incorporating slipping at this stage would increase
computational cost without affecting the resulting pose.

In step (B), the same procedure is applied with the external
forces instead of gravity. Before transitioning to (B-4), step
(B-5) evaluates slipping conditions at the contact points. If a
no-slip-point exists, or if the number of linearly independent
surface normal vectors associated with slip-points is three
(Slp-3), the process proceeds to (B-4). Otherwise, slipping is
assumed, and the process transitions to rotational movement
(B-2) for (Slp-1) or translational movement (B-1) for (Slp-2).

B. Computing Contact Points for Translational Motion

The algorithm for deriving T; in step (A-1) of Fig. 5 is
shown in Algorithm 1. A line parallel to the external force
f is drawn from each C;, and the intersection of the line
with the six planes that constitute each Col; is calculated.
The algorithm then checks whether the intersection point lies
within the plane.

If the intersection point exists within the plane, the distance
L; ; between the point on the plane and C; is calculated. This
process is repeated for all cage points and colliders.

The first contact point during translational movement is
defined as the point with the smallest distance Lj;, and this
point is identified as T. Finally, the object is moved by L; ;
such that the collider and C; are in contact.

Algorithm 1 Calculate T; via translational movement

function TranslationalMovementCol, Cage, vair
for all collider ¢ in object do
if No T1 exists
Vdir = (0, 07 *1)
pos_point_r = °R__} . (Pcage,k — Peol,i)
dir = ORcol,i X (—'Udir)
for all plane j in collider do
L; ; = calculate from cage to plane
if intersection is out of the plane
Liyj = Inf
end for
end for
manL = positive_min(L)
result = Cage_ID(minL)
Pobj = Pobj + minL vgir
Add T; if Object interfered with other cages

C. Computing Contact Points for Rotational Motion

Algorithm 2 outlines the derivation process of T and Tj
through the rotational movement of the object in Step (A-2)
and Step (A-3) of Fig. 5. The vector of the rotation axis differs
between Step (A-2) and Step (A-3) as shown in section 2.

The object’s coordinate system is rotated such that the x-
axis aligns with the rotation axis a; (¢ = 1 or 2). The
cage is then rotated inversely about a; to find the contact
points between the cage and collider. This approach simplifies
the computation by fixing the collider while calculating the
intersections between the circular trajectory of the rotating
cage and the collider planes.

First, the algorithm calculates whether an intersection exists
between the circular trajectory of the cage rotated about
a; and the planes of the collider. If an intersection exists,
the rotation angle 6., required to reach the intersection is
recorded. In Algorithm 2, 1. ; represents the normal vector
of each collider plane, and p..,, ; represents the plane’s center
coordinates.

This calculation is repeated for all cages and colliders,
and the smallest negative angle, referred to as minAngle, is
selected. This angle is negative because the rotation is applied
to the cage rather than the collider. The cage is then rotated
by —minAngle, and the resulting contact point is recorded as
T in Step (A-2) and T3 in Step (A-3).

D. Stability Verification and Rotational Adjustment

Two points among n contact points are selected as the
rotation axis, and the object is rotated by a small angle §6. To
enable verification at a resolution of 0.01 deg = 7/1800 rad,
the small angle is set as 660 = 7/10000 rad.

After each rotation, the algorithm checks whether the cage
is inside the collider. If the cage is not inside, the rotation is
considered feasible, and the rotation axis is recorded.

If interference occurs for all small rotations about every
axis, the state is regarded as stable, and the calculation ends. If
a non-interfering rotation axis exists, the algorithm transitions
to the next rotation step, updating T; and Ts accordingly.
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Algorithm 2 Calculate Ty or T5 via rotational Movement

Algorithm 3 Determine slipage

function RotationalMovementCol, Cage
if only T1 exists

a1 = (pr — pr1) X f/|l(pr — pr1) x fl|
else

az = (pr1 — pr2)/||pT1 — P12
if rotation is not in the right hand screw direction
a: — —ag

calculate rotation matrix Ry from a; to [1;0;0]

for all ¢ and j in colliders and planes of collider do
ipcage = Rx(n(j) — pr1)

Nvec,j = Rk®RobjMvec,;

kpCO J = Rk Robjpcop,]’ + Pobj — pTl)

B = nvec,j-yk Pcage.y + nvec,j.zk Pcage.z

= MNyec,j.y Pcage.z — MNvec,j.z Pcage.y

Orot1 = arcsin((knvec,j - Pcop,j Thyec,j.z k
Peage-x)/V/B? + C?) — arctan 2(B, C)
Orot2 = 7 — arcsin((®nvec,; Deop,j) —F

Nyec,j.c “Peage.x) [V B2 + C2 — arctan 2(B, C)
Convert the output values to a real number or a value in
the range between —27 to 0
if intersection is out of the plane
Grot = -Inf
end for
minAngle = negative_max(6rot)
result = - Cage_ID(minAngle)
rotate(Object, minAngle around a;)
Add T; if Object interfered with other cages

E. Pose Estimation under Slip Conditions

Algorithm 3 outlines the condition-based computation for
pose changes of objects considering slipping. For each contact
point, the algorithm calculates «;, which indicates the angle
between the normal vector n; and the external force f. If «;
is under 6.y, indicating the presence of at least one (no-slip
point), the object is assumed to undergo rotational movement,
and the algorithm transitions to the stability determination.

If (no-slip point) does not exist, the algorithm determines
the number of linearly independent normal vectors among the
(slip-points) as slipNumber and the total number of (slip-
points) as frictionNumber.

When frictionNumber is 0 or slipNumber is more than
3, the algorithm transitions to the stability determination When
slipNumber is 1, the object rotates about the normal vector of
the contacting plane, following the procedure in Fig. 4 (Slp-1).
When slipNumber is 2, the object translates along the two
contacting planes, as shown in Fig. 4 (Slp-2).

FE. Verification of the simulator

To validate the proposed method, a simulator was imple-
mented using the software Matlab. The simulator was used to
compare the geometric computation results under gravity (A)
with theoretical expectations. The sample object shape and the
parameters are shown in Fig. 6. The movement of the object
under gravity (A) as outlined in Fig. 5 was verified. Here, I(3)
represents a 3 x 3 identity matrix.

The simulation results are presented in Fig. 7. In Fig. 7(a),
the translational movement corresponding to (A-1) shows that
the object moves —5 mm along the z-axis, with the contact
point T identified as C;.

a; = arccos((n: - f)/(|[nal [l £11)
if any «; satisfies 0 < a; < 6¢n
Judge the stability
else
slipNumber = count_linearly_independent_normal_vectors(n;)
friction Number = count(slip-point)
if frictionNumber ==
Judge the stability
switch on slipNumber
case:1
Rotation(a; < n;)
case:2
LinerMovement(vair + f)
default
Judge the stability

Object
I;é’bl =:(12(,£4),0) 4 Center point
o = =(2,4,0)
boxCollider E 2]
Pey, = (0,0,0) Bl
(w, h,d)=(10,10,10) " . .
Ry, =10) i i Spiealo
L =(4.-4 -
Cage x";\ ((/z (7= ,-10)
Pese = (0.0.-10) 2NN, 3 ¢ 0 G(4-4,-10)
o =103) yommy 4 o ——C =(-4,4,-10)
Fig. 6. Input to the simulator for testing.
g \\
N eSS C, N C,
7 : } (T') ) (Tw)
3;/////1 : A 6/' 6 2 Xu(mtln) 4 8
y(mm) 2,77, 42 ' x(mm) Front view

" (a) Result of Step (A-1)

g
8 -
<C,
o 7 (T)
4G < 6
20\\ o 2 4 6 4 2 0 2 4 Ax,
2, X (mm) x(mm)  Front view

(b) Result of Step (A-2)
\ f C, /
M) =X

1
y - / A
2 o - %
0 y <
5 V4
C

ab T3 ey

5 (1) .y
8 6 4 2 0 = 4 6 . 8

x (mm) Top view

z (mm)

|4

5 0 -5
y(mm)  Side view

(c) Result of Step (A-3)

Fig. 7. Snapshot of simulation.

In Fig. 7(b), the operation corresponds to (A-2), where the
object rotates 28.96 deg around the axis a; = (0,—1,0)
passing through point C; = (4,4, 0), resulting in the contact
point Ty being identified as C,4. This result matches the theo-
retical rotation angle arccos(7/8) = 0.5054 rad = 28.96 deg
calculated for the xz-plane, as shown in Fig. 7(b).
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In Fig. 7(c), the operation corresponds to (A-3), where the
object rotates 51.32 deg around the axis as = (1,0, 0) passing
through point C; = (4,4, 0), resulting in the contact point T3
being identified as Cs. This result aligns with the theoretical
rotation angle arccos(5/8) = 0.8957 rad = 51.32 deg
calculated for the yz-plane. The simulation illustrates the
object rotating around two contact points and tipping over to
one side, as shown in Fig. 7(c).

Finally, in (A-4), the state was determined to be stable. The
top view in Fig. 7(c) shows that the center of gravity lies
within the triangle formed by the three contact points C1, C3,
and C4, consistent with the physical stability of the object.

These results confirm that the proposed method successfully
describes the position and pose changes of the object.

IV. VERIFICATION OF CAGING OBJECT

In this section, we apply the simulator developed in Chapter
3 to the connection mechanism of the modular rail structure,
ManipuRailer [20]. To assess the reproducibility, simulation
results are compared with pose changes predicted by planar
geometric analysis.

While validation with physical prototypes is left for future
work, this study focuses on geometric simulation of object
behavior to assess the proposed modeling approach.

A. Simulation Setup and Parameters

Fig. 8(a) shows the rail connection part of the ManipuRailer,
a system developed to facilitate the deployment of rigid
scaffolds for bridge maintenance. By combining modular rail
structures that serve as scaffolding for robots, the system
deploys the rail structure through rotation and linear motion,
similar to a robotic arm. Subsequently, the front ends of
opposing rail structures are connected to construct a scaffold.

The upper surface of the rail structure includes a central
pin rack and guide rails on both sides. The V-guide rollers in
the rail sliding mechanism constrain the motion to one axis
while the sprocket drives the pin rack, enabling linear motion
of the entire rail structure. The front end of the rail structure
is equipped with four rough guide pins for positioning relative
to the tapered holes on the opposite connection surface. In this
verification, it is assumed that the tip of the first contacting
pin is subjected to a horizontal force. Additionally, gaps of
0.5 mm on both sides are set between the V-guide rollers and
the guide rails to create a caging condition for the guide rail.
Because the sprocket—pin clearance is much larger than the
guide-rail/roller gap, we replicate the sprocket’s constraint by
aligning the cages by 1 mm forward and backward of the guide
rail, thereby blocking translation along the x-axis.

The shape and parameters of the model are defined as shown
in Fig. 8(b), based on the scale model developed in previous
studies. The threshold for sliding determination, 6y, is set to
0.1 based on the friction coefficient of metal.

The connection procedure for caged objects assumed in this
study is described in Fig. 9. The pin rack attached to the upper
surface of the rail structure is translated using the sprocket in
the rail sliding mechanism, aligning the connection surface
with the pin-side surface such that the normal vector passing

Pinside Hole side (uidc.rl V guide roller
(a) Rail connecting part of ManipuRailer

= Col 1 Py
f=X"} o0
RPN 2 mm r 183 2
R L0 mmn I
\E/ d| " Rail sliding
N < Cola"m filcchanism
T =i 100
C Ty mmy  [60.1 mm ///D _ )
Fromtvies " -wGuide rail
T
2 o - e Pin rack
E'iﬁj P £ / guide roller
Sels O V guide roller
Nty 3
Y (mp, )
Object boxCollider
Jee Py = (-300,£35.5, -41.8253)

Pay = (300, 0, -40.747) (w, h, d)= (300, 10.6, 69.5)
cos(m/1800) 0 sin(n/1800) 1 0 0
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Fig. 8. Model of connecting mechanism.

Rail sliding mechanism 2
Tapered hole

Rough guide pin  Rail structure Adjusted

Fig. 9. Rail connecting procedure.

through the center of the connection surface aligns with the
center of the pin-side surface. In this state, the positioning pins
are inserted into the tapered holes to finalize the alignment. At
this stage, the positioning pins receive reaction forces from the
tapered holes, causing the pose of the rail structure to change
within the range of poses allowed by the caging condition.

This study examines how the rail structure’s pose changes
due to external forces during contact when the pitch, yaw, or
roll angles of the rail sliding mechanism are not parallel to
the mating surface.

B. Verification in pitch angle

The simulation results are verified for consistency with the
geometric model calculations in a two-dimensional plane. The
pitch angle is examined to evaluate how the reaction forces at
the rail structure’s front end affect its pose change.

1) Theoretical value: In the rail docking experiment, the
relative motion between the rail structures is geometrically
constrained to a planar subspace, where out-of-plane rotations
are physically restricted. Therefore, the comparison with two-
dimensional geometric calculations is sufficient for validating
the pose estimation accuracy.

For the scale model configuration, a horizontal force f =
(1, 0, 0) is applied to the tip of the pin while the rail sliding
mechanism is tilted in the pitch direction. The pose changes of
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Fig. 10. Geometrical model of rail structure for changes in pitch angle.

the rail structure predicted through planar geometric analysis
are compared with those obtained from the simulation to
confirm consistency.

First, the theoretical conditions for pose correction and the
associated angular changes are derived. The geometric model
is shown in Fig. 10. Point O represents the rotation center of
the rail structure, and an external force F' is applied to the
lower end of the pin at the front end. From the cross-sectional
view of the guide rails and V-guide rollers attached to the
upper surface of the rail structure, the gap between the upper
and lower rollers is set to 2 mm, and the rail section is 1 mm.

Let 6.,; denote the pitch angle of the rail structure in the
fixed coordinate system, 60 o1e; the pitch angle of the rail
sliding mechanism in the fixed coordinate system, and Og;f
the relative pitch angle of the rail structure with respect to the
rail sliding mechanism. These relationships can be expressed
as erail = adif + groller-

For 6,,; = 0, the following conditions must be satisfied:
(Rg.1) The external moment must allow the relative pitch
angle f4;r of the rail structure with respect to the rail sliding
mechanism to change. (Rq.2) O,o116r = —0Bait-

(Rq.1) implies that the rail structure rotates under a force
applied to its front end. This occurs when the moments due
to the external force and gravity act in opposite directions.
Assuming the positive moment direction is around the y-axis,
the gravitational moment Mg is expressed as Mg = m - Tyail,
where m is the weight of the rail structure and x,,j is the
horizontal distance from the rotation center O of the rail
structure to its center of gravity.

The external force moment 7 is expressed as T = F' -
(Hpin €08 Orai1 — Lsin Orai1), where Hpin = 60.747 mm is the
distance from O to the lower end of the rough guide pin,
and L = 600 mm is the distance from O to the pin tip. For
Orail < 5 deg, Hpin cosbOrail — Lsin6a1 > 0, which makes
T < 0. Therefore, to satisfy (Rq.1), Mg > 0 must hold,
implying that x,,;; > 0. This means the center of gravity of
the rail structure must be located behind the rotation center O.

For (Rq.2), the range of 64+ is derived from the cross-
sectional view of the rollers and guide rails, where the gap
iS €gap = 1 mm, and the roller distance iS Lyoier = 183 mm.
This relationship is expressed as Afg;s = Eg‘l‘l"e = 0.626 deg.
Thus, to achieve 0., = 0 deg, the rail sliding mechanism
must satisfy |6ron1er| < 0.313 deg.

2) Comparison to simulation results: Based on the con-
ditions in Section 4.B.1, the simulation was conducted with
Oroner = 0.1 deg to evaluate whether the rail structure achieves
Oran = 0 deg. Fig. 11 illustrates the pose changes of the
object obtained from the simulation, represented in ZYX Euler
angles. The horizontal axis represents the simulation steps,
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Fig. 11. Change in the object’s posture when oriented in the pitch direction.

Guide roller

Rail structure Guide rail
S roller

rail

Fig. 12. Geometrical model of rail structure for changes in yaw angle.

with one rotational movement divided into 10 steps. The red
dashed line indicates the end of process (A), representing the
initial position obtained under gravity. The purple and green
regions indicate slipping, with Slp-1 corresponding to rotation
about a surface-normal axis and Slp-2 to translation orthogonal
to the two surface normals.

At step 40, the rail structure has rotated 0.392 deg in the
pitch direction. This corresponds to the sum of the initial
rail sliding mechanism pitch angle 6,05, = 0.1 deg and the
angular tolerance 0.313 deg due to the gap between the rail
and the wheels.

The pitch angle changes by —0.560 deg, from 0.392 deg
to —0.168 deg, which is consistent with the theoretical value
of Afgir = 0.626 deg. This confirms that the simulator accu-
rately reflects the behavior of caged objects. Furthermore, the
computation time was 0.554 s, indicating that the simulation
can be completed within a practical time frame.

C. Verification of rotational movement including slip

This section examines the behavior of an object significantly
influenced by slipping, using rotational movement in the yaw
direction as an example. The simulation results are compared
with theoretical values to evaluate the discrepancies.

1) Theoretical values: For the scale model configuration,
the yaw direction of the rail sliding mechanism is tilted, and
a horizontal force f = (1,0,0) is applied to the pin tip, as
shown in the model in Figure 12. Let O represent the rotation
center of the rail structure, ¢,,; denote the yaw angle of the
rail structure in the fixed coordinate system, ¢, denote the
yaw angle of the rail sliding mechanism, and ¢q;; denote the
relative yaw angle of the rail structure with respect to the
rail sliding mechanism. These relationships are expressed as
Abgis = €gap/Lyonter = 0.626 deg.

As in the previous section, the following conditions must
be satisfied for the rail structure to achieve ¢.,;; = 0 deg:

(Rqg.1) The external moment must allow the relative yaw
angle ¢q;¢ of the rail structure with respect to the rail sliding
mechanism to change. (Rq.2) ¢roller = —Pait-

For (Rq.1), when ¢,;1 > 0, the external force moment Mp
is expressed as My = F - (Wpin c08(¢rai1)/2 — Lsin al)s
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Fig. 13. Change in the object’s posture when oriented in the yaw direction.

where Wy, is the distance between the guide pins, and L is
the distance from O to the pin tip. To achieve ¢, = 0 deg,
My < 0 must hold, which requires |¢rai| < 1.91 deg.

For (Rq.2), the range of ¢gqir is calculated using the roller
radius r = 7.92 mm, roller gap Wioiier = 43.2 mm, roller dis-
tance Lyojler = 183 mm, and guide rail gap W;,; = 60.1 mm.
This is expressed as Addir = (Wrait — Wioller — 27) / Lyoller =
0.640 deg. Thus, for ¢,,;1 = 0 deg, the rail sliding mechanism
must satisfy |proner| < 0.320 deg.

These results indicate that within the range of |@yoler| <
0.320 deg, the reaction force brings ¢,,; closer to zero.

2) Comparison with simulation results: Based on the con-
ditions in Section 4.C.1, the simulation was conducted with
Oroller = 0.1 deg to evaluate whether the rail structure achieves
¢rail = 0 deg. Figure 13 shows the results when the rail
sliding mechanism is offset in the yaw direction. The pitch
direction changes similarly to Section 4.B, with the pitch angle
decreasing in the negative direction.

Regarding yaw angle changes, as predicted, the external
force causes ¢y,j to approach zero, decreasing by 0.086 deg
from its initial value of 0.1 deg to 0.014 deg. Notably, during
the second sliding process (Slp-1), where the object rotates
along the plane, the yaw angle changes significantly, demon-
strating that sliding reproduction has a substantial impact on
representing the object’s behavior.

However, the yaw angle did not fully reach ¢.,; = 0 deg.
Simultaneously, the roll angle ., changed to . =
—0.44 deg under the external force. This suggests that the
forces acting on the rail influenced both yaw and roll angles.
two-dimensional geometric calculations are useful for esti-
mating simple rotations, but cannot account for simultaneous
rotations in multiple directions, such as roll angle changes. In
contrast, the proposed simulation demonstrated the ability to
represent pose changes across multiple directions.

V. CONCLUSION

This study proposed a method to estimate the pose changes
of caged objects under forces using geometric computations.
The method was shown to be effective in describing the
behavior of objects in three-dimensional space.

In the proposed approach, the object is represented as a
union of rectangular cuboids consisting of six faces, and
the cage is represented as multiple points. By calculating
intersections between the point and the faces using geometric
computations, the method enables stable and efficient calcula-
tions of pose changes within the cage.

Additionally, the method incorporates conditional branching
based on the angle between the surface normal of the object
and the external force applied to the cage points in contact

with the object’s surface. This allows the representation of
sliding movements within the cage when rotational motion
alone cannot adequately describe the object’s behavior.

To validate pose changes caused by contact between caged
objects, simulations were conducted using dimensions-based
on a scale model of a modular segmented robot. For displace-
ments in the pitch direction, where the influence of sliding
is minimal, the results closely matched theoretical predictions
derived from planar analysis.

As future work, we plan to verify whether the proposed
simulation remains effective for more complex geometries
composed of multiple colliders.
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