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Abstract— Bridge inspections are essential for maintaining
key infrastructure and preventing structural and functional
failures. Nevertheless, traditional manual inspection techniques
are plagued by laboriousness, high risk, and low efficiency.
Although numerous automation inspection methods have been
studied, inspection performance remains challenging. The main
difficulties are redundant mechanisms, complex control, high
energy consumption, and limited autonomy and safety. To
address these problems, we are developing a small, lightweight,
electrically-driven robotic manipulator for bridge inspection
named the BIRM. Here, we propose a kinetic-energy-optimal
and safety-guaranteed trajectory planning for BIRM. Com-
pared with existing methods, it simultaneously addresses energy
consumption and safety. The approach formulates a quadratic
programming (QP) problem by considering the robot’s kinetic
energy as the objective function, and the augmented Lagrange
multiplier (ALM) is applied to find the solution of the QP. The
proposed method completely satisfies the joint position, velocity,
and acceleration limits at the speed level while considering
collision avoidance. In this paper, the collision detection strat-
egy can achieve low-complexity computation through several
structural parameters of the bridge, thereby quickly adapting
to environmental changes. Through simulation experiments,
we validate the effectiveness and superiority of the proposed
method. Through physical experiments, we demonstrate the
sustainability and safety of bridge inspections in the field.

I. INTRODUCTION

Bridge collapses have resulted in significant loss of life
and property damage. Bridge cracks are a major cause
of damage in collapse accidents. Therefore, inspecting and
analyzing bridge cracks is crucial for maintaining them.
However, traditional manual inspection methods are highly
labor-intensive, risky, and inefficient [1]. Some solutions
have been developed, such as truss-type bridge inspection
vehicles and arm-type bridge inspection vehicles equipped
with small robotic arms or mobile inspection robots [2]–[5].
However, the core structure of these solutions is hydraulic-
driven robotic arms, resulting in redundant mechanisms,
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Fig. 1. Real-world experiments for kinetic-energy-optimal and safety-
guaranteed trajectory planning. (a) A small, lightweight, electric-driven
bridge inspection robot manipulator (BIRM). (b) shows the testing of
Bridge-I. (c) shows the testing of Bridge-II.

complex control, high energy consumption, limited auton-
omy, and low safety. Transitioning from a hydraulic system
to an electric system can greatly reduce energy consumption.
This transition can extend the operating time. Therefore, we
are developing a small, lightweight, electric-driven robotic
manipulator for bridge inspection, as shown in Fig.1. Min-
imizing energy consumption is essential for the bridge in-
spection robot manipulator, which enhances the manipulation
continuity under limited energy in the field. The primary
strategy for reducing energy consumption is trajectory plan-
ning [6]. This paper aims to ensure that the BIRM can safely
and continuously inspect bridges under limited energy using
kinetic-energy-optimal trajectory planning.

Trajectory planning is a highly challenging task in robotics
[7]. For the trajectory planning problems of redundant robotic
arms, redundancy resolution is typically used to enhance
specific performances and avoid joint physical constraints of
joint angles, velocities, accelerations, and obstacles to follow
the end-effector trajectory. Current methods based on the
pseudoinverse of the Jacobian matrix have been widely stud-
ied, but these methods cannot integrate inequality constraints.
For joint physical constraints, [8], [9] used a weighted pseu-
doinverse to minimize the weighted norm of joint velocities,
demonstrating their effectiveness in addressing joint velocity
limitations. An extension of the pseudoinverse method is
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the gradient projection method (GPM), which projects the
gradient vectors of optimization criteria into the null space
of the Jacobian matrix. These methods have been utilized for
joint constraints and obstacle avoidance without impacting
the primary task. Redundancy resolution based on quadratic
programming (QP) has become a popular research topic due
to its ability to simultaneously handle multiple constraints
and performance metrics that are explicitly related to de-
cision variables. With improvements in parallel computing
efficiency, neural network-based inverse kinematics methods
have become popular [10], [11]. However, these methods
depend on the computer’s performance and can be challeng-
ing to interpret in a physical sense. In addition, numerical
solutions such as the augmented Lagrangian method (ALM)
[12] and SQP [13], [14] work well. ALM is beneficial
for problems with multiple inequality constraints. ALM
addresses inequality constraints by introducing penalty func-
tions, thereby transforming constrained problems into un-
constrained problems. [15] presented an energy optimization
method based on the Euler–Lagrange equation, which was
designed to optimize energy along trajectories that satisfy
kinematic constraints. However, this method has only been
proven effective for nonredundant robotic arms.

Minimal energy consumption is a crucial task for field
robots. To reduce energy consumption, current research
focuses on performance metrics such as joint torque, velocity,
and kinetic energy. The redundancy resolution with joint
torque is at the acceleration level, while the redundancy
resolution with joint velocity and kinetic energy is at the ve-
locity level. However, existing velocity-level planning meth-
ods must address joint acceleration limitations, as described
in [16], [17]. Reference [18] suggested an acceleration-
level method to address joint acceleration constraints. How-
ever, acceleration-level approaches cannot directly address
velocity-level metrics. Joint angle limits, joint velocity limits,
and acceleration limits are considered in the velocity-level
approach [19] using a projection neural network method.
However, the method exhibits instability in terms of joint
physical constraints. Additionally, to guarantee the absolute
safety of the robotic arm, trajectory planning must balance
joint physical constraints and collision avoidance. However,
these two aspects cannot be addressed simultaneously in the
existing methods with kinetic energy as the optimization
objective [17].

In summary, most trajectory planning methods face a
common challenge: simultaneously satisfying the physical
constraints of joint position, velocity, and acceleration, along
with collision avoidance. In this paper, we formulate the
planning problem as a QP with kinetic energy as the ob-
jective function. We consider constraints such as kinematics,
collision avoidance, and joint physical limitations and use the
ALM algorithm to solve the QP numerically. To improve the
convergence rate, the algorithm initializes each iteration with
a first-order approximation of joint positions.

To overcome these challenges, this paper introduces a
trajectory planning method that optimizes kinetic energy
and ensures safety. This method utilizes a velocity-level

redundancy resolution approach based on QP, using kinetic
energy as the performance metric. The proposed method sat-
isfies joint physical constraints (i.e., joint position, velocity,
and acceleration limitations) while avoiding obstacles, thus
achieving low energy consumption and safe joint trajectories.
Initially, trajectory planning is formulated as a QP, and colli-
sion avoidance is formulated as an inequality constraint. Joint
position, velocity, and acceleration limitations are unified as
boundary constraints. In this paper, the PHR-ALM method
[20] is used to solve the QP with equality and inequal-
ity constraints. In addition, the collision distance between
the robotic arm and the bridge is characterized as a low-
dimensional QP. Through QP solving, unexpected collisions
are detected in real time, and distance information is uti-
lized to formulate inequality constraints, thereby enhancing
safety. Based on this method, an online trajectory planner is
proposed to avoid real-time matrix inversion.

The contributions of this work are summarized as follows:
• The proposed method efficiently computes joint trajec-

tories with low energy consumption and high safety for
the bridge inspection robot manipulator.

• This method effectively addresses the challenge of han-
dling acceleration constraints in velocity-level redun-
dancy resolution.

• Physical experiments validate the sustainability and
safety of bridge surfaces in the field, thus overcoming
the limitations of existing methods.

The remainder of this paper is organized as follows.
Section II describes the mathematical model of the BIRM,
including kinematics and kinetic energy. Section III intro-
duces trajectory planning based on velocity-level redundancy
resolution, considering joint physical constraints and colli-
sion avoidance. Section IV introduces a planner based on
the method presented in Section III. Section V validates the
effectiveness of the method through experiments. Section VI
summarizes the research and proposes further work.

II. MATHEMATICAL MODEL OF THE BRIDGE
INSPECTION ROBOT MANIPULATOR (BIRM)

To detect bridge cracks, a bridge inspection robot manip-
ulator (BIRM) with five degrees of freedom is designed, as
shown in Fig.2(a). The BIRM is kinematically redundant for
inspection, and its end is equipped with a detection platform.
A manipulator is termed kinematically redundant when it
possesses more degrees of freedom than is needed to execute
a given task. This bridge inspection requires the end of the
BIRM to move along the surface of the main beam in three
directions within Cartesian space. The kinematic model of
the robotic arm is illustrated in Fig.2(b).

A. Task-Oriented Kinematics

For the trajectory planning of BIRM, the goal is to
determine the control input q(t) ∈ Rn that allows the manip-
ulator to follow a desired trajectory, represented by the path
xre f (t) ∈ Rm. This must be achieved while meeting various
constraints (i.e., kinematic and joint physical limitations),
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Fig. 2. Mathematical model of the bridge inspection robot manipulator
(BIRM). The BIRM is mounted on a mobile platform, such as a vehicle, to
collect data from the bridge’s surface. Each joint of the BIRM is electrically
driven.

minimizing kinetic energy, and avoiding collisions. The
kinematic equation of the BIRM is

xre f (t) = f (q(t)) (1)

where xre f (t) denotes the reference trajectory of the end-
effector as a function of time t, and f (·) describes a
continuous nonlinear kinematic mapping from the joint space
to the task space. In this paper, the dimension of the task
space for bridge inspection is m = 3, and the dimension of
the joint space is n = 5.

By taking the derivative of (1), the first-order differential
kinematics of the redundant manipulator can be obtained to
describe the relationship between task space and joint space.

ẋre f (t) = Jt q̇(t) =

 vx
vy
vz

 (2)

where vector ẋre f (t) is the task-space velocity, vector q̇(t)
is the joint-space velocity, and Jt ∈ Rm×n is the task-space
Jacobian matrix.

[
vx vy vz

]T denotes the linear velocity
of the origin of the end-effector frame {b} relative to the
fixed frame {0}.

To move the end effector of the redundant manipulator
along the given trajectory, we solve (2) to obtain the expected
joint velocity q̇(t), given ẋre f (t). Let q̇s be a particular
solution to (2), and let q̇0 be any vector in the null space
of Jt . The solution for the expected joint velocity in (2) is

q̇(t) = q̇s +ω q̇0 (3)

where ω is an arbitrary constant; thus, the kinematic inverse
solutions for the BIRM are infinite, allowing optimization
based on specific criteria to improve the corresponding
performance.

B. Manipulator Kinetic Energy

This paper uses kinetic energy as an optimization per-
formance metric to eliminate uncertainty in redundancy
resolution. The overall kinetic energy of the bridge inspection

robotic arm is defined as the sum of the kinetic energy of
each link, as follows:

k =
1
2

n

∑
i=1

vT
i givi (4)

where vi ∈ R6 is the velocity vector of the link coordinate
system {i}(i = 1,2, · · · ,n). The origin of this link coordinate
system is at the mass center of the link, as shown in Fig.2(b).
gi ∈ Rn×n is the spatial inertia matrix of link i with respect
to the link coordinate system {i}, as follows:

gi =

[
Ii 0
0 miI

]
(5)

where Ii ∈ R3×3 is the inertia matrix of link {i}, mi is the
mass of link i, and I is the identity matrix.

We define the Jacobian matrix Jib
(
q1···i,0n−i

)
∈ R6×n as

the mapping from the origin velocity of the link coordinate
system {i} to the joint velocity q̇

(
q1···i,0n−i

)
∈ Rn.

vi = Jib
(
q1···i,0n−i) q̇

(
q1···i,0n−i) (6)

where q1···i represents the joint vector composed of joints
from q1 to qi. Substituting (6) into (4), the kinetic energy of
the manipulator is defined as

K =
1
2

q̇T M (q) q̇ (7a)

M (q) =
n

∑
i=1

JT
ibgiJib (7b)

where M (q) is the mass matrix of the manipulator, which
is symmetric and positive definite.

III. TRAJECTORY OPTIMIZATION METHOD

This section formulates trajectory planning as a QP-based
trajectory optimization. The physical constraints on the joint
position, velocity, and acceleration are unified and described
as boundary constraints, and collision avoidance is described
as an inequality constraint. By reformulating the QP, the
ALM is employed to solve for joint velocities (decision
variables) that satisfy the constraints.

A. QP Formulation
Since QP provides the capability to consider constraints

and costs, the trajectory planning of the manipulator can
be formulated as a QP. Consequently, the QP is defined as
follows:

min
q̇∈Rn

K =
1
2

q̇T M(q)q̇

s.t. J(q)q̇ = ẋre f

Aq̇ ≤ B
q, q̇, q̈ ∈ Ω

∗

(8)

where q̈ represents the joint acceleration, Ω∗ indicates the
upper and lower bounds of the joint position, velocity, and
acceleration, and the matrix A and vector B define the
conditions for inequality constraints. This problem regards
kinetic energy as the cost function, considers kinematics as
an equality constraint, and incorporates collision avoidance
as an inequality constraint, with joint physical constraints
represented as boundary constraints.

11679



B. Joint Physical Constraints

In applications, it is necessary to satisfy physical con-
straints such as joint position limits, velocity limits, and
acceleration limits to ensure safety. Generally, the approach
to controlling a robot’s motion along the desired trajectory
ẋre f involves computing the inverse kinematics for each
discrete time step ∆t. Subsequently, the control of joint
velocities occurs within the time interval [k∆t,(k+1)∆t], and
this is added to the feedback controller.

q̇k+1 = (qk+1 −qk)/∆t (9)

where q̇k+1 is the desired joint velocity, and qk is the
currently measured position. However, this method requires
solving the inverse kinematics at each iteration. The control
strategy in this paper avoids solving the inverse kinematics
by directly obtaining the optimal joint velocity q̇k+1 at the
current time step through solving (8). Since the controller
needs to determine the position, velocity, and acceleration at
a specific time step, the joint physical constraints in (8) are
defined as follows:

q− ≤ qk+1 ≤ q+ (10a)
q̇− ≤ q̇k+1 ≤ q̇+ (10b)
q̈− ≤ q̈k+1 ≤ q̈+ (10c)

where q−, q̇−, and q̈− represent the lower bounds of
the robotic arm’s joint angle, velocity, and acceleration,
respectively, and q+, q̇+, and q̈+ represent the upper bounds
of the robotic arm’s joint angle, velocity, and acceleration,
respectively.

The proposed planner in this paper uses the currently
measured joint position qk and joint velocity q̇k as inputs.
The planner takes the decision variable q̇k+1 in (8) as the
velocity command for the next time interval. We make a first-
order approximation of these constraints, so (11) is detailed
as follows:

q− ≤ qk + q̇k+1∆t ≤ q+ (11a)
q̇− ≤ q̇k+1 ≤ q̇+ (11b)

q̈− ≤ q̇k+1 − q̇k

∆t
≤ q̈+ (11c)

Since the decision variable of the optimization problem is
the joint velocity q̇k+1, (11) is integrated into the following
expression:

Ω
− ≤ q̇k+1 ≤ Ω

+ (12)

where

Ω− = argmax(q̈−∆t + q̇k,(q−−qk)/∆t, q̇−)
Ω+ = argmin(q̈+∆t + q̇k,(q+−qk)/∆t, q̇+)

C. Obstacle Avoidance

Due to the road conditions and bridge structure, the mobile
platform cannot strictly follow the given reference trajectory,
which results in a significant error in the moving direction.
The error leads to a large offset, which introduces a collision
between the BIRM and bridges. It is necessary for effective
collision distance detection and collision strategies to avoid

collisions. In this paper, obstacles are represented as convex
polytope sets Oi in the workspace, as shown in Fig.3.

Fig. 3. Schematic diagram of collision detection

Convex polytopes described with a V-representation ex-
hibit lower complexity under known vertices. Thus, this
paper utilizes V-representation to describe the geometric
shape of obstacles and defines x as a point inside the obstacle,
with the specific description as follows:

x ∈ Oi = conv{V1, · · · ,Vm} (13)

where Vi is the convex hull vertex of the convex polytope
determined by the geometric parameters of the bridge, the
collision vector n is defined as the vector between any point
Pr ∈ Rd of the BIRM and the closest distance point xOi on
the convex polytope Oi. Here, dr,Oi represents the distance
between them, as follows:

dr,Oi =
(
nT n

)1/2
(14)

and ḋr,Oi represents their velocity.
Any collision vector is orthogonal to its supporting hy-

perplane, which divides the convex polytope and the point
on the robot into two sides. Thus, the collision vector n can
be determined to maximize the distance from the supporting
hyperplane to Pr. This problem is also described as a typical
QP, defined as follows:

max
n∈Rd

nT n

s.t. (Vi −Pr)
T n ≥ nT n ,∀i ∈ {1, · · · ,m}

(15)

Letting e= n/nT n, solving the maximization problem in (15)
is equivalent to solving the minimization problem in (16).

min
e∈Rd

eT e

s.t. (Vi −Pr)
T e ≥ 1 ,∀i ∈ {1, · · · ,m}

(16)

The problem is characterized as a low-complexity QP prob-
lem. By the L-BFGS algorithm [21], the solution to this
problem converges linearly, yielding the precise vector e and
consequently obtaining the collision vector n in (15) and
collision distance dr,Oi (14).

Based on the computed collision distance, this paper
adopts a velocity damper approach to prevent robot col-
lisions, thereby constraining the joint velocity before the
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manipulator contacts obstacles.

ḋr,Oi = nT Ṗr,Oi (t)≤ δ (dr,Oi −ds) (17)

where Ṗr,Oi (t) is the linear velocity vector of any point on the
robot, ds is the minimum stop distance, and δ is the positive
gain associated with time-varying collision sensitivity.

Through a similar derivation with (6), we define the
Jacobian matrix Jr,Oi (q1...i) ∈ R3×i as the mapping between
the velocity of any point Ṗr,Oi on link i and the joint velocities
q̇1...i ∈ Ri, expressed as:

Ṗr,Oi = Jr,Oi q̇1...i (18)

Combining (17) and (18), we obtain

JOi q̇1...i ≤ δ (dr,Oi −ds) (19a)

JOi (q1...i) = nT Jr,Oi (19b)

where JOi (q1...i)∈ R1×i. Therefore, the inequality constraint
in (8) can be expressed as: JO1 (q̂O1) 01×(n−k1)

...
...

JO j

(
q̂O j

)
01×(n−k j)

 q̇(t)≤

 δ (dr,O1 −ds)
...

δ
(
dr,O j −ds

)

(20)

where the vector q̇(t) ∈ Rn represents the joint velocity,
and the vector q̂O j represents the joint angles corresponding
to j obstacles. We employ the L-BFGS algorithm [21] to
obtain distance in real time. This distance detects unexpected
collisions and is applied to the trajectory planner. Collision
constraints are transformed into linear inequality constraints,
ensuring the absolute safety of the BIRM.

D. Reformulation and Solution

The boundary constraints are integrated in Section III.B
and inequality constraints in Section III.C, the QP is refor-
mulated as

min
q̇k+1∈Rn

1
2

q̇T
k+1M(qk+1)q̇k+1

s.t. J(qk+1)q̇k+1 = ẋk+1

Aq̇k+1 ≤ B
Ω

− ≤ q̇k+1 ≤ Ω
+

(21)

where,

A =

 JO1 (q̂O1) 01×(n−k1)

...
...

JO j

(
q̂O j

)
01×(n−k j)

 ∈ R j×n (22)

B =

 δ (dr,O1 −ds)
...

δ
(
dr,O j −ds

)
 ∈ R j (23)

Ω− = argmax(q̈−∆t + q̇k,(q−−qk)/∆t, q̇−)
Ω+ = argmin(q̈+∆t + q̇k,(q+−qk)/∆t, q̇+) (24)

Using the PHR-ALM [20] method, we solve optimization
problems with equality and inequality constraints. The main

idea of this method is to transform the optimization problem
with constraints into an unconstrained optimization problem.
For the problem defined in (21), the PHR augmented La-
grangian function is defined as

Lρ (q̇k+1,λ ,µ) =
1
2 q̇T

k+1M(qk+1) q̇k+1

+ρ

2

∥∥∥J (qk+1) q̇k+1 − ẋk+1 +
λ

ρ

∥∥∥2

+ρ

2

∥∥∥max
[
Aq̇k+1 −B+ µ1

ρ
,0
]∥∥∥2

+ρ

2

∥∥∥max
(

q̇k+1 −Ω++ µ2
ρ
,0
)∥∥∥2

+ρ

2

∥∥∥max
(

Ω−− q̇k+1 +
µ3
ρ
,0
)∥∥∥2

(25)

where ∥·∥2 represents the square of the 2-norm, ρ > 0 is
the penalty parameter, µ ≥ 0 is the dual variable for the
equality constraints, and λ is the dual variable for inequality
constraints.

We employ the L-BFGS [21] to solve the unconstrained
optimization problem in (25) by continuously updating the
dual variables to obtain the optimal joint velocities. We set
the initial values of λ , µ , and ρ as λ = µ = 0,ρ = 1.
However, the convergence rate is affected by the initial values
of the joint velocities in each iteration. To solve this problem,
we use the first-order approximation of joint positions as the
initial point.

IV. PROPOSED DISCRETE-TIME PLANNER

Using the QP described in (21), this section proposes
a position-servo-based discrete-time planner for achieving
minimal kinetic energy control. The diagram of the planner
is illustrated in Fig.4. This method discretizes the Cartesian
space trajectory, iteratively optimizes the cost function of
the manipulator kinetic energy, and calculates the distance
between the robotic arm and obstacles in each iteration. The
planner comprehensively considers joint physical constraints
and obstacle avoidance. The planner determines the optimal
joint velocities in discrete time, adapting to current condi-
tions based on updated information.

Fig. 4. Diagram of the position-servo-based discrete-time planner

The expected path xre f is used as the planner’s input,
as shown in Fig.4. Starting from the starting point x0, the
optimal joint velocity is determined through iterative solving
until reaching the endpoint x f , as shown in Fig.5. This
process realizes the motion of the end effector along the
desired path from x0 to x f , while meeting joint physical
constraints and avoiding collisions with the bridge structure.
Path points P1, P2, P3, and P4 are determined by the
structural parameters of the bridge.
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Fig. 5. Schematic diagram of end-effector trajectory planning for the
BIRM. A discretized end-effector trajectory is parameterized.

V. EXPERIMENTS AND RESULTS

To validate the feasibility and effectiveness, the proposed
method was implemented on a 5-DOF bridge inspection
robot manipulator. The model parameters for both the bridge
and the manipulator are well known and employed in both
simulation and physical experiments. In this paper, robot
kinematics based on the product of exponentials (PoE)
formula are used, and the screw axis parameters are shown in
Table I. These parameters include vital structural parameters
of the manipulator. This formula does not require specifying
coordinate systems for each link; only joint vectors need to
be specified, making it easy to derive the Jacobian matrix.
Furthermore, the parameters associated with the kinetic en-
ergy of the BIRM are provided in Table II.

TABLE I
THE SCREW AXES OF THE BIRM BASED ON THE POE.

i ωi vi
1 (0,0,1) (0,0,0)
2 (1,0,0) (0,L1, −L2)
3 (0,0,0) (0,0,-1)
4 (1,0,0) (0,L1 −L4,−L2 −L3)
5 (1,0,0) (0,L1 −L4+0.327,−L2 −L3 +L5)
1 L1, L2, L3, L4, and L5 are 0.614, 2.4585, 0.173,

4.03, and 4.52885, respectively, with units in
meters.

TABLE II
PARAMETERS ASSOCIATED WITH THE KINETIC ENERGY OF THE BIRM

Link i Mass(Kg)
Moment of Interia (Ixx, Iyy, Ixx,Ixy, Ixz, Iyz)

(Kg ·m2)

1 59.65 (72.9794, 73.7094, 1.9668, -0.1382, -2.6269, 2.3639)
2 30.30 (34.0063, 1.0416, 34.6787, 0.1824, -0.0048, 0.0621)
3 23.62 (52.9395, 0.4909, 53.2322, 0.5128, -0.0301, -0.6393)
4 6.28 (16.6706, 16.6349, 0.0833, 0.0001, -0.0018, -0.4930)
5 0.75 (0.000768, 0.002554, 0.0023, -0.000017, 0.00005, 0)

A. Simulated Experiments and Results

In this section, we present comparative results for plan-
ning with three methods: Our method, Method (1) [9], and
Method (2) [19]. All three methods use kinetic energy as

the optimization criterion. The simulation experiments were
performed on an Intel® Core™ i7-1165G7 CPU@4.7 GHz
PC with 16 GB of RAM. Method (1) [9] considered only the
joint position and velocity without acceleration or collision
avoidance. Method (2) [19] considered the joint position,
velocity, and acceleration without collision avoidance. Our
method considered the joint position, velocity, and accelera-
tion and collision avoidance. This paper provides the neces-
sary joint acceleration limits for analyzing the comparative
results. The range of the acceleration is from -0.25 to 0.25,
with unit deg/s2.

The simulation environments are illustrated in Fig.6. The
bridge is modeled offline as a set of convex polyhedron ob-
stacles. The structure of the bridge determines the parameters
of the convex polyhedron. We use a specific type of bridge
structure as an example. We input the trajectory xre f of the
task space and the discrete-time ∆t. The proposed planner
controls the manipulator to move along the trajectory. The
joint data for the three methods were recorded in Fig.7. Due
to the absence of obstacle constraints in Method (1) and
Method (2), there were failures in the planning results. We
only recorded one set of successful data.

Fig. 6. (a) Environment setup. (b) shows the simulation results, with the
red lines indicating the end-effector’s following trajectory. B1, B2, B3, and
B4 represent key structure parameters of Bridge-I.

According to Fig.7, the planning time of our proposed
method is significantly better than that of the other methods.
Additionally, the joint positions and velocities of the three
methods are within the limitation range. However, the ac-
celeration of joint 2 in Method (1) and Method (2) exceeds
this limitation. Moreover, the motion range of joints 3, 4,
and 5 is significantly greater than the other joints, while the
inertial masses of joints 3, 4, and 5 are significantly smaller
than those of the other joints. Therefore, we argue that the
main advantage of minimal kinetic energy is that it tends to
move joints with lower inertia, reducing energy consumption,
rather than joints with higher inertia.

The above results indicated that the proposed planner can
satisfy equality, inequality, and boundary constraints and can
effectively meet acceleration constraints in the velocity-level
planning method.

B. Physical Experiments and Results

We conducted physical experiments on two different types
of bridges, as shown in Fig.1. The proposed planner is
deployed in the EtherCAT bus motion controller, which
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Fig. 7. Simulation experiments results of joint position, velocity, and acceleration for three methods: (a) Ours, (b) Method (1), and (c) Method (2). The
trajectory was divided into four phases, with the waypoints P1(0, -0.3815, -2.843), P2(0, -0.3815, -2.2353), P3(0, 1.5185, -2.043), and P4(0, 1.51850,
-1.343).

simultaneously records joint data from joint sensors to
calculate kinetic energy. Similarly, we specify the joint
position, velocity, and acceleration limits, and the structural
parameters of the bridge are known. We only need several
key points of the bridge and then use the method in Section
3. C for environment modeling. The information of the
model was input into the controller. Additionally, the initial
configuration of the manipulator relative to the bridge is not
fixed, which does not affect the manipulator’s movement
along the reference trajectory. Through analysis, the data
results for bridge-I are consistent with those for bridge-II,
so this section presents and analyses the data for bridge-I, as
shown in Fig.8.

To compare the results of various algorithms, the hori-
zontal axis in Fig.8-b and (c) shows the number of discrete
points in the end-effector trajectory. Here, each discrete point
corresponds to a joint angle vector. As shown in Fig.8-b,
the results indicate that the kinetic energy of our method

is significantly better than that of the other methods. To
verify the stability of trajectory planning, the end-effector
tracking errors are recorded, as shown in Figure 8-c. The
error represents the deviation between the planned end-
effector trajectory and the actual trajectory. The end-effector
error of Method (1) is larger than that of Method (2) and
our method. Method (1) did not consider acceleration limits,
which results in excessive acceleration within the given
time, thus generating significant displacement of the end
effector. The results indicate that our method demonstrates
satisfactory performance in bridge inspection.

VI. CONCLUSION

In this paper, we proposed kinetic-energy-optimal and
safety-guaranteed trajectory planning for the bridge inspec-
tion robot manipulator. The method simultaneously ad-
dressed energy consumption and safety concerns and en-
sured joint position, velocity, and acceleration limits while
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Fig. 8. Physical experiments and results for Bridge-I. (a) Real-world
experiments. (b) Kinetic energy. (c) End-effector tracking error.

Fig. 9. Physical experiment for Bridge-II. (a)-(d) shows the process of the
robot’s motion.

considering collision avoidance. Our method effectively ad-
dresses the challenges of acceleration constraints and colli-
sion avoidance in a velocity-level planner. We reduced the
3D Euclidean space to 2D to optimize the collision checking
efficiency, thereby enhancing safety. The experimental results
demonstrated that our method can generate joint trajectories
with low energy consumption and high safety. Experiments
on two types of bridges validated the sustainability and safety
of bridge surfaces in the field. However, the tracking accu-
racy of the end-effector is greatly influenced by the arm’s
structure. Therefore, we plan to consider structural stiffness
to enhance tracking accuracy and deploy an autonomous
mobile platform for complete autonomous inspection.
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[6] M. Lorenz, J. Paris, F. Schöler, J.-P. Barreto, T. Mannheim, M. Hüsing,
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