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Geometry-Aware Safety-Critical Local Reactive
Controller for Robot Navigation in Unknown and
Cluttered Environments
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Abstract—This work proposes a safety-critical local reactive
controller that enables the robot to navigate in unknown and
cluttered environments. In particular, the trajectory tracking
task is formulated as a constrained polynomial optimization
problem. Then, safety constraints are imposed on the control
variables invoking the notion of polynomial positivity certificates
in conjunction with their Sum-of-Squares (SOS) approximation,
thereby confining the robot motion inside the locally extracted
convex free region. It is noteworthy that, in the process of devising
the proposed safety constraints, the geometry of the robot can
be approximated using any shape that can be characterized
with a set of polynomial functions. The optimization problem is
further convexified into a semidefinite program (SDP) leveraging
truncated multi-sequences (TMS) and moment relaxation, which
favorably facilitates the effective use of off-the-shelf conic pro-
gramming solvers, such that real-time performance is attainable.
Various robot navigation tasks are investigated to demonstrate
the effectiveness of the proposed approach in terms of safety and
tracking performance.

Index Terms—Motion Control, Collision Avoidance, Optimiza-
tion and Optimal Control

I. INTRODUCTION

S one of the core functionalities, safety in motion has

emerged as an indispensable and critical aspect of robotic
autonomy, driven by the increasing need for robots to interact
seamlessly with their surrounding environments. Safety is gen-
erally ensured by planning and executing a feasible trajectory
globally in the free space, assuming complete knowledge
of the environment [1], [2]. Unfortunately, there could be
situations where the environment is partially or fully unknown.
Under such circumstances, it is typically desirable to design
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Fig. 1. Overview of the proposed methodology. The proposed reactive
controller aims to minimize the tracking error while constraining the robot
with specific geometry inside the free region (shown in green) by solving a
constrained polynomial optimization problem with safety-related polynomial
no-negativity constraints.

a highly reactive local planner or controller to facilitate swift
and accurate responses to unforeseen environmental changes,
thereby adapting the global path in real time to ensure
collision-free maneuvers.

Serving as one of the underpinning basis, optimization-
based methods have garnered significant interest among re-
searchers for catering to such problems. Certainly, a natural
and straightforward choice is to incorporate safety constraints
by enforcing a distance margin between the robot and obsta-
cles [3]. As an evitably encountered challenge, the distance
calculation necessitates the knowledge of obstacle geometry,
and maintaining this distance for the robot with each sur-
rounding obstacle induces heavy burdens to the requisite com-
putational efficiency, particularly in cluttered environments.
An alternative strategy employs distance field representations,
such as Euclidean Signed Distance Field (ESDF) [4], [5], to
encode obstacle information, which can be further modeled as
soft constraints and integrated into the cost function [4], [6].
A novel local reactive controller has recently been proposed in
[7] that designs acceleration fields combining Goal Distance
Field (GDF) and Signed Distance Field (SDF) as Riemannian
Motion Policies (RMPs) [8], and safe goal reaching behaviors
in unknown environments are achieved for the quadruped by
solving a least square problem. However, the computation of
the local vector field representation can be a time-intensive
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task, which may hinder the real-time applicability of these
approaches.

On the other hand, approximating free space with convex
shapes [9], [10] and confining robot motion within the ex-
tracted convex area is far more computationally efficient in
obstacle-dense environments than distance-based methods. Yet
in most of the scenarios, determining whether one shape is
entirely contained within another is burdened by intricacy,
posing significant challenges for incorporating such condi-
tions into the optimization problem formulation. Consequently,
polynomial trajectories of point-robot models are typically
employed to simplify the situation [9]. Recent advances in
polynomial positivity certificates [11] and Sums-of-Squares
(SOS) programming have shown great potential in reasoning
about the containment relationship between two general shapes
[12]. In [13], polynomial positivity certificates are utilized to
ensure that the entire polynomial trajectory remains within
the free regions. However, these methods are limited to the
application on two stationary objects and cannot be directly
applied to ensure robot motion safety involved with control.
In this sense, Control Barrier Function (CBF)-based methods
are brought to attention in designing safety-critical controllers
[14]. Nonetheless, CBF must be continuously differentiable
with respect to state variables, potentially leading to over-
approximation of collision geometry for explicit distance ex-
pressions and conservative behaviors [15]. In [16], [17], CBF-
based safety constraints are derived based on the dual form of
obstacle avoidance between two polytopes and incorporated in
the Model Predictive Control (MPC) framework. Although this
approach demonstrates effective maneuvers in environments
with numerous polytopic obstacles, the inequality scaling aris-
ing from the derivation of a valid CBF function for polytopic
geometry restricts the feasible set of control variables.

To address the aforementioned limitations, this work
presents a local reactive controller for robots to safely navigate
in unknown and cluttered environments, and the overview of
the proposed methodology is demonstrated in Fig. 1. We first
propose a constrained polynomial optimization problem to
obtain the optimal twist command for tracking the reference
path within the feasible set of control variables. Subsequently,
we incorporate the geometry-aware safety constraints into
the proposed polynomial optimization framework. We show
that the robot configuration and geometry after applying the
control can be expressed as polynomial functions of twist
[18], whereupon the safety constraints are derived using
certificates of nonnegative polynomials [19]. To render the
proposed optimization problem computationally tractable, we
first approximate the cone of non-negative polynomials in the
safety constraint using its quadratic module. Then, we linearize
and convexify the safety constraints with truncated multi-
sequences (TMS) and moment relaxation, and the original
polynomial optimization problem with safety conditions is
relaxed to a linear semidefinite program (SDP) that can be
solved in real time. In summary, the main contributions of our
work are as follows:

« A geometry-aware local reactive controller for robot navi-

gation tasks is presented, which is particularly well-suited
for deployment in unknown and cluttered environments

utilizing locally extracted free regions.

o We further relax the proposed constrained polynomial
optimization problem with nonnegativity constraints to
an SDP leveraging SOS approximation and moment
relaxation, which render it possible to generate reactive
motion in real time.

« In the proposed new framework, the feasible set of control
variables and the objective function can be effectively
modeled with polynomial functions. In this sense, safety
constraints are suitably established for a wide range of
robots provided that their geometries can be expressed
with semi-algebraic sets.

o The proposed controller is implemented in both numer-
ical simulations and real-world experiments with com-
prehensive evaluations, and the results demonstrate the
effectiveness and efficiency of the proposed controller in
robot navigation tasks.

II. PRELIMINARIES
A. Twist Theory for Rigid Body Motion

Instead of considering a control strategy for a specific robot,
we use twist V = (w,v) € RS to describe rigid body motion
as a displacement along a fixed screw axis S € RS for unit
time at a speed 6 € R.

We denote the zero vector in R? as Ogs, and if w # Ogs,
S = V/||w|| = (&, 0), which is simply V normalized by the
length of the angular velocity vector. The velocity about the
screw axis is 6 = |lwl||, such that S§ = V. On the other
hand, if no rotational motion is involved, namely w = Ogs,
the screw axis S becomes V normalized by the length of the
linear velocity vector and 6 = ||v.

The homogeneous transformation 7' € SE(3) generated by
moving with control command V for step time At can be
represented using the exponential coordinates, where

VAt = SOAt = SOa,, (1)
T _ e[s]aAt _ e[@i)@At G (alAt) @ , (2)

with
@05t — [ 4 sin(0a4)[@] + (1 — cos(0a))[@]?
= R(w,04a¢) € SO(3),
G (0a1) 0 = 10a:0 + (1 — cos(0ay)) [@]0
+ (Oa¢ — sin(0ay)) []%0 4)
= p(u?, @, eAt) S Rg.

3)

Note that [0] € so(3) is the skew-symmetric representation of
w.

B. Polynomial Functions and Sums-of-Squares

Let z = (1,22 ...,x,) be a vector in R™, and denote R[z]
as the space of all real-coefficient polynomial functions in z.
For a given order d, R[x]; denotes the set of all polynomials
with degrees no greater than d. Denote deg(p) the degree of
a polynomial p. For a polynomial vector ¢ = (q1,¢2,---,¢a),

deg(q) := max{deg(q1),deg(q2), - . ., deg(qa)}-
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Given the tuple o := (ay,@2...,a;,) of nonnegative
integers, x® := a7 x5? ... 2% is called a monomial in x with
degree d := a3 + ag - - - + o, We define [x], as the vector of
all monomials in = whose degrees are not greater than d. Then,
for a multivariate polynomial function p(x) € Rlz], we can
uniquely express it with a linear combination of its monomials

vector:

p(x) = Coef(p>—r [x]dEg(p)7

where coef(p) is the vector of coefficients of p corresponding
to each monomial in [z]4.

A polynomial o(z) € R[z] is called an SOS if o = p? +
p3 + ...+ p? for some pyi,pa,...,p. € R[z]. Denote the set
of SOS polynomials as X[z], then 0 € ¥ NR[z]aq if and only
if it can be written in the quadratic form [20]-[22]:

0 = [2]4 X[zla,

where X € S’i is a symmetric positive semidefinite matrix.

C. Nonnegative Polynomials and SOS Approximation

Nonnegative polynomials and their SOS approximation are
useful for establishing the containment relationship of two
general geometries [12], which serves as the essential basis for
deriving the geometry-aware safety constraints for the robot.

Consider the following set defined with m polynomial
inequalities in x:

K = {IC ER": fl(l) > vaQ(x) > Oa”'vfm(x) > O}a
where f;(x) € R[z] for all i = 1,2,...,m. Let P(K) be the
cone of nonnegative polynomials on K:

P(K)={peR[z]:px)>0Vx e K}

To render P(K) computational tractable, we recall the
quadratic module of f, which is defined as:
Qmod[f] :={oo+ fic1+ ...+ fmOm : 00y ..., 0m € Zx]}.
Denote by Qmod|[f]ax the 2k truncation of Qmod[f], which
is defined by further restricting that the degree of o; to be no
greater than 2k — deg(f;) for all i = 1,2,...,m. It is clear
that Qmod[f] C P(K). However, the converse is not true.
In general, Putinar Positivestellensatz provides theoretical
guarantee on using polynomials in Qmod[f] to approximate
polynomials in P(K).

Theorem 1. [11] Suppose Qmod|f] is archimedean'. If
p(x) > 0 for all z € K, then p €Qmod|f].

Remark 1: Archimedeanness is a property that is slightly
stronger than set compactness. If K is compact, one can
always modify the polynomial tuple f by adding a redundant
ball constraint such that the archimedeanness holds.

'We say Qmod|[f] is archimedean if there exists p € Qmod|[f] such that
the set given by p(z) > 0 is compact.

D. Truncated Multi-Sequences and Moment Problems

Let J(u) be a polynomial in u € R™, consider the following
constrained polynomial optimization problem:

muin J(u) st ueQG. 5)
It aims to minimize J(u) over a feasible set G := {u : g;(u) >
0 Vi = 1,2,...,m} defined with a series of polynomial
inequalities in u. One should recognize that (5) is inherently
a nonlinear nonconvex optimization problem that is hard to
solve. We now recall the basis of its semidefinite relaxation
scheme.

We say the vector y an fth order TMS if it is labeled
by monomial powers « := (ay, s, ..., ay) with degrees no
greater than ¢ [20]. There exists a natural mapping that maps
every monomial z® up to degree d to y,, which generates the
Riesz functional of a polynomial function p(x):

ﬁv(p) = Zpayaa Vp = Zpaxo‘ (S R[m]d

Let [z] be the ceiling of the real scalar z. For the
given TMS y and j = 1,2,...,m and ¢ > {;, :=
[max{deg(g;)/2,deg(J)/2}], the (th localizing matrix of g;
generated by y is

LO] == Ly(g; - (], [2]7),

where ¢; := [(2¢ — degg;)/2]. Particularly, M;[y] =
L, ([z]e[z]T) is called the (th moment matrix of y. Both the
moment and localizing matrices are obtained by applying £,
to each entry of the polynomial matrix. Then, the /th order
moment relaxation for (5) is:

min  Ly(J)
v

(6)
st. yo=1, y € Sg),

where yo := £, (1), and the moment cone . is defined as:

Fg)i={y| Mily) = 0. L) = 0.¥i=1.2....m }.

Notably, (6) is an SDP, the objective function J is linearized
with the TMS y, and .¥ is the intersection of the cone of
positive semidefinite matrices. If Qmod[g] is archimedean,
then the optimum of (6) monotonically converges to the global
optimum of (5) as ¢ increases [19].

III. METHODOLOGY
A. Control Problem Formulation

Observed from Sec. II-A, if we fix fa; (the distance
traveled along the screw axis), the homogeneous transforma-
tion T := (R,p) can be represented as polynomials of the
screw axis (@,9) up to degree 3 (in the term [@]?®). On
the other hand, rigid body motion can be unified via the
exponential representation with @ being zero (pure translation)
or a unit vector (rotation involved motion). We now introduce
our control problem: given lTT = (bRT, %T) the reference
configuration expressed in robot body frame {b}. We aim to
optimize the body screw axis S within its feasible set G for
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Robot Obstacles Free Region Global Path Local Path

Actual Trajectory

Fig. 2. The robot is traversing in an unknown environments from the start
configuration S to goal configuration G along the local reference extracted
from global path. The local reference is re-generated once potential collision
is detected on the path (at those purple points).

tracking the reference, which can be naturally modeled as the
following polynomial optimization problem:

min _ J(®,0) st

GER3,HER3

((1)7’0) eG. (7)

The cost function J and feasible set G are defined with poly-
nomial functions in (@, v). Denote the column-wise vectorized
rotation matrix as vec(R) € R, the cost function is designed
to minimize both the position error e, := %(w, %) — %, and
orientation error e := vec("R(w, 0)) — vec("R,.):

J=Jy+Jr=e, Qpep+ erQrer (8)

In the above, @, € S% and Qp € S are the weighting
matrix for tracking pose and orientation error respectively. In
the tracking task described above, we impose the following
constraints on the decision variables:

} )

@ra)- @' —-1)=0,
—9T9>0

In (9), the equality states that & must be zero or a unit vector
to keep consistent with the definition of screw axis, while the
inequality limits the tracking velocity 0.

Remark 2: The proposed polynomial optimization framework
enables the inclusion of adding any polynomial functions into
the feasible set G and cost function J.

G:{u:(@,@)eR6

Vlimit

B. Safety Constraints

As shown in Fig. 2, our controlled robot is traversing
in an obstacle-dense environment, and safety is attained by
confining the robot motion inside the surrounding convex free
region. In this section, we derive the safety constraints into
the proposed polynomial optimization problem (7).

At the time ¢, geometries of the robot A and free region B
in body frame are defined with sets of polynomial inequalities
as:

Al = {z e R" Y (2) > 0,..., %% () >0},
‘Bt = {z € R" : ’f} (x) > 0,...,°f, (z) > 0}

5]

(10)

Typically, n is 2 or 3, corresponding to two or three di-
mensional Euclidean spaces respectively. In this context, we
mainly consider the case that the free region B is a polytope
whose representation consists of linear functions in x. How-
ever, the semialgebraic sets given by (10) can represent the
majority of convex shapes and some nonconvex shapes, e.g.,
a double ring.

Let °fY(x) and °f5(z) be the defining polynomials of
sets “A* and °B' in (10), respectively. Denote "A'tA! the
representation set of robot geometry in {b} after applying the
current twist V; for one time step At. V; is said to be a safe
control if PAtTAt « !Bt which can also be written as:

"fh(x) © PPATA).

To further facilitate SOS approximation of the safety con-
straints, we remove the dependency on the control variables u
from P(?At+At) by evaluating the safety constraint from {5}
instead. As indicated in Fig. 3. the representation of robot
geometry will not change with time in body frame, namely
bgt = YAt+At ncorporated with such safety constraints, the
optimization problem (7) now becomes:

m%l J(u)

u€RS

st Ufh (2) e PPATAY wi=1,2,...,6 (D
u € G.

In the safety constraints, we express fh,(x) as the mono-
mials vector multiplied by its coefficients, i.e., b ftBi (z) =
bt T : bt

(Ve (u) ' [7] aeg(¥} )" where the coefficients vector “c (u)

consists of polynomial functions in the control variable w.

C. SDP Relaxation

1) Approximation of Nonnegative Polynomials: First, we
approximate the cone of nonnegative polynomials on 2At+At
with its quadratic module at a given order for describing the
safety constraints explicitly.

Consider a relaxation order k such that 2k >
max{deg(® f{2"), deg("f4(x)}. Let dy = 0, and for each
j=12...,a letd; = deg(b/ f,’At). Then the kth order
SOS relaxation of (11) is: ’

min  J(u)
U,04, 5
7 !
st ey (u) = coef(o0 + > =100 b Z‘;At),

Vi=1,2,....b (12)

u e G, 055 € Z[m]ﬂR[m]%_dj,
Vi=1,2....bYj=01,...,a

In (12), we use Qmodzk[b/ 1A to approximate P(VAHAY
in (11), where every o;; is the SOS multiplier in Qmod
with a certain degree. We construct equality constraints di-
rectly from the coefficient vectors to establish b/f};i (x) €
Qmod,y, [”fi7A], which eliminates the explicit relationship
with . Because Qmod[”fF4%,;, C P(YAT+A1) for all k,
every feasible solution of (12) is a feasible point for (11), and
thus the solution for (12) is safe for robot to navigate in the
surrounding free region. Denote J* and .J;, the optimal values
for (11) and (12), respectively. Then it is clear that J; > J*,
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Fig. 3. TIllustration of safety conditions. Under the current twist command,
the robot A moves from {b} to {b'} while staying in the extracted free region
B.

and Jj is monotonically decreasing as k increases [20], [22].

Assumption 1. Suppose u = (&*,0*) is the optimal control
attained by (11). There exists a feasible linear velocity ?° such
that (&*,1°) € G and

("elp, (@, 9%) " []a,

We propose the following theorem to state the asymptotic
convergence for approximating (11) with (12).

>0 VoeVATA vi=1,2,...,b.

K Hm( )] is archimedean.

Theorem 2. Suppose Omod

1) Under Assumption 1, if fBi (z) is linear in x for all
i=1,2,...,0 Gy := {0 : (0,0) € G} is convex for
any fixed @, then J, — J* as k — oc.

2) If all polynomials in — v f;rm(x) and blf,g (x) are SOS-
convex®, then Jk = J* at the lowest relaxation order
k= [max{deg("f5""), deg("f5)}/2].

Proof. 1) For a fixed &%, Ve g, (@*,0) is linear in o. Let 0¢ =
(1 — €)9* + €. Under Assumptlon 1, (w*,9°) € G for any
0 < € < 1. Moreover, for all z € A2t we have

(e, @ 0%) Tlaa, = e("el, (@, %) Tlala,
+ (1= )(Yely, (@%, %) Tala,
26( CBi(w*a AO)T[ }di > 0.

Hence, from Theorem 1, there exists k. € N such that for

all k& > ke, (0*,v°) is feasible for (12). Since J(&,?) is a

polynomial function, and thus it is Lipschitz continuous on
the compact set G, and we have

J(@*,0°) — J(@*, %) < M||o¢ — o*|| = eM - ||0° —

1)* || )
where M is the Lipschitz constant of J(u). Therefore, Jy —
J* < eM - ||8° — 9*||, and € can be a value arbitrarily close
to 0. So we have Jj — J* as k — oo.

2) The free-region " A*+At is compact and has a nonempty
interior. As all polynomlals in -7 VLAY (2) and /f ()

are  SOS-convex, fB( ) is nonnegative on UA'tA if

2We say a polynomial p(z) is SOS-convex if there exists a polynomial
matrix H (x) such that the Hessian matrix satisfies V2p(z) = H(z) " H(x);
see [20].

and only if "ff (z) € Qmody, ["f52Y with ko =
Mmax{deg("F521), deg("f5)}/2], by [23. Corollary 2.5]. So
every feasible point » of (11) is feasible for (12) with k = kg
for some SOS multipliers, and the conclusion follows directly.

O
Remark 3: The set "A!+A! representing robot geometry is
compact, hence the archimedeanness assumption in Theorem 2
can always be satisfied as discussed in Remark 1. From the
geometric perspective, Assumption 1 states that if we fix @ as
the optimal &*, there exists a feasible ©° such that the robot
will stay strictly in the interior of the free region without
hitting the boundary after applying (w*,9°). Besides, com-
monly appearing geometries in robotics (polytopes, ellipses,
etc.) satisfy the SOS-convexity assumption.

2) Moment Relaxation and Linearization of Safety Con-
straints: Since ¥’ ¢z (@, 0) is not linear in u = (&, 0), solving
(12) directly is difficult. Thus, we consider its moment relax-
ation:

min L, (J)
Y,0i,j5 ,
st Lyl ) = coef(o40 + > =100 b Z‘;At),
Vi=1,2.. b

Yo = 17 ye '%(g)
05 € E[ ] ﬂR[l‘] dj>
Vi=1,2,..., V 1,...,a.
13)
In the above, y is the TMS generated by applying
the Riesz functional on all monomials in v = (@,9),
and ¢ is the relaxation order such that ¢ > /¢, :=
[max{deg("cl;)/2,deg(g)/2, deg(J)/2}]. One should recog-
nize that the optimization problem (13) is now an SDP, which
seeks to find SOS multipliers o; ; and TMS vector y such
that the linear combination of y in J is minimized. Let J ,
be the minimum value of (13), then the sequence {Jj (} is
monotonically increasing in ¢, and Ji ¢ < Ji, for every ¢, as
(13) is an outer relaxation of (12).

Theorem 3. If y* is the minimizer of (13) and rank(M,[y*]) =
rank(Miy1[y*]) = 1 for some £y < t < £, then u* :=
(Ly=(u1), Ly=(u2), ..., Ly=(ug)) is a safe control that min-
imizes (12).

Proof. If rank(M,[y*]) = 1 holds at the minimizer y* of (13),
then the TMS y* = [u*]o¢ by [20, Theorem 2.7.7] with u*
the unique minimizer extracted from y*. Since u* is a feasible

point for (12), J(u*) > Ji. Also, we have J(u*) = L+ (J) =
Jk,e < Jy. This leads to J(u*) = Ji, ie., v* is a minimizer
of (12). O

In Theorem 3, the rank condition with rank(M,[y*]) =
rank(M1[y*]) is called flat truncation [24]. If flat trunca-
tion fails to hold, then the moment relaxation may not be
exact, and we may increase the relaxation order ¢. Usually,
the flat truncation will be satisfied after several rounds of
updates for ¢. On the other hand, if flat truncation holds with

= rank(M,[y*]) > 1, then we may still extract r controls
u',u?, ... u" € G from y* such that J(u?) = L, (J) for all
j=1,2,...,7[25], and v/ is a minimizer of (12) if it is feasi-
ble. It is worthwhile to highlight that we rarely encounter this
situation in practice if we properly set our objective function.
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Even though it happens, one can still find a sub-optimal solu-
tion by normalizing u* = (Ly«(u1), Ly« (u2), ..., Ly~ (up))
such that it is a feasible point in G, denoted as u},,,. Then
the linear velocity of w} .., is scaled via standard SOS pro-
gramming to satisfy b'ctBi (U orm) ' [2]a; € Qmod[bl A,
such that a safe control can be obtained.

IV. RESULTS

This section provides a comprehensive evaluation of our
proposed controller through both simulations and real-world
experiments. First, we validate our algorithm on robots mod-
eled with different geometries in an L-shape turn. Next, we
demonstrate the effectiveness and advantages of our algorithm
for a traversing task in an 8 mx36 m forest environment,
where key metrics are recorded and analyzed in compari-
son with other baseline methods. Finally, we implement our
proposed method on the Unitree Al robot in a cluttered
indoor environment to demonstrate its practicality on a real
robotic platform. As demonstrated in Fig. 2, our proposed
local reactive controller is integrated with a path planning
module to achieve safe navigation in unknown and cluttered
environments. The global path is simply set to a straight
line connecting start and goal configuration assuming the
environment is completely unknown. The local waypoints are
then extracted and tracked by the robot in real time. We
keep checking whether the local path is heading towards a
potential obstacle area based on sensor data. Once a potential
collision is detected, the local path replanning mechanism is
triggered and a new feasible reference is searched locally
within the sensor range using the Jump Point Search (JPS)
algorithm [26]. Local free regions are extracted using the
convex decomposition algorithm in [9], SDPs in (13) are
formulated and solved in MOSEK solver [27] with its C++
interface based on GpoSolver [28].

A. Simulations

1) L-Shape Turn: In the L-shape turn simulation environ-
ment shown in Fig. 4, the robot needs to adapt its pose to
make a safe turn at the corner. We test the performance of
our proposed controller with four different robot geometries.
The nominal twist command is calculated from the error
between the current and goal configuration of the robot directly
without any local reference in this test and trajectories are
visualized. The robots with all shapes are shown to be able to
keep seeking chances to move towards the goal configuration
directly while avoiding collisions by solving the proposed
optimization problem (13). To guarantee safety for various
robot geometries, we only need to model the robot geometry
with different polynomial inequalities and modify the safety
constraints accordingly. Also, we evaluate and record the time
needed for solving (13) in Table I. Note that b,ffg(x) and
— b,fﬁfm(x) in (12) are SOS-convex. From Theorem 2, the
SOS relaxation at the lowest order is exact. Consequently,
we find that polytopes with different numbers of facets attain
nearly the same average time cost. However, in the ellipse
case (geometry represented with second-order polynomial
inequality), orders of the SOS multipliers are up to 2, which

L

(a). Triangle (b). Diamond
. _
(c). Hexagon (d). Ellipse

Fig. 4. Visualization of maneuvers for robots with different geometries in the
“L-turn” simulation.

TABLE I
OPTIMIZATION TIME FOR ROBOTS WITH DIFFERENT GEOMETRIES

Robot Geometries ~ Min (ms) Max (ms)  Avg (ms)
Triangle 8.71 42.66 15.36
Diamond 10.35 32.08 16.14
Hexagon 10.29 63.27 16.51
Ellipse 10.93 73.13 22.53

would lead to more variables in the SDP. As a result, relatively
more computation time is needed.

2) Forest: In the forest environment that we have built
in Gazebo, as depicted in Fig. 5, the narrowest passage for
the robot to traverse through is 0.4 m wide, and the density
of obstacles increases along the path. We aim to evaluate
the performance of our proposed controller on the robot
for navigation in unknown cluttered space. In the traversing
task, our robot is modeled as a 0.3 m x0.63 m rectangle,
which tightly encapsulates its actual geometry. The weighting
for tracking position and orientation error is set to @, :
diag(5,2,0) and Qg := 0.1 X Ig in this simulation scenario.
We choose to compare with the benchmark method in [7],
which achieves autonomous safe navigation in challenging
environments based on the designed RMPs. We obtain two
motion patterns by tuning the weighting between the GDF
and SDF: aggressive RMPs has higher goal confidence to
track the reference while conservative RMPs shows higher
obstacle awareness to keep the robot away from obstacles. The
comparison results are obtained by executing each method in
the forest environment for 30 times with the same local path
guidance.

We denote reaching the final goal configuration as one
success traversing. Observed from Table II, the aggressive
RMPs is able to keep tracking the local reference path but
with highest tendency to collide with obstacles, while its
conservative counterpart demonstrates safer behaviours. Yet,
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Fig. 5. Trajectories from different start configurations (the green points) generated with our proposed local reactive controller are shown in the forest simulation
environment. Key frames are extracted from rviz (a, c, e) and Gazebo (b, d, f) along the trajectories.

TABLE II
COMPARISON OF KEY METRICS BETWEEN OUR PROPOSED METHOD AND
RMPs [7] IN THE FOREST ENVIRONMENT.

TABLE III
COMPARISON OF PROCESSING AND TRAVERSING TIME BETWEEN OUR
PROPOSED METHOD AND RMPS [7] IN THE FOREST ENVIRONMENT.

Ours  RMPs (Cons.) RMPs (Agg.)
Min  0.117 0.225 0.249
Pose Tracking Error (m) Max 0272 0.336 0361
Avg  0.159 0.271 0.282
Min 0 0 0
Collsion Frequency Max 0 2 3
Avg 0 0.75 1.27
Success Rate (%) 100 73 100
n = Dg/Ds 1.148 1.316 1.273
Traversing Velocity (m/s) 0.46 0.45 0.51

conservative RMPs may hesitate and get stuck at narrow
corridors like the ones shown in Fig. 5(b), Fig. 5(d), and
Fig. 5(f). We measure the Mean Squared Error (MSE) be-
tween actual trajectories and local references of the robot to
evaluate pose tracking performance. As indicated in Table II,
our controller achieves the lowest pose tracking error while
navigating the robot through the cluttered environment, with
no collision happening in all repeated simulations. Also, to
quantify the efforts for bypassing the obstacles, we define 7 as
the length proportion between actual path D, and the straight
line connecting start and goal configurations D,. Different
from pushing away the robot under the influence of signed
distance field, our method aims to adopt aggressive collision
avoidance maneuvers near the obstacles by keeping the robot
in the local free region while minimizing the tracking error.
As a result, our controlled robot attains the lowest 7 value of
1.148. Our method relies on the extraction of local convex free
regions, consuming 0.006 ms in average, which is negligible
compared with generating the local map representations (SDF,
GDF, etc,.) as illustrated in Table III. Besides, it takes around
20 ms to solve for the optimal twist command through the
proposed convex conic programming in (13), achieving a

Ours RMPs RMPs

(Cons.) (Agg.)
Map Processing (ms) 0.006 53.600 60.500
Optimization (ms) 22.791 1.522 1.231

control frequency of around 50 Hz.

B. Real-World Experiment

In the real-world experiments, we implement our proposed
local reactive controller on the Unitree Al quadruped. The
perception data is obtained via an onboard Mid-360 Livox
LiDAR and the optimal twist command is computed from
a GPD Pocket3 with an Intel i7-1195G7 processor. The
calculated twist commands are tracked with the whole-body
control module equipped on the quadruped. The quadruped is
commanded to traverse through an indoor area of 3 m x 12
m, where obstacles are placed randomly along the path.

As demonstrated in Fig. 6, the robot is able to traverse
through the obstacles based on local perception data. By
restricting the robot motion inside the extracted local free
regions, our robot avoids all the unknown obstacles in the
cluttered environment. The robot attains an average traversing
speed of 0.4 m/s along the cluttered path and the computation
time for solving the proposed convex conic programming is 21
ms in average. In particular, to obtain different motion patterns,
we change the weighting matrices of the objective function J
concerning relative importance of tracking position error and
orientation error during the traversing task. At the beginning,
the robot has higher orientation error awareness, which leads
to a tendency for avoiding collisions with translation motion
shown in Fig. 6(a)-6(d). Note that the local reference path is
close to obstacles because we treat the robot as a point and
expect a non-conservative guidance in the path searching step.
We increase (), and observe from Fig. 6(e)-6(j) that the robot
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Fig. 6. Real-world implementation on Unitree Al quadruped. The robot is
commanded to traverse through an unknown indoor space where the obstacles
are placed randomly along the path.

tends to adapt its orientation to bypass the obstacles with a
short distance to the obstacles for minimizing the pose tracking
error. Overall, our approach demonstrates robust traversing
ability in the cluttered environment, and its practicality on real
robotic platform is validated.

V. CONCLUSION

This work presents an innovative safety-critical local reac-
tive controller that enables robots to navigate in unknown and
cluttered environments based on local free regions extracted
from onboard sensor data directly. The proposed polynomial
optimization framework exhibits the capability to incorporate
constraints and objective terms represented as polynomial
functions, which can be tailored to specific problem domains.
Also, theoretical safety guarantees considering robot geometry
are introduced to the optimization framework through the use
of polynomial nonnegativity theorems. Additionally, we derive
and apply two semidefinite relaxation schemes to the proposed
polynomial optimization problem with safety conditions, re-
sulting in an SDP that facilitates real-time reactive motion
generation of the robot. The proposed controller is evaluated
in both numerical simulations and real-world experiments,
demonstrating its effectiveness and practicality in generat-
ing tight-fitting obstacle avoidance maneuvers in traversing
through challenging environments.
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