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Abstract— In this work, a solution to the kinematic optimal
motion planning problem is presented, where a previous nearly
globally optimal approach is extended to workspaces with inter-
nal obstacles. The method is inspired by fundamental properties
of velocity fields in the presence of obstacles, where topological
restrictions inhibit naive approaches. The topological perplexity
problem presents itself as a challenging issue for optimal
control, even for low-dimensional cases with simple dynamics.
Our scheme is formulated such that a locally optimal workspace
decomposition enables extracting a close-to-optimal solution.
Several synthetic workspace examples are demonstrated, along
with comparisons against existing optimal approaches, where
our scheme is superior w.r.t. both cost value and execution time.

I. INTRODUCTION

The motion planning problem is one of the most funda-
mental problems in Robotics. The “embodied intelligence”
aspect of robotic systems [1] at the core of the field neces-
sitates operation in the real world and thus, safe planning is
a prerequisite in almost all applications. Hence, significant
efforts have been allocated to solving the path and motion
planning problems since the infancy of the field. Noteably,
the difference between path-planning and motion-planning
is crucial; path planners concentrate on the problem of
finding a safe geometric path between pairs of starting-
ending configurations on the physical space, while motion
planning concerns planning over the state space (e.g., joint
angles and velocities) in order to achieve safe navigation.
In many approaches these two aspects are understandably
decoupled, although an integrated approach is theoretically
possible. As a result, there exist a plethora of approaches to
address the aforementioned problems, with two main classes
emerging: Sampling-Based Methods (SBMs) and Continuous
Methods (CMs). SBMs have been widely celebrated over the
last few decades, owing to their relative simplicity and -in
some cases- optimality guarantees. CMs on the other hand
have not been thoroughly developed w.r.t. optimality; The
positive traits of CMs, namely smoothness, global properties
and provable guarantees, motivate us in filling this gap. This
is in contrast to SBMs, which are most efficient in providing
a single, non-smooth path (barring post-processing through
other methods).

In this work, a CM based on position state-feedback is
proposed. The herein employed state space coincides with
the physical geometric space, thus our method can also be
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contextualized as a path planner. Furthermore, this work
belongs to a class of methods aiming at formally extend-
ing optimality to the CM paradigm [2]–[6], providing the
crucial extension to environments with obstacles. The goal
is to overcome identified pathologies of continuous methods
related to obstacles [7], while at the same time providing
safety, convergence and optimality guarantees. Any obstacles
induce topological issues that render any optimal control
problem difficult to solve [8], even in simple cases for
robot dynamics and workspace geometries. Therefore, even
in the traditional motion planning problem, obstacles require
careful consideration.

A. Related Work

One of the most celebrated class of methods for path
planning consist of the Sampling-Based Methods (SBMs) [9]
and discrete/graph-based ones. Prominent examples of such
approaches include Djikstra’s algorithm [10], A⋆ [11], D⋆

and D⋆-lite [12], Random Rapidly exploring Trees (RRT)
[13] and its variant RRT⋆ [14], Probabilistic Road Maps

(PRMs) [15], Fast Marching Trees (FMT⋆) [16] and Visibil-
ity Graphs (VGs) [17]. The wide adoption of such methods
is accompanied by extensive development; for example,
RRT⋆ variants include smart re-planning [18], continuous
cost formulations [19], dynamic workspaces [20], control
barrier functions formulations [21] and extensions such as
informed RRT⋆ [22], RRT⋆-SMART [23], etc. Interestingly,
the FMT approach has gone through developments where
a continuous, wave-front propagation method produces a
funnel-shaped potential, akin to AHPFs [24] This method
proves to be both fast and effective in complex maps.
Concerning optimality, Djikstra’s Algorithm, A⋆ and D⋆ and
RRT⋆ (and its variants) produce minimum length quasi-
linear paths. In case of RRT⋆ methods, asymptotic optimality
guarantees are also proven.

Prior to such SBMs, continuous methods were developed
to tackle Motion Planning (MP) through continuous vector
fields. Such methods usually design real-valued potentials
over the workspace. Notable examples include Navigation
Functions (NFs) [25] and Artificial Potential Fields (APFs),
where convergence is guaranteed through the presence of
a single local minima, while safety is maintained through
boundary conditions. Posteriorly, Artificial Harmonic Poten-
tial Fields (AHPFs) [26] were developed in order to over-
come tunability issues of the former methods, and are used
for navigating within disk worlds, where the properties of
harmonic functions enable extracting “tune-free” approaches.
Crucially, extending AHPFs to arbitrary workspaces, ne-
cessitates transformations of arbitrary workspaces into disk
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worlds [27]–[29]. Alternatively, more recently the construc-
tion of harmonic vector basis’ directly on the physical
workspace [2], [4], [30] has been investigated.

Nevertheless, solutions to continuous OMP, have not
been extensively researched with some exceptions, [31]–[33]
which, however necessitate the solution of a hard Partial Dif-
ferential Equation (PDE), or extensive parameter tuning. The
authors’ efforts have thus far concentrated on the parameter-
tuning paradigm [2], [3], [5], where the properties of pa-
rameterized AHPFs were employed, which however limits
the space of possible policies. Our most recent work [6],
concentrates on the parameter-free paradigm, where nearly
globally optimal solutions were extracted. Thus, a promising
research direction for reactive OMP was discovered, as the
limitations stemming from parametrizing the policy were
overcome.

Finally, learning methods have also been employed [34],
however most such methods are platform-specific and are
thus of limited relevance to this work. For instance, solu-
tions to robotic locomotion [35]–[37] necessitate high-level
velocity commands [35], [36]. Hence, our class of methods
is pertinent as it can serve as such a high-level controller.

II. PROBLEM FORMULATION

Consider a point robot1, operating within a two-
dimensional, connected and bounded set Q ⊂ R2, with
M ∈ N+ inner distinct obstacle Oi ⊂ Q, i ∈ M, where
M denotes the index set M = {1, · · · ,M}. The robot’s
workspace is thus denoted by W = Q −

⋃M
i=1 Oi and its

boundary is denoted by ∂W . Further consider a desired final
position within the workspace denoted by pd ∈ W . In this
work, we treat the single integrator dynamics:

ṗ = u, p(0) = p̄, (1)

where p(t) : R+ 7→ W denotes the robot’s position, p̄ ∈ W
denotes the robot’s position at time t = 0 and u(t) denotes
the input signal, i.e., the robot’s velocity.

The aim is to design a state-feedback velocity input2

u(p) : W 7→ R2 that minimizes the quadratic infinite-horizon
cost function:

Vu (p̄) =

∫ ∞

0

Q (pu (τ ; p̄) ; pd) +R (u (τ)) dτ, (2)

where pu (t; p̄) : R+ 7→ W denotes the trajectory of System
(1) under the control input u, from the initial position p(0) =
p̄ ∈ W . Furthermore, the state-related cost term Q and the
input-related cost term R are defined as:

Q (p; pd) = α∥p− pd∥2, (3a)

R (u) = β∥u∥2, (3b)

1A disk robot can also be considered by applying a workspace trans-
formation that inflates the workspace boundaries: ∂WI = T (∂W) where
T (z) = z+Rn(z), R ∈ R+ denoting the robot’s radius and n denoting the
inwards-pointing vector that is normal to the boundary at the point z ∈ ∂W .

2To avoid any ambiguity, we note that a reactive field u(p) can be
expressed as a function of time, if it is evaluated along trajectories of System
(1), i.e, u(t) ≜ u (pu (t; p̄)), therefore our definitions of time series vs
velocity fields are consistent throughout the manuscript.

where α, β ∈ R+ are design parameters and ∥ · ∥ is the
Euclidean norm. The metric (2) along with (3) stem from
[38] and the term (3a) reflects the minimization of the
settling time of the system, while (3b) penalizes the energy
expenditure of System (1).

A. OMP in Simply-Connected Workspaces

In a previous work [6], we have proposed a method
that computes the optimal velocity field in simply-connected
workspaces, based on a Policy Iteration (PI) scheme. Based
on the results in [39], along with the technical results in [6],
the near globally optimal policy is indeed extracted in the
absence obstacles. This method will be employed herein as
well, and the reader is directed to this work for further details
which will not be elaborated upon here. In the following
subsection, the reasons why the aforementioned method can
not be applied in the presence of obstacles are outlined.

B. Topological Perplexity in Multiply-Connected Workspaces

A fundamental aspect of feedback stabilization in
multiply-connected workspaces (i.e., workspaces with
“holes”) is the notion of Topological Perplexity (TP) [40].
The aforementioned “holes” impose restrictions on the de-
sign of feedback laws on such workspaces. Namely, strict
feedback stabilization is impossible in multiply-connected
workspaces. This is a well-documented feature of CMs for
motion planning [7], where local maxima and saddles are
imparted in the presence of obstacles. While these subsets do
not pose limitations in the context of motion planning, since
they are of lesser measure than the workspace itself, this is
not the case when treating optimality. The aforementioned
manifolds contain forward invariant sets which evidently
render the integral (2) infinite (see Fig. 1). Hence the method

Fig. 1: An example of the cost function near a saddle. The
infinity cannot be appropriately demonstrated owing to numerically
extracting the cost function values, but note the steep rise of the
cost near the saddle’s stable manifold, which indicates the latter.

in [6] can not be employed in this case due to the following
three effects: 1) the approximation of the infinite cost func-
tion, 2) the resulting velocity for the proposed scheme will
inherit the singularities of any initial velocity field – thus it is
not optimal, 3) the forward-invariant manifolds will persist in
the successive scheme, due to 2), essentially subdividing the
workspace in a sub-optimal manner. Nevertheless, this work
aims at overcoming these issues through a step of transform-
ing the workspace into a simply-connected version, where



the globally optimal solution can be provably extracted.
The crucial aspect of the proposed scheme rests on the
workspace transformation, through two-dimensional subsets,
which significantly impacts the optimality of the scheme.
This is implemented through theory-inspired heuristics, such
that a complete method is established. Finally, we note that
this method produces a local solution, in the sense that the
workspace transformation depends on the initialization of the
method, as it will become apparent.

III. PROPOSED METHOD

We begin by highlighting the steps of the proposed
method, which are discussed in the following subsections:
1) Transform the workspace into a simply-connected one,
2) Find the locally optimal version of the simply-connected
version of step 1), 3) Solve the OMP problem in the
transformed workspace of step 2) through [6].

1) Transformation to Simply-Connected Workspace:
In this subsection a complete approach for transforming
multiply to simply-connected workspaces is presented. This
transformation consists of the difference between the initial
workspace and a set of two-dimensional regions that link
obstacles to the outer boundary or other obstacles, and is
denoted as: Ws = W \

(⋃M
i=1 Si

)
, where Si ⊂ W, i ∈

M. The main focus of the proposed scheme rests on the
computation of the aforementioned subsets. To this end,
the properties of AHPFs are employed. Consider an initial
AHPF-based velocity vector field as in [6] defined over the
initial workspace W with M ostacles. Then, according to the
following proposition, this field exhibits exactly M saddles:

Proposition 1: Let W = Q −
⋃M

i=1 Oi denote a Jordan
(the boundary of W consists of disjointed Jordan curves)
multiply connected workspace (manifold) embedded in the
Euclidean plane (W ⊂ R2), with M internal obstacles. A
Harmonic Navigation Field [6], defined over W exhibits
exactly M saddles in int (W).

Proof: See Appendix.
The aforementioned saddles consist of the critical point,
along with two sub-manifolds, the stable and unstable one
[41]. The stable manifold is exactly the forward invariant
set that induces the infinity on the related cost function and
can be used to construct the two dimensional sets Si ⊂
W, i ∈ M (henceforth referred to as “TP regions”). It is
easy to see that the stable manifolds connect the obstacles
to the boundary or other obstacles. Assuming otherwise
would imply that there exist internal local minima, which
is prohibited by the min-max principle of AHPFs [42].
Therefore, the stable manifolds of the saddles, denoted by
Ss
i ∈ W, i ⊂ M can be used to create the sets Si i ∈ M

as follows:

Si (r) = {z ∈ W s.t. ∥z−ω∥ ≤ r, ∀ω ∈ Ss
i }, i ∈ M, (4)

where r ∈ R+ denotes a small buffer radius around the
stable manifold for forming the two-dimensional region. This
is furthermore a valid transformation to a simply-connected
version of the workspace, in the sense that there exists a
AHPF velocity field free of saddles. This is evidenced if

one considers the initial velocity field that was employed
to extract the aforementioned regions; since its saddles are
omitted in the transformed workspace Ws, there exists a
small enough radius r > 0 such that the former can be used
to navigate from everywhere to the goal position.

2) Locally Optimal Simply-Connected Version: Hav-
ing extracted an initial, simply-connected version of the
multiply-connected workspace, in this section a theory-
inspired heuristic for finding the locally optimal position for
the sets Si, i ∈ M is presented. A metric for assessing the
optimality of the choice of regions is the difference of the
optimal cost function on the two disjoint free boundaries3

of the sets Si. If there is a difference in cost between the
former, then this implies that the respective region should
be displaced towards the larger cost values. This intuitively
follows from considering that the trajectories for initial points
that exhibit the larger cost value could exhibit decreased
cost values, if they were to follow the (optimal) policy that
leads them to crossing the respective region Ss

i . Put simply,
the latter regions dictate whether trajectories should “go to
the left or to the right” of the respective obstacle. Hence,
a sub-optimal choice for the regions leads to a sub-optimal
choice between the former two choices. This is outlined in
the following theorem, where we prove how an ameliorated
choice for the region placement exists. Theorem 1 is based
upon the limit where the buffer radius r approaches zero,
hence the regions Si become one-dimensional and are aptly
referred to as “split regions”.

Theorem 1: The optimal policy for a multiply-connected
case exhibits equal cost over the split regions, i.e., the optimal
cost function is continuous.

Proof: See Appendix.
Theorem 1 motivates the heuristic of displacing the regions
Si, i ∈ M even when the buffer radius is greater than zero.
Therefore, starting from a sub-optimal initial choice for the
regions S(0)

i , i ∈ M, a sequence of regions can be extracted
{S(0)

i ,S(1)
i , · · · ,S(J)

i }, i ∈ M, by successively displacing
each region based on the difference in the optimal cost on
the free boundaries of each region. Note that, extracting
the optimal cost value is not limited to the method in [6],
SBMs such as RRT⋆ can also be employed, resulting in faster
convergence in certain cases (as it requires a small number
of trajectories to be evaluated).

IV. IMPLEMENTATION DETAILS

In this section, we discuss several details over the imple-
mentation of the method. The details that are discussed in
the following subsections are also presented in the form of
an algorithm in Alg. 1.

1) Initial Workspace Decomposition: The proposed
method necessitates a complete method for transforming
the workspace into a simply connected version. Owing to
Proposition 1, an AHPF defined over W yields a set of M
saddle-points s̄i ∈ W, i ∈ M. In order to extract the sets

3The term “free boundary” is employed to refer to the parts of the
boundary ∂Si of the respective sets that lie on the interior of the initial
workspace W .



Algorithm 1: PROPOSED ALGORITHM
• Inputs: Workspace W , TP region buffer radius r > 0,
scaling constant δ ∈ R+, maximum TP displacement
iterations J ∈ N.
• Compute an initial safe and convergent AHPF [6].
• Compute the stable manifolds of each saddle (5) and
the respective initial TP regions S(0)

i , i ∈ M through
(4).
for j = 0 : J do
• Compute an initial policy u(j) : W(j)

s 7→ R2 for the
transformed workspace W(j)

s = W \
(⋃M

i=1 S
(j)
i

)
.

• Compute the cost function values Vu(j) , Vu(j)

through integrating the resperive trajectories.
• Displace the manifolds through (7).

end for
• Compute the optimal velocity field through the method
in [6], applied for the final simply-connected version of
the workspace W(J)

s = W \
(⋃M

i=1 S
(J)
i

)
.

Si, i ∈ M, the stable manifolds Ss
i , i ∈ M are computed

as follows: Consider the stationary point of a saddle s̄i ∈
W, i ∈ M. Then, in case of non-degenerate critical points,
the Hessian of the field H (s̄i) ∈ R2×2 can be computed,
and exhibits one strictly positive and one negative eigenvalue
and two corresponding eigenvectors, denoted by λ+, λ− ∈ R
and v+, v− ∈ R2 respectively. The negative eigenvalue-
eigenvector pair corresponds to the stable manifold [41].
Therefore, the stable manifolds Ss

i , i ∈ M can be extracted
by solving the following system of ODEs from two initial
positions:

ṗ = −u(0) (p) , p(0) = s̄i ± ϵv−, (5)

where u(0)(p) : W 7→ R2 denotes the AHPF vector
field, ϵ > 0 is a small positive constant and the ± sign
corresponds to two initial positions yielding the two branches
of the stable manifold. In case of degenerate critical points,
these are also isolated saddles, owing to the properties of
AHPFs [43]. However, the stable direction of the saddles
cannot be extracted through the Hessian. To amend this, the
integration in (5) can be computed for a set of points that are
distributed uniformly around the critical point at a distance
equal to ϵ, which will result in extracting both sections of
the saddle’s manifolds, due to the negated unstable saddle
manifold’s attractiveness. The solution of (5) is carried out
until the trajectories reach the boundary ∂W . The integration
is carried out backwards in time -note the negative sign in
(5)- in order to render the scheme stable, as the trajectories
converge to the negated stable manifold, while the small
constant ϵ places the initial point away from the stationary
saddle point (which would halt the integration indefinitely).
The eigenvector is employed to get “as close” to the stable
set as possible, owing to the linearizable nature of the field
close to the saddle. An example of the above is depicted in
Fig. 2. Finally, the TP regions Si(r), i ∈ M can be easily

Fig. 2: An example of the result of the stable manifolds. The
workspace (black region), the normalized AHPF vector field (blue
arrows), the stable manifolds (green curves) and the corresponding
eigenvectors (red arrows) are depicted for a goal position (red disk).

computed.
2) TP Regions Displacement: In order to displace the TP

regions Si, i ∈ M, the optimal policy for a given transfor-
mation should be computed on the boundaries ∂Si, i ∈ M,
in order to asses the equality criterion established in Theorem
1. Notably, this necessitates solving the OMP in [6] for each
evaluation. In order to render the scheme more efficient, we
note how, owing to the kinematic problem treated herein, the
most crucial aspect for optimality is the velocity norm, which
can be computed in a closed form [6]. Hence, the initial
policy, imbued with the latter norm is employed to extract the
cost difference for each control point. While this approach
does not necessarily yield the optimal position for the TP
regions, we nevertheless demonstrate in results’ section the
optimality of the final results. We stress that other methods
such as RRT⋆ can be employed to assess the positions of the
TP regions, however, owing to their statistical nature they
have not been employed herein.

Consider now the TP regions and their corresponding
stable manifolds Si and Ss

i , i ∈ M. The regions Si neces-
sarily contain two, disconnected “free” boundaries, denoted
by ∂Si, ∂Si ⊂ W\∂W . A safe and convergent velocity field
for the transformed workspace u(p) : Ws 7→ R2 admits
a continuous and bounded cost function Vu(p) : over the
former sets, i.e.:

Vu = Vu

(
∂Si

)
: ∂Si 7→ R+

Vu = Vu

(
∂Si

)
: ∂Si 7→ R+.

(6)

Hence, starting from a stable manifold Ss(j)
i , i ∈ M, j =

1, · · · , J , a subsequent manifold can be extracted by displac-
ing it:

Ss(j+1)
i (γ) = Ss(j)

i (γ) + δ
(
Vu(γ)− Vu(γ)

)
n̂j
i (γ),

i ∈ M, j = 1, · · · , J
(7)

where γ ∈ [0, 1] is a variable that parameterizes each
one-dimensional manifold Ss(j)

i , i ∈ M, j = 1, · · · , J ,
n̂j
i (γ) : [0, 1] 7→ R2 is the unit vector normal to the curve

Ss(j)
i for each γ ∈ [0, 1] and δ ∈ R+ is a scaling constant.



Concurrently, the cost function values are defined as follows:

Vu(γ) = Vu (p(γ)) where p (γ) = argmin
z∈∂Si

{∥Ss(j)
i (γ)− z∥},

Vu(γ) = Vu (p(γ)) where p (γ) = argmin
z∈∂Si

{∥Ss(j)
i (γ)− z∥},

(8)
which essentially denotes the closest cost function values
for each sector of the free boundaries of Ss(j)

i to each
point in the stable manifold. The cost function values can
be computed through numerically integrating the trajecto-
ries of (1) along with the cost (2). Note that the normal
vector in (7) should be oriented such that the curve is
displaced towards the maximal value max{Vu(γ), Vu(γ)}.
Hence, through (7) and (8) a sequence of manifolds is
constructed {Ss(0)

i ,Ss(1)
i , · · · ,Ss(J)

i }, i ∈ M, and hence
the sequence of regions {S(0)

i ,S(1)
i , · · · ,S(J)

i }, i ∈ M is
extracted through (4).

Remark 1: Any additional dynamic obstacles -to the ones
included during the herein presented OMP solution- can be
accounted for through appropriate local controllers to ensure
safety via local collision avoidance. However, this would
result in a sub-optimal solution, which is to be expected.
In order to provide a provably optimal solution, the motion
profile for each obstacle needs to be available, in order to
enable extracting the time dependent optimal cost function.
This is left as part of future works.

V. RESULTS

In this section, we provide results for our method over two
workspaces with internal obstacles. Furthermore, we pro-
vide comparative studies with several SBMs. The proposed
method, as well as the RRT⋆ one, were implemented in MAT-
LAB version 2022a, while the rest of the SBMs are python
implementations. In order to compare the cost function (2)
for both methods, we imbue the SBMs with the optimal
norm [6] and calculate the respective on-trajectory cost
numerically. Finally, in order to provide a fair comparison of
execution times for all methods, -since the proposed method
provides a solution form everywhere towards a final goal
position- the SBMs’ initial positions for the cost computation
were sampled at a sufficiently dense grid.

Our method’s results over two workspaces with obstacles
are presented in Figs. 3 and 4, where the normalized final
vector fields as well as the final cost functions are presented,
along with exemplary trajectories. The parameters for each
case respectively were set as: r = 0.025, ϵ = 0.075, δ =
0.25 and r = 0.015, ϵ = 0.075, δ = 0.25. In order to quan-
tify and asses the effect of the workspace transformation, we
employ the ratio of the area that is discarded over the area
of the initial workspace. This quantifies the probability of a
starting position landing on the former sets, where navigation
is not complete through our method. This could however be
easily amended through heuristics, especially since the TP
regions’ size is small, but is left out of the scope of this
work. The aforementioned ratio for the workspaces of Fig. 3
and Fig. 4 are equal to 0.94% and 1.14% respectively. Thus,
the small ratio values are deemed satisfactory.

Finally, while our method does not produce the true
minimum-path solution -compared to e.g., VG methods, this
is owing to the former being extracted as integral curves
of the optimal velocity field. Hence, owing to ODE theory,
trajectories should not overlap and smoothness is conserved.
Thus, our method trades truly minimum-length paths for
smoothness of the solution and the velocity input, which we
believe is a valuable trade-off.

1) Comparative Studies: Comparative results between our
method and several SBMs are depicted in Figs. 3 and 5, in
the form of the difference: Diff = Vproposed − VSBM. In Fig.
3 the comparison is carried out against an RRT⋆ method,
while in Fig. 5 an RRT⋆, a Smart RRT⋆, an FMT⋆ and
an Informed RRT⋆ methods are presented. Hence, negative
values correspond to our method outperforming the former
ones (note that each figure has its own colomap range and
colors). It is evident that all approaches except for the RRT⋆

produce inferior results to our method. The only case where
the RRT⋆ method outperforms ours in some instances is
for the workspace of Fig. 4, but even then, for the vast
majority of points our method proves superior, with only
very few exceptions near the TP regions. We underline that
for statisctical significance, 10 RRT⋆ trajectories were run
for each starting point, and the best results were employed
to extract the aforementioned comparisons.

Finally, we demonstrate qualitative results over a
workspace with geometrical characteristics which have
proven to be problematic for the RRT⋆ method in Fig.
6; namely, with narrow corridors. Our method provides
smoother trajectories with lesser length, while the SBM
struggles owing to the small probability of sampling optimal
waypoints inside the slim regions. Notably, 100 RRT⋆ trials
were carried out for each starting position of Fig. 6, with
a success rate of 27%. Therefore, our method is considered
far superior for the aforementioned type of workspace, since
it is able to provide a solution from anywhere within the
workspace, with no failures. Finally, as the corridor’s width
is decreased, the proposed method’s run-time remains mostly
unaffected, whereas the RRT⋆’s success rate deteriorates.

2) Computational Complexity: In order to asses the com-
putational complexity of our method, all of the methods were
run on the same machine -a PC running Ubuntu LTS 18.04,
i7 CPU and 50Gb RAM- and were timed accordingly. In
Table I, details about the SBMs’ parameters as well as execu-
tion time data are compared against the execution time of our
method. It is evident that even for a conservative sampling of
initial positions, our method is far superior in execution time.
While these results do not reflect the execution times for a
single trajectory, our method is especially advantageous in
cases where a large number of trajectories might be required.

VI. CONCLUSIONS AND FUTURE DIRECTIONS

In this work, an approach to extend the provably asymp-
totically globally optimal solution to OMP [6] is presented.
The proposed method is effective in tackling the problem
of topological perplexity in complex workspaces, without
sacrificing the applicability of previous results. At the same



Fig. 3: Results for the proposed method. The workspace is depicted through the black-shaded regions, the goal position is depicted through
a red disk and the TP regions are depicted through the green-shaded regions. From left to right, the normalized velocity field is depicted
with blue arrows, exemplary trajectories are depicted with red lines the final (optimal) cost function is depicted through the colormap. In
the center-most figure, the cost of the proposed method is presented while in the right-most figure the cost difference between our method
and the RRT⋆ is presented.

Fig. 4: Results for the proposed method. The workspace is depicted through the black-shaded regions, the goal position is depicted through
a red disk and the TP regions are depicted through the green-shaded regions. From left to right, the normalized velocity field is depicted
with blue arrows, exemplary trajectories are depicted with red lines, streamlines are depicted with blue lines and finally the optimal cost
function is depicted through the colormap.

Fig. 5: Comparative plots of the difference of the proposed method with the SBM costs. Negative values indicate that our method
outperforms the compared methods.

TABLE I: Comparative Execution Times
Workspace of Fig. 4

Number of Points # Iterations Mean Time per Traj. [s] Total Time [mins]

Ours - - -

13.9
Time for TP Regions Time for OMP

3.9 10
RRT⋆ 656 2500 3.9791 43.5

Smart RRT⋆ 289 1000 25.9389 124.9
Informed RRT⋆ 288 2000 26.9195 129.2

FMT⋆ 288 2000 9.0642 43.5
Workspace of Fig. 3

Ours - - -

6.2
Time for TP Regions Time for OMP

0.9 5.3
RRT⋆ 701 2500 4.17 48.8

time, the approach proves to be superior to several modern,
and most crucially also provably asymptotically optimal,
SBMs while inheriting the advantages of continuous method.
One limitation of the method rests on the locally optimal

nature of the workspace decomposition, which depends on
the initial saddles’ position and which we aim to address
in the future. Furthermore, in future works, we aim at
extending the presented framework to higher order systems



Fig. 6: Comparative trajectories between our method (top) and
RRT⋆ (bottom) for two initial positions.

(e.g., double integrator, mechanical systems) as well as three-
dimensional workspaces.

APPENDIX

1) Proof of Proposition 1: Proof: Let D ⊂ R2

denote the unitary, planar disk. In [44], it has been proven
that the Euler characteristic χ of any n-dimensional sphere
world homeomorph Fn with M obstacles is: χ(Fn) =
1 − (−1)nM . However it is trivial to show that any planar
sphere world F2 ⊂ R2 is homeomorphic to the punctured
disk D′

= D −
⋃M

i=1 di, where di = T (∂Oi) ∈ D, i =
1, · · · ,M and T is the respective diffeomorphism, while W
is also homeomorphic to D′

[45]. Therefore, since the Euler
characteristic is topologically invariant: χ(W) = χ(D′

) =
χ
(
F2

)
= 1 − (−1)2M = 1 − M. Consider the Poincaré-

Hopf Theorem:
∑I

i=1 indexpi (v) = χ (W) = 1−M, where
pi, i = 1, · · · , I denotes the I isolated zeros of the vector
field v. Let Is ⊂ {1, 2, · · · , I} denote the index set of
the saddles of v that lie in int (W). Owing to the form of
v in [6], along with the minimum-maximum principle of
Harmonic Functions, the isolated singularities of v consist
only of the saddles ps, s ∈ Is, and the single stable
equilibrium at pd. Therefore, we get:

∑I
i=1 indexpi (v) =

indexpd
(v) +

∑
s∈Is

indexps
(v) . However, for any saddle

in the two-dimensional plane indexps (v) = −1, s ∈ Is,4
while for the sink indexpd

(v) = +1. Therefore, we finally
get: 1+

∑
s∈Is

(−1) = 1−M ⇒= #(Is) = M where #(·)
denotes the cardinality of a set, concluding the proof since
the cardinality of Is is equal to the number of saddles in
int (W).

2) Proof of Theorem 1: Proof: We will prove this
by contradiction. Assume that the optimal cost function is
discontinuous. For the sake of simplicity we assume that for
each point on the split region the inequality relationship be-
tween the cost values is constant, i.e.: V ⋆(z) > V ⋆(z), ∀z =

4We note that, even in case of degenerate critical points, they can be
shown to be isolated saddles for AHPFs, as well as attain an index of (-1)
[46].

Fig. 7: Figure for the proof of Theorem 1. The boundaries of
the workspace (black regions), the split-region (red line) and the
defined sets of the proof (green and blue). In the right figure the
two sides of the assumed discontinuous optimal cost function are
depicted (isometric view). The lesser part of the cost function can
be smoothly extended to provide a “better” input.

limz→+Si(0)(z) where z = limz→−Si(0)(z), i ∈ M, z, z
denote the points approaching the split region from the two
different “sides” of the region. Consider now the optimal
policy u⋆(p), p ∈ z. Assuming that the boundary of the
workspace is locally smooth, then further consider a smooth
extension of u⋆, denoted by u⋆ over a set S(p) ⊂ W that
contains only the side of the split region that contains z.
Owing to smoothness, if the region S is sufficiently small,
the input u⋆ is safe. Hence, the respective cost function
V ⋆
S (p), p ∈ S obeys the following PDE:

(∇V ⋆
S )

T
u⋆ = −Q (p; pd)−R (u⋆ (p)) , p ∈ S, (9)

which can be solved through the method of characteristics
[47] through the following three ordinary differential equa-
tions:

dx

u⋆
x(p)

=
dy

u⋆
y(p)

= − dV ⋆
S

Q (p; pd) +R (u (p))
= dt, (10)

where [x, y]
T
= p ∈ S and

[
u⋆
x, u

⋆
y

]
= u⋆(p). Finally, the

initial condition for the cost function in (9) is V ⋆
S (t = 0) =

V ⋆(p(0)), p(0) ∈ z. Through the method of characteristics,
the first two terms in (9), starting from the split region, yield
iso-chronous curves of the form g(x, y) = t. Computed
in backwards-time, the cost function V ⋆

S (x, y) is strictly
increasing owing to Q, R being positive definite away from
the goal position. Therefore, through the intermediate value
theorem, continuity of the solution of (9) as well as (10),
we conclude that there exists a subset S ⊆ S such that (see
Fig. 7) -through an abuse of notation-: V ⋆(z) ≤ V ⋆

S (p) ≤
V ⋆(p), ∀p ∈ S. Hence, the cost function V ⋆(p) is not
optimal on the set S, since we have constructed a safe
policy with lesser cost on the latter set, thus leading to a
contradiction and concluding the proof.
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bifurcation of 2d symmetric incompressible flows,” pp. 2775–
2791, 2020. [Online]. Available: https://www.aimsciences.org/article/
id/bcf91177-6baa-405d-bcd5-03e267bec32f

[47] A. K. Nandakumaran and P. S. Datti, First-Order Partial Differential
Equations: Method of Characteristics, ser. Cambridge IISc Series.
Cambridge University Press, 2020, ch. 3, p. 48–86.


