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An Efficient Linear Programming-Based
Time-Optimal Feedrate Planning Considering

Kinematic and Dynamics Constraints of Robots
Guanghui Liu , Qiang Li , Bohan Yang , Hualiang Zhang , and Lijin Fang

Abstract—This letter investigates the time-optimal trajectory
generation for a six-degrees-of-freedom articulated robot mov-
ing along a given parametric path. In the generation procedure,
besides the velocity, acceleration, and joint torque, the jerk is
also constrained to enhance the smoothness of the robot’s motion.
Meanwhile, the trajectory generation is formulated as a convex
optimization problem with a nonlinear objective function and con-
straints. Then, the problem is solved with a typical linear program-
ming (LP) approach by discretizing the continuous path into many
sampling points. Specifically, the time-optimal problem is formu-
lated as maximizing the sum of the velocities at all discrete points
instead of minimizing time. Moreover, the time-optimal trajectory
generation with nonlinear jerk constraints is decoupled into two
sub-LP problems, and the solution of the first sub-LP is employed
to scale the nonlinear constraints. Finally, the proposed method is
verified through robotic experiments. The results indicate that the
smoothness of the generated trajectory improves significantly. Also,
the trajectory planning accuracy and computational efficiency are
increased by 36% and 62%, respectively.

Index Terms—Jerk constraint, linear programming, time-
optimal trajectory, velocity planning.

I. INTRODUCTION

T IME-OPTIMAL motion planning is a research hotspot
in the robotic manipulation domain. Its goal is to find

a smooth trajectory in minimized time. Such planning needs
to consider the constraints of the kinematics/dynamics of the
robot and the obstacles in the environment. One solution for
motion planning is to divide motion planning into two sequential
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stages [1]: the path planning stage and the trajectory generation
stage. In the trajectory stage, the joint-level velocity profile is
generated given the path computed in the first stage and the
constraints of robotic physical properties. At present, there are
three main research lines for trajectory generation: dynamic pro-
gramming, numerical integration, and convex optimization [2].
In dynamic programming, the state space is represented as a
discrete grid [3], but it is time-consuming due to the curse of
dimensionality. The numerical integration is computationally
efficient, but determining the switching point is a great chal-
lenge [4] when the acceleration sign is changed.

Convex optimization is a widely used method for time-
optimal trajectory generation, and its properties guarantee that
the optimization result is the global optimum. It approxi-
mates infinite-dimensional optimization with a finite dimen-
sion through variable transformation and spatial discretization.
Earlier studies discretized the planned path and formulated
the trajectory generation as a second-order conic programming
(SOCP) problem [5]. Many optimization solvers are available for
SOCP, which simply formalize the task into a standard form [6].
However, the drawback of this method is that the computational
cost is high due to the nonlinearity of the objective function and
constraints. Linear programming (LP) provides an effective way
to improve the computational efficiency of solving the convex
optimization problem. Hauser et al. [7] developed a sequential
linear programming (SLP) approach. Similarly, Nagy et al. [8]
employed a special linear programming structure to solve the
convex optimization problem. Consolini et al. [9] presented a
forward-backward approach to the robotic arm and reduced the
computational time when handling acceleration constraints. All
the above methods linearize the objective function or nonlinear
acceleration constraints, but none constrain the jerk. Using these
algorithms without considering the jerk constraint will cause
wear or damage to the actuators.

For smoother trajectories, researchers have begun constrain-
ing the jerk. For instance, Liu et al. [10] took the maximum
allowable velocity as an initial solution into the nonlinear con-
straint items of acceleration and jerk to linearize the nonlinear
constraints. This method enlarges the constraint’s limits but
eventually leads to reduced optimization efficiency and viola-
tions of acceleration or jerk. Alessandro et al. established a
nonlinear and non-convex time-optimal pathing tracking formu-
lation including jerk constraints, and they used convex relaxation
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and McCormick envelopes to ensure the solving efficiency and
reliability [11]. This method is also successfully used in flexible
joint robots [12]. Dominik et al. developed a new dynamic
programming approach to obtain the optimal path, which relies
on interpolation in the phase plane so that the resulting joint ac-
celerations and joint torques are continuous [13]. Wang proposed
an approximate time-optimal feedrate planning algorithm that
considers third-order constraints [2]. To address the complexity
of robot feedrate scheduling and enhance the optimality of
machining time, Xiao et al. developed a jerk-limited heuristic
feedrate scheduling method with near-optimal time [14].

Aiming at the linearization of the convex optimization prob-
lem and improving the smoothness of the trajectory, the main
contributions of this paper are as follows:
� A time-optimal robot trajectory planning model is pro-

posed, which includes constraints on joint velocities, ac-
celerations, jerks, and joint torques.

� The discretized form of the trajectory generation with
nonlinear constraints is formulated, and it is decoupled into
two solvable sub-LP problems.

� The influence of jerk constraints on the trajectory accuracy,
smoothness, and computational cost of trajectory genera-
tion is evaluated quantitatively.

The rest of this paper is organized as follows. The trajectory
generation is formulated as an optimization problem in Sec-
tion II. In Section III, LP-based time-optimal trajectory gener-
ation without jerk constraints is introduced, and our proposed
method for linearizing the nonlinear cost function is explained.
In Section IV, the solution of trajectory generation considering
jerk constraints is described. In Section V, experiments are
carried out to (1) compare time-optimal trajectory planning with
and without jerk constraints, (2) compare the computational
efficiency of the proposed method with two other approaches,
which consider the same constraints as the proposed method,
and (3) investigate the application of robot position and posture
synchronous interpolation. Finally, the conclusion is drawn in
Section VI.

II. PROBLEM FORMULATION

The robotic dynamics model can be represented as

τ = M(q)q̈ + C(q, q̇)q̇ +G(q) + Fc(q)sgn(q̇) (1)

where τ denotes the joint torques; q, q̇, and q̈ denote the joint’s
angle, velocity, and acceleration, respectively; M(q) ∈ Rk×k is
a positive definite mass matrix, and C(q, q̇) ∈ Rk×k is a matrix
accounting for Coriolis and centrifugal effects, which is linear in
the joint velocity;Fc(q) ∈ Rk×k is a matrix of Coulomb friction
torques, which is dependent on the joint angle, whileG(q) ∈ Rk

denotes the vector accounting for gravity. In this paper, viscous
friction is ignored to reformulate the equations of motion as a
linear set.

The trajectory of the robot in the configuration space can be
obtained from the planned path in the operational space using
inverse kinematics. In this paper, the joint trajectory is described
in a parametric way S(u), where u denotes the parameter and
u ∈ [0, 1]. The parameter u of the trajectory is a variable that

evolves with time t. Without loss of generality, it is assumed
that the trajectory starts at t = 0 and ends at t = T :

u(0) = 0 ≤ u(t) ≤ 1 = u(T ) (2)

According to the differential chain rule, the velocity, accelera-
tion, and jerk of the robot can be expressed as the parameter and
its derivatives⎧⎪⎨

⎪⎩
q̇(u) = S ′(u)u̇
q̈(u) = S ′(u)ü+ S ′′(u)u̇2

...
q (u) = S ′(u)

...
u + 3S ′′(u)u̇ü+ S

′′′
(u)u̇3

(3)

where u̇ = du/dt, S ′ = dS/du, S ′′ = d2S/du2, and S
′′′
=

d3S/du3. Substituting q̇(u) and q̈(u) into (3) yields the fol-
lowing expression for the equations of motion

τ(u) = m(u)ü+ c(u)u̇2 + g(u) (4)

where⎧⎪⎨
⎪⎩
m(u) = M(q(u))S ′(u)
c(u) = M(S(u))S ′′(u) + C(S(u), S ′(u))S ′(u)
g(u) = Fc(S(u))sgn(S

′(u)) +G(S(u))

(5)

and sgn(q̇(u)) is replaced by sgn(S ′(u)) based on (3) and the
assumption that u̇ > 0 almost everywhere.

Similarly to [6], the time-optimal trajectory generation prob-
lem for the robot is subject to lower and upper bounds on the
torque, velocity, acceleration, and jerk, which can be expressed
as

T =

∫ T

0

1dt

s.t.

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

τ(u) = m(u)ü+ c(u)u̇2 + g(u)
τ(u) ≤ τ(u) ≤ τ(u)
−q̇max ≤ S ′(u)u̇ ≤ q̇max

−q̈max ≤ S ′(u)ü+ S ′′(u)u̇2 ≤ q̈max

−...
qmax ≤ S ′(u)

...
u + 3S ′′(u)u̇ü+ S

′′′
(u)u̇3 ≤ ...

qmax

q̇(0) = q̇0, q̇(T ) = q̇T
(6)

where τ(u) and τ(u) are the lower bounds and upper bounds
on the torque, respectively. q̇max, q̈max, and

...
qmax represent

the joint’s maximum velocity, maximum acceleration, and max-
imum jerk, respectively. q̇0 and q̇T denote the start velocity and
end velocity of the path, and since the path has no boundary
relations with other paths, they are both zero in this paper.

By substituting u̇ = du/dt to the objective function of (6), the
time-optimal problem can be transformed from the time domain
{t} to the parameter domain {u}

T =

∫ T

0

1dt =

∫ u(T )

u(0)

1

du/dt
du =

∫ 1

0

1

u̇
du (7)

Defining the state variables α and β, (7) can be transformed into
a convex problem [15]

α(u) = u̇2, β(u) = ü. (8)
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α, β are related as follows

α′(u) =
du̇2

du
= 2ü = 2β(u) (9)

By substitutingα(u) and β(u) to (6), the time-optimal trajectory
generation can be represented as

min
α(u),β(u),τ(u)

∫ 1

0

1√
α(u)

du

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

τ(u) = m(u)β(u) + c(u)α(u) + g(u)

τ(u) ≤ τ(u) ≤ τ(u)∣∣√α(u)S ′(u)
∣∣ ≤ q̇max∣∣β(u)S ′(u) + α(u)S ′′(u)

∣∣ ≤ q̈max∣∣∣∣(S ′′′
(u)α(u) +

3S ′′(u)
2

α′(u) +
S ′(u)
2

α′′(u))
√

α(u)

∣∣∣∣
≤ ...

qmax

α′(u) = 2β(u)

α(0) = 0, α(n) = 0

(10)

The time-optimal trajectory generation is formulated as an op-
timization problem that contains a nonlinear objective function
and multiple nonlinear constraints. To solve it efficiently, this
study linearizes the function and constraints using an LP ap-
proach and considers constrained jerks to enhance the smooth-
ness of velocity and acceleration. The linear optimization of (10)
without jerk constraints is presented in Section III, and the linear
optimization of the jerk constraints is discussed in Section IV.

III. LP-BASED TIME-OPTIMAL TRAJECTORY GENERATION

WITHOUT JERK CONSTRAINTS

Time-optimal trajectory generation is an infinite-dimensional
optimization problem, which can be transformed into a finite-
dimensional convex optimization problem through variable
transformation and spatial discretization. The parameter inter-
val [0, 1] is sampled uniformly in a step of h = 1

n to obtain
{u0 = 0, u1, . . . , un−1, un = 1}n+ 1 sampling points, and the
objective function in (10) is discretized as

min
αi

2h

n−1∑
i=0

(
1√

αi +
√
αi+1

)
(11)

Since the minimum motion time is equivalent to the maximum
sum of velocities passing through all sampling points, (11) is
reformulated in a linear form as

max
αi

n∑
i=0

αi (12)

After dividing the interval of the curve parameter u ∈ [0, 1] into
n equal parts,m(u), c(u), and g(u) in (10) at all sampling points
can be calculated directly.

A. Linearization of Velocity Constraints

Usually, the velocities over the sampling points in Cartesian
space are constrained by chord error1 and centripetal accelera-
tion [17].

Constrained by the chord error

vi ≤ 2

Ts

√
1

ρ2i
−
(
1

ρ
− δmax

)2

(13)

where vi denotes the velocity of the i-th sampling point, δmax

represents the maximum chord error in Cartesian space, Ts

indicates the step length of interpolation, and ρi is the curvature
at the i-th point, which can be calculated as follows:

ρi =
||S ′

i||32
||S ′

i × S ′′
i ||2

(14)

Constrained by the centripetal acceleration, the velocity should
also satisfy:

vi ≤
√

Ac
max

ρi
(15)

where Ac
max denotes the maximum centripetal acceleration in

Cartesian space, so the restricted velocity vRi can be represented
as

vRi = min

⎧⎨
⎩ 2

Ts

√
1

ρ2i
−
(
1

ρ
− δmax

)2

,

√
Ac

max

ρi
, Vmax

⎫⎬
⎭
(16)

where Vmax denotes the maximum velocity of the robot in
Cartesian space, and the constraints on the joint’s velocity are
as follows

αi ≤ min
{
q̇Ri , q̇max

}
(17)

where i = 0, 1, . . . , n; q̇Ri represents the maximum velocity of
each sampling point in the joint space, and it can be transformed
from vRi through the inverse kinematics; q̇max represents the
joint maximum velocity.

B. Linearization of the Acceleration Constraints

The first-order derivative of α can be approximated as

α′
i = 2βi ≈ αi+1 − αi

h
(18)

where i = 0, 1, . . . , n− 1.
The discrete forms of velocity and acceleration are shown in

(19) and (20), respectively.

Ṡi = S ′
i

√
ai (19)

S̈i = S ′
i(u)βi + S ′′

i (u)αi (20)

where

αi = ηiαi+1 + (1− ηi)αi (21)

1Chord error is defined as the Hausdorff distance between the desired tool
path and the generated tool path. It is used to describe the accuracy of trajectory
generation. Its definition can be found in Fig. 1(b) in [16].
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ηi =

{
1, S ′

iS
′′
i ≥ 0

0, S ′
iS

′′
i < 0

(22)

where S ′
i=S ′(ui), S ′′

i=S ′′(ui).
Therefore, the acceleration constraint is represented as

|(S ′
i + 2hS ′′

i ηi)αi+1 + (−S ′
i + 2hS ′′

i (1− ηi))αi| ≤ 2hq̈max

(23)
where q̈max denotes the maximum acceleration.

From (22), we have (S ′
i + 2hS ′′

i ηi)(−S ′
i + 2hS ′′

i (1− ηi)) <
0. So, the constraint (23) can be split into the following two
linear constraints

αi ≤ S ′
i + 2hS ′′

i ηi
S ′
i − 2hS ′′

i (1− ηi)
αi+1 +

∣∣∣∣ 2hq̈max

S ′
i − 2hS ′′

i (1− ηi)

∣∣∣∣
= f i(αi+1)

αi+1 ≤ S ′
i − 2hS ′′

i (1− ηi)

S ′
i + 2hS ′′

i ηi
αi +

∣∣∣∣ 2hq̈max

S ′
i + 2hS ′′

i ηi

∣∣∣∣
= gi(αi) (24)

Finally, the discretized form of the time-optimal trajectory plan-
ning without jerk constraints can be represented as

max
αi,βi,τi

n∑
i=0

αi

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

τi = m(u)βi + c(u)αi + g(u)
τ(u) ≤ τi ≤ τ(u)

0 ≤ αi ≤ min{q̇Ri , q̇max}, i = 0, . . . , n.
αi ≤ f i(αi+1), i = 0, . . . , n− 1.
αi+1 ≤ gi(αi), i = 0, . . . , n− 1.

βi =
αi+1 − αi

2h
, i = 0, . . . , n− 1.

α0 = 0, αn = 0

(25)

It indicates that the objective function and the constraints of (25)
are all linear, which can be solved easily by LP solvers.

IV. PLANNING WITH JERK CONSTRAINTS

Since (18) is an approximate estimation, the acceleration
optimized by (25) will have many overruns over limits. Overruns
will disappear only when there are infinitely many discretized
sampling points, indicating that the optimization will become
time-consuming. This section introduces the trajectory gener-
ation problem that includes jerk constraints. It can be used to
constrain the jerk and realize the de-overrunning processing of
the acceleration curve without increasing the sampling points.

Similar to (18), the second-order derivative of α can be
approximated as

α′′
i ≈ αi+1 + αi−1 − 2αi

h2
(26)

where i = 1, 2, . . . , n− 1.
Substituting (26) and (18) into the jerk constraint inequality

of (10), let ·(i) represent ·(u) at the i-th sample point, the jerk
constraint inequality can be discretized as

|(χiαi−1 + γiαi + λiαi+1)| √αi ≤
...
qmax (27)

where i = 1, 2, . . . , n− 1, and⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

χi =
S ′
i

2h2
− 3S ′′

i

4h

γi = S
′′′
i − S ′

i

h2

λi =
S ′
i

2h2
+

3S ′′
i

4h

(28)

Specifically, the jerk at the start point and the end point can be
estimated as

...
q =

dq̈

dt
= q̈

dq̈

dq̇
=

1

2

dq̈2

dq̇
(29)

For the first interval in [0, u1],

|...q 1| = |q̈21 − q̈20 |/(2q̇1 − 2q̇0)

= |q̈21/(2S ′
1

√
α1)|

= |n2S ′
1

√
α1/2| (30)

Similarly, for the last interval in [un−1, 1],

|...q n−1| = |n2S ′
n−1

√
αn−1/2| (31)

The jerk constraints in the first and last intervals are represented
as follows {

|n2S ′
1

√
α1/2| ≤

...
qmax

|n2S ′
n−1

√
αn−1/2| ≤

...
qmax

(32)

To enhance the optimization efficiency, an effective approach is
to linearize the nonlinear constraints of (27) and (32). Let the
solution to (25) be a∗i . Then, any αi satisfying the constraints
of (10) will also satisfy (25), and we have αi ≤ α∗

i .
√

a∗i/ai
is multiplied on both sides of (27) and (32). Considering the
inequality

1 ≤ 3

2
− ai

2a∗i
≤

√
a∗i
ai

(33)

In practice, αi is approximately equal to α∗
i , i.e., (33) is an

effective transformation.
The nonlinear terms in (27) and (32) are replaced by α∗

i ,
thereby turning the jerk’s nonlinear constraints into linear con-
straints. However, the final optimized acceleration often has
jitters, which also results in un-smooth motion. An effective
processing method is to sum the jerks and place them in the
objective function with a certain weight

max
αi

( n∑
i=0

αi−μ·
n−1∑
i=1

∣∣∣√α∗
iχiαi−1+

√
α∗
iγiαi+

√
α∗
iλiαi+1

∣∣∣)

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 ≤ αi ≤ α∗
i∣∣∣n2S ′

1

√
α∗
1/2

∣∣∣≤ Jmax

(
3

2
− α1

2α∗
1

)
∣∣n2S ′

n−1

√
α∗
n−1/2

∣∣≤ Jmax

(
3

2
− αn−1

2α∗
n−1

)
∣∣∣√α∗

iχiαi−1 +
√

α∗
iγiαi +

√
α∗
iλiαi+1

∣∣∣
≤ Jmax

(
3

2
− αi

2α∗
i

)
(34)
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Fig. 1. Writing task.

where μ is the weight coefficient. Finally, to improve computa-
tional efficiency, the time-optimal trajectory planning problem
including the jerk constraint is decomposed into two sub-LP
problems. (1) Solve the solution α∗

i of (25) by LP solvers. (2)
Substituteα∗

i into (34), and the final result is the optimal solution
with jerk constraints.

Taylor’s series is utilized to transform the curves from the
parameter domain to the time domain, thus allowing the inter-
polation information to be sent at a certain time frequency.

ui+1 ≈ ui + Tsq̇(u)
∣∣
u=ui

+
T 2
s

2

dq̇(u)

du
q̇(u)

∣∣
u=ui

(35)

where Ts denotes the step length over the time domain.

V. EXPERIMENTS

Two complex paths are adopted to validate effectiveness of
the proposed method. The actuator is a ROKAE-XB7 industrial
robot, and its kinematics and dynamics information can be
found in [18]. To avoid disturbance from a multi-dimensional
path, the first task selected is a two-dimensional planar path. In
this task, the accuracy and smoothness of generated trajectories
with and without jerk constraints will be compared. Meanwhile,
the computational efficiency is compared with that of SOCP
in [5] and an LP in [10]. To verify the application of the
proposed method in six-dimensional space, the second task is
an impeller edge tracking experiment involving position-attitude
synchronization. The two experiments are optimized by MAT-
LAB R2022b installed on a laptop equipped with an Intel Core
i5-4300 U CPU (2.49 GHz), and the optimization solver is the
GUROBI of the YAMLIP toolbox [19].

A. Experiment on a Planar NURBS Tool Path

As illustrated in Fig. 1, the writing task path in [5] is taken
as an example, which is described by the NURBS parametric in
this paper. Fig. 2 shows the NURBS curve in the XY-plane, and

Fig. 2. Writing task path in the XY-plane.

Fig. 3. Velocities of the first three joints with jerk constraints.

the detailed information regarding control points and weighted
scales can be found in [5]. The maximum allowable chord error
and the maximum centripetal acceleration are 0.0005 mm and
3000 mm/s2, respectively. According to the performance limits
of the robot, the maximum bounds of velocity, acceleration, and
jerk in the joint space are 5 rad/s, 15 rad/s2, and 500 rad/s3,
respectively. Besides, the number of sampling points is 2000.

To avoid reading difficulties due to excessive data, this paper
only presents the velocity, acceleration, and jerk of the first three
joints of the robot. Fig. 3 shows the joints’ velocities optimized
by (34) (μ = 1e− 5) with torque, velocity, acceleration, and
jerk constraints. It can be seen that the joints’ velocities are
continuous and smooth, and the initial and final velocities are
all 0, which meets the initial constraints.

Figs. 4 and 5 show the joint acceleration without and with
jerk constraints, respectively. Without the jerk constraint, the
acceleration of each axis exhibits slight overruns and a lot of
jitters. To find the reason for exceeding the limit, three mo-
ments when the acceleration exceeded the limit are marked in
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Fig. 4. Accelerations of the first three joints without jerk constraints.

Fig. 5. Accelerations of the first three joints with jerk constraints.

Fig. 4, namely u = 0.082, 0.3, and 0.864, and they are also
marked in Fig. 2 accordingly. It can be seen that the three
accelerations exceeding the limit moments correspond to the
three sharp corners of the curve. That is, the existence of sharp
corners makes it difficult to effectively constrain acceleration.
A potentially effective approach is to densely sample points at
sharp corners, but this process is tedious, and the optimization is
time-consuming. In contrast, with the jerk constraint proposed
in this paper, the acceleration is smooth and no longer exceeds
the limit. It is noteworthy that the value of μ in (34) will affect
the optimization results. When the value of μ is too small, it
will cause the acceleration in the optimization results to exceed
the limit. For example, the sampling point of the writing task is
2000, and if the value μ is 0, acceleration jitters and over-limits
can be significantly eliminated from the optimization results of
(34), but there are still few that exceed the limit. If the value of
μ is 0.5, acceleration will seldom exceed the limit.

To show the data more clearly, Figs. 6 and 7 illustrate the
torque information of the first three joints between u= 0.38 and
u = 0.82. It can be found that when u ≈ 0.4 and u ≈ 0.58, the
torque of joint 2 in Fig. 6 fluctuates rapidly, while the torque
in Fig. 7 is smooth. This shows that the curve planned by the
proposed method is smoother and more feasible for moving.

Fig. 6. Torques of the first three joints without jerk constraints.

Fig. 7. Torques of the first three joints with jerk constraints.

TABLE I
PERFORMANCE COMPARISON OF NURBS PATHS UNDER DIFFERENT

CONSTRAINTS

Table I shows the planning time, machining time (the time for
the robot to track along the writing task path), and chord errors of
the results optimized by (25) and (34). With the jerk constraint,
the planning time increases by 0.45 s, and the machining time
also increases by 1.5259 s. Obviously, with jerk constraints,
the optimization trajectory becomes smoother. Meanwhile, the
average chord error decreases from 0.00011 mm to 0.00007 mm,
and the maximum chord error also decreases from 0.00089 mm
to 0.00041 mm. To quantify the improvement in the smooth-
ness of the velocity profile that contains jerk constraints, the
concept of feedrate fluctuations [20] is adopted. The average
feedrate fluctuation without and with jerk constraints is 0.0788
and 0.0048, respectively. This indicates that the optimization
velocity with jerk constraints is smoother. Additionally, the
writing task was executed by a real industrial robot, as shown in
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Fig. 8. Comparison of the time-consumption of three methods with different
sampling points.

Fig. 9. Comparison between the desired path and real robot path.

the YouTube video https://youtu.be/McSoQKcG2FA. It can be
observed that the robot’s motion is smooth, which is consistent
with the result shown in Fig. 3, i.e., all joints’ velocities are
smooth and continuous.

To verify the computational efficiency of the proposed
method, the SOCP and the LP method in [10] were employed
to solve the same problem. The computation time of the three
methods at different sampling points is shown in Fig. 8, and it can
be found that the proposed method is more efficient. Meanwhile,
as the number of sampling points increases, the computational
advantage of the proposed method becomes more prominent. In
practice, users need to select more sampling points to ensure the
accuracy of the curve. In this regard, the proposed method is
more effective.

Finally, the real robot motion trajectories of the three methods
are demonstrated in Fig. 9, where the red curve marks the desired
path of the robot. It can be found that the robot motion trajectory
of the proposed method is closer to the desired path than those of

Fig. 10. Robot path planning for a complex curve.

Fig. 11. Double NURBS paths for position and attitude synchronization.

the other two methods. This indicates that the method proposed
in this paper has a smaller contour error than the other two
methods.

B. Experiment on a Six-Axis Robot Dual NURBS Paths

As illustrated in Fig. 10 and the YouTube video https://
youtube.com/shorts/VCq18w3FVsg, the edge of the impeller
is the complex curve to be tracked. Not only is the robot tool tip
required to track the impeller edge, but the center of the robot
flange must also pass through the attitude control points in turn.
In this case, two significantly different curves should be tracked
by the tip of the robot tool and the center of the robot flange,
respectively. Here, the same parameter vector is used to achieve
synchronization of position and attitude. As demonstrated in
Fig. 11, St(u) describes the locus of the tooltip locations, and
Sf (u) describes the locus of the center of the robot flange. Both
St(u) andSf (u) have the same parameter setting to synchronize
the two curves. The calculation of the unit vector O(u) of tool
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Fig. 12. The joints’ torques for the robot motion in Fig. 10.

Fig. 13. Joints’ velocities, accelerations, and jerks for the robot motion of
Fig. 10.

orientation at path parameter u is given below

O(u) =
Sf (u)− St(u)

||Sf (u)− St(u)|| (36)

Finally, the sampling points can be converted from Cartesian
space to joint space through inverse kinematics.

Fig. 12 presents the optimized torques of the joints, and
Fig. 13 shows the optimized velocities, accelerations, and
jerks, respectively. There are always variables running in a
saturated state at any time, which meets the time-optimal re-
quirements. Meanwhile, the joints’ velocities and accelera-
tions are smooth and continuous, satisfying the robot’s motion
requirements.

VI. CONCLUSION

In this letter, the time-optimal trajectory generation is for-
mulated as a convex optimization problem, and the objective
function and constraints are linearized to improve computational

efficiency. Considering the jerk constraints, this paper proposes
transforming the complex nonlinear optimization problem into
two sub-LP problems. In this approach, the computational effi-
ciency is improved, and the requirement of a large number of
sampling points is reduced. By taking a writing task profile and
a complex edge of an impeller as examples, the planning time,
machining time, and chord error between the trajectories without
and with jerk constraints are compared. The results indicate that
constraining the jerk enhances the smoothness of velocity and
acceleration. Also, our method leads to higher computational
efficiency than other methods.
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