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Contact Representation in Robotic Mechanical
Systems Employing Reduced Models

Ali Raoofian , Xu Dai , and József Kövecses

Abstract—Contact interactions play a major role in the dynamic
analysis of robotic arms, where they can be represented as uni-
lateral constraints. However, incorporating these contacts into the
system dynamic model is a challenging task, given the numerous
ways to account for them. This letter presents and compares two dif-
ferent approaches to contact modelling, highlighting how adopting
a different perspective can avoid constraint redundancies and inde-
terminate problems. To this end, a co-simulation setup is employed
as the primary framework to address the differences in the contact
modelling approaches and the corresponding formulations. In a co-
simulation setup, a system is divided into subsystems that exchange
information at pre-determined communication points through the
interface. Between the communication time points, the subsystems
are integrated independently while they require updated inter-
face variables from other subsystems. Hence, it is necessary to
approximate these variables. In a model-based approximation, a
reduced model of the subsystem emulates its dynamic behaviour
at the interface. This letter addresses challenges in developing a
representative reduced order model for a mechanical subsystem
with contacts and proposes solutions to incorporate changes in
contact states in the reduced model. It will be shown how basic
assumptions in the contact dynamic incorporation can influence
the simulation outcome. To demonstrate the proposed solution, a
robotic arm model and its operations are used as a case study.

Index Terms—Co-simulation, model order reduction, dynamic
simulation, non-smooth system, contact modelling, constraint
redundancy.

I. INTRODUCTION

ROBOTIC systems are becoming more and more physi-
cally/mechanically diverse. Simulation plays an increas-

ingly important role in the design, control, and interaction
of such systems. In a complex mechanical system it is not
always feasible to represent all elements of the system in a
monolithic formulation. Including additional capabilities to an
existing modelling, such as contact representation, comes with
redesigning and development costs. Co-simulation can provide
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an alternative solution in such cases, where the different ele-
ments can be modelled separately and coupled/interfaced in a
co-simulation setup.

In a co-simulation setup, subsystems exchange data at discrete
time points termed communication points. The time interval
between them is the macro time step. Simulation of each subsys-
tem is then carried out independently using different integration
methods and step sizes, also known as micro time steps. As
subsystems are interfaced with each other, the interface variables
should be determined during the macro time-step integration.
Some methods compute these variables through iteration [1]. In
real-time applications, restarting the subsystem time stepping
from a previous state is not possible. Hence, in such appli-
cations, non-iterative co-simulation schemes are used where,
the subsystems exchange required data at each communication
point and continue with their time stepping independently until
end of the macro time step. Thus, the interface variables need
to be approximated during the macro time step. There are
two main approaches for the prediction of interface variables,
namely, signal-based and model-based methods. Signal-based
approaches rely on extrapolation from past history of the inter-
face variables without accounting for the physical nature of the
subsystem. Such methods range from zero-order hold method
to higher degree polynomials [2] and smoothing techniques [4].

Benefits of the signal-based techniques are limited in real-time
simulations [5] as the macro step size controls the stability.
Model-based coupling methods can have significant advan-
tages over signal-based techniques in functionality, simulation
stability and accuracy of the results [6]. In such methods, a
reduced order model of the subsystem will be developed that
turns the complex multibody system model into a simpler low-
dimensional model. This reduced model gives an accurate repre-
sentation of the dynamics that is necessary for the interfacing in
the macro time step. Such a model is known as reduced interface
model (RIM). The concept of RIM was first introduced in [7]
for systems with smooth dynamic behaviour. Then, the concept
was extended to non-smooth mechanical systems with unilateral
interactions [5].

The introduction of a RIM in the co-simulation leads to
the scheme shown in Fig. 1. Here, we describe the model-
based co-simulation for two mechanical subsystems of a robotic
arm. However, this can be generalized to multiple subsystems.
Consider a mechanical system partitioned into two subsystems
that interact with each other through the interface in between.
Here, we consider a multirate setup where the two subsystems
use different integration time step sizes h1 and h2. As shown
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Fig. 1. Model-based co-simulation of mechanical systems using reduced
interface models (RIMs).

in the figure, at each communication point, the RIM of each
mechanical subsystem is generated and sent to the co-simulation
manager. Then, each subsystem is time stepped with a specified
micro time step together with the RIM of the other subsystem.
The time stepping continues until the end of the macro time
step H . Then, the full model of each subsystem is captured. The
interface definition together with the corresponding velocities
and forces are shown in Fig. 1(b).

Constructing a RIM for non-smooth systems is a complex
task and some challenges need to be addressed. The state of
the unilateral interactions in such systems can change to “open”
or “closed” due to the attachment/detachment of the contact
points. Consequently, these contact state changes should also
be taken into account in the model-reduction phase. One way
to develop the reduced model is to assume that the most recent
state of the contacts captured at the communication point will
remain unchanged during the macro time step. This is the
main idea behind the RIM development in [5], [8]. Such an
assumption can give promising results extending from simple
planar models [5] to large-scale systems like, robotics-astronaut
training simulators [3], [8]. This reduced model is known as
smooth-RIM because it treats the closed contact points as bilat-
eral constraints during the macro step and the resulting reduced
model is basically a smooth system.

Such smooth RIMs can have good performance in many cases
but, they may not be representative enough in certain situations
as was shown in [6]. In this letter, the smooth and the non-smooth
RIMs are described and applied to a large-scale robot arm that
undergoes a contact task. It will be shown that the non-smooth-
RIM would allow for including the contact state transition inside
the macro time step by keeping the important complementarity
conditions of the contacts in the RIM formulations.

II. NON-SMOOTH MECHANICAL SYSTEM DYNAMICS

Consider a mechanical subsystem interfaced with other sub-
systems and subjected to bilateral constraints and unilateral
interactions (e.g. subsystem 2 in Fig. 1). The configuration

and the velocity of a mechanical system can be parameterized
with a set of nq generalized coordinates q and n generalized
velocitiesvwhich are related by transformation q̇ = Nv, where
N(q) is the nq × n transformation matrix; in general nq ≥ n.
In this system, the general constraints at the velocity level can
be formulated by a set of mc constraint velocity components
wc = [w1 w2 . . . wmc ]

T as

wc = Acv (1)

where Ac(q) is the mc × n constraint Jacobian matrix. If the
constraints are holonomic then they may also be represented
at the configuration level as Φ(q, t) = 0 or Φ(q, t) ≥ 0 such
that Φ̇ = Acv + ∂Φ/∂t where wc = −∂Φ/∂t. Likewise, the
mi × 1 interface velocity of a mechanical subsystem wi can be
mapped from the generalized velocity array v as:

wi = Aiv (2)

where Ai is a mi × n Jacobian matrix corresponding to the
interface velocity that characterizes the dynamics of the me-
chanical subsystem at the interface. The dynamic equations of
this subsystem can be written as

Mv̇ + c = fo +AT
c λc +AT

i λi (3)

whereM(q) is then× nmass matrix, c(q,v) is then× 1 array
of Coriolis and centrifugal terms, fo is the n× 1 array of gener-
alized applied forces. λc and λi are the mc × 1 and mi × 1 array
of constraint interaction forces and interface forces, respectively.
Note that λ is a generalized force since it can contain either force
or moment elements depending on the constrained or interface
velocity in the corresponding w.

A. Unilateral Constraints and Complementarity Problem

By including the constraint acceleration ẇc, the dynamic and
kinematic equations together can be written as[

M −AT
c

Ac 0

][
v̇

λc

]
=

[
fo − c+AT

i λi

ẇc − Ȧcv

]
(4)

For now, it is assumed that λi is a known value. In practice,
(4) should be solved together with the dynamic equations of
the other subsystem for the interface and λi would be de-
termined that way. In a general case, the constraints of the
system can be grouped into bilateral and unilateral ones, i.e.,
wc = [wT

b wT
u ]

T. Unilateral constraints can be used, for exam-
ple, to model contact interactions in a system model. When there
are closed contacts in the system model, complementarity con-
ditions [9] are introduced and the representation of the unilateral
constraints can be formulated as [10]

0 ≤ ẇu ⊥ λu ≥ 0 (5)

where λu is the normal contact force, ẇu is the contact ac-
celeration and ⊥ represents the component-wise complemen-
tarity between the elements of acceleration and force, i.e.,
λujẇuj = 0, ∀j. The constraint formulation in (5) makes sure
that the contact force is zero when a contact opens, and allows
only for a positive force value in case of a closed contact.

In a more general form, the dynamic equations with the
constraints form a mixed linear complementarity problem
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(MLCP) [11]⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⎡
⎢⎣M −AT

b −AT
u

Ab 0 0

Au 0 0

⎤
⎥⎦
⎡
⎢⎣ v̇

λb

λu

⎤
⎥⎦+

⎡
⎢⎣c− fo −AT

i λi

Ȧbv

Ȧuv

⎤
⎥⎦ =

⎡
⎢⎣ 0

ẇb

ẇu

⎤
⎥⎦

0 ≤ ẇu ⊥ λu ≥ 0
(6)

In order to solve this problem, first the contact forces should be
determined. To this end, one can calculate v̇ and λb from the first
two rows and substitute them into the third row. This will turn the
problem into a standard linear complementarity problem (LCP)
as {

Lλu + b = ẇu

0 ≤ ẇu ⊥ λu ≥ 0
(7)

where L is the lead matrix and b is the array of remaining terms:

L =
[
Au 0

] [M −AT
b

Ab 0

]−1 [
AT

u

0

]

b =
[
Au 0

] [M −AT
b

Ab 0

]−1 [
c− fo −AT

i λi

−Ȧbv

]
+ Ȧuv

The LCP in (7) can be solved in different ways, for example
using direct pivoting methods or iterative techniques. Once the
values of λuj and ẇuj are found, the unilateral interactions can be
categorized into active and tight sets. The active set is referred to
the closed contact pairs. The associated active contact forces in
λa have non-negative values, i.e., λaj ∈ [0,+∞) and according
to the complementarity condition, ẇa = 0. For the tight set, the
corresponding contact forces and accelerations are represented
by λt = 0 and ẇtj ∈ [0,+∞), respectively. The categorization
after solving the LCP can be shown as

λu =

[
λa

λt

]
, ẇu =

[
ẇa

ẇt

]
=

[
Aav̇ + Ȧav

Atv̇ + Ȧtv

]
(8)

Once the state of the contacts is known, we can return to (6) and
solve the dynamic equations to time step the system to the next
time point.

III. REDUCED ORDER MODEL FORMULATIONS

In order to develop a reduced model of any mechanical
subsystem as a part of a larger system, first, we need to take a
second look at the unilateral interactions within that subsystem.
The reduced model is always developed based on information
at the communication points. Thus, the most recent state of the
contacts are known. We can regroup the constraint velocities of
the subsystem and their corresponding Jacobians as below

wc =

[
wb

wu

]
=

⎡
⎢⎢⎢⎣
wb

wa

wt

wp

⎤
⎥⎥⎥⎦ =

⎡
⎢⎣wα

wt

wp

⎤
⎥⎦ =

⎡
⎢⎣Aα

At

Ap

⎤
⎥⎦v (9)

We group the constraints into three subgroups. The active, tight
and potential constraints. A group of contacts that are active
and will remain active until the next communication point, such
as bilateral constraints, are shown with subscript ‘a’ and their

constraint velocity is wa. Similarly, wt can be defined for the
tight contacts. However, a new group of potential contacts are de-
fined here that are prone to change state, e.g., active contacts that
might open during the macro step. Their corresponding velocity
and Jacobian are shown with wp and Ap, respectively. Finally,
we gather the bilateral and active unilateral constraints together
as the new set of active constraints, i.e., wα = [wT

b wT
a ]

T, and
show them with subscript ’α’. The potential contacts are kept
in complementarity form. With such a re-grouping, the dynamic
formulation (3) can be rewritten as{

Mv̇ + c = fo +AT
i λi +AT

αλα +AT
t λt +AT

p λp

0 ≤ ẇp ⊥ λp ≥ 0
(10)

A. Decoupling Dynamic Equations in a Sub-Space of Interest

From the geometric point of view, the configuration of a
mechanical system can be viewed as a configuration space
and the related Euclidean tangent space V . The velocity of a
mechanical system can be represented as a vector in this tangent
space, v ∈ V [12]. It is always possible to select a sub-space
S ⊆ V with parameterization of generalized velocity wS ∈ S
[12]. The subspace that complements the space S is also shown
with A, where S ∪ A ≡ V and wA ∈ A. The transformation
between the parameterization of these spaces can be shown as[

AS
AA

]
v =

[
wS
wA

]
= w (11)

The above transformation is always valid for any sub-space S
as long as the elements of the arrays are independent, i.e., w
forms an alternative, full parameterization for the tangent space
V . If Mv and Mw represent the mass matrices associated with
parametrizations v and w, it can be shown that [12]

M−1
w =

[
ASM−1

v AT
S ASM−1

v AT
A

AAM−1
v AT

S AAM−1
v AT

A

]
(12)

It can also be shown that for a specified sub-space S , the
complementary sub-space and its Jacobian AA are not unique
and it is always possible to select A in such a way that the
off-diagonal terms in M−1

w vanish:

ASM−1
v AT

A = 0, AAM−1
v AT

S = 0 (13)

In this case, the two sub-spaces are orthogonal to each other
(mass orthogonality), i.e. 〈wAm

,wSn
〉 = δmn, which enables

us to decouple the system equation of motion. For a sub-space S
and its orthogonal complement space A, the dynamic equations
can be transformed into [12][(

ASM−1
v AT

S
)−1

0

0
(
AAM−1

v AT
A
)−1

][
ẇS
ẇA

]

+

[
zS
zA

]
=

[
τ S
τA

]
+

[
λS
0

]
(14)

where

zS =
(
ASM−1

v AT
S
)−1

ASM−1
v c− (

ASM−1
v AT

S
)−1

ȦSv

zA =
(
AAM−1

v AT
A
)−1

AAM−1
v c− (

AAM−1
v AT

A
)−1

ȦAv
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are the decoupled Coriolis and centrifugal terms, and the gener-
alized force terms can be given by

τ S =
(
ASM−1

v AT
S
)−1

ASM−1
v f

τA =
(
AAM−1

v AT
A
)−1

AAM−1
v f

where f is the generalized force array of all other forces. Using
such model order reduction is not limited to dynamic systems
and it can also be used in other areas such as elastostatic or modal
analysis as well [13].

B. Smooth and Non-Smooth Reduced Interface Models

In a co-simulation setup, we are interested in the sub-space of
the motion associated with the interface of the subsystem since
it only interacts with the rest of the system through its interface.
Hence, if we select S to be the interface subspace i, according
to (10) and the first row in (14), the dynamics associated with
the interface subspace is explicitly factored out as(
AiM

−1AT
i

)−1
ẇi +

(
AiM

−1AT
i

)−1
(
AiM

−1c− Ȧiv
)

︸ ︷︷ ︸
zi

=
(
AiM

−1AT
i

)−1 [
AiM

−1(fo+AT
αλα+AT

t λt+AT
p λp)

]︸ ︷︷ ︸
τ i

+λi

(15)

Note that λt is a known value according to the definition of tight
constraints. However, λα and λp are yet unknown and need to be
determined. Now, if we select S to be the subspace associated
with the active constraints α, according to (14), the dynamics
associated with the constrained motion will be factored out and
λα will be calculated as

λα =
(
AαM

−1AT
α

)−1 [
ẇα −AαM

−1
(
fo − c+AT

t λt

+AT
αλα +AT

p λp
)− Ȧαv

]
(16)

where ẇα is known and often zero. Here, we also assume that
ẇα = 0. Substituting λα from (16) into (15) will give

Meffẇi = λi + feff +MeffHipλp (17)

where

Meff =
[
Ai(I−Pα)M

−1AT
i

]−1
(18)

is the interface effective mass, and the effective force term can
be given by

feff = Meff
[
Ai(I−Pα)M

−1
(
fo − c+AT

t λt
)

+ (Ȧi −AiM
−1AT

α(AαM
−1AT

α)
−1Ȧα)v

]
Moreover, Hip = Ai(I−Pα)M

−1AT
p is a generalized inverse

mass matrix and, Pα = M−1AT
α(AαM

−1AT
α)

−1Aα is projec-
tor matrix.

If no potential contacts are considered at the first place, i.e.
λp = 0, then (17) describes the dynamics of smooth-RIM that
represents a reduced order model subjected only to bilateral
constraints (assuming that state of the contacts will not change).
This is also the formulation used in [5]. However, we can extend
this further to include the complementarity of the potential
contacts in the formulation as well. To this end, we employ (14)

once more and expand the subspace S using potential constraint
velocity wp which results in{

ẇp = Hpiλi +Hppλp + bp

0 ≤ ẇp ⊥ λp ≥ 0
(19)

where

Hpi = Ap(I−Pα)M
−1AT

i , Hpp = Ap(I−Pα)M
−1AT

p

are the generalized inverse mass matrices and

bp = Ap(I−Pα)M
−1

(
fo − c+AT

t λt
)

+
(
Ȧp −ApM

−1AT
α(AαM

−1AT
α)

−1Ȧα

)
v

is the remaining nonlinear generalized acceleration terms. Equa-
tions (17) and (19) together form the non-smooth-RIM formula-
tion that would allow for contact state transition also inside the
macro time step:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
[
Meff −1 −MeffHip

0 Hpi Hpp

]⎡⎢⎣ẇi

λi

λp

⎤
⎥⎦+

[
−feff

bp

]
=

[
0

ẇp

]

0 ≤ ẇp ⊥ λp ≥ 0
(20)

The non-smooth-RIM formulation above will be transferred to
the co-simulation manager and will be solved with their dynamic
equations as a coupled equation during the macro time step.

IV. NUMERICAL SOLUTION

The non-smooth system dynamics can also be formulated at
the impulse–momentum level. To this end, the dynamic equa-
tions are discretized in time and the velocity at the next time
stepw+ = w(tk + h) can be approximated by first-order Taylor
series expansion at tk as

w+ = w +
dw
dt

h+O(h2) (21)

where w is the known velocity at time tk and h is the time step.
By neglecting higher-order terms, such a time discretization is
equivalent to first-order semi-implicit Euler integrator. Thus, the
non-smooth-RIM formulation in (20) can be written as⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

[
Meff −1 −MeffHip

0 Hpi Hpp

]⎡
⎢⎣
w+

i

hλ+
i

hλ+
p

⎤
⎥⎦+

[
−Meffwi − hfeff

wp + hbp

]
=

[
0

w+
p

]

0 ≤ w+
p ⊥ λ+

p ≥ 0
(22)

A. Constraint Regularization

Constraint redundancy occurs when two or more constraints
become dependent on each other, i.e., limit the same constrained
motion degrees of freedom. This is a common challenge in
models with multiple contact interactions. A redundant system
is an indeterminate problem where the rows of the constraint
Jacobian are not independent and the matrix does not have a full
row rank. As a result the individual constraint reactions cannot
be determined uniquely considering the rigid body assumption
alone. In such cases, constraint regularization (relaxation) can be
used where additional information about the structural properties
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of the system is added to the model in the form of compliance
at the contact points. This “relaxes” the constraints in the model
and the constraint forces can then be expressed with discretized
constitutive relations such as

λ+
c = −KΦ+

c −Dw+
c (23)

where K and D are mc ×mc diagonal stiffness and damping
matrices. Then, Φ+

c and w+
c can be approximated using finite

differences to form a new representation for the constraint
equations as

w+
c = Acv

+ + hȦcv +Ωc(hλ+
c ) + Γc(h

−1Φc) (24)

where Ωc = (Kh2 +Dh)−1 and Γc = (1+D(Kh)−1)−1 are
constant, positive-definite matrices containing the regularization
terms. Subsequently, the regularized version of the terms in (17)
and (22) can be written as

feff = Meff
[
Ai(I−Pα)M

−1
(
fo − c+AT

t λt
)− h−1Πi

+ (Ȧi −AiM
−1AT

α(AαM
−1AT

α +Ωα)
−1Ȧα)v

]
bp = Ap(I−Pα)M

−1
(
fo − c+AT

t λt
)− h−1Πp

+ (Ȧp −ApM
−1AT

α(AαM
−1AT

α +Ωα)
−1Ȧα)v

Hpp = Ap(I−Pα)M
−1AT

p +Ωp

Πi = AiM
−1AT

α

(
AαM

−1AT
α +Ωα

)−1
Γαh

−1Φα

Πp = ApM
−1AT

α

(
AαM

−1AT
α +Ωα

)−1
Γαh

−1Φα

+ Γph
−1Φp

Pα = M−1AT
α(AαM

−1AT
α +Ωα)

−1Aα (25)

V. CASE STUDY

In this section, a co-simulation example is presented and
analyzed for a robotic contact task. The multibody system being
considered is a rigid 7-DoF robotic arm performing contact tasks
and it is shown in Fig. 2. Here, the multibody system is divided
into two subsystems; S1: the end-effector (EE), the payload and
the environment and, S2: the remainder of the articulated arm. It
is worth to note that all unilateral interactions occur in subsystem
S1. All the links of the robot are modelled as uniform beams.
The dimension and mass of each body of the robot are provided
in Table I.

By such division, the motion of the EE in subsystem S1 can be
described using 6 velocities and 7 coordinates (3 translational
and 4 rotational coordinates), while the dynamics associated
with the articulated arm S2 are expressed with minimal coor-
dinates, i.e., the 7 joint coordinates and their rates. Subsystems
S1 and S2 are connected at the cross section between the end-
effector and the articulated arm as shown in Fig. 3. Therefore,
the interface has 6 degrees of freedom and the reduced interface
model of each subsystem will have 6 degrees of freedom. This
will result in 6× 6 and 6× 1 effective mass and force matrices.

The time stepping frequency of the co-simulation is set for
interactive rates, i.e., 60 Hz (resulting in 1/60 s macro time step)
while each subsystem will be solved with the reduced model of
the other subsystem with the frequency of 600 Hz. To assess the
obtained results, a monolithic solution of the entire system is

Fig. 2. 7-DoF robotic manipulator used as the case study.

TABLE I
MECHANICAL PARAMETERS OF THE CASE STUDY SYSTEM

Fig. 3. Two subsystems of the co-simulation case study.
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Fig. 4. Manoeuvre of the robot obtained by monolithic solution and also, the
non-smooth RIM co-simulation.

also carried out with the integration frequency of 60 Hz for each
task as the reference solution. The co-simulation implementation
was done using MATLAB R2022b software.

A. Robot Capturing Task

In order to show the differences between the smooth and non-
smooth RIMs, a manoeuvre has been designed for the robotic
arm which consists in four stages in a total simulation time of
12 seconds (see Fig. 4). First, the robot starts from a resting
position and moves toward a boxed shape payload resting on
the ground in 4 seconds. Once the EE reaches the payload and
as the second stage of the motion, a gripper attached to the EE
is used to fully capture the payload fixture in half a second.
The capturing will remove all 6 degrees of freedom of relative
motion between the EE and the payload. At the third stage of
the manoeuvre, the payload is lifted and rotated simultaneously
so that one edge of the box remains in contact with the ground
while it is rotated 45 degrees. The simulation time for this stage
is 3.5 seconds. During the third stage of the movement, two
points of the payload are in contact with the ground. As the final
stage, the robot slides the payload toward itself for 4 seconds
while the box edge and its corresponding two points remain in
contact with the ground. This stage is also shown in Fig. 3.

The torques required to actuate the joints for such a manoeuvre
are generated through an inverse dynamic analysis of the model
using the monolithic formulation. Once the time history of the
torques are captured, it will be used as the input for all the
simulations presented in following sections.

As shown in Fig. 4, the described manoeuvre is designed in
such way that the payload will get in contact with the ground
continuously at two points. Treating these contacts as active or
potential, will cause different outcomes which will be discussed
in the next section.

VI. RESULTS AND DISCUSSION

A. Smooth RIM vs Non-Smooth RIM

In the first part of the designed trajectory where the EE moves
toward the payload resting on the ground, both smooth and
non-smooth RIMs will give the same results as the reference
solution. The difference starts to show when the EE captures the
payload. We recall that, the first subsystem S1 includes the EE,
payload and the environment (ground). The EE and the payload
(box) are considered as rigid bodies and hence, each has 6 DoF
resulting in a possible total of 12 DoF for subsystem S1 without
considering any constraints. When the payload capture occurs,
the 6 DoF relative motion between the EE and the payload will
be constrained, which leaves only 6 DoF for the subsystem S1.
However, in the third stage of the manoeuvre (see Fig. 4) where
the robot tries to lift and rotate the payload, two vertices of the
box are constantly touching the ground. Using the non-smooth
RIM, these two points are treated as potential contact points
and their effect on the robot motion is taken into account by
determining λp through solving the Mixed-LCP in (20). Thus,
the set of active constraints includes the 6 bilateral constraints
between EE and the payload resulting in a 6× 6 positive-definite
effective mass Meff which is fully representative of the 6 DoF
interface.

On the other side, using the smooth RIM approach, no poten-
tial contacts are considered. Therefore, at the same posture at
stage four, the two contact points are considered as bilateral
constraints (during the macro time step) and are grouped as
active constraints. This will give 8 active constraints (6 for
the capturing and 2 contact points) that are redundant and
the projector I−Pα in (18) becomes a 12× 12 matrix which
only contains 4 independent rows. The projection in this case
produces an ill-conditioned 6× 6 effective mass matrix with
rank 4, which cannot be representative of a 6 DoF interface.
This is why such a modelling using smooth-RIM is invalid. It
should be noted that the smooth RIM formulation is not really
usable from the moment the box is captured by the EE (t 
 4s).
However, due to MATLAB’s built-in features, the simulation
continues with warnings. The motion of the system using the
smooth RIM co-simulation is shown in Fig. 5. It can be seen
that, the obtained motion from the simulation is different from
the expected reference motion. The difference stems from the
moment that the robot is trying to rotate and lift the box off
the ground but due to the constraint redundancy and rank de-
ficiency of the effective mass matrix, the simulation continues
inaccurately and the box suddenly jumps off the ground.

To compare the methods quantitatively, the position and
velocity of one the vertices of the payload marked as U
(see Fig. 3) are captured during the simulation. Figs. 6 and 7
show the three components of position and velocity of U, re-
spectively, obtained through each method. Both figures indicate
that there is a visual correlation between the results obtained
through non-smooth RIM and the reference solution. However,
to measure the correlation better, the absolute error of each
position and velocity component with respect to the reference is
computed and depicted in Fig. 8. The maximum error values for
position and velocity are 2.42 cm and 0.62m/s for non-smooth
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Fig. 5. Manoeuvre of the robot obtained by smooth-RIM co-simulation using
the same inputs as the monolithic solution.

Fig. 6. Position components of point U on the payload obtained using mono-
lithic solution (black), smooth RIM (blue) and, non-smooth RIM (red).

Fig. 7. Velocity components of point U on the payload obtained using mono-
lithic solution (black), smooth RIM (blue) and, non-smooth RIM (red).

RIM while these values are significantly higher for the smooth
RIM. It is worth mentioning that the error in the results obtained
by the non-smooth RIM is due to a slight delay between the
results. Since there are no feedback controllers, the contact
attachment/detachments in the simulations are not occurring at
the exact same time. Otherwise, the errors would have been even
lower. Moreover, in the first 4 seconds of the simulation the box
is resting on the ground and the position and the velocity of point
U are constant in all methods. However, the difference between

Fig. 8. Absolute errors of position and velocity components of point U
obtained using smooth RIM and non-smooth RIM, compared to the reference
solution.

the results starts to show from t = 4.5 s where the third stage of
the motion begins.

B. Constraint Regularization

It was seen that the smooth RIM can produce ill-conditioned
effective mass matrix due to constraint redundancy. As was men-
tioned in Section IV-A, one way to tackle constraint redundancy
is through regularization. This is not always a preferable choice
as it changes the model by adding compliance to the interacting
parts. In reality, perfect rigid body interaction does not exist
and there is always a finite stiffness associated with each body.
However, determining the stiffness and damping coefficients is
not always straightforward.

To show this, here we regularized the unilateral interactions
in the smooth-RIM based co-simulation using different stiffness
and damping values. To compare the accuracy of the obtained
results, a root mean square (RMS) of the absolute errors in
position and velocity of point U is calculated. The RMS of an
error associated with any variable y can be expressed as

RMS(y − yref) =

√
1

N

∑N

k=1

(
y(tk)− yref(tk)

)2

(26)

where yref is the reference solution, and N is the number of
sampling data points.

The RMS of error in position and velocity magnitudes of point
U as well as their components are shown in Fig. 9 for different
values of regularization stiffness K. We also included damping
to the model and in all cases, D = K/(104 s−1). In theory,
increasing the contact stiffness should constantly decrease the
error to the point that an infinite contact stiffness should deliver
same results as the reference solution. But, numerically it is
impossible to set K to infinity. By looking at Meff formulation
and Pα in (18) and (25), it can be said that there is an optimum
value Kopt for regularization stiffness and increasing/decreasing
further from that point will give more inaccurate results. For
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Fig. 9. RMS of errors in position and velocity of point U with respect to the
reference solution for different values of contact stiffness K, obtained using
regularized smooth RIM co-simulation.

K < Kopt, the excessive compliance of the contact point will
cause the results to stray away from the reference solution. Also,
too large values of stiffness, K > Kopt, will force entities of
the regularization term Ωα to go to zero (Ωα → 0) which in
practice, removes the regularization term and delivers the same
singular effective mass matrix as prior to the regularization.

Taking these into account, and looking at Fig. 9, it can be seen
that increasing the contact stiffness up to K = 1015 N/m will
improve the RMS of errors. It is worth mentioning that although
K = 102 N/m shows a lower error in velocity, large penetrations
were observed between the box and the ground. The figure also
shows that further increasing the contact stiffness from K =
1015 N/m gives higher error values. During the simulations for
cases K = 1020 N/m and 1025 N/m, we were also encountered
with matrix singularity warnings from MATLAB which was
predictable. The same RMS of the errors for non-smooth RIM
co-simulation are also depicted in Fig. 9 with dashed lines. It can
be seen that the error values obtained from non-smooth RIM are
always lower than their counterparts that are obtained based on
the regularized smooth RIM.

VII. CONCLUSION

Two contact representation schemes were presented in this
letter using a model-based co-simulation framework. In both
approaches, a reduced model of the mechanical system is derived
to represent the dynamic behaviours of the full model at the
interface. The smooth RIM, assumes that the contact states

will remain unchanged during the macro time step while, the
non-smooth RIM, involves selecting potential contact points
and determining their status through the solution of an LCP
during the macro step. This accommodates contact detachments
between the communication points, which can be important in
certain situations. To illustrate this, we used the example of a
robotic arm with a contact task, and found that the smooth RIM
can be a bottleneck in this case, as it is not able to produces
meaningful results. Smooth RIM can lead to over-constrained
reduced models in certain cases and produce ill-conditioning.
One common approach to addressing over-constrained systems
is to regularize some of the constraints by introducing constitu-
tive relations. However, this can change the system model and
determining the proper stiffness and damping coefficients for
such interactions is not straightforward. As our results show,
using too low or high values can degrade the accuracy, and
finding the appropriate values requires either a careful evaluation
of the actual system or trial and error. In contrast, using the
non-smooth RIM as an alternative to the smooth RIM allows the
analyst to obtain meaningful results without altering the model
of the system.
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