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A Novel Dual-Robot Accurate Calibration Method
Using Convex Optimization and Lie Derivative
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Huan Zhao , and Han Ding , Member, IEEE

Abstract—Calibrating unknown transformation relationships is
an essential task for multirobot cooperative systems. Traditional
linear methods are inadequate to decouple and simultaneously
solve the unknown matrices due to their intercoupling. This article
proposes a novel dual-robot accurate calibration method that uses
convex optimization and Lie derivative to solve the dual-robot
calibration problem simultaneously. The key idea is that a convex
optimization model based on dual-robot transformation chain is
established using Lie representation of special Euclidean group
in 3 dimensions [SE(3)]. The Jacobian matrix of the established
optimization model is explicitly derived using the corresponding
Lie derivative of SE(3). To balance the influence of the magnitudes
of the rotational and translational optimization variables, a weight
coefficient is defined. Due to the closure and smoothness of Lie
group, the optimization model can be solved simultaneously using
Newton-like iterative methods without additional orthogonaliza-
tion processing. The performance of the proposed method is ver-
ified through simulation and actual calibration experiments. The
results show that the proposed method outperforms the previous
calibration methods in terms of accuracy and stability. The actual
experiments are used to compare the proposed method with two
existing calibration methods, and the mean measurement error of
a certified ceramic sphere is reduced from 0.9205 and 0.5363 to
0.4381 mm, respectively.

Index Terms—AXB=YCZ problem, convex optimization, dual-
robot calibration, Lie derivative.

NOMENCLATURE

A Homogeneous transformation matrix from the end-
flange to the base of sensor robot.

B Homogeneous transformation matrix from the tool
frame of target robot to the tool frame of sensor robot.
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C Homogeneous transformation matrix from the end-
flange to the base of target robot.

X Homogeneous transformation matrix from the tool
frame to the end-flange of sensor robot.

Y Homogeneous transformation matrix from the base
of target robot to the base of sensor robot.

Z Homogeneous transformation matrix from the tool
frame to the end-flange of target robot.

T Homogeneous transformation matrix between two
different coordinate systems.

R Rotation matrix between two different coordinate
systems.

t Translation vector between two different coordinate
systems.

g Transformation chain calculated by the dual-robot
calibration model.

J Jacobian matrix for the iterative solution.
eR Rotational error of calibration results.
et Translational error of calibration results.
SE(3) Special Euclidean group in three dimensions.
SO(3) Special Orthogonal group in three dimensions.
se(3) Lie algebra corresponding to SE(3).
so(3) Lie algebra corresponding to SO(3).
ξ Twist associated with the corresponding homoge-

neous transformation which belongs to Lie algebra
se(3).

ξ̂ Matrix associated with the corresponding twist which
belongs to Lie algebra se(3).

ξ� Adjoint of the corresponding element of Lie algebra
se(3).

δξ∗ Optimal perturbation calculated by the iterative
method.

φ Twist associated with the corresponding rotation
transformation which belongs to Lie algebra so(3).

φ̂ Skew-symmetric matrix of a twist associated with the
corresponding rotational component which belongs
to Lie algebra so(3)

ρ Translational component of a twist which belongs to
Lie algebra se(3).

λ Lagrange multiplier.
Jl(ξ) Left Jacobian matrix of an element which belongs to

Lie algebra se(3).
Jr(ξ) Right Jacobian matrix of an element which belongs

to Lie algebra se(3).
vec(•) Vectorization operator.
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unvec(•) Inverse vectorization operator.
⊗ Kronecker product.
‖•‖ Norm of a vector or a matrix.
[•]∨ Map matrix of Lie algebra to the corresponding twist.
exp(•) Exponential map of a Lie algebra.
ln(•) Logarithmic map of a Lie algebra.
Ad(•) Adjoint transformation of a Lie algebra.
Rot(•, •) Rotation about an axis for a certain angle.
U(•, •) Random number generation function based on uni-

form distribution.

I. INTRODUCTION

MULTIROBOT systems offer several advantages, includ-
ing efficiency, scalability, and flexibility [1], [2], [3].

Multirobot systems are capable of performing more complex
collaborative tasks, particularly for large-scale, intricate struc-
tures, compared to single-robot systems. Multirobot equipment
has been widely used in various industries, including aviation,
aerospace, automotive, and other sectors. Boeing and KUKA
have collaborated in developing a multirobot machining sys-
tem that is a component of fuselage automated upright build
for Boeing 777 and 777X aircraft [4]. Airbus also employs
comparable automated fuselage structure production lines for
the A320 family aircraft [5], with over 20 robots involved in
manufacturing the airplane’s longer sections. With the support
of the European Union’s Clean Sky 2 program, Fraunhofer IFAM
develops a multirobot assembly system for manufacturing a
lighter aircraft fuselage of the future made of thermoplastic
fiber-reinforced plastics [6], [7], as shown in Fig. 1. The co-
ordination among multirobots is essential in typical engineering
applications, particularly in determining each robot’s coordinate
relationship.

A multirobot system is essentially a collection of several
dual-robot systems. In a dual-robot system, as shown in Fig. 2,
the sensor typically serves as a tool mounted on one of the robots
to obtain calibration data. The target that can be recognized
by the sensor is commonly mounted on the end-flange of the
other robot. As such, this article refers to these two robots as the
sensor robot and the target robot, respectively. The frames used
to describe the robots are {SA}, {EA}, and {LA}, representing
the base frame, end-flange frame, and tool frame of the sensor
robot. Similarly, the frames for the target robot are {SB}, {EB},
and {LB}, corresponding to the base frame, end-flange frame,
and tool frame. Therefore, the dual-robot calibration problem
can be formulated as follows:

SA

EA
T i

EA

LA
TLA

LB
T i =

SA

SB
T SB

EB
T i

EB

LB
T (1)

where SA

EA
T i,

EA

LA
T , LA

LB
T i,

SA

SB
T , SB

EB
T i, and EB

LB
T represent the

rigid transformation matrices from {EA} to {SA}, from {LA}
to {EA}, from {LB} to {LA}, from {SB} to {SA}, from
{EB} to {SB}, and from {LB} to {EB}, respectively. To
simplify (1), the unknown constant matrices EA

LA
T , SA

SB
T , and

EB

LB
T are represented as X , Y , and Z, respectively. The known

matrices SA

EA
T i,

LA

LB
T i, and SB

EB
T i are denoted by A, B, and C,

Fig. 1. Fraunhofer IFAM develops a multirobot assembly system for manu-
facturing a lighter aircraft fuselage of the future made of thermoplastic fiber-
reinforced plastics (FRP) [6].

Fig. 2. Problem to calibrate a dual-robot system can be formulated into a
matrix equation as AXB = Y CZ.

respectively. Equation (1) can be expressed as follows:

AXB = Y CZ. (2)

The primary objective of dual-robot calibration is to deter-
mine the three unknown transformation matrices X , Y , and Z.

A. Related Work

Calibrating a dual-robot system can be regarded as the com-
bination of two single-robot calibration problems. Hand-eye
calibration is a well-established problem in single-robot cali-
bration. The research on solving the hand-eye problem can be
classified mainly into two forms:AX = XB andAX = Y B,
where X and Y represent unknown transformation matrices.
Shiu and Ahmad first introduced the equation AX = XB
in [8] to solve the hand-eye calibration problem, where X
denotes the unknown transformation from the end-flange to the
sensor. The techniques for solving the AX = XB problem
can be classified into two categories based on the sequence
of solving unknown components, namely separation methods
and simultaneous methods. The separation methods separate the
unknowns into their rotational and translational components and
then solve each of these components one by one. To solve the
rotational components, the equations can be converted into a
linear system based on distinct representations of the rotation
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such as the rotation vector [9], quaternion [10], and Lie algebra
[11]. Then, the rotational and translational components can
be separated and solved step by step using the least squares
method. Errors in the calculation of rotational components can
propagate into the solutions of the translational components,
creating inaccuracies. To mitigate error transmission, several
simultaneous solution methods for the AX = XB problem
are proposed. Andreff et al. [12] and Daniilidis [13] convert
the AX = XB problem into a homogeneous linear system
to solve the rotational and translational components. Mean-
while, Zhao [14] proposed suggested a global optimization
method that utilizes quaternion and screw motion constraints
to minimize the impact of initial values. Heller et al. [15]
proposed a branch and bound optimization method for hand-eye
calibration that does not require prior knowledge of a known
calibration target. The equation AX = Y B is another form of
eye-hand calibration problem known as robot-world/hand-eye
calibration. The transformation from the robot base to the world
coordinate system introduced into the calibration problem. Cal-
ibration methods can also be categorized into separation and
simultaneous techniques. Separation methods [16], [17] are
similar to the AX = XB problems. Li et al. [18] proposed a
closed-form solution to solve the problem simultaneously, using
dual-quaternions and the Kronecker product. Remy et al. [19]
proposed a closed-form solution to solve the problem simul-
taneously, using dual-quaternions and the Kronecker product.
Strobl and Hirzinger [20] introduced a simultaneous iterative
method based on a parameterization of a stochastic model. Ernst
et al. [21] presented a method for simultaneous tool-flange and
robot-world calibration using a least-squares approach, which
allows for nonorthogonal matrices. Zhao [22] established a
semi-convex objective function based on Kronecker product and
dual-quaternion, which can be solved using alternate iteration
and linear programming methods. Fu et al. [23], [24] proposed
a nonlinear objective model for hand-eye calibration solved by
singular value decomposition (SVD).

The dual-robot calibration problem is more complex and
harder to linearize and solve than the single-robot system due
to the increased and intercoupled unknown matrices. Numerous
researchers proposed step-by-step calibration methods for
dual-robot systems. Bonitz and Hsia [25] proposed a method to
calibrate the base–base transformation of a dual-robot system
with physical constraints. Qiao et al. [26] proposed a calibration
method for a multirobot system based on the product of expo-
nentials formula to determine the transformation from the robot
base to a predetermined coordinate. Zhao et al. [27] proposed
a base-frame calibration method based on laser tracker for a
dual-machine-based machining system. Zhu et al. [28], [29] in-
troduced a kinematic parameters and tool-flange transformation
matrix calibration method for a dual-manipulator system which
uses the virtual constraints of the camera optical axis. Ruan et al.
[30] suggested a base-frame calibration method for a multirobot
cooperative system, utilizing an external three-dimensional
(3-D) scanner. Wang et al. [31] presented a plane
projection-based method with the point-contact mode for
base frame calibration of cooperative manipulators. Yan et al.
[32] proposed a closed-form degradation-Kronecker method

and an approximate nonlinear method to calibrate a hybrid-robot
system. Fu et al. [33] suggested a step-by-step approach based
on the dual-quaternion method to determine unknown matrices.
Though these methods can be used to calibrate dual-robot
systems step by step, they can only obtain one or two unknown
transformation matrices, and some specific conditions need
to be met to solve the calibration problem. Unfortunately, the
accumulation of errors in each step of the calculation may lead
to an unreliable calibration result.

In order to minimize calibration errors associated with step-
by-step approaches, it is crucial to develop simultaneous cal-
ibration methods. Wu et al. [34], [35], Ma et al. [36], Wang
et al. [37], Jiang et al. [38], and Qin et al. [39] proposed dif-
ferent techniques for simultaneously solving AXB = Y CZ
problem. Wu et al. [34], [35] proposed an iterative approach for
calibrating dual-robots by using the Lie algebra representation
of SO(3) to solve rotational components and utilized the first-
order approximation of the exponential mapping of Lie algebra
to determine the optimization result. Ma et al. [36] proposed
various techniques, including two probabilistic methods and a
hybrid technique, for solving the dual-robot calibration prob-
lem without prior knowledge of data correspondence. Wang
et al. [37] introduced both a closed-form method based on
the Kronecker product and an iterative technique to optimize
rotational and translational components of unknown values.
By including orthogonal constraints on the rotation matrix, the
objective function is improved, and optimization results were
achieved using the stochastic variance reduced gradient (SVRG)
algorithm. Similarly, Qin [39] presented an iterative method
based on the Levenberg–Marquardt (L-M) algorithm to calibrate
rotational components of dual-robot systems simultaneously.
They obtained the initial value through a hand-eye calibration
process. Although Wu’s and Qin’s methods can simultaneously
calibrate rotational components, they determine translational
components separately. However, Ma’s probabilistic method is
susceptible to noise, and the hybrid approach increases com-
putational costs due to introducing Yan’s or Wu’s techniques.
Additionally, Wang’s iterative approach introduces penalty fac-
tors that may result in unstable solutions.

A typical dual-robot calibration model includes three known
matrices A, B, and C and three unknown matrices X , Y ,
and Z that are coupled with one another. The linear methods
are difficult for solving the unknown matrices simultaneously,
and the existing nonlinear methods can only solve unknown
rotational components. Therefore, the unknown translational
components require a separate solution that results in error
transmission, subsequently reducing the calibration accuracy of
dual-robot systems. Given that the path of the robots depends on
the relative relationship between them, poor calibration results
can lead to poor position accuracy and negatively impact the
accuracy of robotic operation.

B. Contribution

This article proposes a dual-robot accurate calibration method
based on convex optimization and Lie derivative. A unified
convex optimization model with a quadratic form is established
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to simultaneously solve all the unknown rotational and
translational components using Lie group representation of
SE(3). The Jacobian matrix of the proposed model is derived ex-
plicitly using the Lie derivative ofSE(3) because of the smooth-
ness of the Lie group SE(3). In order to balance the impact
of the magnitudes of rotational and translational optimization
variables on the optimization results, a weight coefficient for the
optimization variables is defined based on the norm of the initial
calibration results. Moreover, this article proposes a dual-robot
initial calibration method based on a two-step vectorization
technique to estimate optimal weight coefficients and improve
iteration efficiency. Combining initial calibration, the proposed
convex optimization model can obtain an accurate calibration
result. The proposed method has two main advantages.

1) High Accuracy: Due to closedness of Lie group, the pro-
posed calibration method using Lie derivative ensures high
accuracy and orthogonality of the rotational components.
Results do not require additional orthogonalization, and
the proposed calibration simultaneously solves rotational
and translational components of all unknown matrices,
thus avoiding error transmission and accumulation.

2) High Stability: Due to smoothness of Lie group, the pro-
posed quadratic form optimization model ensures higher
stability and convergence of the solution. The Jacobian
matrix of the model is explicitly derived by the corre-
sponding Lie derivative of SE(3), which allows for the
utilization of common Newton-like iterative methods to
simultaneously determine an optimal solution.

The structure of this article is organized as follows: Section II
proposes the convex optimization model for accurate calibration
and defines the weighting coefficients for optimization variables.
Section III presents a closed-form method for initial calibration
and summaries the entire calibration procedure. In Section IV,
the experiments are carried out to evaluate the effectiveness
and performance of the proposed method. Finally, Section V
concludes this article.

II. ACCURATE CALIBRATION USING CONVEX OPTIMIZATION

In order to accurately solve the unknown parameters of a
dual robot system, a convex optimization model for dual-robot
calibration based on Lie group SE(3) is established in this
section, using the spatial transformation chain of the dual robot
system. The solution method of the model is derived using Lie
derivatives.

A. Convex Optimization Model for Dual-Robot Calibration

This section proposes a nonlinear iterative method employing
the Lie algebra and Lie derivative principles of SE(3) to obtain
accurate calibration results. The transformation chain g of a
dual-robot system can be obtained through (2)

g = AXBZ−1C−1Y −1 = I4. (3)

Ideally, the transformation chain gn is an identity matrix.
However, in the actual calibration process, the actual transfor-
mation chain ga is generally not equal to the identity matrix
due to the presence of measurement noise and system errors.

Therefore, the calibration error e can be defined as follows:

e = gag
−1
n . (4)

To simplify the representation of the calibration error and
facilitate the computation of the gradient matrix, the proposed
optimization method incorporates the Lie algebra representation
ofSE(3). According to Lie theory, rigid transformations belong
to the special Euclidean group SE(3), and their corresponding
Lie algebra se(3) can be represented as a twist

ξ =
[
ρT φT

]T
(5)

where ρ ∈ R3 is a vector associated with its translational com-
ponent, whereas φ ∈ R3 is a twist associated with its rotational
component. The exponential map defines the mapping from Lie
algebra se(3) to Lie group SE(3)

T = exp
(
ξ̂
)
∈ SE (3) (6)

where ξ̂ ∈ R4×4 represents matrix form of Lie algebra se(3),
and the operator “∧” for se(3) maps ξ into ξ̂. A detailed
description of the relationship between Lie algebra se(3) and Lie
group SE(3) can be found in Appendix A. Let A = exp(ξ̂A),
B = exp(ξ̂B), C = exp(ξ̂C), X = exp(ξ̂X), Y = exp(ξ̂Y ),
andZ = exp(ξ̂Z), the transformation chain (3) can be expressed
by Lie algebra se(3) as follows:

ga = exp
(
ξAi

)
exp (ξX) exp

(
ξBi

)
× exp (−ξZ) exp

(−ξCi

)
exp (−ξY ) (7)

where the symbol “×” represents the multiplication of matrices.
To optimize the calibration error e, the proposed model uses
linearization technique to construct an optimization objective
function. According to the definition of the logarithmic mapping,
the calibration error e can be expanded and represented as
follows:

ln (e) = ln
(
gag

−1
n

)
=

∞∑
k=1

(−1)k−1

(
gag

−1
n − I4

)k
k

. (8)

Using the first-order approximation, (8) can be expressed as
follows:

ln (e) ≈ gag
−1
n − I4

= (ga − gn) g
−1
n

= δgg−1. (9)

The calibration error e can be expressed as δgg−1. Further-
more, the differential term δg can be represented as the sum
of the differential term of each optimization objective and the
product of its partial differential

δgg−1 =

(
∂g

∂ξX
δξX +

∂g

∂ξY
δξY +

∂g

∂ξZ
δξZ

)
g−1. (10)

Therefore, the calibration of a dual-robot can be considered
as the minimization optimization problem of unknown twists
ξX , ξY , ξZ . Based on the calibration dataset, a minimization
objective function is constructed by summing the deviations
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between the calibration error e and the differential term δgg−1

calculated for each set of calibration data

argmin
δξX ,δξY ,δξZ

×
∑∥∥∥∥ln (e)−

(
∂g

∂ξX
δξX +

∂g

∂ξY
δξY +

∂g

∂ξZ
δξZ

)
g−1

∥∥∥∥
2

.

(11)

The objective function is a convex optimization problem with
a quadratic form. Adding translational constraints creates a more
fully constrained optimization solution compared to rotational
constraints alone. It should be noted that although the proposed
model is a convex optimization model, it uses linearization
to construct the optimization objective function. Therefore, its
convergence still requires an effective guarantee in a reasonable
initial value neighborhood.

B. Iterative Solution Using Lie Derivative

To quickly obtained the optimal solution, the Jacobian matrix
of the objective function is explicitly derived using the Lie
derivative of SE(3). Define the operator “∨” as a mapping from
ξ̂ ∈ se(3) to ξ ∈ R6, the deviation term δgg−1 can be expressed
by δξX , δξY , and δξZ as follows:[

δgg−1
]∨

=
[
exp

(
ξAi

)
δ exp (ξX) exp (−ξX) exp

(−ξAi

)]∨
+

[
exp

(
ξAi

)
exp (ξX) exp

(
ξBi

)
δ exp (−ξZ)

× exp (ξZ) exp
(−ξBi

)
exp (−ξX) exp

(−ξAi

)]∨

+

⎡
⎣exp

(
ξAi

)
exp (ξX) exp

(
ξBi

)
exp (−ξZ)

× exp
(−ξCi

)
δ exp (−ξY ) exp (ξY ) exp

(
ξCi

)
× exp (ξZ) exp

(−ξBi

)
exp (−ξX) exp

(−ξAi

)
⎤
⎦
∨

= Ad
(
exp

(
ξAi

))
[δ exp (ξX) exp (−ξX)]∨

+Ad
(
exp

(
ξAi

)
exp (ξX) exp

(
ξBi

))
× [δ exp (−ξZ) exp (ξZ)]∨

+Ad
(
exp

(
ξAi

)
exp(ξX) exp

(
ξBi

)
exp (−ξZ) exp

(−ξCi

))
×[δ exp (−ξY ) exp (ξY )]

∨ (12)

where the operator Ad(�) represents the adjoint of an element
belonging to SE(3), as detailed in Appendix B. Using the ap-
proximate Baker–Campbell–Hausdorff formulas, the deviation
δ exp(−ξ) exp(ξ) term can be further approximated as

[δ exp (ξ) exp (−ξ)]∨

= [exp (ξ + δξ)− exp (ξ)] exp (−ξ)

= exp (ξ + δξ) exp (−ξ)− I4

≈ ln [(ξ + δξ) exp (−ξ)]

= Jl (ξ) δξ (13)

Where Jl(ξ) represents the left Jacobian matrix of an element
belonging to se(3). The left Jacobian matrix of an element

belonging to se(3) is defined as follows:

Jl (ξ) = I6 +

(
4− φ sinφ− 4 cosφ

2φ2

)
ξ�

+

(
4φ− 5 sinφ− φ cosφ

2φ3

)(
ξ�

)2
+

(
2− φ sinφ− 2 cosφ

2φ4

)(
ξ�

)3
+

(
2φ− 3 sinφ− φ cosφ

2φ5

)(
ξ�

)4
(14)

where ξ� is the adjoint of an element of se(3), as referenced in
Appendix B. The deviation δgg−1 in (12) can be expressed as
follows: [

δgg−1
]∨

= JXδξX + JY δξY + JZδξZ (15)

where JX , JY , and JZ are defined as follows:

JX = Ad
(
exp

(
ξAi

))Jl (ξX) (16)

JY = Ad

(
exp

(
ξAi

)
exp (ξX) exp

(
ξBi

)
exp (−ξZ) exp

(−ξCi

) )
Jr (ξY ) (17)

JZ = Ad
(
exp

(
ξAi

)
exp (ξX) exp

(
ξBi

))Jr (ξZ) (18)

where Jr(ξ) represents the right Jacobian matrix of an element
belonging to se(3). The right Jacobian matrix of an element
belonging to se(3) can be calculated by the corresponding left
Jacobian matrix

Jr (ξ) = Jl (−ξ) . (19)

Let JXY Z=[JX JY JZ ], δξXY Z=[δξTX δξTY δξTZ ]
T

.
The formula (15) can be further simplified as follows:[

δgg−1
]∨

= JXY ZδξXY Z . (20)

The objective function (11) can be rewritten as follows:

argmin
δξXY Z

1

2

n∑
i=1

‖ln (e)− JXY ZδξXY Z‖2 (21)

where n represents the number of samples used for calibration.
Then, the Newton-like methods, such as G-N or L-M method,
can be used to calculate optimal perturbation δξ∗XY Zop

, con-

sisting of δξ̂∗Xop
, δξ̂∗Yop

, and δξ̂∗Zop
. The optimal perturbation,

denoted as δξ∗XY Zop
, is then used to update optimization objec-

tives until the stopping criteria are satisfied

exp
(
ξ̂Xop

)
= exp

(
ξ̂X0

+ δξ̂∗Xop

)
(22)

exp
(
ξ̂Yop

)
= exp

(
ξ̂Y0

+ δξ̂∗Yop

)
(23)

exp
(
ξ̂Zop

)
= exp

(
ξ̂Z0

+ δξ̂∗Zop

)
(24)

where ξ̂X0
, ξ̂Y0

, and ξ̂Z0
are initial value for iteration. Due to the

introduction of Lie algebra and corresponding Lie derivative, the
proposed method ensures that the rotational components remain
orthogonal through the closure of Lie algebra. Simultaneously
solving the unknown rotational and translational components
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in the proposed method prevents the accumulation and trans-
mission of errors. The proposed iterative model for accurate
calibration is in quadratic form, which ensures its convergence.
The proposed model’s Jacobian matrix is explicitly derived
through Lie derivatives and can be solved with Newton-like
iterative methods.

C. Weighting Coefficient for Optimization of Rotational and
Translational Components

In Section II-A, the Jacobian matrices JXY Z and the trans-
formation chain error e are directly calculated by known and
optimization twists. However, since rotational and translational
components have varying physical units, their optimization vari-
ables may differ greatly in orders of magnitude. This can cause
variables with larger magnitudes to overshadow the contribu-
tions of smaller magnitude variables to the objective function,
resulting in deviations of the smaller magnitude variables from
their expected values. To address this problem, weight coef-
ficients are utilized to balance the influence of rotational and
translational variables’ magnitudes on the optimization process.
The magnitude of rotational and translational variables can be
represented by the norm of the corresponding part in a twist.
Therefore, weight coefficients can be determined based on better
initial calibration results ξX0

, ξY0
, and ξZ0

. Weight coefficient
wρ, for translational variables, is defined as follows:

wρ =
1

3

(∥∥ρX0

∥∥+
∥∥ρY0

∥∥+
∥∥ρZ0

∥∥) . (25)

For rotational components, weight coefficient wφ is defined
as follows:

wφ =
1

3

(∥∥φX0

∥∥+
∥∥φY0

∥∥+
∥∥φZ0

∥∥) . (26)

According to (71) in Appendix A, a translational vector ρ
of a twist and the corresponding translational component t in
Euclidean space are linear relationship. Therefore, weight coef-
ficients can be applied to scale the magnitude of the translational
vector in the twist, while the scaling of the rotational twistφ does
not change. After scaling, the twist for optimization is defined
as follows:

ξ′ =
[
ρ′

φ

]
=

[wφ

wρ
ρ

φ

]
. (27)

This scaling enables optimization variables to have similar
orders of magnitude, allowing for a more balanced contribution
of rotational and translational variables to optimization process.
In Section II-A, the scaling twists ξ′A, ξ′B , ξ′C , ξ′X0

, ξ′Y0
, and ξ′Z0

replace the corresponding twists. Following optimization, the
translational vector ρ of the final results must be divided by the
weight coefficient’s reciprocal value. This is necessary to ensure
that the final results have the correct magnitude after scaling

ξ =

[ wρ

wφ
ρ′

φ

]
. (28)

III. INITIAL CALIBRATION USING TWO-STEP LINEARIZATION

The optimization model proposed in Section II-A is a convex
optimization model with a quadratic form. In theory, this model

does not have special requirements for the selection of initial
values. However, since linearization is used in the optimization
process, its good convergence requires an effective guarantee in a
reasonable initial value neighborhood. In addition, the optimiza-
tion variable weight coefficient proposed in Section II-C also has
an impact on the optimization results, and the estimation of this
weight coefficient also requires a reasonable initial value. Fur-
thermore, better initial values can also improve the convergence
speed of iteration. In this section, an evolved two-step linear
closed-form method for initial calibration, motivated by the
closed-form method presented by Wang et al. [37], is proposed
for the estimation of initial calibration results.

A. Solution for Rotational Components RY

During actual dual-robot calibration, n sets of measured data
Ai, Bi, and Ci (i = 1, 2, . . . , n) are obtained by changing the
postures of two robots. The equations of rotational and trans-
lational components can be derived by expanding AiXBi =
Y CiZ

RAi
RXRBi

= RY RCi
RZ (29)

RAi
RXtBi

+RAi
tX + tAi

= RY RCi
tZ +RY tCi

+ tY
(30)

where R is the corresponding rotation matrix with dimensions
of 3× 3, and t is the corresponding translation vector with
dimensions of 3× 1. Equations (29) and (30) have intercoupling
between the unknown rotational and translational components,
specifically RX , RY RZ , tX , tY , and tZ . Direct linearization
of all unknown matrices is a challenging task as a one-step
linearization operation cannot decouple the unknown compo-
nents. Thus, to decouple the unknown components, a two-step
vectorization method is proposed. By using two sets of arbi-
trary measured data, the rotational equations can be derived as
follows: {

RAj
RXRBj

= RY RCj
RZ

RAk
RXRBk

= RY RCk
RZ

(31)

where subscripts j and k represent order of measurement data.
Because RY can be considered as a constant homogeneous
transformation matrix, the following equation can be obtained
from (31) by eliminating RY :

RAj
RXRBj

R−1
Z R−1

Cj
= RAk

RXRBk
R−1

Z R−1
Ck

. (32)

Both sides of (32) are left multiplied by R−1
Ak

and right
multiplied RCk

simultaneously

(
R−1

Ak
RAj

)
RXRBj

R−1
Z = RXRBk

R−1
Z

(
R−1

Ck
RCj

)
. (33)

R−1
Ak

RAj
and R−1

Cj
RCk

are relative changes of two robot end-

flange frame. Let RAjk
= R−1

Ak
RAj

and RCjk
= R−1

Ck
RCj

,
(33) can be rewritten as follows:

RAjk
RXRBj

R−1
Z = RXRBk

R−1
Z RCjk

. (34)
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Using column vectorization operator vec(•), the first-step
vectorization is applied to both sides of (34)

vec
(
RAjk

(
RXRBj

R−1
Z

))
= vec

((
RXRBk

R−1
Z

)
RCjk

)
.

(35)
By introducing the Kronecker product, (35) can be further

written as follows:(
I3 ⊗RAjk

)
(RZ ⊗RX) vec

(
RBj

)
=

(
RT

Cjk
⊗ I3

)
(RZ ⊗RX) vec (RBk

) (36)

where the symbol ⊗ represents the Kronecker product, the
subscript of the identity matrix indicates the size of the matrix.
Note that there is a strong coupling betweenRX andRZ in (36).
Since both RX and RZ are constant, RZ ⊗RX can also be
regards as an unknown constant matrix. Let Ljk = I3 ⊗RAjk

,
MZX = RZ ⊗RX , N jk = RT

Cjk
⊗ I3, mBi

= vec(RBi
),

(36) can be simplified as follows:

LjkMZXmBj
= N jkMZXmBj

. (37)

To linearize the unknown matrix, the second-step vectoriza-
tion is applied to both sides of (37)

vec
(
LjkMZXmBj

)
= vec (N jkMZXmBk

) (38)(
mT

Bj
⊗Ljk

)
vec (MZX) =

(
mT

Bk
⊗N jk

)
vec (MZX) .

(39)

Using the two-step vectorization processing, (39) is rewritten
as a homogeneous linear system((

mT
Bj

⊗Ljk

)
− (

mT
Bk

⊗N jk

))
vec (MZX) = 0. (40)

Let U i=(mT
Bj

⊗Ljk)−(mT
Bk

⊗N jk) and mZX =vec
(MZX), (40) can be simplified as follows:

U imZX = 0. (41)

Assuming there are n sets of measured data Ai, Bi, and
Ci (i = 1, 2, . . . , n), there are n− 1 pairs of relative
rotation matrices RAjk

and RCjk
(j = 1, 2, . . . , n− 1,

k = 2, . . . , n, k = j + 1) calculated by these data. Let Ũ =
[U1;U2; . . . ;Un−1], the complete equation about mZX can
be obtained

ŨmZX = 0. (42)

For obtaining a non-trivial solution (mZX 
= 0), (42) must be
an overdetermined homogeneous linear system. Thus, there are
more independent equations than unknowns (n > 10). Due to
noise and error, it is unlikely to find an exact nontrivial solution
to the overdetermined system. The solution can be calculated by
minimizing the algebraic distance ‖ŨmZX‖ between them

argmin
mZX

∥∥∥ŨmZX

∥∥∥2s.t.‖mZX‖2 = 9. (43)

Note that the above equality constraint is a necessary con-
dition for an orthogonality matrix. Using Lagrange multiplier

method, the optimization problem is transformed into an uncon-
strained optimization problem

L (mZX , λ) =
∥∥∥ŨmZX

∥∥∥2 + λ
(
9− ‖mZX‖2

)
= mT

ZXŨ
T
ŨmZX + λ

(
9−mT

ZXmZX

)
.

(44)

By further using the least squares method, solving the min-

imum of ‖ŨmZX‖2 transformed into discovering calculating

the unit eigenvector σn(Ũ
T
Ũ) corresponding to the minimum

eigenvalue of matrix Ũ
T
Ũ . In accordance with the equality

constraint in (43), the solution is equal to three times the unit

eigenvector σn(Ũ
T
Ũ). Then, MZX can be obtained by apply-

ing the inverse vectorization operator unvec(•)

MZX = RZ ⊗RX = unvec
(
3σn

(
Ũ

T
Ũ
))

. (45)

OnceRZ ⊗RX is determined, the rotational componentRY

can be solved. Equation (29) can be rewritten as follows:

R−1
A RY RC = RXRBR

−1
Z . (46)

Applying vectorization operator vec(�) to both sides of (46)(
RT

C ⊗RT
A

)
vec (RY ) = (RZ ⊗RX) vec (RB) . (47)

Let MCA = RC ⊗RA, mY = vec(RY ), and mZXB =
(RZ ⊗RX)vec(RB), (47) is expressed as a nonhomogeneous
linear system

MT
CAmY = mZXB . (48)

The solutions to mY can be determined by least square
method

mY =
(
MCAM

T
CA

)−1
MCAmZXB . (49)

The rotational components RY can be determined by apply-
ing unvec(mY ). Note that the solution of RY solved by (46)
should satisfy rank(RY ) > 0.

B. Solution for Rotational Components RX , RZ and
Translational Components tX , tY , tZ

Once the rotational components RY is solved, the remain-
ing five unknown components can be simultaneously solved
linearly. Equation (29) can be reformulated to solve for the
unknown rotational components RX and RZ

RXRB = R−1
A RY RCRZ . (50)

The vectorization operator vec(•) is used to linearize unknown
rotational components RX and RZ(

RT
B ⊗ I3

)
vec (RX) =

(
I3 ⊗

(
R−1

A RY RC

))
vec (RZ) .

(51)
In addition, (30) pertaining to unknown translational compo-

nents tX , tY , and tZ can be reformulated as follows:

R−1
Y RARXtB +R−1

Y RAtX −R−1
Y tY −RCtZ

= −R−1
Y tA + tC . (52)
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The vectorization operator vec(•) is utilized once again to
linearize tX , tY , and tZ. Equation (30) can be reformulated as
follows: (

tTB ⊗ (
R−1

Y RA

))
vec (RX) +R−1

Y RAtX
−R−1

Y tY −RCtZ = −R−1
Y tA + tC .

(53)

Let mX = vec(RX) and mZ = vec(RZ), combining (51)
and (52), a system of linear equations can be derived for RX ,
RZ , tX , tY , and tZ

Equation (54) shown at the bottom of this page represents a
nonhomogeneous linear system. To calculate the values of mX ,
mZ , tX , tY , and tZ the least square method can be employed.
Furthermore, the inverse vectorization operator unvec(�) can be
used to calculate the rotational components RX and RZ . Due
to noise, the vectorization process employed may lead to the
rotations not being strictly orthogonal. If the results from the
initial calibration method are being utilized as calibration pa-
rameters, reorthogonalization for rotations is necessary. Several
orthogonalization methods have been studied for the rotation
orthogonalization of hand-eye calibration, such as Rodrigues’
rotation formula [18], SVD [21], Gram-Schmidt [40], etc.

In dual-robot calibration, there are three unknown rigid trans-
formations to be determined. The proposed closed-form method
for initial calibration method achieves the simultaneous solving
of most unknown matrices as much as possible, with only RY

being solved independently. Compared to existing closed-form
method [37] of rotation and translation, the simultaneous solving
of most unknown components can reduce the propagation of
errors. Due to the sensitivity to noise, closed-form solution
methods are often used to calculate the initial calibration results
as a basis for subsequent accuracy calibration and parameter
settings in the practical calibration process.

C. Pseudocode of the Proposed Method

Combining the accurate calibration method presented in Sec-
tion II and the initial calibration procedure discussed in Sec-
tions III-A and III-B, the complete processes of the proposed
dual-robot calibration method are presented in Tables I and II.

IV. EXPERIMENTAL RESULT

A. Simulated Calibration Experiments

1) Simulation System Setup: In the simulation experiments, a
dual-robot system is constructed using two KUKA KR16 R1610
robots, as shown in Fig. 2. Kinematics parameters for the robots
are obtained from the manufacturer’s user manual. The nominal
values for the unknown transformation X , Y , and Z can be

TABLE I
PSEUDOCODE OF THE PROPOSED INITIAL DUAL-ROBOT CALIBRATION METHOD

found in Table III. The length units of translational components
in the simulated calibration experiments are in millimeters.
These nominal twist values provide the baseline standards used
to evaluate and optimize the robotic system.

2) Simulation Data Generation: The matrices A and C
are generated simultaneously by placing the sensor robot and
target robot in a random configuration within their respective
workspaces. Additionally, the rotation matrices of all generated
data must meet the solvability conditions outlined in [34] and
[37]. Using the robot forward kinematics model, the experi-
ments can generate n(n = 100, 200, . . . , 1000) sets of simula-
tion robot dataAi(i = 1, 2, . . . , n) andCi(i = 1, 2, . . . , n). All
generated robot data are restricted by the joint angle ranges to
ensure they are within the robot’s valid workspace. The simula-
tion measurement dataBi(i = 1, 2, . . . , n) can be calculated by
Bi = (AiX)−1Y CiZ. To simulate actual calibration, noise at
varying levels is introduced to the ideal simulation data, acting
as a small perturbation. The perturbation, denoted as δξp, can is
expressed as a twist of se(3). The perturbation consists of a twist

δφp = [δφx δφy δφz]
T

associated with its rotation and a

vector δρp = [δρx δρy δρz]
T

associated with its translation.
The perturbations for different levels of noise are shown in

[
RT

B ⊗ I3 −I3 ⊗
(
R−1

A RY RC

)
0 0 0

tTB ⊗ (
R−1

Y RA

)
0 R−1

Y RA −R−1
Y −RC

]
⎡
⎢⎢⎢⎢⎣
mX

mZ

tX
tY
tZ

⎤
⎥⎥⎥⎥⎦

=

[
0

−R−1
Y tA + tC

]
.

(54)
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TABLE II
PSEUDOCODE OF THE PROPOSED ACCURATE DUAL-ROBOT CALIBRATION

METHOD

TABLE III
NOMINAL TWIST VALUE FOR THE UNKNOWN TRANSFORMATION IN THE

SIMULATION DUAL-ROBOT CALIBRATION EXPERIMENTS

Table IV. The corresponding rigid transformation δT p can be
obtained using exponential map

δT p = exp
(
δξ̂p

)
. (55)

To generate twists associated with perturbation for different
noise levels, a random number function with distributionU(l, u)

TABLE IV
INJECTION OF NOISE AT DIFFERENT LEVELS INTO SIMULATION DATA

is used, where l and u indicate the lower and upper bounds, re-
spectively. The simulation experiments comprise three different
noise levels, which are labeled as “low,” “medium,” and “high”
which are indicated in Table II. In these experiments, the noise
is injected into simulation data by left multiplying

T ′
i = δT pT i (56)

where T ′
i represents the simulation data with the noise.

3) Experiment on Different Number of Samples: The errors
of rotational and translational components of the simulation
experiments are defined as follows:

eR =
∥∥∥ln(RnR̃

T
)∥∥∥ (57)

et =
∥∥tn − t̃

∥∥ (58)

where Rn is the nominal rotation matrix, R̃ is the solved
rotation matrix, tn represents the nominal translation vector,
and t̃ represents the solved translation vector. Four methods
are used in the simulation experiments, including the proposed
initial calibration, the proposed accurate method, Wu’s method
[34] and Wang’s method [37]. Wu’s method solves the rota-
tional components of unknown transformation matrices through
nonlinear iteration, and the translational components can then
be solved. In contrast, Wang’s method solves the rotational and
translational components of unknown matrices simultaneously
through nonlinear iteration. In order to control the variables
in the experiment, the proposed accurate calibration method,
Wang’s method, and Wu’s method all use the same initial val-
ues calculated using the proposed initial calibration method in
Section III.

The experiment results are presented in Figs. 3–5. These
results show that the proposed accurate method has significantly
lower rotation errors for RX and RZ than Wu’s method and
Wang’s method. However, the errors for rotation RY appear
to be consistent across all methods. This is because the initial
solution for RY establishes a minimum optimization problem
surrounding an intermediate variable in Section III-A, resulting
in a relatively high initial calibration accuracy of RY . Further-
more, since the initial calibration result of RY is calculated
separately, its calculation process can ensure that the calcula-
tion results meet the relevant constraints of RY . Consequently,
using the results calculated by the proposed initial calibration
method as the initial value of the optimization variable about
RY , the postconvergence error reduction is insignificant. For
the translational components tX , tY , and tZ , the proposed
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Fig. 3. Average accuracy of four methods under low-level noise with varying
sample sizes.

Fig. 4. Average accuracy of four methods under middle-level noise with
varying sample sizes.

accurate method produces better calibration results than the
other methods. Furthermore, it appears that the translational
calibration accuracy of the proposed accurate method is more
prominent with increasing noise levels. Additionally, in certain
cases, such as forRX , the rotational errors of the proposed initial
calibration method are smaller than those for Wu’s and Wang’s
methods. Finally, increasing the sample size leads to a reduction
in the errors of both rotational and translational components,
thereby mitigating the impact of noise.

The errors in Wu’s method are larger than those in the
accurate calibration method proposed in this study and Wang’s
method. This is because Wu’s method directly estimates
errors of the rotations using a first-order approximation, which
introduces a truncation error. Additionally, Wu’s method
requires the least square method to solve the translations after
solving the unknown rotation matrices. The separate solving

Fig. 5. Average accuracy of four methods under high-level noise with varying
sample sizes.

of rotations and translations can lead to error propagation. In
contrast, the optimization model proposed in this study fully
constrains all unknowns and solves both the translations and
rotations simultaneously, avoiding error propagation. In most
cases, Wang’s method produces larger errors than the accurate
calibration method proposed in this study. Wang’s method builds
residual error items using (29) and (30), and adds penalty terms
to ensure orthogonality of the rotations. Because the terms in the
objective function have different weight coefficients, Wang’s
model is not a quadratic form and needs to be solved using the
SVRG method, an adaptation of the gradient descent method
that introduces additional hyperparameters based on experience.
With inappropriate parameters, Wang’s method may produce
a suboptimal result. In contrast, our method’s quadratic form
ensures convergence of the optimal result, and the Jacobian
matrix of the objective function is explicitly derived by Lie
derivative. The optimal result can be easily determined using
Gauss–Newton iterative methods without additional parameters.

4) Experiment on Different Number of Iterations: To com-
pare errors with different numbers of iterations, the proposed
accurate calibration methods are compared with Wu’s and
Wang’s methods. For each method, varying numbers of itera-
tions ranging from 0 to 200 were used, and 200 sets of simula-
tion data with medium noise levels were calculated using each
respective method. In the experiment, the proposed accurate
calibration method, Wang’s method, and Wu’s method all use
the same initial values calculated using the proposed initial
calibration method in Section III. Each method’s experiment
was repeated 10 times, and their average errors were calculated.

The experiment results, shown in Fig. 6, demonstrate that the
errors of both rotations and translations in the proposed accurate
calibration method after convergence are smaller than those in
Wu’s and Wang’s methods. The convergent iteration number
of our method is comparable with Wu’s and Wang’s methods.
However, the errors of Wu’s method show obvious fluctuation
after convergence due to the truncation error introduced by

Authorized licensed use limited to: Shaanxi Normal University. Downloaded on August 06,2024 at 10:57:59 UTC from IEEE Xplore.  Restrictions apply. 



970 IEEE TRANSACTIONS ON ROBOTICS, VOL. 40, 2024

Fig. 6. Average accuracy for the proposed accurate calibration method,
Wang’s method, and Wu’s method under different numbers of iterations.

TABLE V
CALCULATION ERRORS OF DIFFERENT METHODS WITHOUT INITIAL VALUES

AND INITIAL CALIBRATION VALUES

the first-order approximation in the optimization process. In
contrast, the smoothness of the Lie algebra and the convergence
of the quadratic form ensure that the proposed method’s errors
remain stable during iteration.

5) Experiment on Initial Value Fluctuations: In order to
evaluate the influence of different initial value fluctuations on
the calculated results of the proposed optimization method, two
types of initial values were used in the experiment. One type
uses the identity matrix directly as the initial value, and the other
type adds perturbation to the initial value calculated through the
proposed initial calibration method. The experiment also used
Wu’s method and Wang’s method as comparisons at the same
time.

In the experiment using the identity matrix as the initial value,
the experiment used 200 groups of samples with medium-level
noise and set the number of iterations to 100. The identity matrix
and the initial calibration result calculated by Section III are used
as initial values of iterative calculation, respectively. The calibra-
tion errors are shown in Table V. The initial values for group A in
the table are the identity matrix, while the initial values for group
B are the initial calibration results. Groups C and D of Wang’s
method are calibration errors obtained after slightly adjusting
the weight values of the residual error terms corresponding to
the rotation part and translation part, respectively. Experimental
results show that the proposed optimization model can converge

TABLE VI
OPTIMIZATION RESULTS OF DIFFERENT WEIGHTING COEFFICIENTS

Fig. 7. Average error for the proposed accurate calibration method, Wang’s
method, and Wu’s method under different initial values.

stably, Wu’s method [34] is relatively sensitive to initial values,
and Wang’s method [37] can also converge as long as the
weight coefficients of residual error settings are reasonable.
However, once the weight coefficients of residual error items
are set improperly, the calibration accuracy of Wang’s method
will decrease.

Additionally, different perturbations were introduced into the
initial values in the experiment. The initial perturbed values were
calculated by left-multiplying as follows:

T ′
0 = exp (δξ · a)T 0 (59)

where T 0 is the initial value without perturbation, δξ represents
the perturbation expressed as an element of se(3) using a twist
representation, and a represents the amplification coefficient.
The initial values T 0 for the three methods compared in the
experiment all use the same initial values obtained by the pro-
posed initial calibration method in Section III. The twist δξ
are generated using a uniform distribution U(−0.1, 0.1). The
amplification coefficient a increases from 0 to 1 in steps of
0.1. The experiment is repeated 10 times for each amplification
coefficient and calculate the average errors for different initial
values.
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The result, shown in Fig. 7, demonstrates that the errors of
rotations and translations in the proposed accurate calibration
method and Wang’s method are not significantly affected by
fluctuations in initial values. In contrast, Wu’s method shows an
increase in rotational and translational errors with added pertur-
bations to the initial values due to truncation error introduced by
the first-order approximation used in the optimization process.
Wang’s method can obtain relatively stable iteration results by
reasonably setting the weight coefficients of each error term in
the objective function. The proposed convex optimization model
has good convergence in the vicinity of reasonable initial values,
so it also has better tolerance for the selection of initial values.

6) Experiment on Different Weighting Coefficient for the Pro-
posed Accurate Calibration: The experiment aimed to validate
the effectiveness and rationality of the weighting coefficient
calculation method introduced in Section II-B. The experiment
used 200 sets of groups of samples with medium-level noise,
with 100 iterations and varying weight coefficients wt

wR
rang-

ing from 1 to 2000. The unit of the translation variable in
the experiment is millimeters. The rotational and translational
variables are not weighted when the weight coefficient equals
1. Table VI indicates the discrepancy in optimization results of
different weighting coefficients. As the weight coefficient in-
creased, the magnitude of the translational variables decreased,
and vice versa. The results showed a nonmonotonic relationship
between weight coefficients and errors of variables RX , RZ ,
tX , and tZ . These errors were minimized when the weight
coefficient was between 800 to 1000, and the weight coefficients
corresponding to the minimum error can be found in the bold
values of Table VI. On the other hand, RY and tY errors rapidly
decreased at the beginning of weight coefficient increase up to
200, but reductions in errors became less significant beyond
this point. Using the method proposed in Section II-B, the
calculated weight coefficient was 929.53, which falls within
the appropriate range. These results indicate that the use of
weighting coefficients proposed in Section II-B is appropriate,
as it balances the contributions of optimization variables to the
objective function, ensuring that the errors of these variables
converge to the desired values.

B. Actual Calibration Experiments

In addition to simulated experiments, actual experimental
calibrations were performed on a dual-robot experiment plat-
form, as depicted in Fig. 8. The platform comprises two distinct
industrial robots. The first robot (ABB IRB 1600 10/1.45, 6
DOFs, pose repeatability 0.07 mm) is equipped with a Power-
Scan Pro 2.3M 3D scanner (accuracy of measurement ±0.015
mm, reference measuring distance of 500 mm). The second robot
(ABB IRB 6700 200/2.60, 6 DOFs, pose repeatability 0.10 mm)
is fitted with a F120 Jäger spindle (maximum rotation speed
24000 rpm, rated power 24 kW) and an end-effector with a
3-D calibration target. Thus, this experimental setup provides
a reliable means of evaluating the proposed calibration method.

In the experiment, a 3-D calibration target comprised of
four ceramic spheres was used to establish the tool coordinate
systems of the target robot, as illustrated in Fig. 9. The calibration

Fig. 8. Practical experiments are carried out with an ABB IRB 6700 200/2.60
robot equipped with a three-dimensional calibration target and an ABB IRB
1600 10/1.45 robot equipped with a PowerScan Pro-5M 3-D scanner.

Fig. 9. 3-D calibration target is composed of two ceramic spheres and a
ceramic sphere-bar, and the coordinate system is established by the centers of
ceramic sphere S1 and ceramic sphere-bar.

TABLE VII
CERTIFIED RESULTS OF THE STANDARD CERAMIC SPHERES AND CERAMIC

SPHERE-BAR USED IN EXPERIMENTS

target is composed of four ceramic spheres S1, S2, S3, and S4.
The spheres S2 and S3 form a sphere-bar, which has a fixed
distance between the centers of the two balls. The centers of
the S1 sphere and the sphere-bar are used to establish the target
coordinate system. The calibration target’s ceramic spheres are
certified by coordinate measuring machine, the results of which
are presented in Table VII.

A 3-D calibration target is mounted on ABB IRB 6700 robot.
The calibration target is scanned using a 3-D scanner to capture
a point cloud. During the experiment, the matrices A and C
can are read simultaneously from the robot controllers, and the
corresponding matrices B are obtained using the 3-D scanner’s
measuring data. The length units of translational components in
the calibration data A, B, and C are in millimeters. The tool
coordinate systems of the experiment platform are established
based on the actual assembly relationship to generate sample
data needed for the calibration experiment. The tool center point
(TCP) of the sensor robot is placed at the 3-D scanner’s reference
measuring point, and that of the target robot is positioned at the
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Fig. 10. Attitudes of both end-effector are adjusted so that the base board of
the 3-D calibration target faces the 3-D scanner in the experiment.

original point of the 3-D calibration target. The valid measuring
area for the calibration experiment is determined by the inter-
section of the reachable spaces of the two robots’ TCPs. The
calibration experiment uses 200 sets of qualified robot attitudes,
which are uniformly distributed over the valid measuring area.
To ensure measuring accuracy, the 3-D scanner is maintained at a
roughly reference measuring distance from the 3-D calibration
target, and the attitudes of both end-effectors are adjusted to
ensure that the 3-D scanner faces the 3-D calibration target, as
illustrated in Fig. 10.

In the absence of a nominal value in the actual calibration
experiment, the calibration errors Ei can be defined by trans-
formation chain (3)

Ei = AiX̂Bi

(
Ŷ CiẐ

)−1

(60)

where X̂ , Ŷ , and Ẑ represent optimization results. The error
represents a transformation deviation of different calibration
data based on the calibration results and can be separated into
rotational and translational components. By expanding the trans-
formation matrix, the error of the rotational and translational
components at the ith group of calibration data can be repre-
sented as follows:

eRi =
∥∥∥ln(RAi

RXRBi
(RY RCi

RZ)
−1
)∥∥∥ (61)

eti =∥∥∥∥−RARXRBR
−1
C R−1

Z R−1
Y tY −RARXRBR

−1
C R−1

Z tZ
−RARXRBR

−1
C tC +RARXtB +RAtX + tA

∥∥∥∥ .
(62)

During the experiment, 150 sets of sample data were used to
determine the unknown matrices, while the remaining 50 sets
were used to evaluate the calibration errors. For the purpose of
controlling the experimental variables, the proposed accurate
calibration method, Wang’s method, and Wu’s method all em-
ploy the initial calibration results obtained from the proposed
initial calibration method as the initial values. The weight co-
efficient wφ

wρ
for the proposed accurate calibration method in

the actual calibration process is fixed at 1000, based on the

Fig. 11. Mean and the standard deviations of the calibration errors are calcu-
lated, and T-test is used to compare the performance of the proposed accurate
calibration method with Wang’s method and Wu’s method. (a) Translational
error. (b) Rotational error.

TABLE VIII
CALIBRATION ACCURACY AND ITERATION COMPUTATION TIMES USING

DIFFERENT ITERATION INITIAL VALUES

experimental results of the weight coefficients obtained from
Section IV-A6. The mean and standard deviations of the cali-
bration errors are calculated, and a T-test is used to compare the
performance of the proposed the proposed accurate calibration
method with Wang’s and Wu’s methods. Figs. 10(a) and 11(b)
show the results of both the translational and rotational com-
ponents, respectively. The proposed method has significantly
better calibration accuracy than Wang’s and Wu’s methods for
the translational components, with a mean error that is obviously
smaller and p-value less than 0.005 in the paired-sampled T-test
with 99% confidence level. The rotational components have a
mean reprojection error that is close to Wang’s method and
slightly smaller than Wu’s method for the calibration results
of the proposed method. This is because the noise error in the
actual calibration experiment is close to the low noise level in
the simulation experiment, which makes the error of the rotation
components relatively small in numerical value. Moreover, both
the methods in Wang’s method and Wu’s method have fully
optimized the rotation part in the calibration problem of the
dual-robot system, which further makes the difference in the
error of the rotation part in the actual calibration results not
significant.

To further verify the impact of initial values on the proposed
accurate calibration method. the identity matrix and the cal-
culated results of the proposed initial calibration method are
used as the initial values for the proposed accurate calibration
method in the experiment. The calibration accuracy and iteration
computation times for the two types of initial values are shown
in Table VIII. The results indicate that when using the calculated
results of the proposed initial calibration method as the initial
values for iteration, the iteration computation times can be
effectively reduced. However, there is no significant difference
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Fig. 12. (a) Measurement system collects the point cloud of the measuring
object under five different views. (b) Point cloud of the calibration target under
five different views are transformed to the base frame of the target robot.

in the calculation accuracy of the two initial values, which is
consistent with the experimental results in Section IV-A5.

Upon completing the calibration, the point clouds collected
by the 3-D scanner at different robot attitudes can be merged into
a unified coordinate system. As a result, the dual-robot measure-
ment system can be considered a multiview 3-D measurement
system, and its accuracy reflects the calibration method’s perfor-
mance. VDI/VDE 2634-3 is a recognized guideline to evaluate
the accuracy of multiview 3-D measurement systems based on
area scanning for 3-D measurement systems. To evaluate the
measurement accuracy of the dual-robot system based on the
calibration results, data merge is performed using the ceramic
sphere S2 of the calibration target, and the proposed method,
Wang’s method, and Wu’s method are used for calibration. In
the experiment, five measuring regions are selected from the
valid measuring area of the dual-robot system with uniform
distribution. Then, for any one measuring region, the measuring
object is kept within the measuring range of the 3-D scanner
while changing the attitudes of both robots simultaneously to
collect the point cloud of the measuring object under five differ-
ent views, as shown in Fig. 12(a). The attitudes of both robots
used in the calibration should not be used during measurement.
The calibration target’s point cloud is transformed to the target
robot’s base frame in five different views, as illustrated in
Fig. 12(b). The least-square method is then used to obtain the
measured diameter dm of the ceramic sphere S2. The difference
between the measured diameter and certified diameter is defined
as the measurement error

ed = |dc − dm| . (63)

The experiment is repeated five times in different regions
within the valid measuring area of the experiment platform. The
errors in diameter are presented in Table IX. The mean error of
the proposed accurate calibration method is significantly lower
than both Wu’s and Wang’s methods, decreasing by 52.41% and
18.31%, respectively. These results are consistent with those of
the simulation experiments.

C. Actual Dual-Robot Collaborative Machining Experiment

Robotic machining is an important application scenario of
multirobot systems. Workpiece positioning is an important part
of robot machining, especially for complex surface parts lacking

TABLE IX
ERRORS OF THE DIAMETER AFTER CALIBRATION BASED ON WU’S METHOD,

WANG’S METHOD AND THE PROPOSED METHOD

Fig. 13. Four types of workpiece sample are selected to be machined, including
square plane sample, circular plane sample, curved aircraft skin sample, and
cavity sample.

positioning features. It is difficult to determine the posture data
of the workpiece through simple alignment methods. In a dual-
robot system, the measurement robot can scan the workpiece
to be machined through the sensors it carries. The position
of the workpiece coordinate system is determined by match-
ing the measured data with the model. Furthermore, through
the transformation relationship of the dual-robot system, the
position of the workpiece coordinate system is transformed
to the base coordinate system of the machining robot. In this
study, experiments were conducted on a platform for dual-robot
collaborative machining. Four types of aluminum alloy samples
were selected for machining, including a square skin sample
measuring 200 × 200 mm, a circular skin sample with a 200
mm radius, a curved skin sample measuring 350 × 300 mm,
and a cavity sample measuring 100 × 75 × 50 mm, as shown in
Fig. 13.

During the experiment, the workpiece is secured in the proper
working area, then a 3-D scanner mounted on a sensor robot
is utilized to scan and identify the workpiece’s location. Point
cloud matching and calibration results are used to obtain the
actual position of the workpiece in the base frame of the
target robot. Due to the numerous conversion steps involved
in workpiece positioning and actual machining, such as robot
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Fig. 14. (a) Point cloud data of the workpiece collected by the sensor robot.
(b) Machining trajectory of skin samples generated by the corresponding theo-
retical contour. (c) Point cloud matching is used to locate the workpiece to be
machined.

Fig. 15. Robot equipped with machining spindle is used to perform machining
task.

kinematic errors, sensor measurement errors, and tool center
point calibration errors, the experiment aims to verify the effec-
tiveness of the dual-robot calibration results. Therefore, in the
experiment, the measurement data of the sensor robot are mainly
used for preliminary positioning of the workpiece. According
to the results of Sections IV-A and IV-B, the translation error
of the dual-robot system calibration is numerically larger than
the rotation error. Before actual machining, robot simulation
software and simulated machining are used to make reasonable
adjustments to the workpiece position based on the preliminary
positioning data. The machining path generated from a model
is transformed to correspond to the position of the workpiece,
as shown in Fig. 14. As illustrated in Fig. 15, the machining
task is carried out using a robot equipped with a machining
spindle. The main purpose of machining for aircraft skin is to
remove boundary allowance, with the machining allowance for
skin samples set at 2.0 mm. For aircraft cavity samples, the
machining mainly removes allowance of the inner wall, with
the machining allowance set at 1.0 mm. All the samples are
machined at a spindle speed of 6000 r/min and a cutting speed
of 30 mm/min.

Since both the skin and cavity samples are machined based on
their surface profiles, profile tolerance is defined as the allowable
variation of a surface’s shape from its ideal or nominal form. It
is used to ensure that manufactured parts meet specific design

Fig. 16. Machined workpieces are measured again to evaluate material re-
moval.

TABLE X
PROFILE ERRORS OF ALL MACHINED SAMPLES

requirements for form, which are critical for proper function-
ality and assembly. Thus, the quality of the machining in the
experiment can be evaluated by profile error that refers to the
profile of the surface and how closely it matches the intended
design, as shown in Fig. 16. In order to quantitatively evaluate
the overall profile error, the mean profile error is calculated based
on all machined area point cloud data and the theoretical profile.
Results of mean profile errors are included in Table X, with all
samples having mean profile errors within ±0.3 mm, meeting
the machining requirements. The actual contour machining ac-
curacy in the processing experiment is higher than the system
calibration accuracy. This is because profile tolerance mainly
refers to the deviation between the machined contour shape and
the theoretical contour shape, rather than the positioning error.
At the same time, the sensor robot collected the point cloud data
of the workpiece and preliminarily positioned the workpiece
to be machined before the actual machining process, and then
corrected the position of the workpiece using robot simulation
software and simulated machining. In practical applications, to
further improve the operational accuracy of the dual-robot sys-
tem, it is recommended to compensate for the errors in various
links of the dual-robot system, such as robot joint parameters,
tool coordinate systems, etc. The experimental results show that
the calibration method proposed in this article can be used to
position the workpieces in the dual-robot machining system,
especially for complex surface parts. The dual-robot system
successfully machined all samples in the experiment, indicat-
ing that the dual-robot system has good application prospects.
Based on the dual-robot system, a highly flexible measurement
and machining system can be established for larger and more
complex workpieces, including fuselage sections, leading edge
skins, vertical tail skins, and so on.
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V. CONCLUSION

This article proposes a convex optimization model with
quadratic form, utilizing Lie algebra representation of SE(3).
The Jacobian matrix of the optimization model is explicitly
derived based on the Lie derivative of SE(3). The smoothness
properties of Lie group SE(3) allow for simultaneous deter-
mination of optimal calibration results through iterations. Due
to the closure of Lie group SE(3), the calibration results do
not require additional orthogonalization. To balance the impact
of rotational and translational optimization variables on the
calibration results, a weight coefficient is defined based on the
norm of the initial calibration results. Additionally, utilizing
the two-step vectorization technique, this article presents a
dual-robot initial calibration method to estimate optimal weight
coefficients and improve iteration efficiency. A series of sim-
ulations and actual experiments were carried out to validate
the performance of the proposed method. The experimental
results demonstrate the method’s superior accuracy and stability.
Compared to two existing methods, the mean measurement
error of certified ceramic spheres has been reduced from 0.9205
and 0.5363 to 0.4381 mm in actual calibration, respectively.
Additionally, dual-robot collaborative machining experiments
were conducted on aircraft skin and cavity samples to assess
the effectiveness of robotic machining following calibration.
All the samples are successfully machined by the dual-robot
system in the experiment, indicating that the dual-robot system
has good application prospects. The proposed method is a widely
applicable calibration approach for a dual-robot system and can
be extended to various real-life contexts of multirobot machining
for large-scale structures, such as milling, grinding, drilling, and
so on.

APPENDIX A
LIE ALGEBRA se(3) AND LIE GROUP SE(3)

The set of rigid body motions is a Lie group, the so-called
special Euclidean group, typically denoted as SE(3). The real
space SE(3) is a 6-D manifold. Thus, Lie group SE(3) can
be parameterized with a twist of dimensions 6 × 1 called Lie
algebra se(3)

ξ =
[
ρT φT

]T ∈ se (3) (64)

where the vectorsρ andφ of dimensions 3× 1 correspond to the
translational component and rotational component, respectively.
Moreover, the set of rotations in the 3-D space is also a Lie group,
the so-called special orthogonal groupSO(3). Lie algebra se(3)
also can be expressed as matrix form, and the operator “∧” for
se(3)is defined as follows:

ξ̂ =

[
φ̂ ρ
0T 0

]
∈ se (3) (65)

where φ̂ ∈ so(3) is the skew-symmetric matrix of φ ∈ so(3).
Exponential map operator exp(�) represents a mapping relation-
ship between Lie algebra and Lie group

T =

[
R t
0T 1

]
= exp

(
ξ̂
)
∈ SE (3) (66)

R = exp
(
φ̂
)
∈ SO (3) . (67)

The exponential map for SO(3) and so(3)

exp
(
φ̂
)

= exp (φâ)

= cosφI + (1− cosφ)aaT+sinφâ (68)

where φ and a for a rotation can be obtained as follows:

φ = arccos
tr (R)− 1

2
(69)

â =
1

sinφ

(
R−RT

)
. (70)

The exponential map for SE(3) and se(3)

exp
(
ξ̂
)
=

[
exp

(
φ̂
)

Jρ

0T 1

]
(71)

where J = sinφ
φ I + (1− sinφ

φ )aaT + 1−cosφ
φ â. The exponen-

tial map for SO(3) is also known as Rodrigues formulas.

APPENDIX B
ADJOINT TRANSFORMATION OF LIE GROUP SE(3) AND LIE

ALGEBRA se(3)

In Lie theory, adjoint transformation is a linear transforma-
tion, and can transform a tangent vector from the tangent space
around one element to the tangent space of another. For a rigid
transformation T ∈ SE(3), adjoint transformation is denoted
as Ad(�)and defined as follows:

Ad (T ) = Ad

([
R t
0T 1

])
=

[
R t̂R
0 R

]
(72)

where R is the corresponding rotational component of the rigid
transformation, t is the corresponding translational component
of the rigid transformation, and t̂ is the skew-symmetric matrix
of the translational component. For a twist ξ ∈ se(3), adjoint
transformation is denoted as ad(�) and defined as follows:

ad
(
ξ̂
)
= ξ� =

[
ρ
φ

]�
=

[
φ̂ ρ̂

0 φ̂

]
(73)

where operator “�” also represents adjoint transformation of a
twist, and φ̂ and ρ̂ are the corresponding skew-symmetric matrix
of the vectors ρ and φ, respectively.

In addition, the map from Ad(T ) to exp(ad(ξ∧)) is also
defined by exponential map

Ad
(
ξ̂
)
= exp

(
ad

(
ξ∧

))
=

[
exp

(
φ∧) (Jρ)∧ exp

(
φ∧)

0 exp
(
φ∧)

]
. (74)
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